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1. The formula

z ((zy)tee)e—n ! L“'”)( LG ”)(y) =exp ((xy)te®) L, {x +y - 2(xy)t cos $} ...... (1-1)
k=0
was stated by Bateman ( [2], p- 457); a proof is sketched in [3], p. 144. Here

L () = i (’”"‘) S (1-2)

oard r (n—7)!
the Laguerre polynomial of degree n, and L, () =L(2)(x).
We should like to point out that (1-1) can be proved very rapidly by making use of the
following formula due to Bailey ([1], p. 219) :

. . 11(1 +o +n) n (xy)"_'Lf(“+2"_2”(x +:1/)
(a) (@) .
LY@LY)="""" ZO gy ) g SRR (1-3)

as well as the simpler formulas ([3], p 142)

L -y)= Z y LEED@), (1-4)
r=0
o < 7./ (x+7)
-y =ev > LLE@), o, (15)
r=-0

which are easy consequences of the definition of L(“)( ).

Using first (1-3) and then (1-5) and (1-4) we have

{(k+n—2r)
( Gr=n) o [ =) (@y)" "Ly (@+y)
n! z L )Ly " (y)= . Z Z =)k —7)!

k=0 =0
r<k
_ (%y)""Z' < (k-+n—27) _ O @) 2 k)
= Z Z (k e T ) = ZO ) go nilr @ ry)
= i (y)" e ezL(”")('v +y —z) =2"e*L <x+ —2-Y (16
= 2 a-n)! ’ x+Yy = n y pol) RSP P ROt 1-6)
Thus for 2 = (zy)¥ this becomes
(k—n);, 7 (k—n) 1
z ((xy)¥t)e- " L,, (%) Ly, (y)=exp((xy)*t)L,,{x +y—(xy)*(t+z>}. ............ (1-7)
E=0
For t=¢™, (1-7) is identical with (1-1).
2. The identity (1-6) evidently implies that
© Lk
oy\ 25 k—m),, \ 7 (k=n)
2L, (z+y—z—?)-n!e . kzo 7 LT @LE )
T 2k < o (*\ ra-myy rr—m)
=nl > 5 2 -0 () He ),
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Since by (1-2) L (z) is of degree = in « (as well as in z) it follows that

4= Z (=1)%r ( )L"‘"’( D)LE™) =0 i (2-1)
for k>2n. Consequently we get the following polynomial identity equivalent to (1:6):
"L, <x+y z—x—y>—n' z 7{1A’“ .............................. (2-2)
E=0
with 4, defined by the first half of (2-1). We remark that
k
> (=15 ()) 60 - i) (ot
r=0 '
and in particular
: kN 1 -n) &~ — )k
ZO (=1)tr (r) R e [ (2:3)

but there seems to be no equally simple formula for 4,.. Usmg 1-2) we get

(
4= Zk: (—1)k—r(f) i (;)(;x);)-;‘ ( )(_y)n_.,

3 LS Com ()0)()

Using Vandermonde’s theorem it is not dlﬁicult to show that

,é)(_l)k_r(f)(a(r) O ];)' TOEE TR (24)

for k<u +v; for k>u +v or for w or v>>k the sum vanishes. Therefore

min (&, n) k! ( III)" u(_ )n—-v

4, s e, 25
BT 2 B0 -0 o= B m-w)i(m-v)! (2:5)
utvzk
which may be compared with (2-3).
If in (2-2) we replace z by wy/z we get
2n
xy\" w2k
(z) L,,(x+y 2 z) n.k; o e
It follows that
4y =( )"—kﬂi 0< k<< 2n) 26
7 zy @n k)i LEC2M) e (2-6)
so that (2-2) becomes
Yy 1n—1 k k—ny2n—k 4y
2L,z + y-z--- =n.2 (2% + (y)*—2 ')k—|+z"A,,. .................. (2:7)
£<0 :
For z = (zy)¥ we get the more symmetrical result
1 o 4
(zy)*RL, {x +y - (zy)} (t +{)} =n! Z (2y)El2(th—n 4 gn—Fk) Tch + (@Y, i (2-8)
k=0 :
or, if we prefer,
n—1 i) o
xy)" 2L {x +y - 2 (xy)t cos ¢} =n! Z (xy)¥l? k_'k 2 cos(n — k) + (zy)"2d,. ....co...... (2+9)
£=0
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3. The formula (2-9) can be generalized in the following way. Differentiation with
respect to ¢ yields

n—1
A, sin(n ~-k)x
(:t:y)(n+1)l2 L, {x +y - 2(zy) f cos ¢}__n| I‘ZO xy) k/2 (n— k) T W .

Now let C2 denote the ultraspherical polynomial defined by

(1 -2xz+2%)*= Z P (x),

n=0
(W _sinm+l)é¢ 4 (+1)
so that Cr’ (cos ¢) = sng 0 & on Oy’ (x) =22C3 11 ().
We have also (—%Lﬁ:‘) (x) = —L,(:‘LD ().
n—1 4
Thus (zy) 02 LY (o 4y — 2 (zy)tz} =n) Z (xy)*2(n ~ k) "C(” k-1 (2).
k=0
Repeated differentiation with respect to z now leads to
n—Ai
(zy) 0B L) (x4 y - 2(zyizt =nl(A-1)1 > (ay)tP(n - -kt 4y 02‘ e (2)yereennenns (31)
k=0
where A is an arbitrary positive integer. If we replace n by = + A, then, by (2-1), 4, becomes
k
E\ L r—n— r—n—
> (-1 (7> LI @) LI e, (3-2)
r=0
Since LR (@) = (=)t 1‘“’“) W o(z) (0<k<n),

(3-2) may be written
T Z (=1 (1) iy L= ) L),

((m+A)1)2
We accordingly rewrite (3:1) as
Iin+A+1 n a9
—(”F—(A)—) L +y -2y = 5 @) ®En A -B) 2 0Lae), o (3-3)
k=0 '
k
where 4P =3 (-1 (f)(ﬂ)% LEP D@y L0 0 e (34)
r=0

The formula (3-3) has been proved for A a positive integer. However, since each side is a
polynomial in A, it follows that (3-3) holds for all A.
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