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Abstract

Let D, be Dirichlet spaces with superharmonic weights induced by positive Borel measures ¢ on the
open unit disk. Denote by M(D,,) Mobius invariant function spaces generated by D, In this paper, we
investigate the relation among D,,, M(D,,) and some M&bius invariant function spaces, such as the space
BMOA of analytic functions on the open unit disk with boundary values of bounded mean oscillation
and the Dirichlet space. Applying the relation between BMOA and M(D,,), under the assumption that the
weight function K is concave, we characterize the function K such that Qg = BMOA. We also describe
inner functions in M(D,,) spaces.
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1. Introduction

One of the classical topics in complex analysis is the study of Mobius invariant
function spaces in the open unit disk D of the complex plane C. Mobius invariant
function spaces are closely associated with the Mobius group denoted by Aut(D). The
Mobius group consists of all one-to-one analytic functions that map D onto itself. It is
well known that each ¢ € Aut(D) has the form

-z
1-az’
where 6 is real and a, z € D. Let X be a linear space of analytic functions on D which

is complete in a norm or seminorm ||.||y. The space X is called M&bius invariant if for
each function f in X and each element ¢ in Aut(D), the composition function f o ¢ also

$(2) = r(2), Tu2) =
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belongs to X and satisfies ||f o @||x = ||f|lx. We refer to Arazy et al. [4] for a general
exposition on Mobius invariant function spaces.

Denote by H(D) the space of analytic functions in D. Let (Y, ||.|ly) be a Banach
space of analytic functions in D containing all constant functions. Following Aleman
and Simbotin [3], we denote by M(Y) the Mobius invariant function space generated
by Y. Namely, M(Y) is the class of functions f € H(D) with

A llazcry = sup [If o ¢ = f(@O)lly < co.
peAut(D)
This construction gives rise to all Mdbius invariant Banach spaces on D (cf. [34,
page 1001]).

The study of analytic Hilbert function spaces is also classical. Richter [26]
introduced Dirichlet spaces with harmonic weights. Aleman’s work [2] initiated the
study of Dirichlet spaces with superharmonic weights. These Dirichlet-type spaces
are Hilbert spaces. In this paper, we consider a class of Dirichlet spaces O, with
superharmonic weights induced by positive Borel measures 4 on D. More precisely,
we will study the space D,, consisting of functions f € H(D) with

fD | (DPUL) dAG) < +oo,

where dA denotes the area measure on D and

1 -wz
U0 = [ tog |5 dutw
D =w
is a superharmonic function on D. The D, spaces are always subsets of the Hardy
space H? (cf. [2, 17]). Let du,(z) = —A(1 — |21%)? dA(z), where z €D, p € (0, 1) and

A is the Laplace operator. From [1], the space D, is equal to the well-studied radial
Dirichlet-type spaces D, consisting of functions f € H(D) with

flf'(Z)lz(l —12*)? dA(z) < co.
D
By [10, Corollary 5.6], there exists a positive Borel measure y such that D, is not

equal to any generalized radial Dirichlet-type space. It is well known (cf. [5, page 98])
that U, # +oo if and only if

fD(l = 2]) du(z) < +oo. (1.1)

Thus, throughout this paper, we always assume that u satisfies the condition (1.1). By
(1.1), we get that u(FE) < oo for every compact subset £ of D. From [10, Lemma 5.1],
every D, space can also be defined as the class of functions f € H(D) for which

11, = [ 1F@FV,@dA@ < +o0,

https://doi.org/10.1017/51446788718000022 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000022

[3] Mobius invariant function spaces and Dirichlet spaces with superharmonic weights 3

where

Vi) = f (1 = o)) du(w).
D
A norm on D, can be defined by
A7, = 1FO)F +1If1z,-

In this paper we investigate M(D,,), the Mobius invariant function space generated
by the Hilbert function space D,,. Namely, M(D,,) consists of functions f € H(D) with

IIfIIM(@)— SuP flf (B@)PIP' ) Va(2) dAG2)

= sup f | WIFV(Aa o (w)) dA(w) < oo,
a€D,AET JD

where T := 0D is the unit circle. A norm on M(D,) can be defined by |||f|||M(D)

= [£O) + | f|IM(D) We will see that M(D,) spaces are associated with several

Mobius invariant function spaces such as some special cases of Qg spaces. For an
increasing and right-continuous function K : (0, o) — [0, ), let Q¢ be the space of
all functions f € H(D) for which

sup f 1@ K(log
D

sup )dA(z) <.

