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GENERALIZATION OF LEADER'S
FIXED POINT PRINCIPLE

TANMOY SOoMm AND R, N, MUKHERJEE

In J. Math. Anal. Appl. 61 (1977), 466-4TL, Leader has given a
fixed point principle for an operator f : X > X , where X is a
metric-space, based on conditional uniform equivalence of orbits.

We generalize this principle for two mappings fi and fé to

give common fixed point results in two different ways. Further
we derive an f-generalized fixed point theorem for two commuting

mappings.

Introduction
Let (fl’ X,d , 1=1,2, be two operators where fi : X>X end
X is a metric space. Let F = féfi be the composite map of fi and
fé . Then we define the generalized orbit of a point x € X as the

sequence of iterates x , fi(x) . féfi(x) ~ F(x) , fiF(x) . Fz(x) .

fin(x) s F3(x) s «++ . The limit p of a generalized convergent orbit
must be fixed under certain weak conditions (for example, f., fé have
closed graphs or dz, fl(x)) ,», 1=1,2, is lower semicontinuous), that

is, p = fl(p) , 1 =1,2 . We call a fixed point P a generalized fixed
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point if it is the limit of every generalized orbit in X . A necessary
condition for a fixed point is the equivalence of all generalized orbits.

Now we give our first result as follows.
THEOREM 1. Let (fZ’ X,d), 1=1,2, be two operators on a
metric space (X, d) . Let {:cn} and {yn} be two sequences generated by

generalized orbits of =z, and Yo respectively with the applications of

0
maps f‘l and f2 in the following way:

z, = fl(xo)’ T, = f2(xl), cee
and in general
Tons1 ~ fl(xen)’ Top+ — f2(x2n+l) , n=0,1,2, ...,
and
yp = Fplug) v, = 1) oo s

and in general

Yoper = f2(y2n)’ Yopso = fl(y2n+l] s> n=0,1,2, ...

Let €, , 1 € N, be positive real numbers defined by

(v e, = swpfd(z;, y,) : iz, dz, y) =

If (m2)| €,%€, l) +5(e . n+1) +e sc and d(zx, fl(:c)] =

l=1,2, then, forall i z2zn adall j in N,

m
(2) d(xi’ xi+j] =32 (En+€n 1) + 5(e n n+l) Y
Further if

(3) d(xn’ yn) >0

wni formly for all z 5 Y, in X with d[xo, yo) < ¢ then
(%) the sequence {:cn} is uniformly Cauchy.

If the graphs of both (fl’ X,dy, l=1,2, are complete and (3) holds

then d(z, fl(a:)] <e, Ll=1,2, tmplies that fl and f2 have a
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common fixed point.

Proof. By the induction process on Xk we shall prove (2) for J < km

for all k in N under the given condition that, for a given m, n ,

g (e +e .} + %(e £ J+e =e¢

n n+l n n+l m
and
d{x, f z)) €e, 1=1,2 forall z €X .
Let . (x) , that is, % iterations on initial point x by fi and

fé accordingly. Let k =1 , that is, § <m ; then (1) implies for all

22n and J <=m , m even, that

(5) dlz;, xi+j) sdx,, z,, )+ d(xi+l, :1:1:+2) + o4 d(xi+j_l, xi+j)
= dleg); ()) * Aleg)ye B ) + (o) ()
I CAPERECA R T (CIA PR (xj—l)i-t—l]
= St S TSR TS T e Ene1

