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F-THRESHOLDS OF GRADED RINGS
ALESSANDRO DE STEFANI anp LUIS NUNEZ-BETANCOURT

Abstract. The a-invariant, the F-pure threshold, and the diagonal F-
threshold are three important invariants of a graded K-algebra. Hirose,
Watanabe, and Yoshida have conjectured relations among these invariants
for strongly F-regular rings. In this article, we prove that these relations
hold only assuming that the algebra is F-pure. In addition, we present an
interpretation of the a-invariant for F-pure Gorenstein graded K-algebras in
terms of regular sequences that preserve F-purity. This result is in the spirit of
Bertini theorems for projective varieties. Moreover, we show connections with
projective dimension, Castelnuovo-Mumford regularity, and Serre’s condition
Sk. We also present analogous results and questions in characteristic zero.

81. Introduction

Throughout this manuscript we focus on F-pure standard graded algebras
over a field K of positive characteristic p such that [K : KP] < co. We say
that R is F-pure if the Frobenius map F': R — R splits. This property sim-
plifies computations for cohomology groups and implies vanishing properties
of these groups [Lyu06, SW07, Mal3|.

In this article, we show relations among three important classes of
invariants that give information about the singularity of R: the a-invariants,
the F-pure threshold, and the diagonal F-threshold.

We first consider the ith a-invariant of R, a;(R), which is defined as the
degree of the highest nonzero part of the ith local cohomology with support
over m (see Section 2 for details). If d =dim(R), then a4(R) is often just
called the a-invariant of R, and it is a classical invariant, introduced by
Goto and Watanabe [GWT78]. For example, if R is Cohen-Macaulay, aq(R)
determines the highest shift in the resolution of R, and moreover the Hilbert
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function and the Hilbert polynomial of R coincide if and only if aq(R) is
negative.

We also consider the F-pure threshold with respect to m, fpt(R), which
was introduced by Takagi and Watanabe [TW04] (see Section 3 for details).
This invariant is related to the log-canonical threshold and roughly speaking
measures the asymptotic splitting order of m.

Finally, we consider the diagonal F-threshold, ¢™(R). This invariant is,
roughly speaking, the asymptotic Frobenius order of m, and it has several
connections with tight closure theory [HMTWO08]. The F-threshold has also
connections with the Hilbert—Samuel multiplicity [HMTWO08] and with the
Hilbert Kunz multiplicity [NBS14].

Hirose, Watanabe, and Yoshida [HWY14] made the following conjecture
that relates these invariants:

CONJECTURE A. [HWY14] Let R be a standard graded K -algebra with
K an F-finite field and d = dim(R). Assume that R is strongly F-regular.

Then,
(1) fpt(R) < —aq(R) < c"(R).
(2) fpt(R) = —aq(R) if and only if R is Gorenstein.

This conjecture has been proved only for strongly F-regular Hibi rings
[CM12] and affine toric rings [HWY14]. In addition, fpt(R) = —aq4(R) for
strongly F-regular standard graded Gorenstein rings [TW04, Example
2.4(iv)]. In this paper we settle the first part of this conjecture and one
direction of the second. Furthermore, we drop the restrictive hypotheses of
strong F-regularity. We just assume that R is F-pure, which is needed to
define fpt(R).

THEOREM B. (See Theorems 4.3, 4.9, and 5.2) Let R be a standard
graded K -algebra which is F-finite and F-pure, and let d = dim(R). Then,

(1) fpt(R) < —ai(R) for every i€ N.
(2) If ai(R) # —o0, then —a;(R) < c™(R).
(3) If R is Gorenstein, then fpt(R) = —aq(R).

Theorem B(2) implies that —ay(R) < ¢™(R) for standard graded F-
pure K-algebras. This inequality has been proven before for complete
intersections without assuming strongly F-regularity or F-purity [Lil3,
Proposition 2.3]. In Theorem 4.9, we prove —ag4(R) < c¢™(R) for all F-
finite standard graded K-algebras. In Example 5.3, we show that the
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converse of Theorem B(3) does not hold in general. This does not disprove
Conjecture A(2), since the ring that we consider is not strongly F-regular.

We also prove the analogue of Conjecture A(1) in characteristic zero, and
we show one direction of Conjecture A(2). These results are obtained by
reduction to positive characteristic methods [HH99).

THEOREM C. (See Theorem 6.8) Let K be a field of characteristic zero,
and let (R, m, K) be a standard graded normal and Q-Gorenstein K -algebra
such that X = Spec R is log-terminal. Let d = dim(R). Then,

(1) let(X) < —aq(R).
(2) If R is Gorenstein, then lct(X) = —aq(R).

Furthermore, we give a new interpretation of fpt(R) for Gorenstein stan-
dard graded K-algebras in terms of regular sequences that preserve F-purity.
We call such a sequence an F-pure regular sequence (see Definition 5.5).

THEOREM D. (See Theorem 5.8) Let (R, m, K) be a Gorenstein stan-
dard graded K-algebra which is F-finite and F-pure over an infinite field.
Let d =dim(R), and let s ={pt(R). Then, there exists a regular sequence
consisting of s linear forms lq,...,{s such that R/((1,...,¥¢;) is F-pure
forevery j=1,...,s.

Theorem 5.8 is in the spirit of Bertini type theorems and ladders on
Fano varieties [Amb99]. These theorems assert that ‘nice’ singularities
are still ‘good’ after cutting by a general hyperplane. Among these nice
singularities one encounters F-pure singularities of a projective variety
[SZ13]. Theorem 5.8 gives a number of successive hyperplane cuts in Proj(R)
that preserve F-purity. Furthermore, the hyperplane cuts remain globally
F-pure.

Finally, we give explicit bounds for the projective dimension and the
Castelnuovo-Mumford regularity of R=S/I, where S = K|[z1,...,x,] is
a polynomial ring over a field of positive characteristic, and I C S is a
homogeneous ideal such that R is F-pure (see Theorem 7.3). In addition, we
show that if an F-pure standard graded K-algebra R = S/I satisfies Serre’s
Si condition, for some k depending on the degrees of the generators of I,
then R is in fact Cohen—Macaulay (see Proposition 7.6).

§2. Background

Throughout this article, R denotes a commutative Noetherian ring with
identity. A positively graded ring is a ring which admits a decomposition
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R= @i>0 R; of abelian groups, with R;- R; C R;y; for all ¢ and j. A
standard graded ring is a positively graded ring such that Ry = K is a field,
R = K[R;] and dimg (R1) < 0o, that is, R is a finitely generated K-algebra,
generated in degree one. We use the notation (R, m, K') to denote a standard
graded K-algebra, where m = @i>1 R; is the irrelevant maximal ideal.