1
|0-a(Z)|
From [18], Qk can also be defined as the set of functions f € H(D) with

171, = sup fD I QPK(1 = 0u(2)P) dAG) < co.

The Qk spaces are Mobius invariant under the above seminorm. By [18], the theory
of Qk depends only on the behavior of the weight function K near zero. We refer
to [18, 19, 28] for more results about Qk spaces. If Ky(t) = tlog(e/t), 0 < t < 1, then
Qg, is the analytic version of Q;(T) space (see [29, 32]). If K(¢) =, 0 < p < oo,
then Qk coincides with Q, (see [7, 30, 31]). Clearly, Q; = BMOA, the set of analytic
functions on D with boundary values of bounded mean oscillation (see [9, 22]). The
space Q is equal to the Dirichlet space D. By [6], we see that forall 1 < p < o0, Q, is
equal to the Bloch space B consisting of functions f € H(ID) such that

Iz = Su]g(l —1ZP)f @) < co.

Rubel and Timoney [27] proved that in some sense the maximal M&bius invariant
function space is the Bloch space.

A question mentioned by Wulan in several conferences or workshops is to
characterize the weight function K such that Q¢ = BMOA. See also this question in
the recent monograph [28]. The paper is organized as follows. In Section 2, we show
that BMOA = M(D,) if and only if 4 is finite. As an application, we answer partially
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the above question. In Section 3, we reveal how different measures u induce the same
space O,,. We also study the relation among D,,, M(D,,) and the Dirichlet space using
Carleson measures. In the last section, we investigate inner functions in M(D,,) with
infinite measure . We prove that any inner function in M(D,) must be a Blaschke
product. A criterion for Carleson—-Newman Blaschke products belonging to M(D,,) is
also given.

Throughout this paper, we will write a < b if there exists a constant C such that
a < Cb. Also, the symbol a = b means thata < b < a.

2. The equality between BMOA and Qg via M(D,) spaces

In this section, we show that BMOA = M(D),) if and only if u is finite. Applying
this result, under the assumption that the weight function K is concave, we characterize
the function K such that Qk is equal to BMOA.

As usual, denote by H*™ the space of bounded analytic functions on D. The space
H® is Mobius invariant under the following norm:

Al = sup|f(2)I.
zeD

From Aleman [2, Proposition 3.1, page 83], H* C D, if and only if u is finite. Based
on this interesting result, we get the following theorem.

THEOREM 2.1. Let u be a positive Borel measure on D. Then the following conditions
are equivalent.

(1) BMOACD,.
(2) BMOA = M(D,).
(3) wis finite.

Proor. (3) = (1). Let f € BMOA. Applying the Fubini theorem,

A1, < 1O Bapron-

which implies the desired result.

(1) = (3). Note that H* € BMOA. Together with condition (1), this yields H* C
D,,. Thus, u is finite.

(1) = (2). Since D,, is always a subset of H? and BMOA = M(H?) (see [9]), we
have M(D,)) € BMOA. Combining this with condition (1), we obtain that BMOA =
M(D,).

(2) = (1) is true because of M(D,) C D,,. The proof is complete. O

If the weight function K is concave on (0, 1), then Q¢ € BMOA (cf. [28]). Applying
Theorem 2.1, we answer partially the question mentioned in Section 1 as follows.

