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1. The formula

00 i

t')k~n j-:tyi (x)L}£ (y) =exp ((a;j/)*e'*)Ln{a; +y - 2(xy)l cos </>} (l-l)
t-o

was stated by Bateman ([2], p. 457); a proof is sketched in [3], p. 144. Here

/•<«)/.\_ V (n+oc\ (~x)n~r
 n - 2 >

" £-i \ r I (n — r)!

r=o ^ / v" /
the Laguerre polynomial of degree n, and Ln(x) =Ln(x).

We should like to point out that (1-1) can be proved very rapidly by making use of the
following formula due to Bailey ([1], p. 219) :

n

r=0 v

as well as the simpler formulas ([3], p 1-I-)
n r

Ln(x -y)= V ^jLn-r(x) (1*4)
r=0 T'

Ln(x-y) = e~" £ ~^Ln (x), (1-5)

which are easy consequences of the definition of L „ (x).

XTsing first (1-3) and then (1-5) and (1-4) we have
co ju co n i \« .

n\ y j]Ln~n\x)Ln~n)(y) = y *k y ,

? 2 (-i)fc-rP)4r

• r=0 V /
2 ? 2
4=0 • r=0

I ^ ( ^ j (1-6)
Thus for z~{xy)H this becomes

f | | )(2/) =exp ((a )̂*«)Lw{a! +y - (xy)i(t+^ (1-7)

For t = e.i*, (1-7) is identical with (1-1).

2. The identity (1-6) evidently implies that
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Since by (1-2) L^(x) is of degree n in a (as well as in x) it follows that

(2-1)
r=b

for k>2n. Consequently we get the following polynomial identity equivalent to (1-6) :

f f-.Ak, (2-2)
4=0 •

with Ak defined by the first half of (2-1). We remark that

k

r=0

and in particular

(2-3)

but there seems to be no equally simple formula for Ak. Using (1-2) we get

* /J.\ » /r\ ( -x)"-u ^ / r \ ( -2/)n-»

= f (-*)"-"(-y)n-V y (-l)k-r (k)(r\(r\

Using Vandermonde's theorem it is not difficult to show that

T W-r(k\(r\(r\- ^

for k^u+v ; for k>u +v or for u or v>k the sum vanishes. Therefore

Ak=
 u >20 (*-«)!(*-»)!(«+»-*)! (n-«)!(n-»)! (2'5)

which may be compared with (2-3).
If in (2-2) we replace z by xy/z we get

It follows that
Ak_ 4

so that (2-2) becomes

z J /~̂  k! n

For z = (xy)H we get the more symmetrical result

V 1 Jfc/2 k-n »-* A*

i=o i !

or, if we prefer,
n-l J

i=0
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3. The formula (2-9) can be generalized in the following way. Differentiation with
respect to <f> yields

n-^ , ,,.,„, ,. Akain(n-k)x
- (xy)<»+D/» L'n{x+y-2(xy)* cos <j>} = n! 2 , W ( n ~k)-^ ainx •

Now let C^' denote the ultraspherical polynomial defined by
00

(l-2a»+22)-A= 2

sothat cJ

We have also A 4"1 (*) = - ifca" («).

fThus (xy)ln+1^2Ln-\{x +y — 2(xy)lz} =n\ ^

Repeated differentiation with respect to z now leads to
n-A ,

(xy)l"+M]J*Li{x+y-2{xy)h} =n!(A -1 ) ! £ {^y)lcli{f>'-k)^C{tL]c-x{z), (3-1)

where A is an arbitrary positive integer. If we replace n by n + A, then, by (2-1), Ak becomes

n+A [%) A'n+A V2/J ^ -̂ J

Since 4 , *' (x) = (- x)k -^L%Lk(x) (0<ifc<w),

(3-2) may be written

\p^y) X"* / ^ \ ^ m I ™\ t i\9 r(«+A—r) / \ r(rt+A—f) / \
— ' > ( — l)K'~r I I (^*!) xvr [%) ljr \V)>

(^+m2
rtb vJ

We accordingly rewrite (3-1) as
= f (sg,)<«+*>/»(» + A - * ) ^ Cllfc(2) (3-3)

i=0

where 4 A > = 2 ( - 1 ) * " ' (k)(r\YL^+"~r)(x)L^+"~r)(y) (34)
r=0 V '

The formula (3-3) has been proved for A a positive integer. However, since each side is a
polynomial in A, it follows that (3-3) holds for all A.
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