ANZIAM J. 59(2017), 61-82
doi:10.1017/S1446181116000365

FINITE ELEMENT APPROXIMATION OF A
TIME-FRACTIONAL DIFFUSION PROBLEM FOR A
DOMAIN WITH A RE-ENTRANT CORNER

KIM NGAN LE', WILLIAM MCLEAN™! and BISHNU LAMICHHANE?

(Received 2 June, 2016; accepted 20 October, 2016; first published online 5 April 2017)

Abstract

An initial-boundary value problem for a time-fractional diffusion equation is discretized
in space, using continuous piecewise-linear finite elements on a domain with a re-entrant
corner. Known error bounds for the case of a convex domain break down, because
the associated Poisson equation is no longer H>-regular. In particular, the method is
no longer second-order accurate if quasi-uniform triangulations are used. We prove
that a suitable local mesh refinement about the re-entrant corner restores second-order
convergence. In this way, we generalize known results for the classical heat equation.

2010 Mathematics subject classification: primary 35R11; secondary 33E12, 35D10,
65N30, 65N50.

Keywords and phrases: local mesh refinement, non-smooth initial data, Laplace
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1. Introduction

In a standard model of subdiffusion [10], each particle undergoes a continuous-
time random walk with a common waiting-time distribution that obeys a power law.
Consequently, the expected waiting time is infinite and the mean-square displacement
of a particle is proportional to ¥, with 0 < @ < 1. Such behaviour has been observed
in many settings. For example, Drazer and Zanette [5] measured @ = 0.63 in tracer-
dispersion experiments in a medium made of activated carbon porous grains, and Weiss
et al. [17, Table 1] observed values of @ ranging from 0.59 to 0.84 in fluorescence
correlation spectroscopy experiments with inert tracer particles in the cytoplasm of
living cells.
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The macroscopic concentration u(x, ¢) of the particles satisfies the time-fractional

(sub)diffusion equation [10, equation (6.8)],
Au— A KV u = f(x,1). (1.1)

Here, 0, = 0/0t and V? denotes the spatial Laplacian. The fractional time derivative is
of Riemann-Liouville type [14]:

a—1

forz > 0.

!
atl_“v(x, 1) = % j(; Wo(t — $v(x, 8)ds, wu(t) = It“(a/)
If no sources or sinks are present, then the inhomogeneous term f is identically zero.
We assume for simplicity that the generalized diffusivity K is a positive constant, and
that the fractional partial differential equation (PDE) (1.1) holds for x in a polygonal
domain, Q C R?, subject to homogeneous Dirichlet boundary conditions, with the
initial condition
u(x,0) = ugp(x) for x € Q.

In the limiting case, when @ — 1, the fractional PDE (1.1) reduces to the classical heat
equation that arises when the diffusing particles instead undergo Brownian motion.

Consider a spatial discretization of the preceding initial-boundary value problem
using continuous piecewise-linear finite elements to obtain a semidiscrete solution u,,
and suppose that f = 0. The behaviour of u, is well understood if Q is convex [9, 12];
in this case, for general initial data uy € L(€2) and an appropriate choice of u,(0), we
have

() = u(@ll < CrWllugll, 0 <1<T,

whereas for smoother initial data uy € H*(Q),
laa(t) = u()ll < CH¥lugllipy. 0 <1<T,

where |- || = || - llz,.@. Throughout the paper, C denotes a generic constant,
independent of ¢, & and u. The error analysis establishing these bounds relies on the
H?-regularity property of the associated elliptic equation in Q, namely, that if

—KV?u=finQ, withu=0o0ndQ, (1.2)

then u € H*(Q) with |[ullz2q) < CIIfII.

In the present work, our aim is to study u;, in the case where Q has a re-entrant
corner, and, therefore, is not convex. Since the above Hz-regularity breaks down,
we can no longer expect O(h*) convergence if the finite element mesh is quasi-
uniform. Our results generalize those of Chatzipantelidis et al. [3] for the heat equation
(the limiting case @ = 1) to the fractional-order case (0 < @ < 1). Our method of
analysis relies on the Laplace transformation, extending the approach of McLean and
Thomee [12] for the fractional-order problem on a convex domain.

To focus on the essential difficulty, we assume that € has only a single re-entrant
corner with angle 7/g for 1/2 < 8 < 1. Without loss of generality, we assume that this
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FiGure 1. A polygonal domain with a re-entrant corner; the region (1.3) is shaded.

corner is located at the origin and that, for some r( > 0, the intersection of () with the
open disk |x| < ry is described in polar coordinates by

O<r<ry and 0<0<m/B, (1.3)

as illustrated in Figure 1. We denote the vertices of Q by po = (0,0), p1, p2,---5PJ = Po,
and the jth side by

FjZ(pj,pj_H):{(l—O')pj+0'pj+1ZO<O’<1} fOI'OSjSJ—l.

