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On Hankel Forms of Higher Weights:
The Case of Hardy Spaces

Marcus Sundhill and Edgar Tchoundja

Abstract. In this paper we study bilinear Hankel forms of higher weights on Hardy spaces in several
dimensions. (The Schatten class Hankel forms of higher weights on weighted Bergman spaces have
already been studied by Janson and Peetre for one dimension and by Sundhall for several dimensions).
We get a full characterization of Schatten class Hankel forms in terms of conditions for the symbols to
be in certain Besov spaces. Also, the Hankel forms are bounded and compact if and only if the symbols
satisfy certain Carleson measure criteria and vanishing Carleson measure criteria, respectively.

1 Introduction and Main Results

The study of Hankel operators has played an important role in many areas in math-
ematics, such as approximation theory, the theory of Toeplitz operators, the Hilbert
transform and singular integral operators [9].

The Hankel operators on Hardy and Bergman spaces can be viewed as bilinear
forms; Janson—Peetre [6], and Peng—Zhang [10] discovered bilinear forms, gener-
alizing these Hankel forms, the so-called Hankel forms of higher weights, which are
defined below in (L2)) with nice invariance properties under the action of the Mébius
group.

Schatten—von Neumann class Hankel forms of higher weights on Bergman spaces
are characterized in [14, 15]. In the same way as for the case of Bergman spaces,
Hankel forms of higher weights on a Hardy space are explicit characterizations of
irreducible components in the tensor product of Hardy spaces under the Mébius
group (see [10]).

Recall from [14, 15] the case of weighted Bergman spaces L2(dt, ) of holomorphic
functions, square integrable with respect to the measure

(1.1) du,(2) = ¢,(1 — |2*)"~ Y dmn(z),

where v > d, ¢, is a normalization constant and dm(z) is the Lebesgue measure
on the unit ball B = {z € C? : |z| < 1}. The bilinear Hankel forms of weight
s=0,1,2,... are given in [14] by

(1.2) Hi(fi, f) = / (TFi ), F). (1= |22 dm(z).
B
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The transvectant T is given by

s ) .
T )@ =) <Ii>(_1)$—k5 fi2) © 8 h(2)

prs @)(V)s—k '
where
d
& flz) = 0j,---0,f(2)dz;, ® --- ® dz;j,,
1y js=0

and (V) = v(v +1)--- (v + k — 1) is the Pochammer symbol. Also, the Mébius
invariant inner product (-, -), is given in the following way; for u,v € ©° ((Cd) "
where the tangent space at z is identified with @,

(u,v); = (@B (2, 2)u, V) gs(cay:

where B(z,z) = (1 — |z|*)(I — (-,z)z) is the Bergman operator on C? and B(z, z)
is the dual operator acting on the dual space of C?. The tensor-valued holomorphic
function F is called the symbol corresponding to the Hankel form Hj.

Now let OB be the boundary of the unit ball B of C?. The irreducible components
in the decomposition of tensor products of Hardy spaces H2(9B) in [10] can be given
explicitly as bilinear Hankel forms of weight s on the Hardy space H*(OB) by

(1.3) Hp(fi, f2) = / (To(hs ), ), (1 = |2l dm(z),
B
where the transvectant T is here given by

d k s—k
T )@ =D (;c)(_l)ska ﬁ((?)ia( da; 7kfz(z) |

k=0

where, in fact, this is the limiting case v = d of (L.2)).
The main results for Hankel forms Hj. defined by (3] are given below in Theo-
rems A and B.

Theorem A Hj is (compact) bounded if and only if

dpr(z) = [|F3(1 = [2[)**~" dm(2)
is a (vanishing) Carleson measure on H*(OB), with equivalent norms.
Remark 1.1 Note that ||F||> = (F, F).,.

Theorem B Hj is of Schatten class 8, 2 < p < oo, if and only if

1/p
[Pl = ([ 1120 = 24 dm2)) " < oo
B

with equivalent norms.
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Remark 1.2 1If s = 0, we rewrite the Schatten class criterion as

(1.4) |(RF)(2)|P(1 — |2)) P~V dim(z) < oo,
B

where R = sz | Zi5e d is the radial derivative. Theorem B is then extended to 1 <
p < 00, where ([4) is equivalent to ||F|| g0, < 0o for1 < p < oo.