Suppose that R is a standard graded K-algebra. A graded module is an
R-module M =&, ., M, such that R;M; C M;;. An R-homomorphism
@ : M — N between graded R-modules is called homogeneous of degree c if
©(M;) C Nj for all i € Z. The set of all graded homomorphisms M — N of
all degrees form a graded submodule of Hompg (M, N). In general, these two
modules are not the same, but they coincide when M is finitely generated
[BH93]. Throughout this article, Er(K) will denote the graded R-module
@D,y Homg (R_;, K).

Let I be a homogeneous ideal generated by the forms fi,..., fr € R.
Consider the Cech complex, C*( fiR):

0—>R—>®Rfi —)@Rfifj — = Rypop, —0,
(2 (2%}

where Ci(i; R) = @1<j1<---<j¢<€ Ry, ..p; and the homomorphism in every
summand is a localization map with an appropriate sign. Let M be a graded
R-module. We define the i-th local cohomology of M with support in I
by Hi(M):=H(C*(f; R) ®g M). The local cohomology module Hi(M)
does not depend on the choice of generators, fi,..., fr, of I. Moreover,
it only depends on the radical of I. Since M is a graded R-module and
I is homogeneous, the ith local cohomology H:(M) is graded as well.
Furthermore, if ¢ : M — N is a homogeneous R-module homomorphism of
degree d, then the induced R-module map H}(M) — H%(N) is homogeneous
of degree d as well.

Assume that R has positive characteristic p. For e e N, let F*: R— R
denote the eth iteration of the Frobenius endomorphism on R. If R is
reduced, R/P° denotes the ring of pcth roots of R and we can identify F©
with the inclusion R C RY/?°. When R is standard graded, we view R'/?*
as a 1/p°N-graded module. In fact, if r1/P° e RYP° then we write r € R
as r=rq, +---+7q,, with rq; € Rg,. Then /v :rcllfpe + .- +7"Cll7/lpe, and

each rcllj/, " has degree d;/p®. Similarly, if M is a Z-graded R-module, we have

that M'/?" is a 1/p°Z-graded R-module. Here M'/P* denotes the R-module
which has the same additive structure as M, and multiplication defined by
r-mMP" = (rP"m)YP" for all r € R and m!/P" € MV/P°,
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REMARK 2.1. When R is reduced, for any integer e > 1 we have an
inclusion R < RY/?°. As a submodule of RY/?, R inherits a natural 1 /p°N
grading, which is compatible with the standard grading.

If /T =m and M is finitely generated, the modules Hi (M) are Artinian.
Therefore, the following numbers are well defined.

DEFINITION 2.2. Let M be a 1/p°N-graded finitely generated R-module.
For i € N, if HE (M) # 0 then the a;-invariant of M is defined as

a:(M) = max {a e plez | HE (M) # o} .

If H.,(M) =0, we set a;(M) := —cc.

REMARK 2.3. With the grading introduced above, for a finitely gener-
ated graded R-module, M, we have that a;(MY/P") = a;(M)/p° for all i € N.
In fact, H: (M/P") = Hi (M)Y/P" since the functor (—)'/?" is exact.

DEFINITION 2.4. Let R be a Noetherian ring of positive characteristic p.
We say that R is F-finite if it is a finitely generated R-module via the action
induced by the Frobenius endomorphism F': R — R. When R is reduced,
this is equivalent to say that R'/? is a finitely generated R-module. If
(R, m, K) is a standard graded K-algebra, then R is F-finite if and only
if K is F-finite, that is, if and only if [K : KP] < co. R is called F-pure if
F' is a pure homomorphism, that is F ® 1: R@r M — R®pgr M is injective
for all R-modules M. R is called F-split if F is a split monomorphism.

REMARK 2.5. Let (R, m, K) be a standard graded F-pure K-algebra.
Then necessarily a;(R) <0 for all ¢ € Z [HR76, Proposition 2.4].

REMARK 2.6. If R is an F-pure ring, F' itself is injective and R must
be a reduced ring. We have that R is F-split if and only if R is a direct
summand of RYP. If R is an F-finite ring, R is F-pure if and only R is F-
split (see [HR76, Corollary 5.3]). Since, throughout this article, we assume
that R is F-finite, we use the word F-pure to refer to both.

DEFINITION 2.7. An F-finite reduced ring R is strongly F-regular if for
any element f € R\ {0}, there exists e € N such that the inclusion f/?°R —
RYP° splits.

DEFINITION 2.8. Let S= K|[xy,...,z,| be a polynomial ring over an
F-finite field. The e-trace map, @, : /7" — S, is defined by
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o, (xi“/pe e xgn/pe)

_ {xgal_peﬂ)/pe coglan P /P = =0, = p° — 1 mod p°,
o

otherwise.

We note that &gu o0 @i/ P ®.4e. Furthermore, &, generates
Homg(SY/?°, S) as an S'/7*-module.

DEFINITION 2.9. [Sch10] Suppose that R is an F-pure ring. Let ¢:
RY?" — R be an R-homomorphism and let J C R be an ideal. We say that
J is ¢-compatible if $(JV/P7) C J. An ideal J is said to be compatible if it
is ¢-compatible for all R-linear maps ¢ : R/?° — R and all e € N.

We end this section by recalling an explicit description of Hom R(Rl/ P R)
discovered by Fedder [Fed83] that we use in the following sections.

REMARK 2.10. [Fed83, Corollary 1.5] Let S be a polynomial ring over
an F-finite field, and let ®, : SY¥P° — S be the trace map. Let I C S be a
homogeneous ideal, and let R = S/I. We have a graded isomorphism

(ISP guype TVP)
151/p°
given by the correspondence f 1Py ©fes Where pre: RY?" — R is defined
by @r.e(T/P") = @e(f1/P°r).

Thanks to the correspondence in Remark 2.10, we can make the following

=~ Homp(RY?", R)

observation.

REMARK 2.11. Let S be a polynomial ring over an F-finite field. Let
I C S be a homogeneous ideal, and let R = S/I. Let J C R be a homoge-
neous ideal, and let J denote its pullback to .S. We have that J is compatible
if and only if (I : 1) C (JP7T: J) for all e > 1.

83. Properties of F-thresholds

In this section we introduce basic definitions and properties for the
diagonal F-threshold and the F-pure threshold.

DEFINITION 3.1. [HMTWO08, DSNBP16] Suppose that (R, m, K) is
a standard graded K-algebra. If vr(p®) =max{r € N|I" ¢ mPl}, the F-
threshold of I with respect to m is defined by

c™(I) = lim Vl(pe).

e—oo  p°
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When I =m, we call ¢™(m) the diagonal F-threshold of R, and we denote
it by ¢™(R).

F-thresholds were introduced for rings that are not necessarily regular by
Huneke, Mustata, Takagi and Watanabe [HMTWO08]. However, the existence
of the limit in complete generality has been shown only recently [DSNBP16].

