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NORMAL FAMILIES OF MEROMORPHIC MAPPINGS
OF SEVERAL COMPLEX VARIABLES FOR MOVING
HYPERSURFACES IN A COMPLEX
PROJECTIVE SPACE

GERD DETHLOFF, DO DUC THAI, AND
PHAM NGUYEN THU TRANG

Abstract. The main aim of this article is to give sufficient conditions for
a family of meromorphic mappings of a domain D in C™ into PY(C) to be
meromorphically normal if they satisfy only some very weak conditions with
respect to moving hypersurfaces in PV (C), namely, that their intersections with
these moving hypersurfaces, which moreover may depend on the meromorphic
maps, are in some sense uniform. Our results generalize and complete previous
results in this area, especially the works of Fujimoto, Tu, Tu-Li, Mai-Thai-
Trang, and the recent work of Quang-Tan.

81. Introduction

Classically, a family F of holomorphic functions on a domain D C C
is said to be (holomorphically) normal if every sequence in F contains a
subsequence which converges uniformly on every compact subset of D to a
holomorphic map from D into P'.

In 1957, Lehto and Virtanen [7] introduced the concept of normal mero-
morphic functions in connection with the study of boundary behavior of
meromorphic functions of one complex variable. Since then normal families
of holomorphic maps have been studied intensively, resulting in an extensive
development in the one-complex-variable context and in generalizations to
the several-complex-variables setting (see [1], [5], [6], [23], and references
cited in [5] and [23]).

The first ideas and results on normal families of meromorphic mappings
of several complex variables were introduced by Rutishauser [14] and Stoll
[15].
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The notion of a meromorphically normal family into the N-dimensional
complex projective space was introduced by Fujimoto [4]. (See Section 2.5
below for the definition of these concepts.) Fujimoto in [4] also gave some
sufficient conditions for a family of meromorphic mappings of a domain D in
C" into PV(C) to be meromorphically normal. In 2002, Tu [21] considered
meromorphically normal families of meromorphic mappings of a domain D
in C" into PV (C) for hyperplanes. Generalizing the above results of Fujimoto
and Tu, in 2005 Mai, Thai, and Trang [8] gave a sufficient condition for the
meromorphic normality of a family of meromorphic mappings of a domain
D in C" into PV (C) for fixed hypersurfaces, as follows. (See Section 2 below
for the necessary definitions, in particular Section 2.3 for the definition of

D))

THEOREM A ([8, Theorem A]). Let F be a family of meromorphic map-
pings of a domain D in C" into PV (C). Suppose that for each f € F there
exist ¢ > 2N + 1 hypersurfaces Hi(f), Ha(f), ..., Hy(f) in PY(C) with

inf{D(H1(f),...,Hq(f)),f €F} >0

and
f(D)Z Hi(f) (1<i<N+1),

where q is independent of f, but the hypersurfaces H;(f) may depend on f,
such that the following two conditions are satisfied.

(i) For any fixzed compact subset K of D, the2(n — 1)-dimensional Lebesgue
areas of f71(H;(f))NK (1<i<N +1) with counting multiplicities are
bounded above for all f in F.

(ii) There exists a closed subset S of D with A**~1(S) =0 such that, for
any fized compact subset K of D — S, the 2(n — 1)-dimensional Lebesgue
areas of fTHH;(f))NK (N +2<i<q) with counting multiplicities are
bounded above for all f in F.

Then F is a meromorphically normal family on D.

Recently, motivated by the investigation of value distribution theory for
moving hyperplanes (e.g., in [12], [13], [16]-[18]), the study of the normal-
ity of families of meromorphic mappings of a domain D in C" into PV (C)
for moving hyperplanes or hypersurfaces has started. While a substantial
amount of information has been amassed concerning the normality of fami-
lies of meromorphic mappings for fixed targets through the years, the present
knowledge of this problem for moving targets has remained meagre. There
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are only a few such results in some restricted situations (see [11], [22]). For
instance, we recall a recent result of Quang and Tan [11] which is the best
result available at present and which generalizes [22, Theorem 2.2].

THEOREM B ([11, Theorem 1.4]). Let F be a family of meromorphic
mappings of a domain D C C™ into PN (C), and let Q1,...,Qq (¢>2N+1)
be q¢ moving hypersurfaces in PN (C) in (weakly) general position such that

(1) for any fized compact subset K of D, the 2(n—1)-dimensional Lebesgue
areas of f~1(Q;)NK (1<j <N +1) counting multiplicities are uniformly
bounded above for all f in F; and

(ii) there exists a thin analytic subset S of D such that for any fized com-
pact subset K of D, the 2(n — 1)-dimensional Lebesgue areas of f~1(Q;) N
(K —S) (N +2<j<q) regardless of multiplicities are uniformly bounded
above for all f in F.

Then F is a meromorphically normal family on D.

We would like to emphasize that, in Theorem B, the ¢ moving hypersur-
faces Q1,...,Qq in PN (C) are independent on f € F (i.e., are common for
all f € F). Thus, the following question arose naturally at this point: Does
Theorem A hold for moving hypersurfaces Hi(f),Ha(f),...,Hq(f) which
may depend on f € F? The main aim of this article is to give an affirma-
tive answer to this question. Namely, we prove the following result, which
generalizes both Theorems A and B.

THEOREM 1.1. Let F be a family of meromorphic mappings of a domain
D in C" into PN(C). Suppose that for each f € F there exist ¢ > 2N + 1
moving hypersurfaces Hi(f), Ha(f),..., Hy(f) in PN(C) such that the fol-
lowing three conditions are satisfied.

(i) For each 1 <k <gq, the coefficients of the homogeneous polynomials
Qr(f) which define the Hi(f) are bounded above uniformly for all f in F on
compact subsets of D, and for any sequence {f(p)} C F, there exists z € D
(which may depend on the sequence) such that

inf{D(Qu(f"),,Qu(F ™)) (2)} > 0.

(ii) For any fized compact subset K of D, the 2(n — 1)-dimensional
Lebesgue areas of f~1(H;(f))NK (1<i<N +1) counting multiplicities
are bounded above for all f in F (in particular, f(D) ¢ Hi(f) (1<i<
N+1)).
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(iii) There ewists a closed subset S of D with A*"~1(S) =0 such that, for
any fized compact subset K of D — S, the 2(n — 1)-dimensional Lebesgue
areas of f~Y(H;(f))NK (N +2<i<q) ignoring multiplicities are bounded
above for all f in F.

Then F is a meromorphically normal family on D.

In the special case of a family of holomorphic mappings, we get the fol-
lowing with the same proof methods.

THEOREM 1.2. Let F be a family of holomorphic mappings of a domain
D in C" into PN(C). Suppose that for each f € F there exist ¢ > 2N + 1
moving hypersurfaces Hy(f), Ha(f),..., Hy(f) in PN(C) such that the fol-
lowing three conditions are satisfied.

(i) For each 1 <k <gq, the coefficients of the homogeneous polynomials
Qr(f) which define the Hi(f) are bounded above uniformly for all f in F on
compact subsets of D, and for any sequence {f(p)} C F, there exists z € D
(which may depend on the sequence) such that

it {D(Q1(7),..Qu(f7)) ()} > 0.

(i) Assume that f(D)NH;(f)=0 (1<i<N+1) for any f € F.

(iii) There ewists a closed subset S of D with A*"~1(S) =0 such that, for
any fized compact subset K of D — S, the 2(n — 1)-dimensional Lebesgue
areas of f~Y(H;(f))NK (N +2<i < q) ignoring multiplicities are bounded
above for all f in F.

Then F is a holomorphically normal family on D.

I3

REMARK 1.1. Several examples in [21] show that the conditions in The-
orem 1.1(i)—(iii) and Theorem 1.2(i)—(iii) cannot be omitted.

We also generalize several results of Tu from [20]-[22] which allow us not
to take into account at all the components of f~!(H;(f)) of high order, as
follows.

Theorem 1.3 generalizes [22, Theorem 2.1] from the case of moving hyper-
planes which are independent of f to moving hypersurfaces which may
depend on f. (In fact, observe that for moving hyperplanes the condition
Hi,...,H;in g’({TZ}f\LO) is satisfied by taking Ty, ...,Tn any (fixed or mov-
ing) N + 1 hyperplanes in general position.)
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THEOREM 1.3. Let F be a family of holomorphic mappings of a domain
D in C" into PN(C). Let ¢ > 2N + 1 be a positive integer. Let my,...,my
be positive integers or oo such that
q

N

(-Y)onin

—1 mj

J

Suppose that for each f € F there exist N + 1 moving hypersurfaces To(f),
.., Tn(f) in PV (C) of common degree and that there exist ¢ moving hyper-
surfaces Hi(f),...,Hy(f) in SUT(f) N ) such that the following condi-
tions are satisfied.

(i) For each 0 <1i < N, the coefficients of the homogeneous polynomials
P;(f) which define the T;(f) are bounded above uniformly for all f in F
on compact subsets of D; for all 1 < j <q, the coefficients b;j(f) of the
linear combinations of the P;(f), i=0,..., N which define the homogeneous
polynomials Q;(f) which define the H;(f) are bounded above uniformly for
all f in F on compact subsets of D; and for any fired z € D,

inf{D(Q1(f),...,Qq(f))(2): f€F}>0.