Remark 1.3 Janson and Peetre obtained Theorem A and Theorem B in the case
d = 1 by using paracommutator arguments (see [6]). Our approach extends their
results and provides a different proof of the case d = 1 they have treated.

1.1 Approach

In this paper we use different techniques to deal with the case of weight zero and the
case of weight s = 1,2,..., and they are therefore treated separately in Section 3
and Section 4, respectively. In [14] the criteria for boundedness, compactness, and
Schatten—von Neumann class for higher weights on weighted Bergman spaces are
natural generalizations of the case of weight zero. For Hardy spaces, as Example [4.2]
shows, the transvectant of various weights does not behave as in the case of Bergman
spaces where the boundedness properties for the transvectant were necessary in or-
der to generalize the weight zero case to arbitrary weights. This explains why we treat
the weight zero and nonzero cases separately. The Hankel forms of weight zero on
Hardy spaces can be rewritten, using the radial derivative, into the classical Hankel
forms in [16] and then we use results from [17-19] to get the right conditions for
the symbols. We have results for Carleson measures which together with invariance
properties give criteria for the boundedness and compactness for Hankel forms of
nonzero weights. The Schatten-class criteria are proved by using interpolation for
analytic families of operators. For this purpose we need results about Hankel forms
on Bergman-Sobolev-type spaces. The preliminaries in Section 2 give the prerequi-
sites we need.

1.2 Notation

If|| - ||; and || - ||, are two equivalent norms on a vector space X, then we write ||x||; ~
lx]l2, x € X. Also, for two real-valued functions f and g on X we write [ < g
if there is a constant C > 0, independent of the variables in question, such that
Cf(x) < glx).

2 Preliminaries

For @ > —d, let A2 be the Bergman—Sobolev-type space of holomorphic functions
f : 1B — C with the property that

1R = 3 felmp it om

et T(d+ |m|+ «)
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where f(z) = ), oy c(m)z” is the Taylor expansion of f. Then A is a Hilbert
space with the inner product

B — T'd+ a)ym!
<f1,f2>a = Z Cl(m)fz(m)m,
meN?
where fi(z) = ), cnaci(m)z™, i = 1,2. Now has a reproducing kernel, K} for
w € B, given by
1
(2.1) K (2) =

(1 _ (Z, W))(Hd'

If « > 0, then A? is the weighted Bergman space L2(dtq+q), where diy.q is given
by (LI). Also, A3 is the Hardy space H*(9B).

2.1 Decomposition of A}, © A}

Let G be the group of biholomorphic self-maps on B. If ¢ € G with g(z) = 0, then
there is a linear fractional map ¢, on B and a unitary map U € U(d) such that
g = Uy,. The fractional linear map ¢, is given by

w—(1—|z)2Qw
1—(w,z) ’

z
(2.2) Pz(w) =
where P, = (-, z)z/||z||* and Q, = I — P,. The complex Jacobian is therefore given
by J; = detU - ], , where

‘2)(d+1) /2

)d(1*|z

]Lpz(W) = (-1 —(1 — <Z, W))d“ .

The group G acts unitarily on A2 via the following:

(2.3) m(9)f(@) = flg @) Jg-1(2) ",

where v = « + d, and it gives an irreducible unitary (projective) representation of
G. In addition, for > —d, the group G acts on the Hilbert space tensor product
A7, ® A% by

T, (8) @ T (©)(f1(2), (W) = filg™ () (g™ (W) Jg=1 () /) Jyms (w) /0,
where vy = a+d, v, = B +d, and it gives a unitary (projective) representation of G.

However this is not irreducible, and the irreducible decomposition is given in [10].
In particular, if « + 3 > —d — s, then

oo
(2.4) AL @AY~ HY g

s=0
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where H;. , u > d — s is the space of holomorphic functions F: B — O (Ch) with
the property that [, [|F||2(1 — [2[*)*~9~!dm(z) < oo, where we recall that ||F||? =
(F.F), = (&°B'(z,2)F(2), F(2)) g+(ct) - The group G acts unitarily on 3} by

25 Tus(g~F(z) = ®°dg(2)' F(g(2)) Jo(2)"/ Y,

where dg(z): T,(B) — Ty, (B) is the differential map and gives an irreducible uni-
tary (projective) representation of G. Via the transvectant 7 defined on A% ® Aé
by

o (5, ki@ 00 TF ()
(26 ” ‘f“f”—%(k)‘ Ve B

the irreducible components in the decomposition (2.4) are realized in [10] as Hankel
forms of higher weights (order s):

27) HE ™ (fi f2) = (T ), F)aspradsas
where (-, - ), is the J(; -pairing, and F € 3¢, 5., -

Remark 2.1 For o = 8 = 0 in (7)) we get the Hankel forms of weight s on Hardy
spaces defined by (L3).

