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Abstract
Let X = (X1, X>,...,X,) be an exchangeable random vector, and write X(j.;) =
min{X1, X2,...,X;}, 1 < i < n. In this paper we obtain conditions under which

X(1:i) decreases in i in the hazard rate order. A result involving more general (that is,
not necessarily exchangeable) random vectors is also derived. These results are applied
to obtain the limiting behaviour of the hazard rate function of the lifetimes of various
coherent systems in reliability theory. The notions of the Samaniego signatures and the
minimal signatures of such systems are extensively used in the paper. An interesting
relationship between these two signatures is obtained. The results are illustrated in a
series of examples.
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1. Introduction

Let X = (X1, X», ..., X,;) be an exchangeable random vector, and write X (1,;) = min{Xj,
X2,...,X;}, 1 <i < n. Intuitively we expect X(j.;) to get smaller as i gets larger. Indeed,
it is not hard to verify that X(i.;y decreases in i in the usual stochastic order (see Section 2 for
more details). In this paper we study the (possible) monotonicity of X(i.;) in the hazard rate
order (see Section 2 for the exact definition of this order). The hazard rate order is stronger
than the usual stochastic order, and it turns out that it is not always true that X(1.;) decreases
in i in the hazard rate order; this is shown in Section 2. The purpose of this paper is to obtain
conditions under which X(1.;) indeed decreases in i in the hazard rate order. This is also done
in Section 2, where we actually obtain a result involving more general (that is, not necessarily
exchangeable) random vectors. Throughout the paper, the notions ‘increasing’ and ‘decreasing’
are used in the weak sense.

In Section 3 we apply the results of Section 2 to obtain the limiting behaviour of the hazard
rate function of the lifetimes of various coherent systems in reliability theory. The notions of
the Samaniego signatures and the minimal signatures of such systems are extensively used in
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that section. There we also obtain an interesting relationship between these two signatures.
The results are illustrated in a series of examples.

2. A basic result

Let X = (X1, X3, ..., X,) be arandom vector with an absolutely continuous distribution
function F. Denote its survival function by F, i.e.

F(x) = F(x1,x2, ..., %) =P{X| > x1, X2 > x2, ..., X > X},

and let R = —logF be the corresponding multivariate hazard function. Fori = 1,2,...,n,
define r by

. 9 _
rOxy, x0, . X)) = 8—R(x1,x2, ..., Xy) forx e{x: F(x)> 0}.
X
The vector r = (r(l), r@ r(”)) is called the hazard gradient of X; see Johnson and Kotz

(1975) and Marshall (1975). Note that ) (x) can be interpreted as the conditional hazard rate
of X; evaluated at x;, given that X; > x; forall j # i;i.e.

fitxi | Xj >xj,j #1)

r®(x) = = ——
Fi(xi | Xj > xj,j #1)

where fi(- | X; > xj,j # i) and Fi(- | Xj > xj,j # i) are the conditional density and
survival functions of X;, giventhat X ; > x; forall j # i. For convenience, we setr(i)(x) =00
forall x € {x: F(x) = 0}.
For any subset P C {1, 2, ..., n}, define
Yp = min Xi.
ieP

Let

1P<z’)={0 D = (Up() 1@, 1p), and 1pe=1—1p,

1 ifieP,
where 1 = (1, 1,..., 1) and P€ denotes the complement of P in {1, 2, ..., n}. Also let
0 ifi¢ PS,
00 - 1pe(i) =
D=1 ifie pe,
and 0o - 1pc = (00 - 1pe(1), 00 - 1pc(2),...,00 - 1pe(n)). Then the survival function, G p,

of Yp can be expressed as
GP(I)ZF(I'IP—OO-IPC), t eR.

Alternatively, Gp@t) = Fp (t,1,...,0), where Fp denot_es the survival function of {X;:
i € P}. Denoting by (9/dx;)F the partial derivative of F with respect to its ith argument,
the density function, gp, of Yp can be obtained by differentiating G p as follows:

9y -
gp(t):—ZEF(I'IP—OO'lpc), teR.

iep !

https://doi.org/10.1239/jap/1152413730 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1152413730

Hazard rate ordering of order statistics and systems 393

Therefore, the hazard rate function, rp, of Yp is given by

t )
rp(z)zé_”’—()zzr“)(t-lp —0o-1pe), tER. @.1)
Ge() 7
Theorem 2.1. Let (X1, X3, ..., Xn) be a random vector with an absolutely continuous distri-

bution function. Let P and Q be two subsets of {1, 2, ...,n} such that P C Q. If
rO@ 1p—oco-1pe) <rD(r-1g —0c0-1ge), teR,ieP, (2.2)

then
rp(t) <ro(t), t eR. (2.3)

Proof. Foreacht € R, we note that

rp) =Y rO(t 1p—oco-1pc)
ieP
< Zr(i)(t . 1Q —0Q0 - ch)
ieP
< Zr(i)(t . lQ —0o0 - 1Q°)
ieQ
=rg(0),
where the first inequality follows from (2.2) and the second inequality follows from P C Q.