Section 2 summarizes some key facts about the singular behaviour of the solution
to the elliptic problem (1.2). In Section 3, we describe a family of shape-regular
triangulations 77, (indexed by the mesh parameter /) that depend on a local refinement
parameter y > 1. The elements near the origin have sizes of order 4”, so the 7 are
quasi-uniform if y = 1, but become more highly refined with increasing y. Our error
bounds will be stated in terms of the quantity

W[y ' =B, 1<y<l1/B,
e(h,y) = hflogl +h D), y=1/B, (1.4)

h/NB =7, y>1/B,

which ranges in size from O(#*) when y = 1 (the quasi-uniform case) down to O(h)
when y > 1/3. We briefly review results for the finite element approximation of the
elliptic problem, needed for our subsequent analysis: the error in H'(Q) is of order
€(h, ), and the error in L,(Q) is of order e(h, y)?, assuming f € L,(Q).
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Section 4 gathers together some pertinent facts about the solution of the time-
dependent problem (1.1) and its Laplace transform. Next, in Section 5, we introduce
the semidiscrete finite element solution u,(f) of the time-dependent problem, and
see that its stability properties mimic those of u(f). In Section 6 we study first the
homogeneous equation (that is, the case f = 0), showing that the error in L,(Q) is of
order t®e(h,y)> when uy € L,(Q). For smoother initial data, the L,-error is of order
€(h,y)? uniformly for 0 < ¢t < T. We also prove that for the inhomogeneous equation
(f # 0) with vanishing initial data (uy = 0), the error in L,(Q) is of order t'~¢(h, y)?.
Thus, by choosing the mesh refinement parameter y > 1/8 we can restore second-
order convergence in L,(Q2). Section 7 outlines briefly how these results are affected
by different choices of the boundary conditions, and Section 8 discusses two numerical
examples that illustrate our theoretical error bounds. Finally, we offer some concluding
remarks in Section 9.

2. Singular behaviour in the elliptic problem

In the weak formulation of the elliptic boundary-value problem (1.2) we introduce
the Sobolev space _
V=H(Q)=H)Q),

and seek u € V such that
a(u,v)y=(f,v)y forallveV,
where

a(u,v)szVu-Vvdx and (f,v)szvdx. 2.1)
Q Q

Here, f may belong to the dual space V* = H~'(Q), if (f,v) is interpreted as the
duality pairing on V* x V. Since a(u, v) is bounded and coercive on H! (Q), the Lax—
Milgram theorem [4, Theorem 1.1.3] ensures the existence of a unique weak solution
u satisfying

il 0y < Cll Nl 2.2)

To understand the difficulty created by the re-entrant corner, we separate variables
in polar coordinates and construct the functions

uE(x) = r*Psin(nB) for x = (rcos,rsinf) andn=1,2,3,...,

which satisfy
VZur =0 forO<r<ocoand0<6<n/B (2.3)

with u; =0, if 6 = 0 or 6 = 7/B. Introducing a C* cutoff function n with
nix)=1 for|x|<ry/2 and n(x)=0 for|x| > ry,

we find that _ _
nu € H'(Q), but nu, ¢ H'(Q) foralln>1,
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and that
nuit € HX(Q) foralln>2, but nuf ¢ HX(Q).

Now consider the function f = —KVz(nul*). The choice of 1 means that f(x) =0

for |x| < ry/2, and consequently fis C*™ on Q. Nevertheless, the (unique weak) solution
of (1.2), namely u = nu7, fails to belong to H*(Q).
Let A = —KV? and

VZ=H Q) NH(Q) ={veH Q)|v=00ndQ}. (2.4)

THeEOREM 2.1. The bounded linear operator defined by the restriction
Aly2 V2 = Ly(),
is one-to-one and has a closed range.
Proor. See Grisvard [8, Section 2.3]. |
Our task now is to identify the orthogonal complement in L,(€2) of the range
R={feLyQ)| f = Au for some u € V*}.
To this end, we define in the usual way the Hilbert space
Ly(Q,A) ={¢ € [r(Q) | Ap € L,(Q) }

with the graph norm ||¢||i2(97 A= llol?> + lAg|>. Let 8, denote the outward normal

derivative operator. It can be shown [8, Theorems 1.4.2 and 1.5.2] that the trace map
¢+ (@Ir,» On¢lr;) has unique extensions from C'(Q) to bounded linear operators
HX(Q) » HA(T) x H/A[;) and  Ly(Q,A) —» H VX)) x H(T)),

and that the second Green identity holds in the form [8, Theorem 1.5.3]

-1

f[(Au)v —u(Av)]dx = » K[{u,0,v)r, = (Ontt, v)r,]
Q

=0

~

for u € H*(Q) and v € L,(Q, A). Hence,
(Au,¢) = (u,A¢) ifueV? ¢el,(Q,A)and ¢Ir; = 0 for all j,
implying that R is orthogonal in L,(Q) to the closed subspace
N ={¢ € L,(Q,A) | Ap = 0in Q, and ¢, = O for every j}.

Notice that N'N H' (Q) = {0}, because if f = 0, then the unique weak solution of (1.2)
in H'(Q)is u=0.

THEOREM 2.2. The Hilbert space Ly(Q) is the orthogonal direct sum of R and N, and
dim N =1 (assuming that Q has only a single re-entrant corner).
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Proor. See Grisvard [8, Theorem 2.3.7]. ]

Thus, given any f € L,(£2), the solution u € ﬁl(Q) of (1.2) belongs to H*(Q) if and
only if f L N. Consequently, the following holds for f in general.