Tureorem 2.2. Let K € C%(0, 1) be increasing and concave on (0, 1) and lim,_,o K(f) = 0.
Then the following conditions are equivalent.
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(1) Qk =BMOA.
@

1
f [K'(t)— (1 — K" ()] dt < .
0

Proor. Note that K is an increasing and concave function on (0, 1) with lim,_y K(¢)
= 0. By [1, page 99], we know that

K( =)= - [ AGK( - wh)log —— dAGw). z€D.
21 Jp o (2)]

where A is the Laplace operator. Set dv(w) = —A(K(1 — |w])) dA(w). Then Qg =
M(D,). Hence, Qx = BMOA if and only if BMOA = M(D,). This, together with
Theorem 2.1, yields that Qx = BMOA if and only if v is finite. Now we compute
v(D). Recall that the Laplace operator in polar coordinates is

A= 6_2 + lé + la_z

oz ror  r2oe*

We have

21 1
- f AK(1 — w))) dA(w) = —f f AK(1 — r))rdrdé
D 0o Jo
1
= —27rf [rK"(1 -r)=K'(1 —r)]dr
0

1
= 27rf [K'(t) — (1 — )K" ()] dt.
0

Thus, Qx = BMOA if and only if

1
f [K' (1) = (1 — )K" (¢)] dt < c0. O
0

Letting K(¢) = sint, we obtain a weight function different from the identity which
satisfies the hypotheses and the condition (2) of Theorem 2.2. From the proof of
Theorem 2.2, we see that if K € C?(0,1) is an increasing and concave function on
(0, 1) with lim,_,o K(¢) = 0, then the space Q is a special case of M(D,,). Thus, M(D,,)
spaces also generalize Q,, spaces for 0 < p < 1 and the analytic version of Q;(T) space.
In the next section, we will show that all nontrivial M(D),) spaces are between D and
BMOA. Comparing with Q¢ and Q, spaces, M(D,) spaces connect D and BMOA
more smoothly. We refer to [11] for a recent investigation of @, spaces and a class of
Dirichlet-type spaces D, , induced by finite positive Borel measures u on D.

3. The Dirichlet space and D, and M(D,,) spaces

In this section, we give the precise link between the measures y and v such that
D, = D,. We also investigate the relation among D, M(D,,) and the Dirichlet space
via Carleson measures.

The following test functions in O, were given in [10].
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LemmMa A. Let u be a positive Borel measure on D. For every w € D, let
Tw(z) aw(0)

fw(@ = - , eD
MENZO IO

Then
sup [l full, < +oo.

weD
We reveal how different measures u induce the same space D,, as follows.
Tueorem 3.1. Let p1 and v be positive Borel measures on D. Then D, = D, if and only
if there exist positive constants C| and C, such that
C1V,u(2) £ V,(2) £ CLVu(2) (3.1)
forall zeD.

Proor. Clearly, if the condition (3.1) holds, then D,, = D,.. On the other hand, suppose
that O, = O,. By the closed graph theorem,

Ao, < [f1llo,
for all f € O,,. For w € D, define the function f,, as in Lemma A. Combining the above
facts and the Fubini theorem,

2
oo > sup [l I3,

weD

~ sup f F.@PV) dAG)

weD

- (1 — [w?)? (1= 1zP)(1 = |aP)
~ WGD S Vuw) f f = a2l —wa]* dA(z2) dv(a).

Let Aw,1/2) ={z € D: |o,(z)| < 1/2} be a pseudo-hyperbolic disk centered at w. It is
well known that

I1-wl=|l-zwl~1-
for all z € A(w,1/2) and the area of A(w,1/2) is comparable with (1 — |w])>.
Furthermore, by [33, Lemma 4.30],
[1 —az| = |1 —aw|
for all z € A(w, 1/2) and a € D. Consequently,
00> 8Up ———— Gl Ul f f (=P~ JaP) dA(z) dv(a)
D

weD V(W) 1 — @zl —wzl*

_ 252 _ A2
> sup LM ff d l_Z' e flf dA(z) dv(a)
Aw,1/2) wz

web V(W) 11— azl?|l -
i f f (1= wP)(1 —JaP)
= dA(Z)d
o V0 o Juu TRy O
su Y (w)
~ we]g \% (W)
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Similarly,

Vi(w)
sup < 00
weD VV(W)
The proof is complete. O
By Theorem 2.1, if u is finite, then O, # D. In fact, this is also true for infinite
measures jL.