The transvectant T%7: A2 ® A/ZH — 2, 3124, is onto and has an intertwining
property

T (Tard(@) frs T1a(Q) o) = Tasparas(@TE(fi, f).

Hence,

(2.8) Hy ¥ (Tosa(@) i aea(@) ) = HOP L L(fi fo)

Ta+f+2d,s (g

2.2 Spaces of Symbols and Schatten Class Hankel Forms

Forl1 < p<ooandu >d— %, let H? ; be the space of all holomorphic functions
F: B — &%(C%)’ such that

L, = / IE2(1 = 2" dm(z) < oc.
B

Also, for u > —3,
such that ||F|[,s0c = sup,cp [|[F|l2(1 — |2]*)* < co. Then HL; for 1 < p < oo are
Banach spaces.

In [14, 15] there are several results about J{g,,’s for v > d and we can use these

let 322 be the space of holomorphic functions F: B — ©°(C%)’

S

same arguments to generalize these results to H% . Hence, the results below will be
stated without proofs. The reader is referred to [14, 15] for more details.
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Lemma 2.2 Letu+s > d. Then the reproducing kernel of J—Cfﬁs is, up to a nonzero
constant ¢, given by K, s(w,z) = (1 — (w,z)) ™" ®° B'(w,z)~'. Namely, for any x €
() and any F € 3,

<F(Z)7X>®5(<Cd)’ = C<E Ku,s('72)x>u,s,2

= C/<Fv Ku,s( : 7Z)X>w(1 - |W|2)U7di1 dm(w).
B

Lemma 2.3 Letl <p <ocandl/p+1/q=1 Foru>d—E andv>d—% the

following duality (F5)" = Hi holds, with respect to the J{?u/PMV/q)’S—pairing. That

is, for any bounded linear functional | on J—C‘g,s there exists an element G € 9(35 such
that I(F) = (F, G)/p+vq.s2 for all F € Hi, and ||I|| 2= ||Gl}ysq-

Lemma 2.4 Letu > —d—sandv > —d — % If2 < p < oo, then
2 __ qqP
(:}CquZd,S? ﬁd,s)[l—%] = g{(p—z)v+u+pd,s'

Lemma 2.5 Leta,0 > —d witha+ 3 > —d — s. Then there is a constant
Cla, B,s,d) > 0 such that

||Hg’ﬂ’5||sz(A§,Ag) = C(a, 3,5, d)||F||a+pr2d,5,25
for all holomorphic F: B — &5(C)’.

Remark 2.6 By computing the norms for F = ®°dz;, we can see that C(«, 3,5, d)
is continuous in « and (3, since for some C(d, s) > 0 we have

2 _ 2 : s L
(2.9) Clon s dy=Cls.d) ; (k) (a+d)(B+d),

Lemma 2.7 Let o, 3 > 0. Then HE'™ is bounded on A2 x A% if and only if F €

oo ; :
TlatB)ds with equivalent norms.

For o, 3 > 0 define an operator 77 on 8, (A2 Aé) by

«?

s G— 7&
TFo, 0 — S _ s—k (aﬁ/ @ a( kA(K%? K< )) (27 Z)
e = kz:; <k>( Y a+deB+der

where K¢ is the reproducing kernel for A2 given by (Z.1).
Remark 2.8 If A has rank one, then T/ is the transvectant given by (2.6).

In the following next two results in this subsection we make use of Lemma 2.4
Namely, to get the results we need to interpolate the spaces H? and J-C‘lx(’

a+B+2d,s s (+B)+d,s
where o, 6 > 0. In fact, by Lemma 24}

P

2 —
(2.10) (Hospr2ds: (%x()a+ﬁ)+d,s)[1—%] = j{%p(a+ﬂ)+pd,s'
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Lemma 2.9 Leta, > 0and2 < p < oo. Then T maps (A2 .Af/,) into

«?

