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CHARACTERIZATION OF A CLASS OF

INFINITE MATRICES WITH APPLICATIONS

P.N., NATARAUAN

In this paper, K denotes a complete, non-trivially valued, non-

archimedean field. The class (Zu’za) of infininite matrices transforming
sequences over K in Za to sequences in Za is characterized.

Further a Mercerian theorem is proved in the context of the Banach

algebra (Za’za)’ @ 2 1 and finally a Steinhaus type result is
proved for the space Za . In the case of R or € , on the other

hand, the best known result so far seems to be a characterization

of positive matrix transformations of the class (Zu’ZB)’

1. Introduction.

K denotes a complete, non-trivially valued field, that is K =R
(the field of real numbers) or ( (the field of complex numbers) or a
complete, non-trivially valued, non-archimedean field.

If X,Y are sequence spaces with elements whose entries are in KX

and if A = (ank)’ a; € K, n,k = 0,1,2,... is an infinite matrix, we
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write A4 € (X,Y) if (Ax)n= Loa,z is defined, n = 0,1,2,... and
k=0

the sequence Ar = {(Ax)n} € Y, for every x = {xk} € X . Axr is called

the A transform of x ,
The main result of this paper is the characterization of infinite

matrices belonging to (Za’za)’ a > 0 , where

oo

a
t,=le=Ax), o ¢ XK, k=0,1,2,..., = kal < w},

k=0
where K is a complete, non-trivially valued, non-archimedean field.
Because of the fact that there is, as such, no classical analogue for this
result, this result is interesting. When X = IR or ¢ , a complete

characterization of the class (Za’ZB) of infinite matrices, «,B 2 2 ,

does not seem to be available in the literature. Even a recent result (5]

in this direction characterizes only non-negative matrices in (Za’ZB)’

a2B>1. When K= IR or € , aknown simple sufficient condition ([6],

p.174, Theorem 9) for an infinite matrix A to belong to (Za’za) is
Ae (Ll ,1.)n (ZJ,ZJ).
sufficient conditions or necessary conditions for 4 € (Za’ZB) when

K=®JR or { are available in literature (see for example [I1]).

Necessary and sufficient conditions for 4 ¢ (Zl,ll) are due to Mears [7]

(for alternate proofs, see Knopp and Lorentz [4], Fridy [2]).
From the characterization mentioned at the outset, it is then deduced

that the Cauchy product of two sequences in Za,a > 0 , is again in Za .

This result fails to hold for a > I when the field is R or ¢ . 1In
Section 3 we obtain a Mercerian theorem by considering the structure of

the space (Za’za)’ a 2 1 , of matrices. In Section 4 we study certain

Steinhaus type theorems involving the space Za .
2. Characterization of matrices in (Za,la), a> 0.

THEOREM 2.1. If A= (a,), a, < K, n,k = 0,1,2,... vhere K is

a complete, non-trivially valued, non-archimedean field,
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A€ (Za’za)’ a >0 if and only if

-}

(2.1) sup I |ank|OL <o,

Proof. since |.| is a non-archimedean valuation, we first observe
that
(2.2) Hal®-121% < latb|® < |al® + |p|*, «> 0.

(Sufficiency). If x = {xk} € Za’ I a % converges, n = 0,1,2,..4,

k=0 "
since L, — 0, k —> = and sup lankl < o by (2.1). Also,
n,k
o eax) [T < oz la,|? |x,l®
n=0 n g k=0 PR K

<(z |z |%(swp £ |a |
k=0 K k20 .y 7K

< o

so that {(Ax) } e 1 .
n a

(Necessity). Suppose 4 ¢ (Za,la). We first note that

;up Iankla = Bn <o, n=20,1,2,... . For, if for some m ,
20

a R . .
sup lamkl = ® , then, we can choose a strictly increasing sequence
k20

2

{k(i)} of positive integers such that |a , !a >4 , 1 =1,2,...
m,k(1)

If the sequence {:ck} is defined by

1 .
x, = —— , k = k(i)
koan k)
, 1 =1,2,...,
= 0 ., k # k(Z)
{xk} € z » for , ; kala = ; ]xk(.)[a < ; %< ®
* k=0 i=1 "’ i=1 1

. ] - N . . . . .
while am,k(’z,) 1) 10,1 o which is contradiction.
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Since (Ax)n = a,y for the sequence & = {xn}, z, = 0, n £k, x = 1
and {(4z) } e 1 ,
n a

o o _
n—E-O lankl <o, k=0,1,2,... .