ProposiTioN 3.2. Let u be a positive Borel measure on D. Then D, # D.

Proor. For w € D, let f,, be the function appearing in Lemma A. Then

2
V. (w) ‘

Ifllp = fD o, (2 dA(z) =

1
Viu(w)
Since lim,_,; V,,(r{) = 0 for almost every ¢ € T (cf. [21, page 94]), we know that

sup || fwllp = oo.
weD

Combining this with Lemma A, we get that D, # D. O

An important tool to study function spaces is Carleson measures. Given an arc / on
the unit circle T, the Carleson sector S (/) is given by

Sh={rceD:1-|ll<r<1,lel

where |/] is the normalized length of the arc /. A positive Borel measure v on D is said
to be a Carleson measure if
V(S ()

cr

< 00,

It is said to be a vanishing Carleson measure if

tim 20D _ g
-0 ||

It is well known (cf. [15, 21]) that v is a Carleson measure if and only if
supf |0, ()] dv(z) < oo.
weD JD
The measure v is a vanishing Carleson measure if and only if
lim f lo,(2)| dv(z) = 0.
wi=1 Jp

Let X € H(D) be a Banach function space. We say that X is trivial if X contains
only constant functions. The following theorem establishes a link among O, D, and
M(D,,) spaces via Carleson measures.

TueorEM 3.3. Let u be a positive Borel measure on D. Then the following conditions
are equivalent.
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(1) D MDy.
2 D&D,.
3) M(D,) is not trivial.
@) (1 -2%) du(z) is a Carleson measure on D.
Proor. (1) = (2). By condition (1), M(D,,) € D, and Proposition 3.2, we get D & D,,.
(2) = (3). Suppose that D € D,,. Since D is a Mobius invariant function space,
D=MD)<cMD,).

It follows that M(D,,) is not trivial.
(3) = (4). Since M(D,,) is not trivial, the identity function z € M(D,,) (see [4]).

Hence, -
(1 —Iwl)
—V,(2 dA(Z) < 00,
wed Jp |1 —wzl* g
Using arguments similar to those in the proof of Theorem 3.1, we deduce that for all
weD,
1= W2 2
1> %V#(z) dA(z)
p |1 -wz
w 2\2 1 a 2 1 -z 2
Zf Il)f( |I)( ll)d()dA(z)
Alw,1/2) |l —wzl*

1
~ | (1 -laf) dua) = dA(z)
.[D Aee1/2) 11— wal (1 — [w]?)

(A =laP)(A = wP)
~fD —wap M

Thus, (1 — |z|*) du(z) is a Carleson measure on D.
(4) = (1). Suppose that (1 — |z]?) du(z) is a Carleson measure on D. Then

oY1 112
sup Vﬂ(w)=supf (1 = w51 =z )d,u(z)<00.
D

weD weD | 1- Z"V|2

Therefore,
fD '@ Vu(2) dAR) < L If' @I dA(2)

for every f € O, which implies that D C D,,. Again, since D is a Mobius invariant
function space,
D=MD)<MD,).

The proof is complete. O

Let p be a positive Borel measure on D. By Theorem 3.3 and the proof of
Theorem 2.1, if M(D,,) is not trivial, then

D C M(D,) C BMOA.

Furthermore, M(D,,) = BMOA if and only if y is finite. For the strict inclusion relation
between O and M(D,,), we get the following result.
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TueorEM 3.4. Let u be a positive Borel measure on D. If (1 — |z*) du(z) is a vanishing
Carleson measure on D, then

DG MD,).