DEFINITION 3.2. [TWO04] Let (R, m, K) be either a standard graded K-
algebra or a local ring which is F-finite and F-pure, and let I C R be an
ideal (homogeneous in the former case). For a real number A > 0, we say that
(R, I) is F-pure if for every e > 0, there exists an element f € TP =1)A]
such that the inclusion of R-modules /PR C R/?" splits.

REMARK 3.3. Note that (R, I°) = (R, R) being F-pure simply means
that R is F-pure, according to Definition 2.4.

DEFINITION 3.4. [TWO04] Let (R, m, K) be either a standard graded K-
algebra or a local ring which is F-finite and F-pure, and let I C R be an
ideal (homogeneous in the former case). The F-pure threshold of I is defined
by

fpt(I) = sup{\ € R>g | (R, I) is F-pure}.

When I =m, we denote the F-pure threshold by fpt(R).
DEFINITION 3.5. [AE05] Let (R, m, K) be either a standard graded K-
algebra or a local ring which is F-finite and F-pure. We define
I(R):={reR|p(r'/*)em for every ¢ € Hom(R'"" R)}.
In addition, we define the splitting prime of R as P(R) :=(), I.(R) and the
splitting dimension of R to be sdim(R) := dim(R/P(R)).

REMARK 3.6. We note that for a homogeneous element r, r & I.(R) if
and only if there is a map ¢ € Hompg(R'/?", R) such that o(r'/?") = 1.

The following proposition gives basic properties of the splitting prime for
graded algebras. We include details of the proof in the graded case for sake
of completeness.

ProPOSITION 3.7. [AE05] Let (R, m, K) be an F-finite F-pure standard
graded K -algebra. Then

(1) I.(R) and P(R) are homogeneous ideals.
(2) P(R) is a prime ideal.
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(3) P(R) is the largest homogeneous compatible ideal of R, that is,
the largest homogeneous ideal that is p-compatible for all ¢ €
Homp(R'Y?", R), and all e € N.

(4) R/P(R) is strongly F-regular.

(5) P(R)m = P(Rm)-

Proof. (1) Let e > 1. Since both R'/?" and R are graded, and R'/?" is a
finitely generated R-module, we have that every homomorphism RYP 5 R
is a sum of graded homomorphisms. Therefore, in the definition of I.(R)
above, we can consider only graded homomorphisms. Let r =r¢g + 71 + - - - +
rn € I.(R), with r; of degree d;. Let ¢ € Homp(RY?P", R) be homogeneous
of degree k. Then

o(rP) = oy ) 4+ p(rP) e m,

and each gp(ril /p e) now has degree d; + k. Since m is homogeneous, we get
Lp(ril/pe) em for all i=1,...,n, showing that r; € I.(R). Then I.(R) is
a homogeneous ideal. We have that P(R) is homogeneous is clear from its
definition. The proofs of (2), (3) and (4) are completely analogous to the ones
in [AE05, Theorems 3.3, and 4.7] and [Sch10, Remark 4.4] for local rings.
For (5), we note that @(P(R),ln/pe) C P(R)w for every ¢ € Hom(R#/pe, Ry)
because R is F-finite. Since Ry/(P(R)m) is strongly F-regular by (4), we
have that P(R)m = P(Rm). [

DEFINITION 3.8. Let (R, m, K) be an F-finite F-pure standard graded
K-algebra. Let J C R be a homogeneous ideal. Then, we define

by(p®) =max{r|J" Z I.(R)}.

LEMMA 3.9. Let (R,m, K) be a standard graded K-algebra which is F -
finite and F-pure. Let J C R be a homogeneous ideal. Then, p-b;(p°) <

by (p=tt).

Proof. Let fe J®)\I,(R) be a homogeneous element. Then,
RfYP" — RYP® gplits as map of R-modules. Since R is F-pure, there is
a splitting « : RYP _y RUP® as RV/P*_modules. Then,

e+1

RfYP® — RYPTT & pl/p°

splits as morphism of R-modules. Therefore, RfP/ P RUPTY splits as

a map of R-modules. Hence, fP € JP1P)\T,1(R), and so, p-bs(p°®) <
bJ(pe+1). [
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We now present a characterization of the F-pure threshold that may be
known to experts (see [Her12, Key lemma] for principal ideals). However,
we were not able to find it in the literature in the generality we need. We
present the proof for the sake of completeness. This characterization is a
key part for the proof of Theorem 4.3.

PROPOSITION 3.10. Let (R, m, K) be a standard graded K -algebra which
18 F-finite and F-pure. Let J C R be a homogeneous ideal. Then

fpt(J) = Tim 2P

e—oo  p°

Proof. By the definition of by(p®), there exists f e J%®)\ I(R).
Then, the map R — RY?P", defined by 1~ f1/P° splits by Remark 3.6.
Thus, by(p®)/p¢ € {\ € Rxo | (R, J*) is F-pure}. Hence, for all e, we have
br(p®)/p° <fpt(J), and therefore {b;(p®)/p°} is a bounded sequence.
By Lemma 3.9 we conclude that lim._,. bs(p®)/p°® exists, and that
lime—00 by (p©)/p° < fpt(J).

Conversely, let o € {\ € Rso | (R, J*) is F-pure}. For e > 0, we have that
JU* =Nl g I.(R). Then, |(p® — 1)o]|/p® < by(p°®)/p® and thus

omsup {0l )

Hence,

fpt(J) < lim b

e—oo  p¢

i

REMARK 3.11. We note that analogous restatements of Proposition 3.10
for F-finite F-pure local rings is also true, and the proof is essentially the
same.

84. F-thresholds and a-invariants

In this section, we prove the first part of our main theorem in positive
characteristic. We start with a few preparation lemmas.

LEMMA 4.1. Let (S, n, K) be a standard graded F-finite reqular ring. Let
I C S be an ideal such that R=S/I is an F-pure ring. Let m = nR. Then,
P(R) =w if and only if (IP"): 1) C (nlP): ) for all e > 0.
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Proof. Let ®,:SYP° — S denote the e-trace map. If (IIP1: 1) C (nlP:
n), then for every f € (IPl: I)\nlPl there exist a unit u € S and an element
g €nll such that f=wuz? "' 28 "' 4 g Then, f-nCnlP”) and we get
®(f1/7 nl/P°) Cn. Then by Remark 2.10, we have that p(m!/?) Cm for
every ¢ : RY/P° — R. Hence, I.(R) =m for all e >1 and P(R) =m as well.

Conversely, if m =P(R), then I.(R) =m for all e > 1. This means that
for every e>1 and every fe (IP71:1), we have ®.(f/P'nl/P")Cn by

Remark 2.10. Thus, f - n C 0P, and hence f € (nPl: n). 0
LEMMA 4.2. Let S=K|xi,...,x,] be a polynomial ring over an F-
finite field K. Let w= (z1,...,xy,) denote the maximal homogeneous ideal.