:H:I;p(aJrﬂde,s boundedly, and ifH?'ﬂ"S € SP(A(ZVA%), fora,>0and2 < p < 0o or

o= ﬂ =0 andp =2, then T?,[J(Hgﬂ,s) —F

Using Lemma [2.5] Lemma 2.7l with (Z.I0) on one hand and Lemma on the
other hand, we get the following theorem.

Theorem 2.10 Leta, > 0and2 < p < co. Then Hy'"* is in 8 ,(A2, A3) if and

only if F € ﬂ{g (et B)+pd.s with equivalent norms.
Remark 2.11 We want to extend this result to «, 5 > —1/p, to include the Hardy
case, and need therefore the theory for families of analytic operators. We use the

approach by Bergh, Janson, et al. found in [8] and Theorem[2.12] given below.

Let Xy, X; be Banach spaces continuously imbedded into a Banach space X and
respectively, Yo, Yy and Y.

Theorem 2.12 Let I be a bounded holomorphic function on the strip 0 < R(z) < 1,
continuous on 0 < R(z) < 1 and taking values in the space of operators from Xy N X,
to Yo + Y. Suppose that

(i) forany y € R the operator I'(iy) can be extended to a bounded operator from X,
to Yo and sup ,c [|1'(iy)|lx,—yv, = Mo < 005

(ii) forany y € R the operator I'(1 + iy) can be extended to a bounded operator from
Xy toYy and sup,cp |IU(1 +iy)|x,—y, = M1 < o0

Then for any 0 € (0, 1) the operator I'(0) can be extended to a bounded operator from
Xio) = (Xo, X1)(0) to Yig) = (Yo, Y1) (9 and ||[D(0)||x,y—v,, < My "MY.

3 Hankel Forms of Weight Zero

To find the Schatten—von Neumann class Hankel forms of weight zero on Hardy
spaces we shall rewrite HY in terms of the small Hankel operators studied in [16].
The problem then boils down to finding the relationship between the corresponding
symbols.

The Hankel form Hg in [16] is given by

(3.1) Ho(fi f) = /0 00 06O dor (),
OB

where do is the normalized Lebesgue measure on 9B. Denote by R the radial deriva-

tive, defined as
d

Rf(z) = Zz%(z»

i=1
where f: B — Cis holomorphic. IfR? := (R+2d — 1)(R+2d —2) - - - (R + d), then
for holomorphic functions f; and f, we have, by means of Taylor expansion,

(3.2) /0 fw) ) do(w) = c(d) / FORTRE — [P dm2).
OB B
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Lemma 3.1 Let HY be given by (L3) and Hg by (3.1)). Then HY = Hg if and only if
RG(z) = ¢(d)F(z).

Proof Since
HY)(fi, f) = /Bﬁ(z)fz(Z)F(Z)(l — |z dm(z)
]

and

HG(flny):/a Aw) fr(w)G(w) da(w),
B

then the result follows by applying 3.2) on f; = fif, and f, = G. ]

3.1 Schatten-von Neumann Class §, Hankel Forms

In this subsection we present sufficient and necessary conditions for Hankel forms of
weight zero to be in Schatten-von Neumann class §,, 1 < p < oo.

Theorem 3.2 The Hankel form Hy, is of Schatten—von Neumann class 8, for 1 <
p < 00, if and only

/ |RE(2)|P(1 — |2~V din(z) < .
B

This theorem is a direct consequence of Lemma 3.1l and Theorem 1 in [16] (see
also [5, Theorem C]).

Theorem 3.3 Leta > —land1 < p < oo. Then the Hankel form Hg, defined
by B.1)), is of Schatten—von Neumann class 8, if and only if

IR™G(2)|P(1 — |2)) P~V dm(z) < oo.
B

3.2 Bounded and Compact Hankel Forms

In this subsection we present necessary and sufficient conditions for Hankel forms
of weight zero to be bounded and compact (see Theorem [3.6]). The definitions and
results on Carleson measures and BMOA spaces used in this subsection can be found
in [17,18]. We remark that the one-dimensional case of Lemma[3.4]is already proved
(see [19, Corollary 15]), but since we have not been able to find an explicit version of
this result in several variables we prove this result.