THEOREM 2.3. There exists g € N (depending only on Q and n) such that if f € L,(Q)
then the weak solution u of (1.2) satisfies u — (f, q)nuj € V2 with

llu = {f, adnui i) < CISII.
Proor. Choose any nonzero ¢ € N. Since nu| € L,(Q2, A) but nu; ¢ V2, we have
(A(muy), ¢) # 0 and may therefore define ¢ = c¢ € N by letting ¢ = 1/(A(nu7), #), so
that (A(nu}), q) = 1. Define

w = u—(f, gyt € H(Q),

and observe that u; satisfies Au; = f; where fi = f — (f, 9)A(qu]). We deduce that
u; € H*(Q) because {fi, q) = 0, with

luille @ < ClLAN < ClIfL+ CKf @)l < ClIAL
since A(qut) € C*(Q) and ¢ € Ly(Q). O

3. Finite element approximation

Consider a family 77, of shape-regular triangulations of Q, indexed by the maximum
element diameter /. For each element A € 77, let

h, =diam(A) and r, = dist(0, A),
and suppose that for some y > 1,
chri <hy < Chri™7, whenever b’ <r, <1, (3.1)
with
chY <h, <ChY, wheneverr, <h”. (3.2)

Thus, if y =1 then the mesh is globally quasi-uniform, but for y > 1 the element
diameter decreases from order h, when r, > 1, to order #¥, when r, < kY. Such
triangulations are widely used for elliptic problems on domains with re-entrant corners
(see, for instance, Apel et al. [1, Section 3]).

For each triangulation 77, we let V), denote the corresponding space of continuous
piecewise-linear functions that vanish on 0Q, so that V, C V = H'(Q). Since the
bilinear form (2.1) is bounded and coercive on V, there exists a unique finite element
solution u;, € V}, defined by

a(uy,v) ={f,v)y forallveV,. (3.3)
This solution is stable in H'(Q),

laallz g < Clf M0 (3.4)
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and Céa’s lemma [4, Theorem 2.4.1] gives the quasi-optimal error bound

lutn = gy < € minllv =l g (3.5)

Let IT, : C(Q) — V;, denote the nodal interpolation operator, define the seminorm
, 12
|mm(2~ﬁwmwﬁ,
Jitja=m YV
where ¢/ = c’)ﬁ (')Z, and recall the standard interpolation error bounds [4]
v = ThVlma < ChZ b,  mef{0,1). (3.6)

The next theorem reflects the influence of the singular behaviour of u and the local
mesh refinement parameter y on the accuracy of the approximation u ~ I1ju.

TueorEM 3.1. If f € Ly(Q), then the solution u € V of the elliptic problem (1.2) satisfies
llu — IMyull < CheCy, WIfIl and  |lu - Hpullg gy < Cely, DI,
where €(h,y) is given by (1.4).
Proor. We use Theorem 2.3 to split u into singular and regular parts:
u=us+u, us={f,qnui, ux€ H*(Q),

with ||ul|g2q) < ClIf1l, leading to a corresponding decomposition of the interpolation
error,
u — Ipu = (ug — yus) + (e — yuy).

We see from (3.6) that
lltr = Mgl < CHPlucho < CR2||f1| < Che(h, y)IIfIl

and
|y — ey, < Chluch,o < ChIfIl < Ce(h, VIS,

so it suffices to consider us — ITus. Note that |0/ug(x)| < C||f]| |xf*~ for any multi-
index j, because u| is homogeneous of degree £.
We partition the triangulation into three subsets,

Tl={aeThlra<h), Tr={aeTiy|W<ra<l), T.={aeTylra>1},
and write

i = Tt = 1+ S2+ 835 where S, = > Jug = Tuff , for p = 1,2,3.

P
AET,

If ro < h?, then |ug — Ipugli o < |uslia + Tpugli o, and we estimate separately

m@saw{ﬁwwwx
A
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and, using (3.2),
I}, < Ch2Myuyl}, < CH2IfI f X% dx.
A
Since |x| £ rp + hy < ChY for x € A, we have
Si<CUf [ e vaveenisP [ ar<coRtip. 6)
[x|[<ChY |x|[<ChY

If ¥ <r, <1, then (3.6) gives

s — T2, < CRJIfIP f X282 di,
A
and our assumption (3.1) on the mesh implies that for x € A,
2 1-1/ 2 ra\'"HY 1-1 1-1
halxf2 < Chrl ™V |xf2 = Ch(ﬁ) WY < Chlxf 1717,
X

SO
S2 < CR|fI? 11

W <|xi<1+h

3.8)

1+h

< Chzllfllzf P dr < Ce(h, )N I
W

In the remaining case, r, > 1, putting R = sup{|x| | x € Q}, we have 1 < |x] < R for
X € A, and thus,

Si< Y CRIP [av<crifP [ axscrif. 69)
A

AE(],]? 1<[x|<R

Together, (3.7)—(3.9) show that |us — IT,usl1 o < Ce(h, YIS
A similar argument shows that

Ch”
S lae =ty < CIUFE [ 1Prdr < RO
0

AET)
and
R
) =l < CRAAE [ A0 gy
AETRUT) h?
< Che(h, yYIIfI.
Hence, ||lus — I us|| < Che(h, y)||f|| and the desired bounds follow. O

We are now able to estimate the finite element error.
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TueorREM 3.2. If f € Ly(Q), then the finite element solution uy € Vy, of the elliptic
problem (1.2) satisfies

llup — ull < Cety, IIfIl and |y — ullg o) < Ce(y, W,
where €(h,y) is given by (1.4).