Suppose {u,} is unbounded. Choose a positive integer k(1) such that
k

Uk =

> .
M) 78
Then choose a positive integer #n(1) such that

o

z |a |a <1,
n=n(1)+1 n,k(1)
so that
n(1) | ]a
z a > 2,
=0 n,k(1)

More generally, given the positive integers k(j), n(j), § < m-1,

choose positive integers k(m), n(m) such that k(m) > k(m-1), n(m) >

nim-1),
nim-1) " -2
z b Bk“<1,
n=n(m-2)+1 k=k(m) "
nim=-1) - 2 m-1 _5
em) 72 T Byt {2" L “k(i)}
and
oo I Ia n(m—])
z a < X B,
n=n{m)+1 nk(m) n=0 n

where, since K is non-trivially valued, there exists % € X such that
0 <p = |1T| <1.
n(m) nim-1)

: a =w, - 1 Ja - f &
= (a1 )41 n,km) k(m) "m0 n,k(m) n=n (m)+1 n,k(m)
nim-1) o 2 m-1 2 nim-1) nim-1)
>2 B +p ' m {2+ T 7 uk(.)}- ft B - 1 B
n=0 i=1 t n=0 "  n=0 "

-1
_ ~a 2 mio_g
=p m {2+ ii] 1 ”k(i)} .
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For every 1 = 1,2,..., there exists a non-negative integer A(Z) such
that

RYCVS B /RO

Define the sequence x = {a:k} as follows.

_ A(Z)+1
=T

Ty , k =k(i)
T =1,2,.0. .
= 0 s k # k(Z)
) o " 1
{x}EZ,for,Z|$|a=zlx'|a52—<m.
k a k=0 k i=1 k(i) o1 2
However, using (2.2),
n(m | |°‘
Z (Ux) 2L -, -3I,,
=n{m-1)+1 n 1 2 3
where
nim) | |a | Ia
L, = I a x ,
n(m) m-1 | Ia ] Ia
Z = z T a . x . ,
2 pem(m-1)#1 i= n,k(i) k(%)
nim) o | |0l | Ia
Z = Z Z a X - . i
S pem(m-1)+41 i=ml n,k(i) k(%)
Now
= rim) a (x(m)+1l)a
P17 _ L la, xm 1 @
n=n(m-1)+1 2
o n(m) | |°‘ »
z2p I a m
n=n(m-1)+1 n,k(m)
m-1 2
(2.3) vos T iy
oo « (A(i)+1)a
2T o la, iyl e
n=n(m-1)+1 =1 s
m=1 _g n(m) o
£ I % z a R
1=1 n=n(m-1)+1 | n,k('L)l
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m-1

ey
(2.4) L A U
i=1 k(i)
Lo I |, (A(EH1)a
s n=n{m-1)+1 i=m+l n, k(i)
n(m) -
< T b B i%
n=n(m-1)+1 i=k(m+1) "
(2.5) < 1.

From (2.3) to (2.5), we have,

nim) o
z |(A:x:n)| >1 ,m=2,3,... .
n=n{m-1)+1

This shows that {(Ax)n} I'4 Zu while {xk} € Za , a contradiction. Thus

condition (2.1) is also necessary. The proof of the theorem is now

complete.

The Cauchy product of two series I a > T bk is I e where
k=0 k=0
(2.6) e = aobk + albk—l Foou. F akbo .

In the context of the sequence space Za , we have the following theorem.