Let I C S be a homogeneous ideal such that R:= S/I is an F-pure ring, and
let m=nR. Then,

(1P 1) 4 nlP’]
nlpe]

min{seN'

# 0} =n(p® —1) — bu(p°).

Proof. Let @, :S/?" — S denote the e-trace map. Let

#of

and b= by(p°). By our definition of u, there exists f e (IP7: I)~nlP?,
which is a homogeneous polynomial of degree u. Since f & nlP)| there exists
2@ € Supp{f} such that z* ¢ nlPl. We pick f=p®—1—a, so z%zF =
2P~ where p® — 1 denotes the multi-index (p® —1,p° —1,...,p° —1).
We have that the map ¢ : RV/?" — R defined by o(71/P°) = &, (f1/P°r1/p%)
is a splitting of the Frobenius map on R such that ¢((2%)'/?") = 1. Hence,
2P ¢ I.(R). Since || = (p° — 1)n — u, we have that (p¢ — 1)n — u < b; that
is, u = n(p®—1) —b.

For the other inequality, we pick a monomial g € n of degree b such
that §€ mP~I,(R). Then, there exists a map ¢:RY?" — R such that
©(g'/P") = 1. Therefore, there exists an element f € (I'9 : I)~nlP"l such that
O(F/P°) = &, (f1/P°r1/p°) for all 71/P° € RY/P°. By definition of @, we have
that P°~1 € Supp(fg). Let h be the homogeneous part of degree (p — 1)n —
b of f. We note that h e (IP:1) because I is homogeneous. In addi-
tion, h ¢ nlPl because 2P°~' € Supp(hg). Then we get u < (p° — 1)n — b,
as desired. [

([[pe} 1)+ nlpl
nlpe]

u::min{SEN’

We are now ready to prove the first part of Theorem B.
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THEOREM 4.3. Let (R, m, K) be a standard graded K-algebra which is
F-finite and F-pure. Then fpt(R) < —ai(R) for every i € N.

Proof. If H.(R) =0 there is nothing to prove, since a;(R) = —oco. Let
i €N be such that H.(R)#0. Let f€mb=(®)\ I.(R) be a homogeneous
element, and let v = by (p°®)/p®. By Remark 2.1 we can view R as a 1/p°N-
graded module. Then

.fl/zo8 .
R(—y) & RV

splits, and the inclusion is homogeneous of degree zero. Applying the ith
local cohomology, we get a homogeneous split inclusion H(R(—7)) <
H(RY?") of degree zero. Let v € H,(R(—7))a:(r) be an element in the top
graded part of H,(R(—")), which has degree a;(R) + 7. Under the inclusion
above, this maps to a nonzero element of degree a;(R) + v in HZ (R'P°).
Therefore,

bm;fe) < a;(RVP") = ai;f)

which is equivalent to

bu(p) _ (1= )il R)

p° pe

Since this holds for all ¢ > 1, we get

fot(R) = lim ) o piy (2= DailR)

e—00 pe e—00 pe

= —ai(R)

by Proposition 3.10. 0

COROLLARY 4.4. Let (R,m, K) be a standard graded K-algebra which
is F-finite and F-pure. If a;(R) =0 for some i, then sdim(R) = 0.

Proof. 1f a;(R) = 0 for some i, we have that fpt(R) =0 by Theorem 4.3.
Then, we have that b. =0 for every e € N by Lemma 3.9 and Proposi-
tion 3.10. As a consequence, m C I, for every e € N. Since I.(R) C m holds
true because R is F-pure, we have that m = I.(R) for every e € N. Hence,
P(R) =m, and sdim(R) = 0. [

We now review the definition of test ideal, which is closely related to the
theory of tight closure. We refer the reader to [HH94] for definitions and
details.
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DEFINITION 4.5. Let R be a Noetherian ring of positive characteristic
p. The finitistic test ideal of R is defined as 7/9(R) := Ny ann(0%,), where
M runs through all the finitely generated R-modules. We define the big test
ideal of R to be 7(R) =Ny ann(03},), where M runs through all R-modules.

REMARK 4.6. We point out that for F-finite rings, 7(R) is the smallest
compatible ideal not contained in a minimal prime of R [Sch10, Theo-
rem 6.3]. In addition, 7/9(R) is a compatible ideal [Vas98, Theorem 3.1].
One clearly has the inclusion 7(R) C 7/9(R). It is one of the most important
open problems in tight closure theory whether these two ideals are the same.
Equality is known to hold true in some cases. For instance, Lyubeznik and
Smith proved that 7/9(R) =7(R) for finitely generated standard graded
K-algebras [L.S99, Corollary 3.4].

We use Proposition 3.10 to relate the F-pure threshold of the ring with
its splitting dimension.

THEOREM 4.7. Let (R, m, K) be a standard graded K-algebra which is
F-finite and F-pure, and let J C R be a compatible ideal. Then, we have

fpt(R) < fpt(R/J).
In particular,
fpt(R) < fpt(R/7) and fpt(R) < fpt(R/P) < sdim(R),

where 7 = 7(R) denotes the test ideal of R, and P ="P(R) is the splitting

prime of R.
Proof. Let S = K|[x1,...,x,| be a polynomial ring such that there exists
a surjection S — R, and let n = (x1,...,x,), so that m =nR. Let I denote

the kernel of the surjection. Let J C S be the pullback of J. We have that
(1P 1y € (JI) . J) for every e € N by Remark 2.11. Then,

Tl T [p°]
min<teN (7 .J)6+n #0
n[p] .
) (][pe] 1)+ nlp‘]
<m1n{t€N’ g t#O .

As a consequence, we get
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bu(p®) = max{t € N|m’ Z I.(R)}
<max{t eN|m' Z I.(R/J)} = bury) (0°)

by Proposition 3.10. Then, fpt(R) < fpt(R/J). The last claim follows from
the fact that the test ideal is compatible as noted in Remark 4.6, and the
splitting prime is compatible by Proposition 3.7(3). Finally, fpt(R/P) <
dim(R/P) [TW04, Proposition 2.6(1)]. []

We now focus on the diagonal F-threshold.

REMARK 4.8. For any standard graded K-algebra (R, m, K), we have
that

]. € € e
max{see-Z‘ [Rl/p /le/p] #O}ZV
D s
We are now ready to prove the second part of Theorem B.

THEOREM 4.9. Let R be an F-finite standard graded K-algebra, and
let d=dim(R). Then, —aq4(R) < c™(R). Furthermore, if R is F-pure, then
—ai(R) < ¢™(R) for every i such that H: (R) # 0.