Proor. The bound in H' (Q) follows at once from (3.5) and Theorem 3.1. The error
bound in L,(Q) is proved via the usual Aubin—Nitsche method [4, Theorem 3.2.4]. In
fact, given any ¢ € L,(Q), the dual variational problem

a(w, ) = (w, ¢y forall we H'(Q)

has a unique solution i € H'(Q). Since the bilinear form a is symmetric, the preceding
estimate for u — I,u carries over, with ¢ playing the role of f to yield [l — 1|7 @ <
Ce(h,y)li¢ll. Thus,

K = . )| = la(uy, = u, )| = laGuy — u, iy = )
< Cllup =l — Titllz g
< Ce(h. YUl I8l

implying that [lu, — ull < Ce(h, )2/ f1l. 0

4. The time-dependent problem

We may view A = —KV? as an unbounded operator on L,(Q) with domain V? given
by (2.4). Since the associated bilinear form (2.1) is symmetric and coercive, and since
the inclusion H' () € L,(Q) is compact, there exists a complete orthonormal sequence
of eigenfunctions ¢, ¢,, ¢3, ... and corresponding real eigenvalues A;, A, A3, ... with
Aj — oo as j— oo. Thus,

A¢n = ﬂn‘ﬁn and <¢m, ¢n> =0y, forallm,ne{l,2,3,...}, 4.1)
and we may assume that 0 < 4; < 4; < A3 < ---. Moreover,
(2 - A" Ly Q) = Ly(Q)

is a bounded linear operator for each complex number z not in the spectrum, spec(A) =
{41, A2, A3, ...}, and, given any 6, € (0, ), we have a resolvent estimate in the induced
operator norm [7, Lemma 1],

1+2/4 1

I-A)7 Y < —
Iz )l sinfy 1+

for |arg z| > 6. 4.2)
Define the Laplace transform f = £Lf of a suitable f : [0, c0) = L,(Q) by

@ =(LNHE = LFO): = fo e f(t)dt,
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for Rz sufficiently large. Since L{0/~%f},,, = '™ f(2), a formal calculation implies
that the fractional diffusion equation (1.1) transforms into an elliptic problem (with
complex coeflicients) for #(z),

zi(z) + 27 Adz) = uo + f(2),

and so
(z) = 2271 T + A N up + f(2)). (4.3)

The boundary condition u(f) = 0 on 9Q transforms to give i(z) = 0 on 0Q. Using
L{t")T(1 + pa)}—. = 2777, we find that for 2 > 0 and |z| > 11/?,

Za/—l(zaf + ).)_l — Z—l Z(_/IZ_Q)I)
p=0

{ O (AP

p=0 F(Tpa)}l—)Z - 'E{E(I(_/Ua)}’

where  Eo(y) = X2, y"/T(1 + pa) denotes the Mittag-Leffler function. The
inequalities 0 < E,(—1) < 1, for 0 <7 < oo [11, (2.8)], imply that the sum

EW =Y Ea(=Aut" XV, ¢n)bn (4.4)
n=1

defines a bounded linear operator &(7) : L () — L,(Q), satisfying
IE@VI < vl for 0 <7< oo. (4.5)
Thus, for each eigenfunction ¢,
2T+ A 6y =277 @ + )T dn = LBt iz,

and we conclude that
E@) =211+ A7

Writing (4.3) as fi(z) = &(2)uo + E(2)f(2) yields the Duhamel formula,
!
u(®) = Euy + f &t - s)f(s)ds fort>0 (4.6)
0
that serves to define the mild solution of the initial-boundary value problem for (1.1).
In particular, &(¢) is the solution operator for the homogeneous problem (f = 0) with

initial data ug € L,(Q). Also, the bound (4.5) immediately implies a stability estimate
in L,(Q) for a general, locally integrable f : [0, c0) — L,(£2), namely

le(OIl < [luoll + j{; lf()llds fort>0.
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5. The semidiscrete finite element solution

Let P, denote the orthoprojector L,(Q) — Vj,, that is, Pv € V}, satisfies
(Ppv,w)y ={(v,w) forallve L,(Q)andw € V),
There exists a unique linear operator Aj : V, — V), such that
(Apv,w) =a(v,w) forallv,weVp,

and the operator equation Aju;, = Py f is equivalent to the variational equation (3.3)
used to define the finite element solution u;, € V), of the elliptic problem (1.2). Denote
the number of degrees of freedom by N = dim V), and equip V), with the norm induced
from L,(Q). The finite element space V), has an orthonormal basis of eigenfunctions
Oy, Dy, ..., Dy with corresponding real eigenvalues Ay, Ay, ..., Ay. Thus,

Ap®, = A, P, and (D, dD,)=6,, formne{l,2,...,N},
and we assume that 0 < A < Ay <--- < Ay. Moreover, the resolvent
@ -A)™" V>V,

exists for every z € spec(A;) = {A1, Ay, ..., Ay}, and we have the following estimate
corresponding to (4.2):
1+2/A1 1

I1—-A)7Y <
Iz < sn6 1114

for |arg z| > 6. 5.1)

Note that A; < Ay, so this bound is uniform in A.
The first Green identity [4, equation (1.2.5)] yields the variational formulation for