Lemma 3.4 Lett > —1 and a > 0. For any holomorphic function g: B — G,

du(z) = |g(2)]*(1 — |z|*)! dm(z) is a (vanishing) Carleson measure if and only if
dus(z) = [(R+a)g)(2)[*(1 — |z|*)'*? dm(z) is a (vanishing) Carleson measure.
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Proof We only prove equivalence for the Carleson measure case, the vanishing Car-
leson measure case then follows by using the same techniques. Also, we may assume
that a > 0. Then

(3.3) IR+ a) fll 21— ey am) = W2y dm)»

for all holomorphic f: B — C.
Assume first that dy; is a Carleson measure. Then there is a constant C; > 0 such
that

1/2
ca /B (R+@)f) @P = 22 dn(2) < Cillflecom
I

for all f € H?(OB). Observing f(R+ a)g = (R + a)(fg) — ((R+ a)f)g and apply-
ing (33) on (R + a)(fg) and (34) on ((R + a) f)g, it follows that du, is a Carleson
measure.

For the sufficiency, assuming dy, is a Carleson measure, we observe that there is a
constant s > 0 such that

|W|2)s
sup/ = w) e du'(z) < +oo,

weB

where du’(z) = |g(2)|*(1 — |z|*)"*? dm(z). Then there is a constant C, > 0 such that

1/2
65 ([ 1@+ @R~ dm@) " < Calflhwion,

for all f € H?(OB). Now the result follows in the same way as for the necessity,

using (3.5) instead of (3.4). [ |
As a direct consequence of Lemma [3.4] we get a generalized version of Theorem

5.14 in [18].

Lemma 3.5 Let k be a positive integer aj, . . . ,ar > 0 and f holomorphic on B. Then

the following properties are equivalent:

() € (VMOA)BMOA.
(i) |(R+ay) - (R+ap)f)(2))*(1 — |z|*)*' dm(z) is a (vanishing) Carleson mea-
sure.

The classical Hankel form (small Hankel operator) Hg on the Hardy space H(O1B)
as in [16] is bounded if and only if G € BMOA and Hg is compact if and only if
G € VMOA (see [3,4]). Then as a consequence of Lemma 3.5 and Lemma [3.1] we
have the following theorem.

Theorem 3.6 The Hankel form HY is (compact) bounded if and only if
[F@)*(1 = [2])*~" dm(z)

is a (vanishing) Carleson measure.

https://doi.org/10.4153/CJM-2010-027-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-027-8

448 M. Sundhill and E. Tchoundja

4 The Cases=1,2,3,...

In this section we study boundedness, compactness, and the class 8, properties 2 <
p < oo for the case s > 1.

As in [14] we have the following Besov characterization. However, this lemma
does not hold for s = 0.

Lemma 4.1 For any positive integer s,

dm(z)
— |ef?

SO+ [0~ FOIF + [ 10771 £25 ~ £l

forall f € H*(OB).

The difficulty for the Hardy spaces is explained by this example, where it is shown
that we can find f1, f, € H*(9B) such that T((f, f) ¢ I} .

Example 4.2 This example is based on the proof of Theorem II in [12]. First con-
sider the case whens = 1 and d = 1. Let

=1
filz) = ; Ezf and fi(z) = 1.
Then fi, f, € H*(OD), and since the series f;(z) is lacunary, then

M%ﬁmM:AWWMM:

This is a consequence of a result about lacunary series by Zygmund (see [12]).
Namely, if g1 /e > X for some A > 1, and if h(z) = ) o)z’ satisfies
fol |h'(re'?)| dr < oo for some 6, then 3.7 |ex| < oc.

In the general case,d > 1 and s = 1,2, ..., we just change f; into
1
h(z) = p z,
k=1

and still let f,(z) = 1. Then

IR flacr = [0 = a0 = 27| @) dma
B

> [ SR dnte)
B

By Theorem 2.17 in [18] there is a constant C > 0 such that

s—1 6Sfl afl
/u |55

d >C
m(z) > /Ba

and the right-hand side of the inequality above is infinite, as we can see in the initial
case (s=1,d=1).

(2)| dm(z)
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4.1 Boundedness and Compactness

Criteria for boundedness and compactness are given in Theorem and Theo-
rem[47] respectively. To prove these theorems we need some lemmas.
For holomorphic F: B — ©*(C?)’ we consider the norm ||F||cas given by
— [w*)*?
F su dpr(z),
Il =0 [
where dpr(z) = ||F||2(1 — |z[*)*4~! dm(z).