Proof. We fix i € N such that HE (R)# 0. Let vy, ..., v, be a minimal
system of homogeneous generators of R/?° as an R-module, with degrees
Y, .-, € 1/p°N. By Remark 2.1 we can view R as a 1/p°N-graded
module. We have a degree zero surjective map

r ¢ ;
D iy,

where R(—v;) — RYP* maps 1 to v;. This induces a degree zero homomor-
phism

@ Hi (R ) 25 HI (RVP%).
Ifi=d, ¢ is surjectlve. We now prove that ¢ is also surjective for ¢ # d,
if R is F-pure. In this case, the natural inclusion R — R'/?" induces
an inclusion HE(R) — HE(RYP). We have that the map 6: H(R) ®g

RYP* — Hi (RY?") induced by v ® f1/P° s f1/P a(v) is surjective [SWO7,
Lemma 2.5]. Then,

1®¢: H.(R) ®p (@R ’yj> H!(R) ®p R/

is surjective. Thus, ¢ is surjective, because ¢ =60 o (1 ® ¢).
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We have now that ¢ is surjective under the hypotheses assumed. Since

Vm(p©)/p® = max{y1,..., 7}

we have that

az‘]()ER) = ai(Rl/pe) < maX{ad(R(—%)) ‘ 1=0,... ,j} = GZ(R) + e
Then, a;(R) < p€aq(R) + vm(p©), and so (1 — p®)a;(R) < vm(p©). Hence,
Ci(R) = tim SPGB ) gy 0

e—00 pe e—oo  p°

85. F-thresholds of graded Gorenstein rings

Suppose that (R, m, K) is an F-finite standard graded Gorenstein K-
algebra. Let S = K|[z1, ..., x|, and let I C .S be a homogeneous ideal such
that R2 S/I as graded rings. Since Homp(R/?, R) is a cyclic RY/P-module,
we have that for all integers e > 1 there exist homogeneous polynomials
fo €S such that I : = .S + Il by Remark 2.10. In fact, if 1P : [ =
£S + 1) then 1) [ = fO+PH-+P"D g 4 1P for all e > 2.

REMARK 5.1. When R=S/I is F-pure, we have (IP"): 1) nlPl by
Fedder’s criterion. In the notation used above, if (I :g I) = f.S + 1P for
some homogeneous polynomial f., we get that

[p°] . [p°]
min< s €N P D) 4 £0
nlpe]
[p°]
= min {5 eN ‘ % # 0} = deg(fe)

We now prove the last part of Theorem B.

THEOREM 5.2. Let (R,m,K) be a Gorenstein standard graded K-
algebra which is F-finite and F-pure, and let d =dim(R). Then, fpt(R) =

—aq(R).
Proof. Let S = K|z, ...,x,| be a polynomial ring, and let I C .S be a
homogeneous ideal such that R = S/I as graded rings. Let n = (21, ..., zy),

so that m=nR. Let a=ay(R). Consider the natural map S/IP — S/T
induced by the inclusion I'P) C I. Then such a map extends to a map of
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complexes 1)y from a minimal free resolution of S/IP! to a minimal free
resolution of S/I. Furthermore, such a map 1, can be chosen graded of
degree zero. We have that the last homomorphism in the map of complexes,
S(p(—n —a)) = S(—n —a) is given by multiplication by a homogeneous
polynomial f (see Remark 6.6). Furthermore, IP): = f§ 4 1P} [Vra03,
Lemma 1]. Since 1), is homogeneous of degree zero, we have that deg(f) =
(b - 1)(n+a).

Recall that, for all e >2, we have that (IP):gq )= fO+pt-tp"1g 4
IPl. By Remark 5.1 and Lemma 4.2, we obtain that

n(p® —1) — (deg(f) - A +p+---+p ")

fpt(R) - eh—{go pe
€ —_— . .« .. 6_1
_ o PO deg(f) - (LAp o4 ptT)
e—00 pe e—00 P
_ o deg(f)
p—1
_ (=1 +a)
p—1
= —a. [

We now give an example to show that an F-finite and F-pure standard
graded K-algebra such that fpt(R) = —a4(R) is not necessarily Gorenstein.
This is not a counterexample to Conjecture A(2), since the ring we consider
is not strongly F-regular.

EXAMPLE 5.3. Let S = K]z, y, 2] with K a perfect field of characteristic
p >0, and let n= (z, y, z) be its homogeneous maximal ideal.

I=(zy,zz,yz) = (z,y) N (z,z) N (y,2) CS.

Let R =S/I, with maximal ideal m =n/I. Note that R is a one-dimensional
Cohen—Macaulay F-pure ring. In addition, P(R) = (z,y, z)R; therefore,
sdim(R) =0 and, by Theorem 4.7, fpt(R) =0 as well. On the other hand,
from the short exact sequence

S S S
(z,y) ~ (z,2)N(y, 2) (z,y) + (z,2) N (y, 2)

0—R

=K —0
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we get a long exact sequence of local cohomology modules

0 — K — Hy(R) — Hy(S/(z,y)) @ Hy (S/(zy, 2)) — -

The maps in this sequence are homogeneous of degree zero. Thus, a1 (R) > 0,
because K injects into HL(R). On the other hand, since R is F-pure,
we have that a;(R) < 0; therefore, fpt(R) = a1(R) = 0. Although R is not
Gorenstein, since the canonical module wg = (z,y)/(zy, £z + yz) has two
generators.

Sannai and Watanabe [SW11, Theorem 4.2] showed that for an F-
pure standard graded Gorenstein algebra, R, with an isolated singularity,
sdim(R) =0 is equivalent to ag(R)=0. The previous theorem recovers
this result dropping the hypothesis of isolated singularity. This is because
sdim(R) =0 is equivalent to fpt(R)=0. In fact, for all F-pure rings,
Corollary 4.4 shows that ag(R) = 0 implies sdim(R) = 0.

We now aim at an interpretation of the F-pure threshold of a standard
graded Gorenstein K-algebra as the maximal length of a regular sequence
that preserves F-purity.

PROPOSITION 5.4. Let S = K|z, ..., z,] be a polynomial ring over an
F-finite infinite field K. Let n= (x1,...,x,) denote the maximal homoge-
neous ideal. Let I C S be a homogeneous ideal such that R=S/I is an F-
pure ring, and let m =nR. Let f € (IP): T)~nlPl, If deg(f) < (p—1)(n — 1),
then there exists a linear form £ € S such that:

(1) 71f bl

(2) the class of € in R does not belong to P(R).
(3) £ is a nonzero divisor in R.

(4) The ring S/(I + (£)) is F-pure.