(ii) Assume that f intersects H;(f) with multiplicity at least m; for each
1<j5<gq. (See Section 2.6 for the necessary definitions.)
Then F is a holomorphically normal family on D.

The following theorem generalizes [21, Theorem 1] from the case of fixed
hyperplanes to moving hypersurfaces. (In fact, observe that for hyperplanes
the condition Hi(f),...,Hy(f) in SUT;(f) N ) is satisfied by taking Ty(f),
...,In(f) any N + 1 hyperplanes in general position.)

THEOREM 1.4. Let F be a family of meromorphic mappings of a domain
D in C" into PN(C). Let ¢ > 2N + 1 be a positive integer. Suppose that
for each f € F there exist N + 1 moving hypersurfaces To(f),...,Tn(f)
in PN (C) of common degree and that there exist ¢ moving hypersurfaces
Hi(f),....,Hq(f) in SUT(f) N) such that the following conditions are
satisfied.

(i) For each 0 <1i < N, the coefficients of the homogeneous polynomials
P;(f) which define the T;(f) are bounded above uniformly for all f in F
on compact subsets of D; for all 1 < j <q, the coefficients b;j(f) of the
linear combinations of the P;(f), i=0,..., N which define the homogeneous
polynomials Q;(f) which define the H;(f) are bounded above uniformly for
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all f in F on compact subsets of D; and for any sequence {f(p)} C F, there
exists z € D (which may depend on the sequence) such that

inf{D(Qu(F"), . Qa(F ™)) (2)} > 0.

(ii) For any fized compact K of D, the 2(n — 1)-dimensional Lebesgue
areas of f~H(Hi(f))NK (1< k< N +1) counting multiplicities are bounded
above for all f € F (in particular, f(D) ¢ Hi(f) 1<k<N-+1)).

(iii) There exists a closed subset S of D with A>"~1(S) =0 such that for
any fized compact subset K of D — S, the 2(n — 1)-dimensional Lebesque
areas of

{zeSuppv(f, Hi(f)) | v(f. He(f))(z) <mp}NK (N+2<k<q)

ignoring multiplicities for all f € F are bounded above, where {mk}Z:NJr2
are fized positive integers or oo with

zq: L _g—(N+1)
mi N

Then F is a meromorphically normal family on D.

The following theorem generalizes [20, Theorem 1] from the case of fixed
hyperplanes to moving hypersurfaces.

THEOREM 1.5. Let F be a family of holomorphic mappings of a domain
D in C" into PN(C). Let ¢ > 2N + 1 be a positive integer. Suppose that
for each f € F there exist N + 1 moving hypersurfaces To(f),...,Tn(f)
in PN(C) of common degree and that there exist ¢ moving hypersurfaces
Hi(f),....,Hq(f) in SUT(f) N ) such that the following conditions are
satisfied.

(i) For each 0 <i < N, the coefficients of the homogeneous polynomials
P;(f) which define the T;(f) are bounded above uniformly for all f in F
on compact subsets of D; for all 1 < j <gq, the coefficients b;j(f) of the
linear combinations of the P;i(f), i=0,...,N which define the homogeneous
polynomials Q;(f) which define the H;(f) are bounded above uniformly for
all f in F on compact subsets of D; and for any sequence {f(p)} C F, there
exists z € D (which may depend on the sequence) such that

inf {D(QufP),. Qu(f")) ()} > 0.
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(ii) Assume that f(D)NH;(f)=0 (1<i<N+1) for any f € F.

(iii) There exists a closed subset S of D with A*"~1(S) =0 such that, for
any fized compact subset K of D — S, the 2(n — 1)-dimensional Lebesgue
areas of

{zGSuppV(f,Hk(f)) ‘ V(f,Hk(f))(Z) <mk} NK (N+2<k<q)

ignoring multiplicities for all f in F are bounded above, where {mk}z:NJr2
are fized positive integers and may be oo with

Zq: L<q—(]\7+1)

m N
k=N42 'k

Then F is a holomorphically normal family on D.

Let us finally give some comments on our proof methods.

The proofs of Theorems 1.1 and 1.2 are obtained by generalizing ideas,
which have been used by Mai, Thai, and Trang in [8] to prove Theorem A,
to moving targets, which presents several highly nontrivial technical difficul-
ties. Among others, for a sequence of moving targets H(f (p)) which at the
same time may depend of the meromorphic maps f® : D — PN (C), obtain-
ing a subsequence which converges locally uniformly on D is much more
difficult than for fixed targets. (Among other difficulties, we cannot normal-
ize the coefficients to have norm equal to 1 everywhere as we can for fixed
targets.) This is obtained in Lemma 3.6, after having proved in Lemma 3.5
that the condition D(Q1,...,Qq) >0 > 0 forces a uniform bound, only in
terms of J, on the degrees of the @Q;, 1 <i <g. (In fact the latter result fixes
also a gap in [8] even for the case of fixed targets.)

The proofs of Theorems 1.3, 1.4, and 1.5 are obtained by combining
methods used by Tu in [20] and [21] and by Tu and Li in [22] with the
methods which we developed to prove our first two theorems. However, in
order to apply the techniques used by Tu and by Tu and Li for the case
of hyperplanes, we still need that, for every meromorphic map f®) : D —
PN(C), the Q1 (f®),..., Qq(f(p)) are still in a linear system given by N + 1
such maps Py(f®),..., Pn(f®). Lemmas 3.11-3.14 adapt our techniques
to this situation. (For example, Lemma 3.14 is an adaptation of Lemma 3.6.)
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§2. Basic notions

2.1. Meromorphic mappings

Let A be a nonempty open subset of a domain D in C" such that S =
D — Ais an analytic set in D. Let f: A — PY(C) be a holomorphic mapping.
Let U be a nonempty connected open subset of D. A holomorphic mapping
f#0 from U into CN*1 is said to be a representation of f on U if f(z)=
p(f(2)) for all ze U N A — f~1(0), where p: CN*! — {0} = PN(C) is the
canonical projection. A holomorphic mapping f: A — PV (C) is said to be
a meromorphic mapping from D into PV (C) if for each z € D there exists
a representation of f on some neighborhood of z in D.

2.2. Admissible representations

Let f be a meromorphic mapping of a domain D in C" into PV (C).
Then for any a € D, f always has an admissible representation f (z) =
(fo(2), fi(2),..., fn(2)) on some neighborhood U of a in D, which means
that each f;j(z) is a holomorphic function on U and that f(z) = (fo(2):
fi(z):---: fn(2)) outside the analytic set I(f):={z€U: fo(z) = fi(z) =
---= fn(2) =0} of codimension > 2.

2.3. Moving hypersurfaces in general position

Let D be a domain in C". Denote by Hp the ring of all holomorphic
functions on D, and denote by Hp [wo,...,wn] the set of all homogeneous
polynomials @ € Hplwo,...,wn] such that the coefficients of @) are not all
identically zero. Each element of ﬁp[wo,...,wN] is said to be a moving
hypersurface in PN (C).

Let @ be a moving hypersurface of degree d > 1. Denote by Q(z) the
homogeneous polynomial over CV 1 obtained by evaluating the coefficients
of @ in a specific point z € D. We remark that for generic z € D this is a
nonzero homogeneous polynomial with coefficients in C. The hypersurface
H given by H(z):={w e CN*1:Q(z)(w) = 0} (for generic z € D) is also
called a moving hypersurface in PV (C), which is defined by Q. In this article,
we identify @) with H if no confusion arises.

We say that moving hypersurfaces {Qj}?zl of degree d; (¢ > N +1) in
PV (C) are located in (weakly) general position if there exists z € D such
that, for any 1 < jo <--- < jn < g, the system of equations

{jS(z)(wo,...,w]v) —0,

0<i:<N
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has only the trivial solution w = (0,...,0) in C¥*!. This is equivalent to

D(Q1,.-.,Qq)(2)
= I i (|Qu=)W)]*++ Qi (2)w)?) >0,

wl|=1
1§j0<---<jN§qH I

where Q;(2)(w) = Yy, aj1(2) - and ] = (5 |u;[2)V2

2.4. Divisors

Let D be a domain in C", and let f be a nonidentically zero holomor-
phic function on D. For a point a = (aj,as,...,a,) € D we expand f as a
compactly convergent series

[oe)
flur+ay,...;un+an) = ZPm(ul,...,un)

m=0

on a neighborhood of a, where F,), is either identically zero or a homogeneous
polynomial of degree m. The number

vi(a) ;= min{m; Pp(u) 0}

is said to be the zero multiplicity of f at a. By definition, a divisor on D
is an integer-valued function v on D such that for every a € D there are
holomorphic functions g(z) (#£0) and h(z) (£ 0) on a neighborhood U of a
with v(2) =v4(2) — vp(2) on U. We define the support of the divisor v on
D by

Suppr:={z€ D:v(z) #0}.
We denote DT (D) = {v: a nonnegative divisor on D}.
Let f be a meromorphic mapping from a domain D into PV (C). For
each homogeneous polynomial @ € Hplwo,...,wn|, we define the divisor

v(f,Q) on D as follows. For each a € D, let f = (fo, ..., fn) be an admissible
representation of f in a neighborhood U of a. Then we put

W.Q)(0) i= v (@)
where Q(f) =Q(fo,..., [n).