Lemma 4.3 LetF: B — ©°(C%)’ be holomorphic and let k be a nonnegative integer.
If the measure djup(z) = ||F||2(1 — |z|*)2*~" dm(z) is a Carleson measure, then there is
a constant C > 0 such that

10° 112 dpar(2) < CillFllendl £z,
B

forall f € H*(OB).

Proof This is clear if k = 0. Assume k is a positive integer. If f € H?(OB), then
o f € 9{5’5 by Lemmal4.Il Hence, by the reproducing property in Lemma[.2land by
Lemma 7.1 in [14],

s/2¢(1 _ s/2—1
18411 < /“ )’ “ T 0% 1 dimw).

Z W> |d+5

Let 0 < € < 1. Then by Proposition 1.4.10 in [13]

_ 2\e—
A=W 5k 12 dimun),

1AL S | m— e
‘ B |1 - <27 W>|d+5

and hence, by Lemma[&1]

k r112 2ve—11 ak £(2 d,up(z)
L1 < [0 iyt ([ RS ) dm
d
<[ / Eab ””‘(Wf o [l 2 =

We need to consider subspaces of H7 , u > d — s, namely B, ; which consists of
elements F = 9° f, where f: B — C is holomorphic and ||F|| . < 0.

Lemma 4.4 Let

X={SeH, : ISlas2 = sup [(&f,S)2usal}
[10% fllas2=1

Then (B )" =~ X with respect to the pairing (0 f,S)aa 2. That is, for any bounded
linear functional I on 3575 there is an element S € X such that (0°f) = (O°f, S)2ds,
and [[Il] > |[S]34.5.2-
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Proof Letle (B3)). Extend [to ] € (9—(2 )’ with [[T|| = ||I|| and (5" f) = I(°f) by
the Hahn—Banach Theorem. Then by Lemmalmthere is an element S € H? 15 With
]| = 11S|l3d.52 80 [[Z]] = [|S]|34.5.2- In this sense (B2 )’ can be embedded continuously
in J—C§ 4 and can therefore be viewed as a subspace’ of J-C§ s Hence,

(Bao) ~ {S€H: Slsas2 = Hd;hlp (O f, S)aasz] }
O fllas2=1

with respect to the pairing (0" f, S)24;5.2. [ |
Now we can prove the criterion for boundedness.

Theorem 4.5 The Hankel form Hy, is bounded if and only if
dpr(z) = [|F3(1 = [2[)**~" dm(2)
is a Carleson measure with equivalent norms.

Proof First assume that dup is a Carleson measure. It suffices to prove that for k > 0
| (10 @0 1 — e dm(a)| S IFlcal flle | ol
B

This is a direct consequence of Lemma.Iland Lemma[4.3] since

| [@ i @0 B0 - 22t
B
< [ 10 AL BILIFL ~ £ d)

d
/Ilakﬁu2 m(|z|)2 /||as kfz||2d,up(z)>

< CorllFlleml Alle || 2]l 2

for some constant Cs; > 0.

Now assume that Hj is bounded. Let G, = m4:(p,)F where the action
g — Mas(g) is defined in (Z.3), and the fractional linear map is defined in (2.2).
Since ¢! = ¢, then by [2.8)

(4.1) Hg, (fi, ) = Hi(ma(ew) i, ma(ou) f2)

where g — 7,(g) is the unitary action on H2(9B) defined in (Z.3).
Since m4:(¢p) is unitary on 9—(% s (or even on L% e the space of measurable F
with ||F||2452 < 00), then

||7r2d,s(90w)FH§d.s,2:/HFHE(I—|<Pw(z)|2)d(1—\Z|2)d_ldm(z)
B

(1— |w?)

; m”ﬂ@(l — |21 dm(z).
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Hence we can make the following reformulation of ||F||cp:

(4.2) [Fllem = sup [|Guwl[3d,s2-
weB
It follows from (&I) that ||H, || = ||H:|| and hence H; is bounded for any
w € B. Define T, (0 f) = (0" f, G)ads2 on By . Then T, (0°f) = Hg, (f, 1), and
by Lemmal[4T]

|T6, (O NI < [H, |l - [ flle < I1HG,

N fllasas

so Tg,: 3?1,5 — (Cis a bounded linear functional on Bé’s. Hence, by Lemma 4.4 and

Lemmal4d]
Gwlla52 =  sup  [{O'f, Gu)aasal
[10°fllas2=1
= sup |Hg (f,1)]
[10°fllas2=1
< sup |Hg, Il 1 fllm2
[10° fllas2=1
S IHg, || = [[HE|]-
Soby @2 [|Fllem < [[HE- u

Before we can prove the criterion for compactness we need one more lemma.