Proof. Let us pick ¢, € K such that f= Z|a‘:deg(f) cox®™. Let
by=wmz1+ -+ YnTn €Sy, - - -, Yn)

be a generic linear form. We note that

@)= > g(y)a’,

|0|=p—1

where gg(y) = (p — 1)!/01!- - - 0,10 € Ky, ..., ynl
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Since f & /P! there exists 2 € Supp{f} such that 2% & nl?. Since 8] <
(p—1)(n — 1) and 2” ¢ nlPl, there exists 27 € nP~! such that z72% ¢ nlP) by
Pigeonhole principle. Let

h = Z Cagg(y)GK[yly-"ayn]‘
By=0+a

We note that h # 0 because cggg # 0. In addition, h is the coefficient of
2947 in (£,)P" f. We note that P(R) # m by Lemma 4.1, and thus P(R) N
m=£m. Since K is an infinite field, we can pick a point v € K™ such that
h(v) # 0 and the class of £,(v) does not belong to P(R). We set £ ={,(v).
By our construction of ¢, 257 € Supp{¢?~! f} and 277 ¢ nlPl, In addition,
¢ ¢ P(R). Since the pullback of P(R) to S contains every associated prime
of R, we have that £ is a nonzero divisor in R. To show the last claim we
note that, setting I’ := I + (£), we have that (*~1f € (I'P): I')~nl?) and F-
purity follows by Fedder’s criterion [Fed83, Theorem 1.12]. U

As a consequence of these results, and of Theorem 5.2, we give an
interpretation of the F-pure threshold, and the a-invariant, in terms of the
maximal length of a regular sequence that preserves F-purity. We start by
introducing the concept of F-pure regular sequence.

DEFINITION 5.5. Let R be an F-finite F'-pure ring. We say that a regular
sequence fi,..., fr is F-pure if R/(fi,..., fi) is an F-pure ring for all
1=1,...,7r

LEMMA 5.6. Let (R,m, K) be a standard graded K-algebra. If f is a
reqular element of degree d >0, then d + a;(R) < ai—1(R/(f)) for all i e N
such that H.(R) # 0.

Proof. Suppose that H:(R) # 0. Consider the homogeneous short exact
sequence

0 0.

R(—d) R R/(f)

For all j € Z, this gives rise to an exact sequence of K-vector spaces

> HEY(R/(); Hin(R);—a

HA(R) ——
Since d > 0, for j = a;(R) + d we have that H}(R); = 0. Then,

HIYR/(f))as(r)+a HL(R)o,(R) 0
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is a surjection. We note that HQ(R)M( r) # 0, which yields

Hyy (R (f))as(ry+a # 0,
and hence a;_1(R/(f)) = a;(R) + d. [

COROLLARY 5.7. Let (R, m, K) be a standard graded K -algebra which is
F-finite and F-pure. If f1, ..., fr is a homogeneous F-pure reqular sequence
of degrees d1, . .., d,, then Z;Zl dj < min{—a;(R) | i € N}.

Proof. We proceed by induction on 7 > 1. Assume that r = 1. If H. (R) =
0, we have that d; < —a;(R) = oo, therefore there is nothing to prove in this
case. If H: (R) # 0, by Lemma 5.6 we have that a;(R) + di < a;—1(R/(f1)).
Since R/(f1) is F-pure, it follows from Remark 2.5 that a;—1(R/(f)) <0,
and hence d; < —a;(R). Thus, di < —a;(R) for all i €N, that is, dj <
min{—a;(R) | i € N}. This concludes the proof of the base case. For r > 1, if
H! (R) =0 we have that >__; d; < —a;(R) = oo and, again, there is nothing
to prove in this case. Assume that H{(R) # 0. By induction, we get that
> j=o dj < —as(R/(f1)) for all s € N. In particular, we have that > %_, d; <
*az;l(R/(fl)). By Lemma 56, we have that —ai,l(R/(fl)) > *ai(R) - dl.
Combining the two inequalities, and rearranging the terms in the sum, we
obtain } %_; d; < —a;(R). Therefore, we obtain ) %, d; <min{—a;(R) |i €
N}. [

THEOREM 5.8. Let (R,m,K) be a Gorenstein standard graded K-
algebra which is F-finite and F-pure, and let d = dim(R). If f1, ..., fr is an
F-pure regular sequence, then r < fpt(R). Furthermore, if K is infinite, then
there exists an F-pure regular sequence consisting of fpt(R) linear forms.

Proof. By Theorem 5.2, we have that fpt(R) = —ag4(R). The first claim
follows from Corollary 5.7. For the second claim, let S = K|z1, ..., zy] be
a polynomial ring and let I C S be a homogeneous ideal such that R 2 S/I
as graded rings. We proceed by induction on fpt(R). The case fpt(R) =0
is trivial. We now assume fpt(R) > 0. From the proof of Theorem 5.2, we
have that (IP):g I) = fS + I”! for a homogeneous polynomial f e (I :g
I)~nl?! of degree deg(f) < (p—1)(n+ aq(R)). Since aq(R) = —fpt(R) <0
by assumption, there exists a linear nonzero divisor ¢; € R such that R/(¢1)
is F-pure by Proposition 5.4. Note that, from the homogeneous short exact
sequence

0 — HEY(R/(1)) — HEA(R)(~1) —= HA(R) — 0,
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it follows that aq_1(R/(¢1)) =aq(R)+ 1. Since R/(¢1) is Gorenstein,
we have that fpt(R/(¢1)) = —aq—1(R/(¢1)) = —ag(R) — 1 = fpt(R) — 1. The
claim follows by induction. 0

86. Results in characteristic zero

In this section we present results in characteristic zero that are analogous
to Theorem 4.3. These results are motivated by the relation between the
log-canonical and the F-pure threshold.

We first fix the notation. Let K be a field of characteristic zero,
and let (R, m, K) be a Q-Gorenstein normal standard graded K-algebra.
Consider the closed subscheme V(m) =Y C X = Spec(R), and let a be the
corresponding ideal sheaf. We now use Hironaka’s resolution of singularities
[Hir64]. Suppose that f : X—>Xisa log-resolution of the pair (X, Y'), that
is, f is a proper birational morphism with X nonsingular such that the
ideal sheaf aO ¢ = O5(—F) is invertible, and Supp(F') U Exc(f) is a simple
normal crossing divisor. Let Kx and K § denote canonical divisors of X and

X , respectively.

Let A > 0 be a real number. Then there are finitely many irreducible (not
necessarily exceptional) divisors E; on X and real numbers a; so that there
exists an R-linear equivalence of R-divisors

Kg~["Kx+ )Y aE;+\F.
i
DEFINITION 6.1. Continuing with the previous notation, we say that
the pair (X, AY) is log-canonical, or lc for short, if a; > —1 for all i. Define
let(X) = sup{\ € Ry | the pair (X, \Y) is Ic}.

We say that (X, AY) is Kawamata log-terminal, or kit for short, if a; > —1
for all 1.

REMARK 6.2. If X is log-terminal, we have that
let(X) = sup{\ € Ryq | the pair (X, \Y) is klt}.