The conclusion, (2.3), of Theorem 2.1 can be rewritten as
Yp > Yo, 24

where ‘<p,;’ denotes the hazard rate stochastic order; see, e.g. Shaked and Shanthikumar (1994).
Inequality (2.4) implies that
YP >t YQ9 (2'5)

where ‘<’ denotes the usual stochastic order; again see, e.g. Shaked and Shanthikumar (1994).
Intuitively, (2.4) and (2.5) state that the smallest random variable from a set, P, of random
variables is larger, in the respective stochastic order, than the smallest random variable from a
larger set, Q, of random variables. Inequality (2.5) is weaker than inequality (2.4) because the
hazard rate order implies the usual stochastic order. In fact, (2.5) always holds (i.e. a condition
such as (2.2) is not needed) because Yp > Y with certainty. However, in general, (2.4) need
not always hold (i.e. without a condition such as (2.2)). This will be shown in Example 2.2
below.

In order to better understand the meaning of (2.2), let us look at it when n = 2. Thus,
let X = (X1, X2), P = {1}, and Q = {1, 2}. Then, on the one hand,

_ il Xa> —00)

(D — () —
r(t-1p—o0-1pe) =r"/(t,—00 — =ri(1),
(t-1p Pe) ( ) FL | X = —o00) 1)
where rp is the marginal hazard rate function of X1. On the other hand,
) _m _ fit ] Xo>1) _
rt-1p—oc0-1pc) =r'(t,t) = =—— =ri(t | Xp > 1),
e ¢ ( Fi(t| X, >1) |
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where 1 (- | X» > t) denotes the hazard rate function of [X; | X2 > ¢]. Thus, (2.2) reduces to

ri@) <ri(t| Xy >1), t eR. 2.6)

Roughly speaking, (2.6) indicates a negative dependence relationship between X and X in the
following sense. For ease of exposition, let us here assume that X| and X, are the respective
positive lifetimes of two components, A and B, say. Then, for ¢t > 0, (2.6) means that the
unconditional hazard rate of X (i.e. conditioned on X, > 0) at time ¢ is smaller than the
hazard rate of X, given that X, > ¢, attime ¢. In other words, given that X, > ¢, component A
is more likely to fail at time ¢ than it is when nothing is known about X, (except, of course,
that it is positive).
Let us denote the right-hand side of (2.6) by 41, and write it as

1
hi@)=Ilim —Pr< X1 <t+At| X t, X t}, t e R.
1(t) AltTOAt t<Xi1Zt+At] X1 > 2 >t}

Similarly define %;. In the biometrics literature the functions h; are called the cause-specific
hazard rate functions; see, e.g. Holt (1978), Prentice et al. (1978), and references therein. In the
setting of reliability theory the functions /; are called the initial hazard rate functions; see, e.g.
Scarsini and Shaked (1999) and references therein. Thus, in the bivariate case, condition (2.6)
means that the marginal hazard rate function of X is pointwise no larger than the initial hazard
rate function of X.

Condition (2.2) is sufficient, but not necessary, for the conclusion (2.3) to hold. This is
shown in the following example.

Example 2.1. Let (X1, X») have the bivariate Freund (1961) distribution with a density
function, f, given by

aple Fr—@tB=Fx for 0 < x| < xy,
Jnx) =1 - @tp—an
Ba'e X1 for0 < x» < xq,
where a, B8, @, and B’ are positive parameters. It is helpful to think of X and X as being the
respective lifetimes of two components, A and B, say. Then « is the failure rate of component
A when component B is still functioning, and § is the failure rate of component B when
component A is still functioning. Furthermore, &’ is the failure rate of component A after
component B has failed, and 8’ is the failure rate of component B after component A has
failed. Take P = {1} and Q = {1, 2}. Then, obviously, ro(¢) = o+ f fort > 0. The marginal
density, f1, of X is given by (see Freund (1961))

fitxn) = —  le-a)e+ Bre”@HPAx L g/geme ] x>0,
a+pB—o

provided that @ + 8 — @’ # 0. Thus, the survival function, Fi, of X is given by

Fi(x) = [ — e @FBN 4 gemdy x5,

1
a+ B -«
and the hazard rate function of X1, namely rp, is given by

(@ — )@+ Ble~ @ 4 o/ ge="
(@ — a/)e—(a—i-ﬂ)t + IBe—a’t

rp(t) = fort > 0. Q2.7)
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It can be verified that rp(f) < ro(t) for all + > 0, i.e. that (2.3) holds. (To verify that
rp(t) < ro(t), we must consider two cases: (i) @ + B — o’ > 0, in which case both the
numerator and the denominator of (2.7) are positive, and (ii) « + 8 — o’ < 0, in which case
both the numerator and the denominator of (2.7) are negative.)