= %'(E *E } = g'[en+€n+1)

d(xi, xi+j) = d(xi, xi+l) + ..o+ dx Tejo1 % j)
= d((woyl’ (xl)t) + d((xo)i+l’ (xl]i'f‘l)
ot d(( J 3)7/_’,1’ (xj—2)’l:+l) + d((xj_l)i’ (xj}i)
= En + €n+l + En + ...+ €n+l + En
{141)
= [ J-1
- l 2 Jen * ( 2 )€n+l
= g'(€n+€n+l} * ;[e €n+1)
Thus
m
(6) d(z, xi+j) =3 (e,*e,,) * 5le ¢,,0)

for all ¢ >n and j <m , independent of m even or odd, that is, (2)
holds for all j =m . Now we suppose that (2) holds for all J < km and
prove it for 4 =< (k+l)m . Consider km < j < (k+1)m . Then O < j-m < km
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and so our induction process gives

m
< —
d(xi’ xi+j—m) -2 (€n+€n+l) * %(en €n+l) TEp=e
for all © 2Zn . Now iterating m times by fl and f2 accordingly the

above we get

(1) d[xi+m’ xi+j) € € for all 7 =n ;

here X =z and yo = xi+j-m .

Therefore from (6) with =m and (7) we get

)

&X.
1+J

J
d(x;

I/\

d(:z:i )

'L+m) +d (xi+m ? xi+j }

)+%( +l}+€m’

IA

2 (n n+l’
for all Z 2m . Thus (2) is true for all j = (k+1)m and hence for all
Jg in N .

Now from (1) and (3) we have €, ¥+ 0 . Therefore for a given

0 <€ <e¢ , we can choose m so large that i-:m < € . Further we take n

so large that

(8) (e, *e ) +mte _€n+l) < omt (s—em]

n+l n

[For this we choose n large enough so that En < (e-em) /m and this gives
( (e-2,)
(l+-—Je +l1—l]e<2—m—

n n

or

(e-¢,)
[1+l]e +[l—l]e <o —
m| n m) n+l m
which consequently satisfies (8)). Thus we have

J+e <e<e

5 (e +e ) + ke - -

<
n ntl n n+l

So (2) holds for all j in N and hence d(xt’ xﬁ_J\ <g for all 7 =2n

and § in N and all gz with d(x, fz(:c)] < ¢ , which proves (4).
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Further let the graphs of (fi, X,d) , 1=1, 2, be complete and
(3) hold, then for all x with d(z, fz(x)) e, L=1,2, (k) gives
that {fl (xzn)} and {f2 (x2n+1)} are Cauchy and hence by graph-
completeness we have

fl[:czn) -+ fl(t) with x, >t

f2(x2n+1) > f2(t) with x, . > t ., te€X.

Therefore fi(t) =t and fé(t) =t , that is, fi(t) = fé(t) = ¢t which
completes the whole proof.
REMARK. 1In case f‘l = f, = f we get Theorem 1 of leader [1] as a

corollary. (In that case € el reduces to €, )

In what follows we give another generalization of Leader's fixed point
principle by considering a composite map.

THEOREM 2. Let [fZ’ X,dy, 1=1,2, be two operators on a
metric space (X, d) . Let, for any z,
defined in Theorem 1. Now let {xgn} be a sequence generated by the

€ X, {x} be a sequence as

composite map F fzfl in the following way with . as the starting

0

point:

z, = Plz)) , =, = Fz,) = F(x)

2
. +1
and in general, Te2 = F(xen) = F' [xo) , m=0,1,2, ... . Nowwe
define real numbers €5 » i €N, forsome ¢ >0 as
(9) € =sudei:c Fiy ci2n,dx,y ) <e
2n 0, o -_— 3 0’ o -_—

where {y2n} 18 a sequence generated by repeated application of F on

If me, +¢€, <c and d(z, F(z)) <sc , then

y on ¥ €om

0"

(10) d[:c

N x2i+2j) s me, + ey for all i =n
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and all G in N . Hence if

(11) d(x }»o0

on? Yop

wniformly for all = in X with dz,, yo) <ec , then

0 Yo
(12) the sequence {x2n} is wniformly Cauchy.
Again if the graph of (F, X, d) 1is complete and (11) holds then
d(z, F(x)) = ¢ implies that F has a fized point. Further if
(13) d(F(z), Fly)) < d(zx, y) ,
then F has a wnique fixed point. Now if flf2 = f2fl then the fized
point of F becomes the unique common fixed point of fl and f2 .
The proof of (10), (12) and that F has a fixed point follows the
same line as that of Theorem 1 of Leader [1]. Further, condition (13)

guarantees the uniqueness of the fixed point of F which, on combination

with the commutativity of fl and f2 , gives the existence of the unique

common fixed point (same as that of F ) of both the maps and hence the

result.