Proor. If (1 — |z/*) du(z) is a vanishing Carleson measure on D, from Theorem 3.3, one
gets that O C M(D,,). Now we adapt an argument from [18, page 1243]. Suppose that
D = M(D,). Denote by D and M°(D,,) the spaces of functions g with g(0) = 0 in D
and M(D,), respectively. Then D0 = MO(Z)ﬂ). From the closed graph theorem, there
exists a positive constant C such that

fD If'@F dA@) < C sup L L )P V(Ao a(w)) dA(w) (3.2)

a€eD,AeT

for all f € MO(Z),,). Note that (1 — |z]*) du(z) is a vanishing Carleson measure on D.
Namely,
|lilm1 V.(w) =0.

Then there exists a constant s € (0, 1) such that

1
V#(W) < %

for all w € D with s < |[w| < 1. Combining this with (3.2),

fmlf'(z)l2 dA(z)<C sup ﬁ( ! |f/(W)|2Vﬂ(/10',l(W)) dA(w)

a€D,AeT

+C sup fD » )lf'(w)Fvﬂucra(w))dA(w)

a€D,AeT

<C sup f |f' WP V(Ao a(w)) dA(w)
a€D,A€T J A(a,s)

1
v f FO0P dAW),
D

where
Ala,s) ={weD:|o,(w) < s}

Consequently,

fD If"(2)I dA(z) < 2C sup fA ( )lf’(w>|2vﬂ<ﬂaa(w))dA(w)

a€D,AeT

forall f € MO(Z)H). Since (1 — |z1?) du(z) is also a Carleson measure, V), is a bounded
function. Hence,

f If @) dA(z) < sup f Lf W)l dA(w).
D A(a,s)

aeh
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From [8, Theorem 1], for any s € (0, 1),
Supf L' w)* dA(w) = |Ifll
a€D J A(a,s)

Thus,

fD F QR dA) < 115

for all f € MO(Z),,). Let h € 8 with h(0) =0. For 0 < r < 1, set h,(z) = h(rz), z € D.
Clearly, ||,llg < llhllg. Since h, € M°(D,),

f Ir (r2) dA(2) < Il < Al
D

Combining this with the Fatou lemma, one gets that 7 € D. Thus, D = B, which
contradicts the fact that D & 8. Thus, D & M(D,,). O
Note that M(D,) spaces are always subsets of BMOA. Checking the proof of the

above theorem, we can get the following result. Let u and v be positive Borel measures

onD. If
Vu(W) -0

im =
w|—1 VV(W)
then M(D,) & M(D,). We leave the details to the interested reader.

4. Inner functions in M(D,) spaces

A bounded analytic function / on D is called an inner function if [/({)| = 1 for almost
every { € T. A sequence {a};2, € D is said to be a Blaschke sequence if

2 (1= laxl) < oo.
k=1

The above condition implies the convergence of the corresponding Blaschke product
B, defined as

(o)

lax| ax -z
B(z) = — —.
@ l];[ ar 1 —az
It is well known (cf. [15]) that any inner function / can be represented as a product of
a constant y € T, a Blaschke product and a singular inner function

5,0 =exp fT if—gdv@)),

where v is a positive singular Borel measure on T.

We will need some definitions concerning an important class of sequences and
Blaschke products. A sequence {a;};7, € D is called an interpolating sequence if there
exists a positive constant ¢ such that

irlzf l_[ olaj,ar) = 6.

JEk
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Here o(a;, ax) = |o4;(ax)| denotes the pseudo-hyperbolic metric in D. The Blaschke
product corresponding to an interpolating sequence is called an interpolating Blaschke
product. A Blaschke product is called a Carleson—Newman Blaschke product if it can
be expressed as a product of finitely many interpolating Blaschke products. It is well
known (cf. [24]) that a Blaschke product corresponding to a sequence {ai},”, is a
Carleson-Newman Blaschke product if and only if };>,(1 - |ak|2)6ak is a Carleson
measure. Here J,, is the unit point mass measure at a; € D. The relation between
interpolating sequences and Carleson measures originally comes from Carleson’s
famous works [13, 14] studying the interpolation problem and the corona theorem
for H*. We refer the reader to [12, 16, 23-25] for more information about Carleson—
Newman Blaschke products.