DEFINITION 6.3. Let K be a field of positive characteristic p, and let
(R, m, K) be a standard graded K-algebra which is F-finite and F-pure. Let
I C R be a homogeneous ideal. For a real number \ > 0, we say that (R, I*)
is strongly F-regular if for every ¢ € R not in any minimal prime, there
exists e > 0 and an element f € I"P"* such that the inclusion of R-modules
(cf)YP° R C RVP" splits.
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REMARK 6.4. Let (R, m, K) be a standard graded K-algebra which is
F-finite and strongly F-regular. Then, by [TW04, Proposition 2.2(5)], we
have

fpt(R) = sup{\ € Rxq | the pair (R, m*) is strongly F-regular}.

DEFINITION 6.5. Let R be a reduced algebra essentially of finite type
over a field K of characteristic zero, a C R an ideal, and A > 0 a real number.
The pair (R, ") is said to be of dense F-pure type (respectively strongly
F-regular type) if there exist a finitely generated Z-subalgebra A of K and
a reduced subalgebra R4 of R essentially of finite type over A which satisfy
the following conditions:

(i) Ry is flat over A, R4 ®4 K= R, and agR=a, where agy=anN Ry C
Ry.

(ii) The pair (Rs, a)) is F-pure (respectively strongly F-regular) for every
closed point s in a dense subset of Spec(A). Here, if x(s) denotes the
residue field of s, we define Ry = R4 ®4 k(s) and a; = agRs C Rs.

REMARK 6.6. Let S = KJz1,...,x,] be a polynomial ring over a field
K, and I C S be a homogeneous ideal. Let R = S/I, and consider a minimal
graded free resolution of R over S

If we write G,—q = D, S(—j)Bn-aiF) where the positive integers 8,4 ;(R)
are the (n — d)th graded Betti numbers of R over S, we have that max{j |
Bn-dj(R) #0} =—n —aq(R) [BHI3, Section 3.6]. Therefore, when R is
Cohen—-Macaulay, a4(R) can be read from the graded Betti numbers of R
over S.

LEMMA 6.7. Let (R,m, K) be a Cohen-Macaulay standard graded K-
algebra of dimension d, with K a field of characteristic zero, and let A be a
finitely generated Z-subalgebra of K. Assume that Ry is a graded A-algebra
such that Ry ® 4 K = R as graded rings. For a closed point s € Max Spec(A),
let Rs =Ry ®a4 k(s), where k(s) is the residue field of s € Spec(R). Then,
there exists a dense open subset U C Max Spec(A) such that ag(R) = aq(Rs)
forallseU.

Proof.  Since Ry is a finitely generated graded A-algebra, we write
Ry=B/J, for some homogeneous ideal JC B:=Afzy,...,zy,]. Let
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T=B®s K=K|xi,...,z,], and for s€ Max Spec(R), let Bs=B®yx
k(s) = k(s)[z1, . .., zp]. By [HH99, Theorem 2.3.5 & Theorem 2.3.15], there
exists a dense open subset U C Max Spec(R) such that, for all s € U, R; is
Cohen-Macaulay of dimension d = dim(R). Furthermore, the graded Betti
numbers of R over T are the same as the graded Betti numbers of R over
B, [HH99, Theorem 2.3.5(e)]. In particular, it follows from Remark 6.6 that
aq(R) = aq(Rs) for all s € U. [

THEOREM 6.8. Let K be a field of characteristic zero, and let (R, m, K)
be a standard graded normal and Q-Gorenstein K-algebra such that X =
Spec R is log-terminal. Let d = dim(R). Then,

(1) let(X) < —ayq(R).
(2) If R is Gorenstein, then lct(X) = —aq(R).

Proof. We can write R=K|[x1,...,2,|/(f1,..., fe) for some integer
n and some homogeneous polynomials fi, ..., fr € S:= K[z, ..., x,]. Let
A be the finitely generated Z-algebra generated by all the coefficients
of f1,..., f¢. Define T := A[zq,...,z,] and notice that, if we set Rp:=
T/(f1,--., fe), we have that Ry ® 4 K = R. Since X is log-terminal, R is a
Cohen—Macaulay ring. For a closed point s € Spec(A), set R := Ry ®4 K(s),
and mg:= (x1,...,2y)Rs. For meN, let A\, =lct(X) — 1/m. Then, the
pair (X, A\,Y) is kit by Remark 6.2. Thus, (X, A\,Y) is of dense strongly
F-regular type [HY03, Theorem 6.8] [Tak04, Corollary 3.5]. It follows
that (Rs, m)™) is strongly F-regular for each closed point s €V, where
V' C Max Spec(A) is a dense set. By Remark 6.4, we have that A\, < fpt(Rs)
for all m, and hence

Am < Ipt(Rs) < —aq(Rs)

by Theorem 4.3. By Lemma 6.7, there exists a dense open subset U C
Max Spec(A) such that agq(Rs) =aq(R) for all s€U. Thus, for s in
nonempty intersection U NV, we have
1
let(X) — - < —agq(Rs) = —aq(R).

After taking the limit as m — oo, we obtain that lct(X) < —aq(R).

For the second result, we note that if R is a Gorenstein ring, then R; is
a Gorenstein ring for s in a dense open subset W C Max Spec(A) [HH99,
Theorem 2.3.15]. Let U be as above. Then, fpt(Rs) = —aq(Rs) = —aq(R)
for se WNU, where WNU is a dense open subset of Max Spec(A).
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Let 0y, := —aq(R) — 1/m. Because of the equality obtained above, we
have that (R,mdm) is F-pure for s€ W. Thus, &, <lct(X) for every
m € N [TWO04, Proposition 3.2(1)], and hence —ay(R) < lct(X). The desired
equality now follows from the first part. [

A key point in the proof of Theorem 6.8 is that, if X is log-terminal, then
let(X) = sup{\ € Ryq | the pair (X, \Y) is klt},

and a pair is klt if and only if the pair is of dense strongly F-regular type.
In a private communication with Linquan Ma and Karl Schwede, we were
informed that Theorem 6.8 holds, more generally, when X is a Q-Gorenstein
log-canonical normal scheme. The proof involves methods in characteristic
zero. Our proof of Theorem 6.8, instead, relies on reduction to positive
characteristic techniques. If we try to replace log-terminal by log-canonical
in our proof, we face a very important and longstanding open problem in
birational geometry, that is, whether a pair is log-canonical if and only
if it is of dense F-pure type (see [Tak04, HW02, MS11]). To the best of
our knowledge, the characteristic zero analogue of Theorem 4.3 is open for
non Q-Gorenstein rings. We note that in this case one can still define log-
canonical singularities by the work of De Fernex and Hacon [dFHO09]. Then,
we ask the following question.

QUESTION 6.9. Let (R,m, K) be a standard graded normal algebra
over a field, K, of characteristic zero. Let d = dim(R) and let X = Spec R.
Suppose that X is log-canonical. Is lct(X) < —a;(R) for every i € N?

Ma also informed us that the analogue of Theorem 5.2 in characteristic
zero is also true. This can be proved using geometric methods in charac-
teristic zero, such as Bertini theorems, and his recent work on Du Bois
singularities [Malb].