Let H be a moving hypersurface which is defined by the homogeneous
polynomial @ € Hplwo,...,wn], and let f be a meromorphic mapping of D
into PV (C). As above, we define the divisor v(f, H)(2) := v(f,Q)(z). Obvi-
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ously, Suppv(f, H) is either an empty set or a pure (n — 1)-dimensional ana-
lytic set in D if f(D) ¢ H (i.e., Q(f) #0on U). We define v(f, H) = co on D
and Suppv(f,H) = D if f(D) C H. Sometimes we identify f~!(H) with the
divisor v(f, H) on D. We can rewrite v(f, H) as the formal sum v(f, H) =
> icrniXi, where X; are the irreducible components of Suppv(f, H) and
n; are the constants v(f, H)(z) on X; N Reg(Suppv(f, H)), where Reg( )
denotes the set of all the regular points.

We say that the meromorphic mapping f intersects H with multiplicity at
least m on D if v(f, H)(z) > m for all z € Suppv(f, H) and, in particular,
that f intersects H with multiplicity oo on D if f(D)C H or f(D)NH = .

2.5. Meromorphically normal families

Let D be a domain in C™.

(i) (See [1].) Let F be a family of holomorphic mappings of D into a com-
pact complex manifold M. This family F is said to be a (holomorphically)
normal family on D if any sequence in F contains a subsequence which
converges uniformly on compact subsets of D to a holomorphic mapping of
D into M.

(ii) (See [4].) A sequence {f(®} of meromorphic mappings from D into
PN (C) is said to converge meromorphically on D to a meromorphic mapping
f if and only if, for any z € D, each f®) has an admissible representation

O~ (9 95 1)

on some fixed neighborhood U of z such that { fi(p ) p—1 converges uniformly
on compact subsets of U to a holomorphic function f; (0<i< N) on U
with the property that f: (fo:fi:+--: fn) is a representation of f on U
(not necessarily an admissible one!).

(iii) (See [4].) Let F be a family of meromorphic mappings of D into
PN(C). One may call F a meromorphically normal family on D if any
sequence in F has a meromorphically convergent subsequence on D.

(iv) (See [15].) Let {v;} be a sequence of nonnegative divisors on D. It is
said to converge to a nonnegative divisor v on D if and only if any a € D
has a neighborhood U such that there exist holomorphic functions h; (#0)
and h (#0) on U such that v; =vy,,, v =vp, and {h;} converges compactly
to h on U.

(v) (See [15].) Let {A;} be a sequence of closed subsets of D. It is said
to converge to a closed subset A of D if and only if A coincides with the
set of all z such that every neighborhood U of z intersects A; for all but
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finitely many ¢ and, simultaneously, with the set of all z such that every U
intersects A; for infinitely many 1.

2.6. Other notation

Let Py,..., Py be N +1 homogeneous polynomials of common degree in
Clwo, - - - ,wn]. Denote by S({P;}Y,) the set of all homogeneous polynomials
Q=3"N,bP; (b; €C).

Let {Q; == Zij\io bjiPi}i_; be ¢ (¢ > N + 1) homogeneous polynomi-
als in S({P;}Y,). We say that {Qj}?zl are located in general position in
SHP}HL) if

V1<jo<---<jn<gq, det(bji)o<k,i<n #0.

Let Tp, ..., Txn be hypersurfaces in PV (C) of common degree, where T; is

defined by the (not zero) polynomial P; (0 <i < N). Denote by g({Tz}fio)

the set of all hypersurfaces in PV (C) which are defined by Q € S({P;}X,)
with @) not zero.

Let Py,..., Py be N + 1 homogeneous polynomials of common degree
in Hplwo, ... ,wn]. Denote by g‘({PZ}f\;O) the set of all homogeneous not
identically zero polynomials Q = Zf\i obiP; (bi € Hp).

Let Tp,...,Ty be moving hypersurfaces in PV (C) of common degree,

where T; is defined by the (not identically zero) polynomial P; (0 <i < N).
Denote by S({T;}Y,) the set of all moving hypersurfaces in P¥(C) which

are defined by Q € g({Pz}fio)

Denote by Hol(X,Y) the set of all holomorphic mappings from a complex
space X to a complex space Y.

For each z € C" and R > 0, we set B(z,R)={z€C": ||z —z|| < R} and
B(R) = B(0,R).

Let A%(S) denote the real d-dimensional Hausdorff measure of S C C".
For a formal Z-linear combination X = Zz‘e 7 n;X; of analytic subsets X; C
C™ and for a subset E C C", we call ), ; AYX; N E) (resp., > ;c; niA%(XiN
E)) the d-dimensional Lebesgue area of X N E, ignoring multiplicities (resp.,
with counting multiplicities).

Finally, we list some facts on Hausdorff measures for later use which can
be found, for example, in [2].

LEMMA 2.1 ([2, pp. 351-352 and 299-300]). Let B:= B(xz,R) C C", and
let S C B be a closed subset with A**~1(S)=0. Let h: B— C be a holo-
morphic function, let h #0, and let S1:=SU{h=0}. Let z9 € B. Then we
have the following.
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(a) For almost every complex line | :={zy + z - u,z € C} passing through
20, we have A*(S1N1)=0.

(b) Let ro := dist(zg,0B), and for every r €]0,7¢|, let Cp:= {zg+1-€? -u:
0 € 10,27} Cl. If A1(S1N1) =0, then the subset of the r such that C,N.Sy # ()
is nowhere dense in the interval ]0,r¢].

COROLLARY 2.2. With the notations of Lemma 2.1, the set B\ Sy is
pathwise connected.

Proof. This is an immediate consequence of Lemma 2.1 and of the fact
that B\ S1 C B is an open subset. U

§3. Lemmas

LEMMA 3.1 ([15, Theorem 2.24]). A sequence {v;} of nonnegative divisors
on a domain D in C™ is normal in the sense of the convergence of divisors
on D if and only if the 2(n — 1)-dimensional Lebesgue areas of v;NE (i>1)
with counting multiplicities are bounded above for any fixed compact set E
of D.

LEMMA 3.2 ([15, Theorem 4.10]). If a sequence {v;} converges to v in
DT (B(R)), then {suppv;} converges to suppv (in the sense of closed subsets
of D).

LEMMA 3.3 ([15, Proposition 4.12]). Let {N;} be a sequence of pure
(n — 1)-dimensional analytic subsets of a domain D in C". If the 2(n —1)-
dimensional Lebesgue areas of N; N K ignoring multiplicities (i=1,2,...)
are bounded above for any fixed compact subset K of D, then {N;} is normal
in the sense of the convergence of closed subsets in D.

LEMMA 3.4 ([15, Proposition 4.11]). Let {N;} be a sequence of pure
(n — 1)-dimensional analytic subsets of a domain D in C". Assume that
the 2(n — 1)-dimensional Lebesgue areas of N; N K ignoring multiplicities
(i=1,2,...) are bounded above for any fixred compact subset K of D and
that {N;} converges to N as a sequence of closed subsets of D. Then N is
either empty or a pure (n — 1)-dimensional analytic subset of D.

LEMMA 3.5. Let natural numbers N and ¢q > N + 1 be fized. Then for
each § >0, there exists M(5) = M(5,N,q) > 0 such that the following is
satisfied.

For any homogeneous polynomials Q1,...,Qq on CN*+L with complex coef-
ficients with norms bounded above by 1 such that D(Q1,...,Qq) > 0, we have

max{deg Q1,...,degQq} < M(0).
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Proof. First of all, we make the following three remarks.
(i) Let Q(w) be a homogeneous polynomial on CV*! such that

QW)= 3 aae”.

|laf=d

where |an| < 1. Then

QW) < D Jwol® -+ |wn[*N < (d+ )N,
|a|=d

when |wg| <rVO<k<N.
We set

1 d
My= sup (d+1 N‘H(i) .
0 d€Z+( ) N+1

Since limg_, o0 (d + 1)V*T1(1/v/N +1)? =0, it implies that My < +oc0.
(ii) Let Qo,...,Qn be homogeneous polynomials on CV*! such that the
norms of their complex coefficients are bounded above by 1 and D(Qo, ...,

Qn) > 0. We choose w® = (1/y/N+1,...,1/y/N+1) € CN*1. Then
|w @] = 1. By (i), we have

D(Qo,...,Qn) < (N +1)ME < +oc.