THEQREM 2.2, If {ak}, {bk} €1, , so does their Cauchy product

{ck} .
Proof. Consider the matrix
—
Faoo 0 0. ..
a a 0 0. ..
2.7 4= 170 )
a, a, ao 0. ..

Noting that the A-transform of {bk} is {ck} , since {ak} € Zcl R

A e (Za’lu) so that {ck} € Za , since {bk} € Za .
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Remark 2.1. (i) 1It is easy to establish Theorem 2,2, when a = 1 ,
virtually by following the steps in the well-known Cauchy theorem on
multiplication of series; Theorem 2,2 could be proved in the same way
using (2.2).

(ii) Theorem 2.2 could be formally stated in the following form: If a

sequence {ak} is given, then {ck} € Za for every sequence {bk} € Za
if and only if {ak} € Za where e is defined by (2.6).
(iii) Theorem 2.2 is not true when K =R or ¢ and a > 1 as

illustrated by the following example. Let

,a>1.,
1+
(k+1) o

L\a‘LN ~

Then {ak}, {bk} € Za while {ck} I'4 Za .

3. A Mercerian theorem.
We now set out to study the structure of (Za,Za), a 21, with a

view to obtain a Mercerian theorem analogous to the one obtained earlier
by Rangachari and Srinivasan [9]. (Za’za)’ a 2 1 , is a Banach algebra

under the norm
1

(3.1) [14a]] = sup ( lank|“)“ s A= (ay) e (T,1),
k>0 n=0
with the usual matrix addition, multiplication and elementwise scalar

multiplication. First we note that if 4 = (ank) , B= (bnk) € (Za’za)’

(AB)nk is defined, for, (AB)nk = iio anibik converges, since bik —> 0,
7 —> « and sup Iani’ < ® ., We next show that (Za,la) is closed with
n,%

respect to multiplication. For, using (2.2),

https://doi.org/10.1017/50004972700010030 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700010030

le8 P. N. Natarajan

£ | |*= 3% |t a.b. |
=0 nk =0 =0 " ik
<t % Ja.l*|b.,|®
n=0 =0 "tk
=% |5, % la.|Y
1=0 ik n=0 ™
s [all® 118l1%, x=o0,1,2,... .
Thus 4B ¢ (Za’za) and ||AB]| =< []a]| |IB]| . The associative law

follows, for, if A = (ank)’ B = (bnk), C = (cnk) € (Za,la) »

{(AB)C}nk = I (AB)ni i
1=0
= 3 ¢ (T a.b.)
=0 g=0o ™ J
=°£an.(z b'ick)
g=0 ™ i=0 Y
= I a. (BC),
§=0 7

{A(BC)}nk .

It remains to prove that (Za’la) is complete under the norm defined by

A(n)

(3.1). To see this, let { } be a Cauchy sequence in (Za’la) where

A(n) = (aij(n))’ i, = 0,1,2,... . Since " s cauchy, for any & > 0 ,
there exists a positive integer n, such that for m,n 2 no R
”A(m)_A(ﬂ)Il <e .
That is sup I Iai.(m) - ai'(n)]a < e
g0 i=0 “I J

Thus for all 1,7 = 0,1,2,...,
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(m (n)
laij ) - aij ] <e ,mmnz2 no .

(n)

Hence a.. —_ aj ;s n— o  1.49=20,1,2,..., since K is complete.

Consider the matrix A4 = (aij)’ i, = 0,1,2,... . For all j = 0,1,2,...,

k
E a1 < (1A s nk= 0,202,
i=0 ¥
_ (n) .
where M = sup ||4 || . Allowing n —> = , we have,
nz0
K a a .
iio |aiJ.| s M, F.k=0,1,2,...