THEOREM 3. Let (X, d) be a metric space. Let f and g be two
mappings of X into X with f continuous. Let f and g commite with

each other with g(X) € f(X) . For some x, € X we define a sequence

{yn} as follows:

and

y, = flz) =gz, ), n=1,2,...
Similarly, for some Py € X , let us have a sequence {zn} , that is,
z = f(pn) = g[pn_l) , m=1,2, ... . Forsome ¢ >0, define
(1k) e, = suwpld(y;, z;) : ©2n-1, d(g(xo], g(po)] e} .
If me, +€ =e and d(f(z), g(z)) < c then

(15) dy;, ¥ =me, +¢ forall izn-1

i+j)
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and all § in N . Hence if

(16) d(yn, zn) >0

wiiformly for all «x € X with d(g(xo], g[po}) < ¢ then the sequence

o> Po
{yn} is uniformly Cauchy, and further if g satisfies

(17) d(g(z), g(y)) = d(flz), fly)) forall z,y €x,
then g has an f-generalized fized point.

Before giving the proof of the theorem we give the definition of an

f-generalized fixed point.

DEFINITION. Let f, g : (X, d) » (X, d) be two maps with
g(X) © f(X) . 1If there exists a point t € X such that g(¢) = f(£) then
we say that g has an f-generalized fixed point.

Proof. The proof of (15) and that {yn} is uniformly Cauchy goes in
a similar fashion as that of Theorem 1 of Leader [1], so we omit it.

Let y, > t . B8ince f 1is continuous we have f(yn) - f(t) . Mow
(17) gives that d(g(yn) , g(t)) = d(fly,), f(£)) , which in the limiting

case implies g(yn) + g(t)

n—l] + g(t) . Therefore

mus  fly,) = flg(z,_)) = 9(Flz,_)}) = aly
f(t) = g(¢t) . Hence g has an f-generalized fixed point ¢ . In case f

is an identity map we get an ordinary fixed point.
THEOREM 4. [Let (fl’ X, d] s L =1, 2, be two operators with
graphs of fi both complete. Let for som ¢ >0 , (X, d) be weakly

c-chained and (3) hold. Then f , fé have a common fixzed point.

Proof. Let {xn} and {yn} be two sequences as defined in Theorem 1

with initial points z, and Yo respectively. Since (X, d) is weakly
c-chained (see Leader [11, Theorem 2), we have for any zx, y € X a finite

0 1 . 0 3 L+
sequence <x Y xm> with z =z , 2 = y and d(xt, x l} e
for £ =0, 1, ..., m1l . Then in z, » yn applying triangle inequality

we have
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0 m
d(xn’ yn) - d[xn’ xn]
< d(xo, xl] + d(xl, xel + + d(xm-l, xm] ,
n® “n n* n n n
2 L+1 .
where d[x;, m; ] <=e, for 1=0,1, ..., m1 .

By using similar arguments as in proving (5) or (6) in the above and

then applying (3) we get d[xn, yn) +0 ,a n->o forall x,y € X
which further implies that all generalized orbits are equivalent.

In case Y = fi(xo) , we get

alz,, 7,(5)) 0, n even,

and

d(xn, fé(xn)) +0 , n odd.

Therefore for 7n large enough we have d(xn, fz[xn]) <e, l=1,2,
accordingly with 7 even or »n odd. Hence Theorem 1 gives the result.
THEOREM 5. Let (F, X, d) , where F = Fofy s be a composite

operator as defined in Theorem 2 with the graph of (F, X, d) complete.
Let for some ¢ >0, (X, d) be weakly c-chained and (11) hold. Then F
has a fized point.

Proof. The proof of the above theorem is analogous to that of the

above theorem, so we omit it.
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