(iii) Since limz_oo(1 — (1/2))* =1/e, we have (e(1 — (1/x))*)/2 < 1 for
x big enough. Therefore,

e(l— l)z)w (w2 + 1)N+1

’ BE

. 2 N+1 1y :
lim (2% + 1) (1——) = hm( 5
We now come back to the proof of Lemma 3.5, and we consider the following

T—00 €T T—00

=0.

two cases.
Case 1: q=N + 1.
Assume that such a constant M (6) = M (J, N, N + 1) does not exist. Then

there exist homogeneous polynomials Q(()j ), ey %) (j > 1) with coefficients
being bounded above by 1 such that

inf{DQY,...,Q¥):j>1}>§>0,

(max{deg Q(()j), ..., deg QS\J[) }) = oc.

lim
Jj—00
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Without loss of generality, we may assume that
degQY =d; V0<i<kV¥j>1, and

degng) :dgj) —ooas j—oo foreach k+1<i<N,
where k is some integer such that 0 <k < N — 1.

Since deg ng) =d; V0<i<k, Vj>1, we may assume that, for each 0 <
1<k, {QZ(] ) }i>1 converges uniformly on compact subsets of CN+1 either to
a homogeneous polynomial (); of degree d; with coefficients being bounded
above by 1 or to the zero polynomial. Since 0 <k < N — 1, we have

k
ﬂ{Hz = Zero(Qi)} # ().

=0
Hence, there exists w® ¢ ﬂf:o H; with [|w(©®| =1. We now consider two
subcases.
Subcase 1.1. Assume that r = max{|w(()0)], e |w§\?)|} <1.
o If 0<i<k, then
lim Qz(j)(w(o)) =0.

j—0o0
o If K+ 1<i<N, then, by (i), we have
QP @] < (@ + 1N,
Since lim;_, dl(j) =00 and r < 1, it implies that
jli)rgong)(w(O)) =0 fork+1<i<N.

Therefore, we get

N
lim D (j),..., Wy < 1im @) (@)% = 0.
lim (@G-, Q) _j%o;\@ (w™)]
This is a contradiction.

Subcase 1.2. Assume that max{|w(()0)\, ey |w§3)|} =1.

We may assume that w(©® = (1,0,...,0). Set {w")},>; such that

2 1

Gy _q_ 1 (3) 1 1
VN\ VaG  dw)’

Wo

= ..:wN:

where d(j) = min;ngiSN dgj)
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o If 0 <i<k, then
lim QY (w9)) = Qi(w®) =0.
Jj—00
e Suppose that k+1<i<N.

Since lim;_, dY) = 0o, there exists jo such that

max{|w(()])],...,|w]({[)]} = |w(()])| =1- =r; for any j > jo.

NZONE
By (i) and (iii), for each k+1 <i < N, we have
)

¢, ,G) ) N+1(q _ 1
QP @] < (@ + M (1= =)
IS

- |
g(dE“H)NH(l— ) 50 as j— oo.
1)

)

This is a contradiction by the same argument as above.
Case 2: ¢ > N + 1.
By (ii) we have

6<D(Q17--'7Qq): H D(Q]ovajN)SCD(QjoaanN)

1<jo<<Jn<q

for any set {jo,...,jn} C{1,...,q}, where C is a constant which depends
only on N and gq.
By Case 1, we have

max{deg Qj,,...,deg @y} <M(5/C,N,N +1)
for any set {jo,...,jn} C{1,...,¢}. So if we define
M(§,N,q) :==M(5/C,N,N +1)
(which is well defined since C' only depends on N and ¢), then we have

max{deg Q1,...,degQq} < M(5,N,q). 0

LEMMA 3.6. Let natural numbers N and ¢ > N + 1 be fixed. Let H,gp)
(1<k<gq, p>1) be moving hypersurfaces in PN (C) such that the following
conditions are satisfied.
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(i) For each 1 <k <gq, p>1, the coefficients of the homogeneous polyno-
mials Qép) which define the H,gp) are bounded above uniformly for all p>1
on compact subsets of D.

(ii) There exists zg € D such that

;gg{p(ggm, QY ()} > 6> 0.

Then, we have the following.

(a) There exists a subsequence {j,} C N such that for 1 <k <q, é]p) con-
verge uniformly on compact subsets of D to not identically zero homogeneous
polynomials Qy, (meaning that the Q,(jp) and Q. are homogeneous polynomi-
als in Hp [wo,...,wn]| of the same degree, and all their coefficients converge
uniformly on compact subsets of D). Moreover, we have that D(Q1,...,
Qq)(20) > 0 > 0, the hypersurfaces Q1(20),...,Qq(20) are located in gen-
eral position, and the moving hypersurfaces Q1(2),...,Qq(2) are located in
(weakly) general position.

(b) There exist a subsequence {j,} CN and r=1r(5) >0 such that

inf{D( gj”),..., gjp))(z)‘p21}>§, Vz € B(zo,r).

Proof. Let dép ) = deg Qép ) be the degree of the nonidentically vanishing
homogeneous polynomial Qép ) (1<k<gq,p>1). Then we have

AW =Y am(z) o,

|1|=df”

where I = (i1,...,in41), [I| =41+ - +in4+1, and agpr(2) are holomorphic
functions which are bounded above uniformly for all p > 1 on compact sub-
sets of D. Since the coeflicients of the polynomials Q,(j" ) are bounded above
uniformly for all p > 1 on compact subsets of D, there exists ¢ > 0 such that

lakpr(20)| < ¢ for all k, p, I. Define homogeneous polynomials

0P (2)(w) == ~QP (2)(w).

C

Then the Q;Cp )(z)(w) satisfy the condition

(3.1) ;gg{p(c?gp),...,Qgp>)(zo)} >5>0,
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with & := (1/0)2(1\711)5. By Lemma 3.5, we have
max{deg Qgp) (20),...,deg Qgp)(zo)} < M(5).

Since by (3.1) none of the homogeneous polynomials Q,(f) (z0) (1 <k<g,
p>1) can be the zero polynomial, we get that

max{deg@%p) (2),...,deg Qgp)(z)} < M(9)

for all z € D. So if again

AP =Y ari(z) o,

|1|=df”

after passing to a subsequence {j,} C N (which we denote for simplicity

again by {p} C N), we can assume that d,(f) =dy, for 1 <k <gq. So if we still
multiply by ¢, we get

QPR = Y ami(z)-w'.

|T|=d

Now, since the ay,7(2) are locally bounded uniformly for all p>1 on D, by
using Montel’s theorem and a standard diagonal argument with respect to
an exhaustion of D with compact subsets, after passing to a subsequence
{Jp} €N (which we denote for simplicity again by {p} C N), we also can
assume that {ag,r(2)}p2; converges uniformly on compact subsets of D to
ayy for each k,I. Denote

Qu(2)w) = 3 anr(z) .

[1|=dx
Then
(3.2) D(Q1,-,Qq)(20) > liminf D(Q,...,Q¥)(20) > 6 > 0;
p—00
hence, the hypersurfaces Q1(2),...,Qq(20) are located in general position,

and so the moving hypersurfaces Q1(2),...,Qq(z) are located (weakly) gen-
eral position (and, in particular, all the Q1(z),...,Qq(2) are not identically
zero), which proves (a).
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Moreover, by (3.2), there exists r =7(9) such that
o
D(Ql,...,Qq)(Z)>§, \V/ZEB(Z(),T‘).

Since {Q,(f )} converges uniformly on compact subsets of D to i, after
shrinking 7 a bit if necessary, there exists M such that

0
D@, QP)) >3, Yz Blao,r).p> M,

which proves (b). U

LEMMA 3.7. Let {f(p)} be a sequence of meromorphic mappings of a
domain D in C" into PN(C), and let S be a closed subset of D with
A?=1(8) = 0. Suppose that {fP)} meromorphically converges on D — S
to a meromorphic mapping f of D — S into PV (C). Suppose that, for each
f®) there exist N 4+ 1 moving hypersurfaces Hy(f®), ..., Hy1(fP) in
PN(C), where the moving hypersurfaces H;(f®)) may depend on P, such
that the following three conditions are satisfied.

(i) For each 1 <k < N + 1, the coefficients of homogeneous polynomial
Qr(f®) which define Hy(f®)) for all f®) are bounded above uniformly for
all p>1 on compact subsets of D.

(ii) There exists zo € D such that

inf{D(Q1(fP),....Qn+1(f?))(20) |[p>1} > 0.

(iii) The 2(n — 1)-dimensional Lebesque areas of (f®)~ (Hy(f®))NK
(1<k<N-+1, p>1) counting multiplicities are bounded above for any
fixed compact subset K of D.

Then we have the following:

(a) {f®} has a meromorphically convergent subsequence on D, and

(b) if, moreover, {f®)} is a sequence of holomorphic mappings of a
domain D in C" into PN (C) and condition (iii) is sharpened to

fPD)NH(fP)=0 (1<k<N+1p>1),

then { f (p)} has a subsequence which converges uniformly on compact subsets
of D to a holomorphic mapping of D to PV (C).
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Proof. By Lemma 3.6 and conditions (i) and (ii), after passing to a subse-
quence we may assume that for 1 <k < N+1, Qr(f (p)) converge uniformly
on compact subsets of D to Qi; in particular, they have common degree dj.
Moreover, Q1,...,Qn+1 are located in (weakly) general position. Denote by
Hy,...,Hyx41 the corresponding moving hypersurfaces.