(1.1),
(O, vy + a@u,v) = (f(t),v) forallve H'(Q)and >0, (5.2)

so we define the finite element solution uy, : [0, c0) — V}, by
(O, vy + a(@@ up,v) = (f(t),vy forallveV,andt>0, (5.3)

with u;,(0) = ugy, where ugy, € V}, is a suitable approximation to the initial data ug. Thus,
the vector of nodal values U(¢) satisfies a system of fractional ordinary differential
equations (ODEs) in RY,

Mo, U + 89, 7°U = F(1), (5.4)
where M and S denote the N X N mass and stiffness matrices, respectively, and F()
denotes the load vector. In the limiting case as @ — 1, when (1.1) becomes the heat
equation, we see that equation (5.4) reduces to the usual system of (stiff) ODEs arising
in the method of lines.

The variational equation (5.3) is equivalent to

Ay + 0\ Apuy, = Pof(t) fort>0.
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Taking Laplace transforms as in Section 4, we find that
ty(2) = 27 T+ A (uon + Prf(2)),
and thus, t
un(t) = E(Hugy + j(: En(t — s)Prf(s)ds fort>0,

where

N
Et)y = ) Eo(=Adt" ), ©,) D,
n=1

In the same way as (4.5) we have
[Er(WVI| < |Vl fort>0andveV,, (5.5)
implying that the finite element solution is stable in L,(€2), that is,

s Ol < ltonll + fo 1F()lds. (5.6)

For convenience, we put
B(z) = (I +A)" and By(z) = I+ Ap)7",
which satisfy the following bounds.

Lemma 5.1. If|arg z%| < m — 6y, then:

@) 1BV < CIVI/ (1 + [21") and || B2Vl q) < CIVI| for v € Ly(L2);
(i) IBu(2)vll < CIVII/(1 + [2I) and |Bu(2VI 1 (o < CIIVII for v € V.

Proor. First, let v € L,(€2). The resolvent estimate (4.2) immediately implies the
desired bounds for w(z) = B(z)v in Ly(Q). To estimate the norm of w(z) in H'(Q),
observe that Aw(z) = v — z*w(z) so by (2.2),

Iw@li71q) < Cllv = 2*w(@llg-10) < Cllv = 2" B)vll < ClIvIl.
When v € Vj,, the estimates for B, (z)v follow in the same way from (5.1) and (3.4). O

Since  L{EDPn}im: = 2271z + ) ¢y = 2 'B(2)¢,, the Laplace inversion
formula implies that

1 1+iM
&g, = fim (5= [ et a) dzo,
1

M—>D°(27Ti —iM

1
= — | €2 'B2)¢, dz,
2ni Jr

for + > 0 and for a Hankel contour I' that encircles the negative real axis counter-

clockwise. The factor e is exponentially small as Rz — —c0, s0 (4.5) and Lemma 5.1
ensure that

1
Ey = 3 feztz”_lB(z)v dz fort>0andve L,(Q), 5.7
L Jr

where the integral over I is absolutely convergent in L;(€2).
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Likewise, L{Ey®)P,lim: = 22712 + A)' D, = 227'By(x)®, so we have a
corresponding integral representation

1
En(ty = 3 feztzd_lBh(z)v dz fort>0andveV,. (5.8)
e Jr

6. Error bounds

Since the continuous and semidiscrete problems are both linear, for our error
analysis it suffices to consider separately the cases f = 0 and ug = up, = 0.

6.1. The homogeneous equation To find the error bound for u;,(#) — u(¢) in the case
f =0, the main difficulty is to estimate the difference

1
En(OPhug — E@Quy = — f 2% G(2)ug dz, (6.1)
2ri Jr
where, by equations (5.7) and (5.8), G;(z) = By(2)P;, — B(z). We begin by estimating
Gu(2)v.
Lemma 6.1. Ifv € Ly(QY) and |arg z%| < m — 6y, then
G2Vl < Ce(h, y)* IVl and GVl ) < C(1 + [2*)eh, Y)IIVI.

Proor. Given v € L,(Q), let w(z) = B(z)v € V, so that Aw(z) = v — z*w(z), and let
wy(z) € Vj, be the solution of

Apwp(2) = Pulv — 2%w(2)].

In this way, Ppv = z2Pyw(z) + Apwi(z) = %1 + Ap)wi(2) — 2% [wi(z) — Ppw(z)], and
thus B,(2)Ppv = wi(z) — 2 Br(2)[wi(z) — Ppw(z)], implying that

Gu(2)v = wi(2) = w(2) = 2 Ba(2) Pplwa(2) — w(2)]. (6.2)

Lemma 5.1 shows that |[w(2)[| < Clv|l/(1 + [2|*) so [[v — z*w(2)|| < C||v||. By applying
Theorem 3.2, with w(z) and v — z*w(z) playing the roles of u and f, respectively, we
deduce that

Iwi(2) = w@ll < Ce(h,yIMl- and  [wa(z) = W@l q) < Ceh, Y)IIVI.
The result now follows from (6.2) after another application of Lemma 5.1. o

THEOREM 6.2. Assume that f = 0. If uy € Lr(Q), then the mild solution u(t) = E(t)ug
and its finite element approximation uy(t) = E,(Hugy, satisfy

llun(t) — u(O|l < lluon — Puuoll + Ct~€(h, ) lluoll

and
llun(@®) = u@®llg ) < Cr“lluon — Pruoll + Ct™> + £ )e(h, y)lluol|

fort>0.