Allowing k —> o ,
% |aij|°‘ <M, j=0,1,2,...,
=0
which shows that 4 € (Za’za)' Again for all 4,k = 0,1,2,...,

k

I |a..
i=0 ¥

v
S

(m) _ a.'(n)la <, mn
Y

Foxr n 2 no, allowing m —> « , for all J,k = 0,1,2,...,

k
Lo a,, - ai.(njla < e
i=0 Y J
Now, allowing k —> = , we have, for all j = 0,1,2,...,

z |ai. - a..(n)|a < e
=0 J 1J

«©
That is, sup (I |ai.- ai_(n)la)l/a fSe,nz2n_.
j20 =0 9 % °
That is, IIA(n) - AII fe, n=2 n, s
which shows that A(n) —> A, n—> o,

The Mercerian theorem mentioned is the following.

THEOREM 3.1. When X = Qp s the p-adic field for a prime p , if

n ,
Y, =, * Ap (xo+x1+...+xn) and {y,} e Za s then {z } el if
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[A]. < (1 —pa)l/h where p = |p| < 1.
p P
Proof. since (Za,la) is a Banach algebra, if A € Qp is such

1
. < TTATT * A€ (Za’za) » then I- M , where I is the identity

matrix, has an inverse in (Za,la) . The matrix of transformation is

that IXI

I + A where

42 1 2 2 2
p P P 45 ..
We note that A4 ¢ (Za’za) with ||4|| = ————§—37E-. Then I + A has an
(1-p")
inverse in (Za’za) if |)\|p < (1- pa)l/u . Since y = (I + MJx where

y = {yk} s X = {xk} and lower triangular matrices are associative, it

follows that (I+ AA)_Jy =« . Since y el and (r+ a) 1 e (1,1
it follows that « € Za .
The proof of the theorem is now complete.
4. A Steinhaus type theorem for Za.

Theorem 4.2 to follow is a Steinhaus type result proved using the

characterization of (Za,la) in Theorem 2.1, We write A € (Za,ZG;P) if

Ae (L ,1) and E (Ax) = I =z,, x=1{x,} el ; Ae (1,1l ;P)" if
o’ Ta n k k o a’a
n=0 k=0

- (Za,Za;P) and a 0, k —> =, n=0,1,2,... . It is easy to

-]
check that 4 ¢ (7 ,1 ;P) if and only if Ae (L ,1 ) and ¢ a, =1,
a’ o o’ o =0 nk
k=o0,1,2,... .

THEOREM 4.1. If A € (1,,1,) such that a, 0, k —> =,
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Tim
ko

n=0,1,2,... ad x |cznk|(Jl > 0 , then there exists a sequence

x = {xk} el , B >a, Ax = {(Ax)n} 4 Za .

B:
Proof. By hypothesis, for some € > 0 , there exists a subsequence

{k(i)} of positive integers such that

[o+]

bX |a . Ia
ned n, k(1)

22 ,1=1,2,... .

In particular,

o

[0 ]
Lo la, kel
n=0

Choose a positive integer n(1) such that

v

2e .

i -1 €
z |a Ia <min (2 7, <)
n=n(1)+1 n.k(1) g’
so that
n(1) | la
I a > e .,
=0 n,k(1)

More generally, having chosen the positive integers k(j), n(d), J < m-1,

choose a positive integer k(m) such that k(m) > k(m-1) ,

T la |* > 2e ,
=0 n,km)

n(m-1) a -m €
b Ian,k(m)l <min (2 , 59 R
n=0

and then choose a positive integer n(m) such that n(m) > n(m-1) ,

w©

z |a |* < min 2" &
n=n(m)+1 nk(m) 2’
so that
nim) | l“ e e
L a > 26 - - —-= ¢,
n=n(m-1)+1 nsk (m) 2 2

Since K is non-trivially valued, there exists =© € K such that
0<p = |n| <1. For each % = 1,2,..., choose a non-negative integer

A(i) such that
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A(L)+1 1 x(Z)
P = 7:1/(1 <P