Lemma 4.6 LetE: B — (O'(C?)’ be holomorphic, and F,(z) = F(rz) for0 < r < 1.
Ifdur(z) = ||F||2(1 — |2|*)**~! dm(z) is a vanishing Carleson measure, then

|F; = Fllcm — 0, asr—1".
Proof If dup(z) is a vanishing Carleson measure, then

(1—|w?)?

—  — d =0.
iy U= (w2 ®

Hence, this lemma is a direct consequence of the fact that

(1— |W|2)d 1- |rw‘2)d
LW o< | Dy
s 11— (z,w) M ur,(2) S AT E—e ur(z)
and dominated convergence. -

Theorem 4.7 The Hankel form Hj, is compact if and only if
dpr(z) = [FIZ(1 = |22~ dm(2)

is a vanishing Carleson measure.
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Proof First, assume that dup(z) is a vanishing Carleson measure. Then by Theo-
rem@.5land Lemmald.6l||H;, — H;|| < ||[F, —F|lcm — Oasr — 17. Hence, it suffices
to prove that Hj, is compact. But since F, can be approximated in Carleson norm by

its Taylor polynomials P%) and H, has finite rank, then Hy, is clearly compact (see

the proof of the sufficiency in [14, &Fheorem 1.1(b)]).

Now assume that Hj, is compact. As in the proof of Theorem let G, =
T245(¢w)F. Then dpup(z) is a vanishing Carleson measure if and only if for any se-
quence {w,} C Bsuch that |w,| — 17 asn — oo

(4-3) nll{lgo ||Gw,, H3d,s,2 =0.
Again, as in the proof of Theorem .5 by Lemmal[4.4]

|G, ||3d<,5,2 = sup |H; n (f, D]
10° fllas2=1

= sup  |Hp(ma(pw,) f, malow, ).
10 llasa=1

The action g — m,4(g) is unitary on H*(9B) and {m4(,, )1} is a sequence in H*(9B)
converging weakly to 0. Since Hj is compact, there is a sequence {c,} of posi-
tive numbers converging to 0 such that |Hy(ma(@w,) f, Ta(ow,)1)] < cullfllme. By
Lemmalddl (|G, 13452 S ¢n — 0as n — oo, which proves (£3). [ ]

4.2 Schatten—-von Neumann Class

In this subsection we prove Theorem B for s > 1. For this purpose we prove two

more general results: Theorem (valid for s > 1) and Theorem [£14] (valid for

s > 0). Then Theorem B follows by letting & = $ = 0. The main idea is to use the

interpolation theorem for families of analytic operators. To do this we first need to

rewrite Hankel forms on Bergman—Sobolev-type spaces to forms on Hardy spaces.
For t € C, we define the radial fractional derivative of order ¢ by

L+R)f(2) = Y (1+]|m])c(m)z",

meNd

where f(z) = ), oy c(m)z™ is the Taylor expansion of f. Lemma 4.8 follows by
using Taylor expansion and Stirling’s formula.

Lemma 4.8 If2R(t) + o > —1, then
T / 1+ R FP(1 = |20 din(z),
B

for all holomorphic functions f: B — C.

As a direct consequence of Lemma[4.8 we have the following lemma.
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Lemma 4.9 Let o > —d. Then ||f|lmz ~ ||(1 + R)*/*f||a, for all holomorphic
functions f: B — C.

By Lemma 3] the Hankel forms H2"** given by ([2.7), defined on A2 x A3, can
be regarded as forms defined on H*(9B) x H*(OB) via

(4.4) HY(f, f) = HE " (L+ R/, (1+ R f) .

Namely, as a direct consequence of Lemma using (4.4), we have the following
result.

Lemma 4.10 Leta,3 > —dand p € {2,00}. Then

L

B,
s, 2 [[HE ||s, a2 a2)-

Remark 4.11 We can extend ({.4) to complex numbers « and (3. In this case, if
R(a), R(B) > —d, then

.0, FR(0),R(B),
AR I, ) = 1EE s, re )
for p € {2, 00}, by unitary operators.