By Lemma 3.1 and condition (iii), after passing to a subsequence, we may
assume that for every 1 <k < N + 1, the divisors

{v(fP, Hy(fP))} = () (H(fP)) (p=>1)

are convergent (in the sense of convergence of divisors in D).

By a standard diagonal argument, we may assume that D = B(R) and
that {f®} meromorphically converges on B(R) — S to a meromorphic map-
ping f: B(R) — S — PV (C).

We prove that there exists kg € {1,..., N +1} such that f(D—.S) ¢ Hy,;
more precisely, we prove that for any representation f = (fo:---: fn) of
f:D—S—PY(C) (admissible or not), we have that Qg,(fo,---,fn) Z O:
E={z€D: fo(z) = fi(z) =--- = fn(2) =0} is a proper analytic subset.
Since Q1,...,Qn+1 are located in (weakly) general position, there exists
z € D such that the system of equations

Qk(Z)(CUQ,...,wN):O,
1<E<N+1

has only the trivial solution w = (0,...,0) in C¥*!1. But since then the same
is true for the generic point z € D, it is true in particular for the generic
point z € D — E. So for such point z there exists some k € {1,...,N + 1}
such that Qx(2)(fo(2),...,fn(2)) #0. In order to simplify notations, from
now on we put

Q(p) = Qko(f(p))7 Q = Qkoa
H® .= H, (f?®),  H:=H,  d:=d,.

Let 21 be any point of S. By [15, Theorem 3.6], for any r (0 <r < R=R—
|21]|), we can choose holomorphic functions h(®) # 0 and h #0 on B(z1,7)
such that v(f®) HP)) = v, ), v =1, for the limit v of {v(f®), H®))} and
{nP)} converges uniformly on compact subsets of B(z1,7) to h. Moreover,
each f() has an admissible representation on B(z1,7)

1= 7 1)

with suitable holomorphic functions fi(p ) (0<i< N)on B(z,r).
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Let z be a point in B(z1,7) — (S U{h=0}). Choose a simply connected
relatively compact neighborhood W, of z in B(z1,7) — (S U{h =0}) such
that there exists a sequence {ugp )} of nonvanishing holomorphic functions
on W, such that {u,(zp)fi(p)}%ff (0<i<N)on W, and f=(ff:ff: -
f%) on W,. It may be assumed that h(®) (p > 1) has no zero on W,. We
have Q) ( ép ), e, f ) ®) ) where v® is a nonvamshmg holomorphic

function on B(z1,r). This 1mphes that Q@) (u gp fO Yy Zp)fN )#0on W,
since Q® is a homogeneous polynomial, and we have

QW P P wu® Y S QfE,. .. fF)

on W, since Q?) converge uniformly on compact subsets of D to Q. Since
f(D—S) ¢ H, it implies that Q(f§,..., f%) #Z0on W, and hence Q(f§, ...,

fX)#0on W..
We recall that the Q®, p>1, and Q have common degree d. Since

Q(p)(ugp)fép), . ,u(p)f(p)) tends to Q(fg,-.., fx) on W, and

QW (u®) £ ) pP)y — (P14 0) . @),

it follows that (ugp))d-v(p) -hP) tends to Q(f§,---, fx) on W,. Since vP) £
on B(z1,7), v® = (k®)? where k) is a nonvanishing holomorphic function
on B(z1,r). We have

(u(p))d,(k(p)) = (ul (@) . (p) ) M on W,.

Define F* such that

(Fz)d = —Q(fg’ h - /) on W,.

We can do this because (Q(f§,...,f%))/h#0 on W,. So (u,(zp) kP)d
(F#)4 on W,; hence, ((ug kP /F#)? tends to 1 on W,. Therefore, there
exist infinite (or empty) subsets {Nf}?;é of N such that N is a disjoint
union of sets N7 and

(P) | .(p)
F

i } N —>9j:ei'(2ﬂj/d) foreach 0<j<d-—1.
PEN7
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This implies that {fi(p)/k‘(p) }pENjZ — F7?/0; on W, where F? = f7/F* on
W..

Take a € B(z1,7) — (SU{h=0}). Then {f{ /k®},cna — F7/6; on W,
for each 0 <5 <d—1.

Take b € B(z1,7) — (SU{h =0}) such that W, N W}, # (). We will prove
that {f{”/k®)}pene — F2/0; - ¢ for each 0 < j < d — 1. Indeed, without
loss of generality, we may assume that f§ #0 on W,. Then f§ # 0 on
W, for each z € B(z1,r) — (S U{h=0}). Hence, Fjf #0 on W, for each
x € B(z1,7) — (SU{h=0}).

Consider |N{'| = oo, where | - | denotes the cardinality of a set.

Assume that there exist N?, N& such that for N := NI N N? and N =
Ny N NY we have |N| =|N|= occ. Since {fép)/k(p)}peNchb — F} /61 on W,
and {fo(p)/k(p)}peNcN;‘ — F¢/0; on W,, we have F¢/0y = F¢/0; on W, N
Wp. Similarly, Fé’ /02 = F§/6; on W, NW,. This is a contradiction. Thus,
every infinite subset N intersects and intersects infinitely only with the
subset Ng(j). Moreover, \N;‘ANg(j)\ < 00, where AAB=(A—-B)U(B—A)
for arbitrary sets A, B.

From this it follows that there exists a bijection « :{0,1,...,d — 1} —
{0,1,...,d — 1} such that

Ni=0 if and only if Ng(j) =)

if [Nj| =00 then |[NJAND ;| < oc.

On the other hand, since {fép)/k(p)}pequNb(‘) — F§/6; on W, and
J @]
{fép)/k?(p)}peN;;mNb(‘) — Fé’/@a(j) on Wy, we have F/0; = F(l)’/ﬁa(j) on W,N
a(j
W. This means that Fj = F(l)7 . Hj/9a(j) on W, NW, for each 0 <5 <d—1,
and hence ¢ := 0;/0,;) is a constant independent of j, 0 < j <d — 1. This

implies that {fi(p)/k(p) }peN;me;(j) — F? /0,0y = F}/0; - ¢, on W, and hence
£ s

{k;(p) }pEN]q - é ey on Wy

Applying this procedure a finite number of times, we have
T

fi(p) ;
{k;(p) }pEN]‘." - @

'CLB
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on W, for each z € B(z1,7) — (SU{h =0}) and for each 0 <j <d—1.
Indeed, by the assumption on the Hausdorff dimension of .S and by Corol-
lary 2.2, the open set B(z1,7) — (S U{h=0}) is pathwise connected, and
such a path between a and x, which is compact as the image of a closed
interval under a continuous map, can be covered by a finite number of such
neighborhoods Wy, with y € B(z1,7) — (S U {h =0}). And since the limit
is unique if it exists, it does not depend on the choice of the path. For
peNg, put fP = {1V (0;/k7) (0 <i < N). Then f0) = (fP,....f)
for all peNy and 0<j<d-1, and {fi(p) o1 — Ff - e on Wy, for each
0 <i< N. Note that if W, "Wy, #0 (x,y € B(z1,r) — (SU{h=0})), then
FP.cy; =F/ ¢, for each 0 <i<N.

Define the function F;: B(z1,7) — (SU{h =0}) — C given by F;|w, =
F?.c,. Then {ﬂ(m};il — F; on B(z1,7) — (SU{h=0}) for each 0 <i < N.

We now prove that the sequence { f ®) }zo:l meromorphically converges on
B(z1,7) to some meromorphic mapping F = (Fy, ..., Fi). Indeed, let (%) be
any point of S; =S U{h=0}. Since A**~1(S;) =0, by Lemma 2.1(a) there
exists a complex line [ ) passing through 2 such that AL(S1N L)=0.
Put I = {2® + 2 -u: 2 € C}. Then by Lemma 2.1(b) there exists R >0
such that

Co= {z(o) + R u:fe [0,27]},
satisfying Cop C B(z1,7) and Cy NSy = 0. By the maximum principle, it
implies that the sequence { fi(p )(2(0))} converges. Put lim, fi(p )(z(o)) =
Fi(2©)). This means that the mapping F; extends over B(z1,r) to the map-
ping F;.

We now prove that the sequence { fi(p )(z)}go:1 converges uniformly on
compact subsets of B(z1,7) to F(z). Indeed, assume that {z)} ¢ B(zy,r)
converges to z(0) € B(z1,7). As above, there exists a circle Cp = {2 + R -
e . u:0€0,2n]} C B(z1,7) such that CoN Sy = (. Since Cy is a compact
subset of B(z1,7) — S1, there exists g > 0 such that

V(Co,€0) = {z € C" : dist(2,Co) < €0} € B(z1,7) — Sh.

Consider the circles C; = {z) + R- ¢ -u: 0 € [0,27]}. It is easy to see that
dist(Co,C;) = ||29) — 29| = 0 as j — co. Thus, without loss of generality, we
may assume that C; C V(Co,e€0) € B(z1,r) — S1. By the hypothesis, Ve >0,
dN = N (e) such that

sup{Hfi(p)(z) — Fy(2)||: 2€ V(Co,€0),p> N} <e.
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By the maximum principle, we have limsup,_, ||fi(])(z(j)) — F(z9)|| =0.
p=1
subsets of B(z1,r) to F. This finishes the proof of part (a) of the lemma.