https://doi.org/10.1017/51446181116000365 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181116000365

74 K. N. Le, W. McLean and B. Lamichhane [14]

Proor. We split the error into two terms,

up(t) — u(t) = [Ep(D)(uon — Pruto)] + [Ep(D)Prug — E(t)ug]. (6.3)

It follows from (5.5) that ||E,(¢)(uon — Pruto)ll < |luon, — Prutoll. To estimate the second
term in equation (6.3), we use the integral representation (6.1) withI' =T", —T'"_, where
T, is the contour z = se**/4 for 0 < s < co. Applying Lemma 6.1 and then making the
substitution y = s, we find that

* —s ads
1E4(1)Patte — Euol] < CeCh, v ol f ey &
0

_ < d
= Ce(h, y)*lluollt™ f e Wy“f,
0

which proves the first error bound of the theorem.
Choosing I' =T, —T_ in the integral representation (5.8) of &,(f)v, and using
Lemma 5.1, we have forv € Vj,,

°° ds °° ds
GV () < Cf e_mﬁsaﬂvll 5 Ct_allvllf e V25 5 < Crill,
0 0

so in particular, when v = ugy, — Pju,
IEn(0)(uon = Prito)ll1 ) < Ctlluon — Phutoll-

Finally, using (6.1) and Lemma 6.1 again,
< ds
I610)Pn ~ Eal g, < Celhopllual [ P51 45 S
0

0 d
= Ce(h, Y)lluollt™* f eV 4 s 8

0 S
< Ce(h, )™ + 1729 luol,

proving the second error estimate of the theorem. O

When y is sufficiently regular we obtain an error bound that is uniform in 7. The
proof uses the Ritz projector Ry, : H'(Q) — V,, defined by

a(Ryu,v) = a(u,v) forallveV,, (6.4)
and relies on the following decay property of G(z2), as |z| — oo.
LemmaA 6.3. If Av € Ly(QY) and |arg z%| < m — 6y, then
IGh(@WVII < Celh, ) IBR)AVI| < Clzl ™ e(h, y)*[|AV].
Proor. First note that by Theorem 3.2,

v = Pl < v = Rivll < Ce(h, y) 1AV
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We use the splitting G (z) = By(2)P, — B(z) = G}z(z) + Gi(z), where
Gy(2)= (P, - DB(z) and Gi(2) = By(2)Py — PyB(2).
Since A commutes with B(z), it follows at once that
IG @Il < Ce(h, ) IIAB)VI = Ce(h, )’ [IB()AV].

The definitions of Pj, A, and R), imply that P,A = AR;, (see Thomée [15, page 10]),
SO

Gi(2) = By(D)[Pu(z*I + A) — (2"I + Ap)Py)B(2) = Bu(2)[PhA — AyPy1B(2)
= By(Q)[AnR), — ApPy1B(2) = —Bp(2)ApPr(I — Ry)B(2),

and therefore, because Bj,(2)A, = I — 2% By, (2), it follows that
IG; @Il < CIII = Ry)BVI| < Ce(h, y)*IAB(2)vl| = Ce(h, y)*IB(z)AV,
as required. Finally, ||B(2)Av|| < C||AV||/(1 + |z|*) < Clz|*||Av|| by Lemma 5.1. O

Notice that since B(z)A = I — z*B(z), Lemma 6.3 provides an alternative proof of
the first conclusion of Lemma 6.1.

THEOREM 6.4. Assume that f = 0. If Aug € L,(QQ), then
(1) = u(DIl < lluon — Pruoll + Ce(h, y)*lAugll  for t > 0.

Proor. In view of equation (6.3), it is again sufficient to estimate the contour integral
(6.1). This time, we choose I' =T, +I') —I"_ where I', is parameterized by z = se*>"/*
for 7! < s < co and where I} is parameterized by z = r~'¢" for —37/4 < 6 < 37/4.
Lemma 6.3 implies that ||z2~'G,(2)uoll < Clz|™ e(h, y)?||Auol| so

| zI
IER(1)Pritg — EDuoll < Celh, y)*[|Auy|| f le”'| —

and it suffices to note that the integrals

f e 1 |dz| foo e—st/\ﬁﬁ — foo e—s/\@@
r, Iz] = s h s
/4
f | zr| |dZ| fﬂ e—cosede
T |zl Z3n/4

are bounded independently of z. O

and

For intermediate regularity of uy, we have the following error bound in which the
fractional power of A is defined via the eigensystem (4.1):

AGV = Z /1?(\/, ¢j>¢j
j=1
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COROLLARY 6.5. Assume that f =0and 0 < 0 < 1. If A%ug € Lr(Q) and ugy, = Pyuy, then
(@) = u(®ll < Cr P e(h, y)*||A%uoll  for 1> 0.