In this section, we will consider the problem of characterizing when a given inner
function is contained in a given Mobius invariant function space M(D,,). It follows
from Theorem 2.1 that, if u is a finite positive Borel measure on D, then the set of all
inner functions is contained in M(D,). From now on we will focus our study on the
spaces M(D,,) corresponding to infinite measures u on D. Let u be an infinite positive
Borel measure on D. In Theorem 4.4, we will show that, in that case, M(D,,) does not
contain singular inner functions and we will characterize the set of Carleson—-Newman
Blaschke products contained in M(D,,). Let CNM denote the set of Mobius invariant
function spaces X satisfying the following property:

if B is a Blaschke product belonging to X,
then B is a Carleson—Newman Blaschke product.
Some examples of spaces contained in CNM are (cf. [19, 20, 32]) the well-known
Q) spaces for 0 < p < 1, some Qk spaces and the analytic version of Q;(T) space. In

Corollary 4.5, we give a complete characterization of the inner functions in the spaces
M(D,) e CNM.

Lemma 4.1. Let u be an infinite positive Borel measure on D and let I be an inner
Sunction. Then I € M(D,,) if and only if

sup fD (1 =11 0 pw)) du(w) < co.

peAut(D)

Proor. It is well known that (cf. [5, pages 105-106]) for f € H> and w € D,

2 1-wz| ,, 1 1 - w]?
= f log|——|If @ dAG) = 5 f QP ——=5ldzl = Ifn)E. (D)
n Jo zZ=w 2 Jr | —wl
By the above formula and the Fubini theorem, we see that I € M(D,) if and only if
sup f (1 = 11 0 pw)) du(w) < co. o
geAut(D) JD

Lemma 4.2. Let u be an infinite positive Borel measure on D. Let I = H;le I;, where
all I; are inner functions. Then I € M(D,) if and only if I; € M(D,,) for j=1,2,...,n.
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Proor. Since |I(z)| < 1 for z € D, the conclusion follows from Lemma 4.1 and the
inequalities

= I@P < 1-U@P < Y (1= k@P), zeD, j=12,...n 0
k=1

Lemma 4.3. Let u be an infinite positive Borel measure on D. Let v be a positive
singular Borel measure on T. Then S, ¢ M(D,,).

Proor. We will consider three cases.
(i) Suppose that v = td1, t > 0. Then §,(z) = exp(—#(1 + z)/(1 — z)) and |S,(2)| =
exp(—t(1 — |z1*)/(11 = z*)), z € D. Fix ¢ > 0. We denote by D, the horodisk

1 —|z]?
DL.={ze]D: >c},
11—z

which is a disk tangent to the unit circle at 1 (see, for example, [21, page 73]). Note
that |S,| < e on D.. For every a € D, let u, = u o 07,. Then, by formula (4.1) and the
Fubini theorem, it is easy to see that for every a € D,

IS, 0 oallf, = fD (S 0 0) (P Up(2) dAR) = fD (1 = 1S (Ta()P) du(z)
2 [ -1 du
oa(De)

zf (1= 1S, @)P) dua(2)
D,
2 (1 = e Yu(ao(D,)). (4.2)

For every r e (-1, 1), let ¢,(z) = —0,(2), z € D. Note that, if s is the point where
0D, intersects the interval (—1, 1), then ¢, maps D, to the disk having diameter the
interval (—(r — 5)/(1 — rs), 1); in particular, ¢,(D.) /" D as r — 1. Therefore, from the
inequality (4.2),

lllrll ”SV ] ¢r||§)'u 2 lln‘ll(l — e_ZtC)lu((br(Dc)) ~ (1 _ e—sz)u(D) = 400
and S, ¢ M(D,). Similarly, we show that S5, ¢ M(D,,) for every { € T.