If the sequence x = {xk} is defined by

= w2k

-

Zr

=0 s kK # k(i)
{.’L'k}e ZB\ZG, for,

£ kale bt |xk(i)|8 NG
=0 i=1 i=1
1 ® 1
<= I < w
of i=1 /0
since B > o , while,
z ©  an(i) | = 1
z Im 'G. = z Ix N la = T p(], S s 1_.
=0 k i=1 k(i) jod L3
Defining no =0,
n(N) | o N n(m) | - -
I (Ax) > I I T a Lz
n=0 " m=1 n=n(m-1)+1 <=1 nyK(L)"k(Z)
N nim) ® .
= I L | = @ i) “)\(‘L)'a
m=1 n=n(m-1)+1 =1 >
N n(m)
> 3 I {Ian k(m)la potk(m)
m=1 n=n(m-1)+1 2
A(Z)
- ¥ Ia . IOL pa }
ism n,k(i)
(using (2.2))
N nim)
-1
> I T {la Ia m
m=1 n=n(m-1)+1 L rak(m)
1 [0 4
-=— % |a . }
pa is#m n,k(’b)
v N on(m)
@ > poemin s 2 e, el
m=1 o" m=1 n=n{m-1)+1 i#n
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We note that

© nim) I la o © I Ia
z z z a . = I z a
m=1 n=n(m-1)+1 i<m n,k(2) m=1 n=n(m)+1 n,k(m)
Red -—
(4.2) <z 2™,
m=1
Similarly it can be shown that
n/m) ©
o -
(4.3) L z 2 ola, g% < 2 2 (m+1)
m=1 n=n(m-1)+1 i>m . m=1
Thus it follows from (4.1) to (4.3) that
n(n) N
DI IZZ N L %—%
n=0 m=1
Since I I_. , it follows that {(4x) } ¢ 1y -
me1 ™ n

THEOREM 4.2. (17 ,1 ;P)'" n (1,1 ) =4 , 8B > a.
a’ o [

Proof. sSuppose 4 € (Za’za;P)' n (ZB’Za)’ B >a . Then

t Ja,0%2]% a,|®=1, k=0,1,2,... so that 2™ 3 |q |%> 1.
=0 nk =0 nk ) Koo n=0 nk

By Theorem 4.1, there exists x = {xk} € 1 such that {(Ax)n} I'4 Za ,

B

a contradiction,

Remark 4.1. when K =R or ¢ , it was proved by Fridy [3] that
(2,,2,;P) n (L ,1,) =g, a>1. This result, as such, fails to hold
1°71 a’’1

when K is a complete, non-trivially valued, non-archimedean field, as

the following example shows. Let K = @ and A4 = (ank) where

3

=1 2Zn =
ay =7 (" s mk=01,2,..
sup & 1
t la,|.=
k20 —0 nk'3  1-p

< © where p = l3|3 and I a, = 1, k=0,1,2,...,
n=0

so that 4 e (1,,1_;P) ; but, for a > 1 , if x = {xk} € Za ,

1°°7°
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to ) |, =% |t a,zl
n=0 m3 ps0 k=0 nkk's
® 1 ,3n s
=z &7 | x|
o & % 3 gm0 K3
ot 1
=]L x < o (since f{x,} e 1,
|k=0 klg I-p ¢ k o
x, —> 0, k—> @ and so I %, converges as K = QS is complete).

k=0
Thus A e (1 ,7,) also.
a’ 1

Remark 4.2. (Za’la;P) n (Zw,la) = ¢ where l_ is the space of all
bounded sequences with entries in K . For, if 4 e (Za,Za;P) n (Zm,la) >
then A € (Za’za;P)' n (ZB’ZG)’ B > a , a contradiction.

Remark 4.3. virtually by following the proof of Theorem 4,1, we

can show that given any matrix 4 € (Za’za;P) , there exists a sequence of

0's and 1's whose A-transform is not in Za . This is analogous to

Schur's version of the well-known Steinhaus theorem for regular matrices
(see [10], when X =R or ¢ and [8] when K is a complete, non-

trivially valued, non-archimedean field).
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