Proor. The choice of ug, means that the error bounds of Theorems 6.2 and 6.4 simplify
to

llun(®) — u()ll < Cr*e(h, y)lluoll - and  |ju(1) — u(@)|| < Ce(h, y)*|Aug|l.
Hence, by interpolation, ||u;(r) — u(t)|| < C(r"e(h, 1)%)' " (e(h, )?)||A%uo|\. o

6.2. The inhomogeneous equation When uy =0 and f # 0, we use a different
approach [12, Lemma 4.1] that relies on the regularity result [11, Theorem 4.1]

[AE@)v]| < Cr*|v|| for ¢ > 0. (6.5)

The error bound requires no spatial regularity of the source term; it suffices that
f(0) € L,(Q) and ||d, f]| is integrable in time.

THEOREM 6.6. If ug = up, = 0, then

llun () — u(ll < Ctl‘“é(h,)/)z(llf(o)ll + fot IIO"’zf(S)IIdS) fort>0.
Proor. In the usual way, decompose the error as uy(¢) — u(t) = Ht) + o(t), where
Ht) = up(t) — Rpu(t) € Vi, and  o(t) = Ryu(t) — u(?).
Notice that #(0) = 0(0) = 0 and, since o(f) = fot d,0(s)ds,

IIQ(t)IISf0 l0:0(s)ll ds.

By (5.3), if v € V), then
(0:9,v) + a(@, 9, v) = (f,v) — (O, Rpu, vy — a(d; “Ryu,v),
and using the definition of the Ritz projector (6.4) followed by (5.2),
a(@, " " Ryu,v) = a(@; “u,v) = (f,v) — (Du, ).

Thus,
(09, v) + a(0 =", v) = —(0,0,v),

which means that 9 : [0, c0) — V), is the finite element solution of the fractional
diffusion problem with source term —d,0(f) and zero initial data. The stability estimate
(5.6) gives

Ilﬂ(t)llsf0 lId:0(s)ll ds,

and Theorem 3.2 implies that [|0,0(1)l| = (R, = DNAu(0)|| < Ce(h, y)*Adu@)l, so

llun (1) = u(D)|l < 2f0 lI8:0(s)ll ds < Ce(fm')zfo Adwu(s)l ds.
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Since

Au(s) =Afs8(s—‘r)f(r)d‘r= fSAa(T)f(S—T)dT,
0 0

we have

Adu(s) = AE(s)f(0) + fs A&E(T)0,f(s — 1) dT,
0

and therefore, using (6.5),

1AGu(s)Il < Cs™*|IfO)| + fo T 0.f (s = Dl dT.

Thus,
! 8 S
f 148,u(s)ll ds < CPILFO)] + f f N0, f(s - Dl dr ds,
0 0 0

and the double integral equals

fofo (s =m N0 @l drds = fo 10l — )" d,

yielding the desired estimate. ]

7. Alternative boundary conditions

7.1. Neumann boundary conditions Separation of variables in polar coordinates
yields the functions

ut =r*" cos(nBh) forn=1,2,3,...,
satisfying (2.3) with gy =0, if 6 =0 or 6 = x/B. In addition, for n = 0 we find

uj = 1 and u; =logr, and can readily check that

i € H'(Q) but nu, ¢ H'(Q) foralln>0 (7.1)

with nut € H*(Q) if and only if n # 1. If we impose a homogeneous Neumann
boundary condition d,u = 0 on 9L, then our results are essentially unchanged, but
the fact that A = —K'V? now possesses a zero eigenvalue complicates the analysis [13,
Section 4].

7.2. Mixed boundary conditions Forn =1,2,3,..., the functions
uy = r"V 2P sin(n — 1)Bo

satisfy (2.3) with &} = 0 if = 0 and dpus;; = 0 if 6 = /B. Once again, (7.1) holds for
all n > 1; however, we now have

nuf € HX(Q) foralln>3, but nui,nul ¢ HX(Q),

assuming 1/2 < 8 < 1. Moreover, a new feature is that nu; ¢ H*(Q) when 1 <8 <2,
that is, for an interior angle between n/2 and x, in which case Q is in fact convex.
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FIGURE 2. Meshes with h, =273 (left) and &, = 27 (right) from a sequence satisfying (3.1) and (3.2)
fory =3/2.

The proof of Theorem 3.1 must be modified by replacing 8 with /2, and replacing

€(h,y) with
WP [Nyt =BJ2, 1<y<2/B,
€mix(h,y) = {hy/log(1 +h7Y),  y=2/B, (1.2)
h/NBI2 =y, ¥ >2/B,
provided the interior angles at the other vertices pi, p2,..., pj-1 are all less than or

equal to /2. We may then proceed as for Dirichlet boundary conditions (since all the
eigenvalues of A are strictly positive), with €(#, y) replaced by enix(4,7y) in our error
estimates.

8. Numerical experiments

We consider two problems posed on a domain of the form
Q ={(rcosf,rsinf) |0 <r<1land0 <6< x/B}

with 8 =2/3. Although Q is not a polygon, the additional error in u, due to
approximation of the curved part of dQ is of order 4> in L,(Q), and hence our
error bounds should remain unchanged. To fix the time scale for the solutions of
the fractional diffusion equation (1.1), the generalized diffusitivity K was chosen so
that the smallest eigenvalue of A = —KV? equals one. Figure 2 shows two successive
meshes out of a sequence satisfying our assumptions (3.1) and (3.2) fory = 1/8 =3/2;
notice that these meshes are not nested. The mesh generation code takes a specified
h. and y and produces a triangulation with maximum element diameter 4 equivalent
to h.. All source files were written in Julia 0.5 [2] with some calls to Gmsh 2.12.0 [6],
and all computations performed on a desktop PC with 8 GB of RAM and an AMD
A10-7850K CPU.
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For the time integration, we use a technique [12, 16] based on a quadrature
approximation to the Laplace inversion formula