87. Homological invariants of F'-pure rings

Let K be a field and let S = K[z, .. ., x,] be a polynomial ring. Let I C S
be a homogeneous ideal, and let R =.S/I. Suppose that I = (fi,..., f;) is
generated by forms of degree d; = deg(f;). Let Go be the minimal graded
free resolution of R. Each G; can be written as a direct sum of copies of S

with shifts:
6= @ s/
JEZL
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where S(—j) denotes a rank one free module where the generator has degree
j. The exponents f; ;(R) are called the graded Betti numbers of R. We define
the projective dimension of R by

pdg(R) = max{i | §; j(R) # 0 for some j}.
The Castelnuovo-Mumford regularity of R = S/I is defined by
regg(R) =max{j —i| B3 ;(R) # 0 for some i}.
Equivalently, if d = dim(R), it can be defined as
regg(R) = max{a;(R)+i|i=0,...,d}.

Suppose that R is an F-pure ring. In this section, we provide bounds for
the projective dimension and Castelnuovo-Mumford regularity of R over
S. This relates to an important question in commutative algebra asked by
Stillman:

QUESTION 7.1. [PS09, Problem 3.14] Let S = K|x1, ..., zy] be a poly-
nomial ring over a field K and fix a sequence of natural numbers di, . . ., d;.
Does there exist a constant C' = C(dy, . . ., d;) (independent of n) such that

pdg(5/J) <C

for all homogeneous ideals J C S generated by homogeneous polynomials of
degrees dy, ..., d;?

Recall that by (p©) = max{r |m” € I.(R)}. Proposition 5.4 gives a relation
between by (p) and depthg(R), hence between by(p) and pdg(R) by the
Auslander—Buchsbaum’s formula. For F-pure rings, the projective dimen-
sion and the Castelnuovo—-Mumford regularity have explicit upper bounds.
The bound for the projective dimension easily follows from a special case of
a result of Lyubeznik.

THEOREM 7.2. [Lyu06, Corollary 3.2] Let S be regular local ring of
positive characteristic p, and let 1 CS be an ideal. Let R=S/I, with
maximal ideal m. Then, for i € N, we have H?_i(S) =0 if and only if
Fe¢: H.(R) — H.(R) is the zero map for some e € N.

We now exhibit some upper bounds for homological invariants of standard
graded F-pure K-algebras. We note that the argument for projective dimen-
sion has already been used, essentially, in [SWO07, Theorem 4.1]. Moreover,
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the fact that pdg(S/I)=cd(I,S) if S/I is F-pure was first pointed out
in [DHS13]. However, the bound for the Castelnuovo-Mumford regularity
follows from our results in this article, in particular, from Theorem B.

THEOREM 7.3. Let S=K|x1,...,xy] be a polynomial ring over a field
of positive characteristic p. Let 1 CS be a homogeneous ideal such that
R=S/I is F-pure. Then,

pdg(R) < ps(1),

where pg(I) denotes the minimal number of generators of I in S. If K is
F-finite, then
regg(R) < dim(R) — fpt(R).

Proof. Since R is an F-pure ring, so is the localization (R, m’):=
(R, Myp). In fact if R C RYP is pure, then so is Ry C (RYP)q = (Rm)'/?.
Hence the Frobenius homomorphism acts injectively on the local cohomol-
ogy modules of R’. In particular, for any integer i and for any e € N, we
have that F°: H.,(R') — H.,(R’) is the zero map if and only if Hé}, (R')=0.
Let n= (21, ..., xy). Since I is homogeneous, we have that H;™*(S) =0 if
and only if Hﬁ_i(Sn) = 0. By Theorem 7.2, it follows that HZ,(R') =0 for

all n —i>cd(I,5), and Hl:de(I’S) (R') # 0. Therefore, by the Auslander—
Buchsbaum’s formula, we get pdg(R) =n — depthg (R') = cd(I, S). Since
cd(I, S) < ps(I), the first claim follows. For the second claim, let d=

dim(R). Then we have that

regg(R) = max{a;(R)+i|i=0,...,d}
< max{i — fpt(R) |i=0,...,d}

where the second line follows from Theorem 4.3. N

REMARK 7.4. In the notation introduced above, Caviglia proved that
finding an upper bound C'=C(dy,...,d;) for pdg(R) is equivalent to
finding an upper bound B = B(dy, . . . , d;) for regg(R) (see [Peell, Theorem
29.5] and [MS13, Theorem 2.4]). The bound for regg(R) that we give in
Theorem 7.3, a priori, does not give an answer to Stillman’s question.
However, the inequality pdg(R) < pus(I) for the projective dimension shows
that Stillman’s question has positive answer for F-pure rings. In particular,
there also exists B = B(dq, .. ., d;) such that regg(R) < B.
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Motivated by the results in the previous theorem, we ask the following
question.

QUESTION 7.5. Let S = K[z, ..., z,] be a polynomial ring over a field,
K, of characteristic zero, and let I be a homogeneous ideal. Suppose that
R =S/I is a normal, and that X = Spec R is log-canonical. Is it true that

pdg(R) < us(I) and regg(R) < dim(R) — let(X)?!

We end this section by exhibiting an Sy condition that forces an F-pure
ring to be Cohen—-Macaulay.

PROPOSITION 7.6. Let S = K|x1,...,x,] be a polynomial ring over a
field of positive characteristic p. Let I be a homogeneous ideal generated by
forms f1,..., fo. Let D =deg(f1)+ - - -+ deg(fs). Suppose that R = S/I is
F-pure. If Rg is Cohen-Macaulay for every prime ideal such dim(Rg) < D,
then R is Cohen—Macaulay.

Proof. Our proof will be by contradiction. Suppose that R is not Cohen—
Macaulay. Then, depth(R) < dim(R). Let ¢ =cd(I, S) and r = depth;(95).
We have that

r=mn—dim(R) <n — depth(R) =pdg(R) =c¢

by Theorem 7.3. Let @ € Assg Hf(S). Note that Hf(Sg) # 0 by our choice
of @, and then c¢=cd(ISg, Sq). In addition, H}(Sq) # 0 because I C Q.
Thus, r = depth;(Sg). It follows that

r=dim(Sg) — dim(Rg) < dim(Sg) — depth(R) = pdg, (Rg) = ¢

by Theorem 7.3. Thus, dim(Rq) # depth(Rg), and so Rg is not Cohen—
Macaulay.

We have that dim S/Q >n — D [Zhall, Theorem 1], therefore dim Sg <
D, because regular rings satisfy the dimension formula. In particular,
dim(Rg) < D. Since we are assuming that R is Sp, we have that Rg must
be Cohen—Macaulay, and we reach a contradiction. 0

Very recently, Ma, Schwede, and Shimomoto answered the question about projective
dimension for Du Bois singularities [MSS16, Corollary 4.3].
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