Theorem 4.12 Let2 < p < oo and o, 3 > —1/p. Then Hy'™ € §,(H?, H?) if
Fe 3}

2

. Moreover, HH?’B'SHSP(HZ,HZ) S |IF

pla+B)+pd,s 1p(a+B)+pd,s,p:

Remark 4.13 The proof of this theorem is based on the techniques used to prove
Theorem 1 in [8].

2
a1, 01 > —1/2 and ay, B, > 0. We will use interpolation for the analytic families
of operators. For this purpose consider for 0 < R(z) < 1 the forms H>"’* given
by [@4), where v, = vy +z(; — 1) and 8, = 1 +2z(8> — 31). Now we can define the
analytic family of operators {I'(z)} on the strip 0 < R(z) < 1 into operators from the

2 0 : G e NG :
UélJrﬂl+2dasmg{l§(az+ﬁz)+d,s into 8,+8 ., where I'(z) F = Hj, . Consider

Proof Puta; = o — pT;z)ﬁl =f-2 = oz+%, and 3, = ﬁ-i—%. Clearly

intersection H

R(z) = 0. By Remark [Tl Lemma [£10] and Lemma 25} if F € f]'((zyﬁﬂl”d?s, then
||I-I?@5 s, ~ ||H1°§"‘B“SH52 ~ ||F||ay+8 +2d,2- Consider $(z) = 1. By Remark[£.11]

Lemma[£10 and Lemmal27] if F € H$® , then

5 (aa+By)+d,s

ay,3,s

15 =~ |H;

s S NFll 1 (arts0)rd,s.00-

Now we claim that there is a constant C(d, s) such that

(4.5) IT(2)F|[s, < C(d, 3)|[Fllay+p1+2d52

for 0 < R(z) < 1and forall F € 3 16,4245 Accepting temporarily the claim,
. . . , )

since §; C S continuously and since U-meﬁzd,s N ﬂ-(?aﬁﬂmd‘s C g{a1+ﬂl+2d,s
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continuously, then I' is bounded on the strip 0 < $(z) < 1. Hence we can apply the
interpolation theorem for the analytic families of operators (see Theorem 2.12]). We
obtain for fixed 0 < 6 < 1 that I'(#) is bounded from (H?y1+[i1+2d,s7 }C?az+ﬁ2)+d,s)[9]
into (83, 8co)jg]- Put @ = (p — 2)/p. Using Lemma[2:4] we get

2 00 _ P
(g{m+{i]+2d‘57 f}cé(aﬁﬂz)ﬂi,s) [1—%] - j{%p(aJrﬁ)erd,s’

and hence HH?"B"SHSP S El 1 pas sy pasp Since ap = a and fy = 3 when 0 =
(p=2)/p.

Now we go back to the claim ([@3]). We may assume that z is real, and we therefore
putz = 6 € [0,1]. By Lemma[I0} [|T(0)F||s,m2.m2) = HH}“"”&”S

since ag > oy > —1/2, By > By > —1/2, then

|32(Ag9 AL and

o,
IHE"™ s, a2,

‘Aé@) S C(d7 S)\/EHFHOéOJrﬂoJer,s,Z
< C(d, 5) || Fllay25,42d.5.2,

by Lemmal[2.5] where C(d, s) is the constant in (2.9). [ |

Theorem 4.14 Let2 < p < ooando,3 > 0. ThenF € J{gp(at@)wd; if

Hy™ € 8,(H?, HY).
B,
Moreover, ”F”%p((wﬁﬂpd,sﬁp s ||H1(; S||SP(H2,H2)'
Proof Consider T defined by (2.6). By Lemma[2.9it remains to prove that
‘j.?’O(HI(}O’S) —F

if HY™* € 8,(H? H?) for 2 < p < oco. Let H** € §, and let F,(z) = F(rz), for
r € (0,1). Since Hy™ is compact, then ||F|[2(1 — |2[?)2*~! dm(z) is a vanishing Car-
leson measure by Theorem[4.7] and hence ||F, — F||cyy — Oasr — 1~ by Lemmal£.6l
Then F, — F pointwise and also by Theorem 4.5 we have ||H2:0’5 —HY*||s.. — Oas
r — 1. Hence, by Lemma[2.9]

THOHR"™) = lim TY°(HY*™) = lim F, =F. m
r—1- ’ r—1-
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