) =5 [ Fin@d= oo [ e aeods
where the contour I has the parametric representation
2€) = pu(1 — sin(8 — i€))  for —co < & < o,
with 6 = 1.172104 23 and u = 4.49207528 M/t for given ¢t >0 and a chosen

positive integer M. Therefore, the contour I is the left branch of a hyperbola with
asymptotes y = +(x — ) cot ¢ for z = x + iy. Putting

o _ 1.081792 14
zj=2u¢), ;=7(&), &i=JAg, Af:T’
we define
Ae Y
_ =5 Zit o Vo o~
Una(t) = 5 j;ue i (z)2; = un().

To compute i1;(z;) we solve the (complex) finite element equations
n(z)) x) + alin(z) x) = 25 Kuon + F@ox)s X € Vi,

and since we choose real ugp, and f, it follows that @t,(z—;) = it,(Z;) = Wz,) Thus,
the number of elliptic solutions needed to evaluate Uy ;(f) is only M + 1 rather
than 2M + 1. An error bound for the quadrature error ||Up;(¢) — uy(2)l| includes a
decay factor 10.1315M, and we observe that the overall error ||U ma(t) —u(@)| is
dominated by the finite element error ||uy(¢) — u(¢)|| for some modest values of M.
In the computations reported below, we used M = 8 to compute U (t) = up(t), and
chose ugy, = Pjug for the discrete initial data.

ExawmpLE 8.1. In our first example, @ = 1/2 and we chose uy and f so that the solution
of the initial-boundary value problem for (1.1) was

u(x,y,1) = (1 + war1(H)P(1 = 1) sin(BH).

In view of (4.4) and (4.6), the singular behaviour of u as r — 0 or t — 0 is typical for
such problems. Figure 3 compares the L,-error at ¢t = 1 for quasi-uniform (y = 1) and
locally refined (y = 1/8 = 3/2) triangulations. From Theorems 6.2 and 6.6, we expect
errors of order e(h, 1)> = K2 = h*/ and €(h, 3/2)* = h*log?(1 + h™"), respectively.
The number of degrees of freedom is of order 472 in both cases, so in Figure 3 we
expect the corresponding error curves to be straight lines with gradients —2/3 and —1,
which are in fact close to the observed values —0.7249 and —0.9707, respectively, as
determined by simple, linear least-squares fits.

ExampLE 8.2. In our second example, we imposed mixed boundary conditions: a
homogeneous Dirichlet condition where 8 = 0 or r = 1, and a homogeneous Neumann
condition where nf = /B. As the initial data we chose the first eigenfunction of the
linear operator A = —KV?,

uo(x,y) = Jgja(wr) sin(380),
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Ficure 3. Behaviour of the Lj-error ||u,(f) — u(?)|| for Example 8.1 when 7 = 1; quasi-uniform versus
locally refined triangulations.
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FiGgure 4. The L,-error as a function of 7 for Example 8.2 with @ = 1/2 and y = 2/p.

where w is the first positive zero of the Bessel function Jg/,. We put f = 0 so (recalling
that our choice of K means that the corresponding eigenvalue equals one) the solution
isu(x,y,t) = E(ug = Eo(—t%)up(x,y), and chose y = 2/8 = 3, giving enix (4, y) of order
hlog(1 + h™'); see (7.2). Since A"ug o« uy € Lr(Q) for all r > 0, we conclude from
Theorem 6.4 that the Ly-error ||uy(f) — u(?)|| is of order h? 10g2(1 + h™") uniformly for
0 <t <T.Figure 4 confirms this behaviour in the case @ = 1/2. Finally, Table 1 shows
that at a fixed positive time ¢t = 1 the L,-error does not vary much with «.
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1. L,-Errors and empirical convergence rates (powers of /) for Example 8.2 when ¢ = 1, with

y = 2/ and different choices of a. (Recall that N denotes the number of degrees of freedom in the finite
element triangulation.)

a=1/4 a=1/2 a=3/4

. N error rate error rate error rate
274 1957 1.465e-03 1.485e-03 1.452e-03

273 7593 3.673e-04 1.996 3.723e-04  1.996 3.640e-04 1.997
276 29771 9.471e-05 1.955 9.597e-05 1.956 9.380e-05 1.956
277 117039 2.420e-05 1.969 2.451e-05 1.970 2.391e-05 1.972
278 466089 6.059e-06 1.998 6.119e-06 2.002 5.931e-06 2.011

9. Concluding remarks
A characteristic feature of two-dimensional elliptic boundary-value problems is

that the solution is typically singular in the neighbourhood of a re-entrant corner.

This

behaviour carries over to the solution of the time-dependent diffusion and

fractional diffusion equations. Our analysis shows how the accuracy of finite element
approximations is compromised, unless a suitable local mesh refinement is employed
to handle the large gradients around a re-entrant corner. The overall approach could
be extended to treat three-dimensional problems, but it would depend on the more
complicated results for the possible singularities of the elliptic problem [1]. We
expect that a more promising direction for further research is to design adaptive mesh
refinement schemes based on suitable a posteriori error indicators.
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