In order to prove part (b), we first remark that it suffices to prove that
{f (7’)} has a subsequence which converges locally uniformly on D to a holo-
morphic mapping f of D to PV (C), which means that after passing to a
subsequence we have the following.

Let z; be any point of D. Then there exists r > 0 and, for each f®), a
holomorphic representation on B(z1,r)

F = (7 A7 1)

with suitable holomorphic functions fl-(p ) (0 <i < N) without common zeros
on B(z,r), such that {fi(p)} — fi (0<i< N) uniformly on B(z,r) and
f=C(fo:fi:---: fn) is a holomorphic map on B(z1,7); this means that the
fi (0<i< N) are without common zeros on B(zy,r).

By part (a) we know that {f(®} has a subsequence which converges
meromorphically on D to a meromorphic mapping f of D to P¥(C), which
means that after passing to a subsequence we have the following.

Let z; be any point of D. Then there exists > 0 and, for each ), an
admissible representation on B(zy,r)

1= 7 1)

with suitable holomorphic functions fi(p ) (0<i<N) on B(z,r), such that
{fi(p)} — fi (0<i < N) uniformly on B(z1,7) and f=(fo: f1:-: fn) is
a meromorphic map on B(z1,r). Observing that the admissible representa-

This implies that the sequence { fi(p ) converges uniformly on compact

tions of the holomorphic maps f®) = ( fép ), fl(][J P f ](\f? )) are automatically
without common zeros, the only thing which remains to be proved is that
under the conditions of (b) we have

E={zeB(z,r): folz) = fi(z)=-- = fn(z) =0} =0.

We also recall that by the proof of part (a), we have that there exists
ko€ {1,...,N +1} such that Q) = Qo (f®)), p>1, converge uniformly on
compact subsets of D to Q = Qy,, and f(D —S) ¢ Hy,; more precisely, we

have that for any representation f = (fy:---: fy) of the meromorphic map
f: D —PY(C) (admissible or not) we have
(3.3) Q(fo,-.-, fn)#0.
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Now we can end the proof with an easy application of Hurwitz’s theorem,
as follows. By the condition of (b) we have that, for all p > 1,

QPSP fP)#0

on B(z1,r). And we also have that

QPP ) = Qfo, -, fn)

uniformly on compact subsets of B(z1,7). By (3.3) and Hurwitz’s theorem
we get that Q(fo,...,fn)# 0 on B(z1,7). But since @ is a homogeneous
polynomial, this implies that

E={z€B(z1,7): fo(z) = fiz) = = fn(2) =0} =0. 0

We remark that the following corollary of Lemma 3.7(a) generalizes [2,
Proposition 3.5].

COROLLARY 3.8. Let {f(p)} be a sequence of meromorphic mappings of
a domain D in C" into PV(C), and let S be a closed subset of D with
A?"=1(8) = 0. Suppose that {fP)} meromorphically converges on D — S to
a meromorphic mapping f of D — S into PN (C). If there exists a moving
hypersurface H in PN(C) such that f(D —S) ¢ H and {v(fP),H)} is a
convergent sequence of divisors on D, then {f(p)} 18 meromorphically con-
vergent on D.

LEMMA 3.9 ([19, Theorem 2.5]). Let F be a family of holomorphic map-
pings of a domain D in C" onto PN (C). Then the family F is not normal
on D if and only if there exist a compact subset Ko C D and sequences
{fi} ¢ F, {zi} C Ko, {ri} CR with r; >0 and r; — 07, and {u;} C C"
which are unit vectors such that

gi(&) := fi(zi + riw;§),

where £ € C such that z;+ru;E € D, converges uniformly on compact subsets
of C to a nonconstant holomorphic map g of C to PN (C).

LEMMA 3.10 ([9, Theorem 4']). Suppose that q > 2N + 1 hyperplanes

Hy,...,H, are given in general position in PN (C) and that q positive inte-
gers (may be 00) my,...,my are given such that
q
N
S(1---) >N+t
i=1 m;
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Then there does not exist a nonconstant holomorphic mapping f:C —
PN (C) such that f intersects H; with multiplicity at least m; (1<j<q).

LEMMA 3.11. Let Py,...,Px be N +1 homogeneous polynomials of com-
mon degree in Clzo,...,zy]. Also, let {Qj}?zl q> N +1) be homogeneous
polynomials in S({P;}X.,) such that

. 2 2
D(Q1,...,Q,) = 11 ” unlfl(\cgjo(w)\ + o+ [Qjy (w)]7) >0,
1<jo<<jn<a
where Qj(w) = Z|I|:dj ajr-wl.

Then {Q;}i_, are located in general position in SUPIY,), and {P}Y,

are located in general position in PN (C) (see Sections 2.5 and 2.6).

Proof. (a) Suppose that {Qj}g-:l are not located in general position in
S({P;}X,). Then there exist N + 1 polynomials in {Qj};]-zl which are not
linearly independent. Without loss of generality, we may assume that

N
Qni1=» biQ; (b €C).

j=1
Then
X = {w e CN+! ‘ Q1(w)=-=Qn(Ww)=OQns1(w) :0}
={weC™Qiw) = =Qn(w) =0}

is an analytic subset in CV*1. Since dim X > 1, there exists wy # 0 in CN*!
such that
Q1(wo) =+ =Qn(wo) = QNn+1(wo) = 0.

Moreover, since {Q); }?:1 are all homogeneous polynomials, we may assume
that ||wo|| = 1. Thus, we have

!Ql(wo)\g +- |QN+1(WO)‘2 =0,

and hence

D(Q1,...,Qq) =0.

This is a contradiction.
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(b) Suppose that {P;}, are not located in general position in PV (C).
Then there exists wp # 0 in CV*! such that

P()(w()) == PN(W()) =0.
Therefore, we have Q;(wp) =0 for any 1 < j <g¢, and thus again,

D(Q1,...,Qq) =0.
This is a contradiction. []

LEMMA 3.12. Let f = (fo:---: fn):C —PN(C) be a holomorphic map-
ping, and let {Pi}f\io be N 4+ 1 homogeneous polynomials in general position
of common degree in Clwy,...,wn]. Assume that

F=(Fy:---: F,):PN(C) — PY(C)
s the mapping defined by
Fiw)=Pi(w) (0<i<N).
Then, F(f) is a constant map if and only if f is a constant map.

Proof. Since { P}, are N + 1 homogeneous polynomials in general posi-
tion of common degree in Clwy,...,wy], F' is a morphism. Suppose that
F(f)=a, where a = (ag: -+ : a,) € PN(C). We have f(C)c F~!(a). Sup-
pose that dim F~'(a) > 1. Take H any hyperplane in PV (C) with a ¢ H.
Then F~(H) is a hypersurface in PV(C) since the {P;}Y, are in general
position, so in particular they are not linearly dependent. By Bézout’s the-
orem there exists a point wy € F~'(a) N F~1(H). Hence, a = F(wp) € H.
This is a contradiction. Therefore, dim F~1(a) =0, so F~1(a) is a finite set.
Since f is continuous and f(C) C F~(a), it must be a constant map.  []

LEMMA 3.13. Let Py,..., Py be N + 1 homogeneous polynomials of com-
mon degree in Clwo,...,wn], and let {Q;}]_; (¢ > 2N +1) be homogeneous
polynomials in S({P;}Y.,) such that

D(Ql,---,Qq) > 0.

Assume that my, ..., mq are positive integers (may be oo) such that

(1— E) >N +1.
= M
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Then there does not exist a nonconstant holomorphic mapping
f:C—PY(C)

such that f intersects Q; with multiplicity at least mj (1 <j <gq).

Proof. Suppose that f: C — PV (C) is a holomorphic mapping such that
f intersects @; with multiplicity at least m; (1 <i<gq). For each 1 <i<g,

we define
N
Q=) bib
i=0
and

N
Hj = {w S (CN+1 ’ Zbﬁ-wi = 0}.
=0

Let f: (fo,---,fn) be an admissible representation of f on C (i.e., the
fo,- -, fx have no common zeros), and denote F = (Py(f):---: Px(f)). By
Lemma 3.11, {P}Y, are in general position in PY(C), and {Q;}=, are
located in general position in S({P;}X,). This means that the hyperplanes
{H; }?:1 are located in general position in PV (C). Since f intersects Q; with
multiplicity at least m; and

N N
Qi) = (X biiP) () = bis(B(),
=0 i=0

F also intersects H; with multiplicity at least m; (1 < j <¢). By Lemma 3.10,
F' is a constant map, and by Lemma 3.12, f is a constant map, too. [l

LEMMA 3.14. Let natural numbers N and ¢ > N + 1 be fized. Let Ti(p)
(0<i< N, p>1) be moving hypersurfaces in PV (C) of common degree
d®, and let Hj(p) € g({ﬂ(p)}fio) (1<j<gq, p>1) such that the following
conditions are satisfied.