(i1) Suppose that v has an atom at the point { € T and let t = v({{}) > 0. Then
ISy <IS:,| on D. Since S5, ¢ M(D,,),

supllS, © o7ll7,, ~ sup f (1 =18 (@) du(z)
eD JD

aeh a

> sup fD (1 =[S 15, (@a)P) du2)

acD
= +4o00.

Therefore, S, € M(D,).
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(iii) Suppose that v has no atoms. Note that, by assumption, (D) = co. We will
show that there exists & € T such that

u(D(&o,6) N D) = oo (4.3)

for every ¢ > 0. Here D(&, ) is the Euclidean disk with center &, and radius ¢.
Otherwise, by the compactness of T, there would exist {1, ...,{, € T and ¢y > 0 such
that u(D({;, o) ND) < o0, i=1,...,n,and T C UL, D({, 6o). Let r > 0 be such that
D\ rD € Ui, D(&i, 60). Then u(D \ D) < 0. Since u(rD) < oo, we get u(D) < co. This
is a contradiction.

Since v has no atoms, supp(v) \ {&o} # @. Let & € supp(v) \ {&o}. We can assume
that &) = 1, since, otherwise, we can compose u and v with the rotation z — z/£).
Fix ¢ >0 and let D, and ¢,, r € (0, 1), be as above. Note that for every { € T,
there exists a unique 1 € D, such that lim,_,; ¢,(17) = £. Let 1y be the point in dD,
such that lim,_,; ¢,(170) = & and let € = |1 — np|/2. Then there exists dy > 0 such that
D(&y, 60) N ¢(D. \ D(1,¢€)), r € (0, 1), is an increasing family of sets and

D(&.60) ¢ ] ¢:(D\ DL, €). (4.4)
re(0,1)
From (4.3) and (4.4),
lim (¢, (D \ D(1, €))) = +oo. (4.5)

Let I ={{ €T : |1 —¢| <¢€}. Since 1 € supp(v), v(I) > 0. Then, for every z € D, \
D(1,€) and for every { € I, we have |1 — | < e < |l —z|, so

=z <T=41+1-2 <2/l —¢
and 5 5

1 -1z 1 -1z c

> > —. 4.6
£—2P " 41-2P " 4 *0
From the inequality (4.6), we obtain that for every z € D, \ D(1, €),

C(1-kP 1 - [zP ¢
-togls.(1 = [ > f, o0z >0 @)
Therefore, from (4.5) and (4.7),

lim IS, © ¢/If5, ~ lim fD (1 =18, HDP) du(z)

2 lim (1 =18 ,(¢-(2)*) du(z)
=1 J¢.(D\D(1,€))
~lim (1 =18, d(u o $,)(z)

=1 Jp.\D(l,e)
2 (1 — e/t lim p1(¢(De \ D(1, €)))
r—
= +OO,

and hence S, ¢ M(D,). O
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Now we state the main result of this section, as follows.

THEOREM 4.4. Let u be an infinite positive Borel measure on D. Then the following
statements are true.

(1)  Ifan inner function I belongs to M(D,,), then I must be a Blaschke product.
(2) Let B be a Carleson—-Newman Blaschke product with zeros {a;},.,. Then B €
M(D,) if and only if

sup Z f (1 = log (pW)I) dp(w) < 0. (4.8)

geAu(D) i JD

Proor. (1) Let I be an inner function belonging to M(D,). Note that I can be

represented as a product of a constant y € T, a Blaschke product and a singular inner

function. Applying Lemmas 4.2 and 4.3, we obtain that / must be a Blaschke product.
(2) First, we assume that condition (4.8) holds. From the following elementary

inequality:

1- X <

(I =x), x¢€(0,1],
k=1 =1

one gets here
1-1B@I < ) (1 =log@P), zeD.
k=1
Consequently,

L= IB@@)I < ) (1 = lo ($)P)
k=1

for any ¢ € Aut(D) and z € D. Combining this with the Fubini theorem,

(o)

sup fD (1-B@@))du@) < sup > fD (1 = 04 ($)P) du(2).