(i) For each 0 <1i < N, the coefficients of the homogeneous polynomials
Pi(p) which define the Ti(p) are bounded above uniformly for all p>1 on
compact subsets of D, and for all 1 < j <gq, the coefficients bg')(z) of the

linear combinations of the Pi(p), 1=0,...,N, which define the homogeneous

polynomials Qgp) = Zi]\io bg)Pi(p) which define the HJ(-p) are bounded above
uniformly for all p>1 on compact subsets of D.
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(ii) There exists zo € D such that

inf {D(QY,...,Q)(z)} > 0.

peEN

Then, we have the following.

(a) There exists a subsequence {jp} C N such that for 0 <i <N, Pz-(jp)
converge uniformly on compact subsets of D to not identically zero homo-
geneous polynomials P; (meaning that the P}jp) and P; are homogeneous
polynomials in ﬁp[wo,...,wN] of the same degree d, and all their coeffi-
cients converge uniformly on compact subsets of D), and the bg”) converge
uniformly on compact subsets of D to bj; € Hp for all 0 <i< N, 1< 5 <q.

(b) The Qg-j”) = Ei]io bg”)PZ-(j”) converge, for all 0 <i< N, 1<j<gq,
uniformly on compact subsets of D to Q) := Zij\io bij P; € g({Pi}f\LO), and
we have

D(Q1,...,Qq)(20) > 0.

In particular, the moving hypersurfaces Q1(2o),...,Qq(20) are located in
general position, and the moving hypersurfaces Q1(2),...,Qq(2) are located
in (weakly) general position.

Proof. Since, by our conditions on the coefficients of the Pi(p ) and on

the bg), for all 1 < j < ¢ the coefficients of the homogeneous polynomials

Qg-p ) of degree d® are locally bounded uniformly for all p > 1 on compact
subsets of D, all conditions of Lemma 3.6 are satisfied, and we get, after

passing to a subsequence (which we denote for simplicity again by {p} C N),
that for 1 <j <gq, Qg-p ) converge uniformly on compact subsets of D to not
identically vanishing homogeneous polynomials @); (meaning that the Qg-p )

and @, are homogeneous polynomials in H plwos, . .., wn]| of the same degree
d;, and all their coefficients converge uniformly on compact subsets of D).
Moreover (still by Lemma 3.6), we have that

D(Ql, . ,Qq)(ZQ) > 0,

so the hypersurfaces Q1(20),...,Qq(20) are located in general position, and
the moving hypersurfaces Q1(2),...,Qq(2) are located in (weakly) general

position. Observe, moreover, that since all the Q;p ), 1 <5 <gq, were of the

same degree d®), we have d = d; independent of j for our subsequence.
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Hence, we have, for all 0 <: < N, p>1,

PP )W) =Y aipi(2) -,

[|=d

Now, since the a;pr(2) and the bg? )(z) are locally bounded uniformly for all
p>1on D, by using Montel’s theorem and a standard diagonal argument
with respect to an exhaustion of D with compact subsets, after passing
another time to a subsequence (which we denote for simplicity again by
{r} CN), we also can assume that {a;r(2)};2; converges uniformly on

compact subsets of D to a;; for each ¢, I, and that {bz(-;))(z) ooy converges

uniformly on compact subsets of D to b;;(z) for each i, j. Denote

Pi(z)(w) := Z air(z) - wl.

\I|=d

Since the limit is unique, then we have @Q; = Zf\io b;j P; for 1 <j <gq, and
in particular, we have that none of the Py(2),..., Py(2) is identically van-
ishing. (Otherwise, they could not be in (weakly) general position, which
contradicted the general position of the Q1(20),...,Qq(20); in fact, if the
P;(2p)(w) had a nonzero solution wy in common, so would the Q;(zo)(w).)
Hence, Q; € S ({P;}Y,), which completes the proof. [

84. Proofs of the Theorems

Proofs of Theorem 1.1 and Theorem 1.2. Let {f®} be a sequence of
meromorphic mappings in F. We have to prove that after passing to a sub-
sequence (which we denote again by {f)}), the sequence { )} converges
meromorphically on D to a meromorphic mapping f. Moreover, under the
stronger conditions of Theorem 1.2, we have to show that {f®)} converges
uniformly on compact subsets of D to a holomorphic mapping f.

In order to simplify notation, we denote, for 1 < k <,

QY = Qu(f")  and  HP = Hy(f").

By Lemma 3.6, after passing to a subsequence, for all 1 <k <gq, Qép ) con-
verge uniformly on compact subsets of D to i, meaning that

Q=P )W) = Y aru(2) o

|I|=d,
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and

Qr=Qr(2)(W) = > apr(2)-w'

|T|=d,

are homogeneous polynomials in Hp [wo, - ..,wn] of the same degree dj, and
that all their coefficients a,r converge uniformly on compact subsets of D
to agr. Moreover, Q1,...,Q, are located in (weakly) general position.

By condition (ii) of Theorems 1.1 and 1.2 and Lemmas 3.1 and 3.2, and
by condition (iii) of Theorems 1.1 and 1.2 and Lemmas 3.3 and 3.4, after
passing to a subsequence, we may assume that the sequence { f (p)} satisfies

lim (fP) N HP) =8, (1<k<N+1)

p—0o0

as a sequence of closed subsets of D, where S; are either empty or pure
(n — 1)-dimensional analytic sets in D, and

lim (fP) HHPY-5=5, (N+2<k<q)

pP—>00
as a sequence of closed subsets of D — S, where S}, are either empty or pure
(n — 1)-dimensional analytic sets in D — S.

Let T=(...,tgr,...) (1<k<gq, |I| <M :=max{dy,...,d;}) be a family
of variables. Set Qp = E‘HSMthI € Z|T,w] (1 <k <gq). For each subset
L c{1,...,q} with |[L| =n+1, take Ry, is the resultant of the Q; (k€ L).
Since {Q}rer are in the (weakly) general position, Rr(...,akr,...) Z0
(where we put ag; =0 for |I| # dj). We set

g::{zeD‘ﬁL(...,akl,...):0for some L C {1,...,q} with [L|=n+1}.

Let B = (U!_,SxUS) —S. Then E is either empty or a pure (n — 1)-
dimensional analytic set in D — S.

Fix any point z; in (D — S) — E. Choose a relatively compact neigh-
borhood U, of z in (D —S) — E. Then {f®|y, } C Hol(U.,,PN(C)). We
now prove that the family {f (p)’Uzl} is a holomorphically normal family.
Indeed, suppose that the family {f (p)|Uzl} is not holomorphically normal.
By Lemma 3.9, there exist a subsequence (again denoted by {f (117)|UZ1 boe1)
and Py € Us,, {Pp}p2y C U, with P, — Py, {rp} C (0,400) with r, — 0%,
and {u,} C C", which are unit vectors, such that g,(z) := f®)(PB, + rpu,2)

https://doi.org/10.1215/00277630-2863882 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2863882

NORMAL FAMILIES OF MEROMORPHIC MAPPINGS 53

converges uniformly on compact subsets of C to a nonconstant holomor-

phic map g of C into PV (C). Then, there exist admissible representations

g = (g -1 gl

gn) of g such that the {ggp )} converge uniformly on compact subsets of

of g and an admissible representation g = (go:--:

C to ¢; (0<i<N). (Observe that an admissible representation of a holo-
morphic map is automatically without common zeros.) This implies that
Q,(Cp ) (P + rpupz)(g(()p )(z), e gﬁf’ ) (z)) converges uniformly on compact sub-
sets of C to Qx(Po)(g90(2),...,9n(2)), (1 <k <gq). Thus, by Hurwitz’s the-
orem, one of the following two assertions holds:

(i) @k(Fo)(go(2),---,gn(2)) =0 on C, that is, g(C) C Hy(F);

(il) Qk(£0)(90(2),---,9n(2)) # 0 on C, that is, g(C) N Hy(Fp) = 0.

Denote by J the set of all indices k € {1,...,q} with ¢(C) C Hi(F).
Set X = ye s Hi(Po) if J#0 and X =PY(C) if J=0. Since C is irre-
ducible, there exists an irreducible component Z of X such that g(C) C
Z = (Ugg Hir(P))- Since Py € U, it implies that {Hy(Po)}{_, are in gen-
eral position in P (C), meaning that

(4.1) for all 1 C {1,...,q} with #I =N + 1, (") Hx(Po) =0.

kel
Put J¢:={1,...,q}\ J, and put m := dim¢ Z. We claim that for the hyper-
surfaces {Hy(Py)}xese in PY(C) we have

(4.2) #J°>2m+1; for all I € JC with #1 =m+1, 20 (ﬂ Hk(Po)) =9.
kel

In fact, if J =0, so X =PV (C), this holds since ¢ > 2N + 1 and by (4.1).
If J # (), the key observation is that by (4.1) and by Bézout’s theorem we
have

for all 1 <l <gq,forall I C{1,...,q} with #I =1,

(4.3) ﬂ Hy(Py) is of pure dimension dimg¢ ﬂ Hy(Py) =max{N —1,—1}
kel kel

(in particular, all irreducible components of (,.;Hy(Fp) are of the same
dimension), where dimg (@) = —1. From that we first get

m =dimc Z = dimg [ | Hp(Pp) = max{N — #.J,—1}.
keJ
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Since ¢g(C) C Z, so m >0, we get
(4.4) #J=N—m.
Hence,
$J=q—H#I>2N+1) —(N—m)=N+m+1>2m+1.
Moreover, if I C J¢ with #I =m + 1, then by (4.4)
#IUJ)=(m+1)+(N—m)=N+1
and

Z0 () He(Po) € () He(Po)n () Hr(Po)= () Hi(Po) =0,

kel keJ kel keluJ

where the last equality follows from (4.1). This proves (4.2) in the case J # 0.
By (4.2) and by [3, Corollary 1] (or by the more general [10, Theorem 7.3.4]),
we get that Z — (Uyg,He(F0)) is complete hyperbolic and hyperbolically
embedded, and hence g is constant. This is a contradiction.