peAut(D) peAut(D) 15

By the above inequality, condition (4.8) and Lemma 4.1, we get B € M(D,,).
On the other hand, let B € M(D,,). Then

(= la( - Izlz))

11 — @zl

log IB@F = ) log (1
k=1

(1 = lax (A = Izl

<- —
1 — @zl

(1 = log P

e T

>~
Il

1
for any z € D. Consequently,

1= 1B@F 2 1-exp( - Y1 - low@P), zeD,
k=1
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Note that B is a Carleson—-Newman Blaschke product. By [24], 77, (1 - Iaklz)éak is a
Carleson measure. Namely,

= supZ(l 74 Q) < oo,

zeD

Bear in mind that

Therefore,

1= 1B@P 2 Y (1 - log,@P)
k=1

for all z € D. Combining this with Lemma 4.1,

sup f (1 = log (BW)P) du(w) s sup fD (1= 1B o g(w)*) du(w) < co.

¢eAut(]D>) = peAut(D)

The proof is complete. o

The following result is a direct consequence of Theorem 4.4.

CoroLLARY 4.5. Let I be an inner function and let y be an infinite positive Borel
measure on D such that M(D,) € CNM. Then I € M(D,,) if and only if I is a Carleson—
Newman Blaschke product with zeros {ai};_ | satisfying

sup f(l — 1o (BW)P) du(w) < co.

peAu(D) 153

Clearly, the condition of i in Theorem 4.4 is best possible. Applying Theorem 4.4,
we can characterize inner functions in some function spaces. For example, let K/ (f) =
t(loge?/n)?,0 <t < 1. By [18, Theorem 2.6], Q, is located strictly between o ,<; Qp
and the space of the analytic version of Q;(T). The characterization of inner functions
in Qg, was not studied in previous papers. Using Theorem 4.4, we obtain a complete
characterization of inner functions in Qg, as follows.

CoroLLARY 4.0. Let I be an inner function. Then I € Qk, if and only if I is a Blaschke
product with zeros {ai} | satisfying

sup f(l |04 (a@P)K] (1 = [2) = 2K (1 = )] dA(z) < oo.

aE]Dkl

Proor. It is easy to check that K is increasing and concave on (0, 1) with lim,_,o+
K(t) = 0. Thus, Qk, = M(D,,), where du;(w) = —A(K; (1 — |w|)) dA(w), w € D. By [18,
Theorem 2.6], Qg, & BMOA; hence, y is an infinite measure, a fact which can also
be proved via a direct computation. Clearly, Q, is a subset of the space of the analytic
version of Q(T). By [32, page 1100], the space of the analytic version of @;(T)

https://doi.org/10.1017/51446788718000022 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000022

16 G. Bao, J. Mashreghi, S. Pouliasis and H. Wulan [16]

belongs to CNM; therefore, Qx, € CNM. This, together with Corollary 4.5, yields
that an inner function 7 belongs to Qk;, if and only if 7 is a Blaschke product with zeros
{ar};, satisfying

[e9)

Sup Z fD(l — 0 a (POW)?) dpay (w) < 0. (4.9)

¢eAu(D) 17

Note that K;(1 — |z]) is a radial function. By the change of variables, we compute the
above integral as follows.

(e8]

sup > fD (1 = loa (@) dpas (w)

peAu(D) (=

s 1 21
~ sup f (1 = loa (Bre®NDPVK| (1 = r) = rK}'(1 = )] dO dr
¢eAu(®D) =5 Jo Jo

e

~ sup fD (1 = o0 @I - 67 @D — 6™ @IKY (1 = |67 @)D

peAu(D) {5

x1(¢™"Y @I dA(z)

[e9)

~sup ) fD (1 = 100 (TaIPIK] (1 = [2]) = 21K} (1 = |2D] dA().

aeD =1

Combining the above computation with condition (4.9), we get the desired result. O

Finally, we pose two natural questions as follows. Is it true that M(D,,) € CNM for
every infinite positive Borel measure y on D? If the answer is negative, how can we
characterize the measures u such that M(D,) € CNM?
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