Thus, {f®} is a holomorphically normal family on U,,. By the usual
diagonal argument, we can find a subsequence (again denoted by {f®})
which converges uniformly on compact subsets of (D — §) — E to a holo-
morphic mapping f of (D —S) — E into P¥(C).

By Lemma 3.7(a), {f(P)} has a meromorphically convergent subsequence
(again denoted by {f)}) on D — S, and again by Lemma 3.7(a), {f®} has
a meromorphically convergent subsequence on D. Then F is a meromorphi-
cally normal family on D. The proof of Theorem 1.1 is completed.

Under the additional conditions of Theorem 1.2 by Lemma 3.7(b), {f®}
has a subsequence which converges uniformly on compact subsets of D to
a holomorphic mapping of D to PY¥(C). The proof of Theorem 1.2 is com-
pleted. U

Proof of Theorem 1.3. Suppose that F is not normal on D. Then, by
Lemma 3.9, there exists a subsequence denoted by {f (p)} C F and zy €
D, {z}52, C D with 2, = 20, {rp} C (0,400) with 7, — 0%, and {u,} C
C", which are unit vectors, such that ¢ (¢) := f®) (zp + rpup€) converges

uniformly on compact subsets of C to a nonconstant holomorphic map g of
C into PN(C).
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By condition (i) of Theorem 1.3 and by Lemma 3.14, there exists a sub-
sequence (which we denote again by {p} C N) such that for 0 <i < N,
Pi(p )= Py(f®) converge uniformly on compact subsets of D to P; that

the bz(?) = byj( f®) converge uniformly on compact subsets of D to bij

for all 0 <i< N, 1<j<gq; that the Qgp) = Qj(f(p)) = Eﬁio bg)Pi(p) con-
verge, for all 0 <i <N, 1 <j <g, uniformly on compact subsets of D to
Qj = Zﬁio bij P € S({Pi}Y,); and that we have, for any fixed z = 2zg € D,

D(Q1,...,Qq)(2) > 8(2) >0

(in particular, the moving hypersurfaces Q1(z),...,Qq(2) are located in
(pointwise) general position). We finally recall that with writing both vari-
ables z € D and w € PV (C), we thus have that

PP@W) = B QP @) = Qi)w): b () = by(2)
uniformly on compact subsets in the variable z € D.

For any fixed £y € C, there exists a ball B(&,r¢) in C and an index i such
that g(B(&o,m0)) C {w € PV (C) : w; # 0}. Without loss of generality, we may
assume that ¢ = 0. Therefore, there exist admissible representations

7€) = (1,4"(©),....a% (),

of ¢® and g on B(&,ro).

Because of the convergence of {g®)} on B(&, 7o), {gi(p )} converges uni-
formly on compact subsets of B(&p, 1) to g; for each 1 <i < N. This implies
that Qg-p ) (2p + rpupé) (§P)(€)) converges uniformly on compact subsets of C
to Q;(20)(9(£)) and that Pi(p)(zp + rpupé) (GP)(€)) converges uniformly on
compact subsets of C to P;(20)(g(§))-

By Hurwitz’s theorem, there exists a positive integer Ny such that
Qg-p)(zp +1rpupd) (GP)(€)) and Q;(20)(g(€)) have the same number of zeros
with counting multiplicities on B(&o,r0) for each p > Ny. Since the map
g of B(&,rg) into PN (C) intersects Qg.p ) with multiplicity at least m;, it
implies that any zero £ of Q;(20)(g(€)) has multiplicity at least m;. Hence,
g intersects Q;(zp) with multiplicity at least m; for each 1 < j <gq.

Since we have that @Qq,...,Q, are in g({PZ}f\LO) and that

D(Q1,...,Qq)(2) >0 for any z € D,
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we have in particular that Q1 (o), ..., Qq(20) are in S({P;(20)}¥,) and that

D(Ql, . ,Qq)(ZO) > 0.

Thus, by Lemma 3.13, g is a constant mapping of C into PV (C). This is a
contradiction. 0

Proofs of Theorem 1./ and Theorem 1.5. Let {f(p)} be a sequence of
meromorphic mappings in F. We have to prove that after passing to a sub-
sequence (which we denote again by {f}), the sequence { £} converges
meromorphically on D to a meromorphic mapping f. Moreover, under the
stronger conditions of Theorem 1.5, we have to show that {f (p)} converges
uniformly on compact subsets of D to a holomorphic mapping f.

By condition (i) of the theorems and by Lemma 3.14, there exists a sub-

sequence (which we denote again by {f(®)}) such that for 0 <i < N, Pi(p )=

P(f (p)) are homogeneous polynomials of the same degree d and converge

(»

uniformly on compact subsets of D to P;; that the bij) =bi;(f (p)) converge

uniformly on compact subsets of D to b;; for all 0 <7< N, 1 <j <g; that
the Qﬁ-p) = Qj(f(p)) = Zfio bg)P(p) converge, for all 0 <i < N, 1 <5 <q,

)

uniformly on compact subsets of D to Q; := Zz‘N:O bij P; € g({PZ}f\LO), and

that

D(Q1,-..,Qq)(20) > 0.
In particular, the moving hypersurfaces Q1(20),...,Qq4(20) are located in
general position, and the moving hypersurfaces Q1(z),...,Qq(2) are located

in (weakly) general position.

By condition (ii) of Theorem 1.4 and Lemmas 3.1 and 3.2, and by con-
dition (iii) of the theorems and Lemmas 3.3 and 3.4, after passing to a
subsequence, we may assume that the sequence {f (p)} satisfies

lim (f®) " YHP) =8 (1<k<N+1)

p—00
as a sequence of closed subsets of D, where Sj are either empty or pure
(n — 1)-dimensional analytic sets in D, and satisfies

lim {z € Suppw(f0), HY) [ v(f0), H)(2) <y} — S =5
(N+2<k<q)

as a sequence of closed subsets of D — S, where S}, are either empty or pure
(n — 1)-dimensional analytic sets in D — S.
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Let T = (...,tgr,...) (1 <k <gq,|I| =d) be a family of variables. Set
Q= Zm:dtklwl € Z|T,w] (1 <k <q). For each subset L C {1,...,q} with
|L| =n+ 1, take Ry, is the resultant of the Qj (k € L). Since {Qy}rcr are

in (weakly) general position, Ry (...,axr,...) %0 (where we put aj; =0 for
|I| # d). We set

g::{zED‘ﬁL(...,akl,...):0for some L C {1,...,q} with [L|=n+1}.

Let E = (U{_,Sk U S) — S. Then E is either empty or a pure (n — 1)-
dimensional analytic set in D — S.

Fix any point z; in (D — S) — E. Choose a relatively compact neigh-
borhood U, of z in (D — S) — E. Then {f®|y, } C Hol(U.,,PN(C)). We
now prove that the family {f (7’)|UZ1} is a holomorphically normal family.
For this it is sufficient to observe that the family {f® |v., } now satisfies all
conditions of Theorem 1.3. In fact, there exists Ny such that, for p > Np,
{f(p)|U21} does not intersect H,E,p) for 1<k<N+1 and {f(p)|U21} inter-

sects H,gp) of order at least my for N +2 <k <g; and for all z € U,,, we
have D(Q1,...,Qq)(2) > 0. So if we still put my =00 for 1 <k <N +1,
the conditions of Theorem 1.3 are satisfied, and so the family {f (p)\UZI} is
a holomorphically normal family. By the usual diagonal argument, we can
find a subsequence (again denoted by {f®)}) which converges uniformly on
compact subsets of (D — ) — E to a holomorphic mapping f of (D—S)—FE
into PV (C).

By Lemma 3.7(a), { f")} has a meromorphically convergent subsequence
(again denoted by {f®)}) on D — S, and again by Lemma 3.7(a), {f} has
a meromorphically convergent subsequence on D. Then F is a meromorphi-
cally normal family on D. The proof of Theorem 1.4 is completed.

Under the additional conditions of Theorem 1.5, by Lemma 3.7(b) {f®}
has a subsequence which converges uniformly on compact subsets of D to
a holomorphic mapping of D to P¥(C). The proof of Theorem 1.5 is com-
pleted. 0
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