However, if « < o then (2.2) does not hold. With P and Q as above we have
rD(@ - 1p —co - 1pe) = rp(t), whereas ri (- 19 —c0 - 1ge) = ri(t | X2 > 1) = a. Tt
is straightforward to see that rp(t) > o for all # > 0 (again, for the purpose of verifying this,
note that if « + 8 — o’ > 0 then both the numerator and the denominator of (2.7) are positive,
and if @« + B — &’ < 0 then both the numerator and the denominator of (2.7) are negative).
Thus, (2.2) fails to hold.

In the next example we show that (2.4), or, equivalently, (2.3), need not always hold
(i.e. without a condition such as (2.2)).

Example 2.2. Let (X1, X») be a nonnegative random vector with the density function
described in Figure 1. A straightforward computation shows that the marginal density, fi,
of X is given by

Fio) {(2x1+1)e_2X‘, 0<x <1,
1(x1) =

%e—(wxl—s) + %e—le’ x> 1,
and the survival function, F 1, of X1 is given by

(x1 + De=241, 0<x <1,

Fi(x)) = {

%e—(l()xl—g) + %e_le, x| > 1.

Thus, the hazard rate function, 1, of X is given by

2 +1
r+17

70e~ 10 =8) 4 18e~
7e—(101-8) | ge—21

0<t<l,
ri(@) =

t>1.

) -

A lengthy yet again straightforward computation then shows that the hazard rate function,
Tmin{X;,X,}> of min{Xy, X»} is given by

Fmin{X,.X,} (1) = 2, t>0.
Let P = {1} and Q = {1,2}. Thenrp = ry and rg = rmin(x,,X,). Since

70e12 + 18e*

rp(2) = W >2= VQ(Z),
we see that (2.4) fails to hold.
A sufficient condition for (2.2) to hold is that
r(i)(xl, X2, ...,X,) isincreasing in x;, j#EIL,i=1,2,...,n.
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FIGURE 1: Density for Example 2.2.
This is easily seen to be equivalent to the requirement that

F(_Xl, "'7xi—1’xl'/1xi+lv "'3xn)

- is decreasing in x, j # i, whenever x; < xl(,
F(xlv"'7~xi7]5'xi5'xi+l7"‘9xn

i=12,...,n. (2.8)

Condition (2.8) means that F is RR, (reverse regular of order 2) in pairs; this is a notion of
negative dependence that was studied in Block et al. (1982). They showed that some multivariate
normal distributions, as well as the Dirichlet distribution, are RR, in pairs; see also Karlin and
Rinott (1980). Theorem 2.1 thus applies to these distributions.

If X1, X», ..., X, are independent (but not necessarily identically distributed), absolutely
continuous random variables, then (2.8) holds trivially. Recall that X(;,;) = min{Xy, X»,
... X}, i=1,2,...,n. From Theorem 2.1 we thus find that if X1, X», ..., X, are indepen-
dent, then X(1:1) >nr X(1:2) =hr - - =nr X(1:n)- This result can also be obtained from results of
Korwar (2003).

In the following corollary we specialize Theorem 2.1 to the case in which (X1, X2, ..., X,)
has an exchangeable distribution function. The corresponding multivariate hazard function,
R, is then permutation symmetric. Therefore, each r) can be expressed by means of (! as

follows:
@) . e
r (x17x25"'7x17]5xl9xl+17"‘7xn)
= r(l)(xi, X2 ooy Xi—1, X1, Xi41, '~~1xn)s i= 2’3’ RN
Corollary 2.1. Let (X1, X2, ..., X,) be a random vector with an absolutely continuous,
exchangeable distribution function. If
r(l)(t, t,...,t,—00, —00, ..., —0Q)
———
i times n—i times
<rW@,t,...t,—00, —00,...,—00), teR, i=12....,n—1, (2.9)
————
i+1 times n—i—1 times
then
X@:1) =he X(1:2) Zhr -+ Zhe X(1m)- (2.10)
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If (2.9) is not imposed then (2.10) need not be true; this follows from a variant of
Example 2.2 in which (X1, X») has an exchangeable distribution function.

Note that
r(l)(t,t, e, 1, =00, —00,...,—00) =13t | Xo>t, X3 >1,...,X; > 1),
——
i times n—i times
where rp3..;(- | X2 > t,X3 > t,...,X; > t) denotes the hazard rate function of X

conditioned on the given condition. Thus, (2.9) implies that

r@) <rptlXo>1) <rp3@| X2>1tX3>1)
S-S | Xo> 6, X3 > 1,000, Xy > 1), t €R,

where r is the marginal hazard rate function of X|. Again, this is a condition that indicates
a negative dependence relationship among the X;. For example, if the X; are the lifetimes of
n components, then the above sequence of inequalities roughly says that the larger is the number
of known ‘old’ components (i.e. older than ¢), the more likely is it that any other component
will not become ‘much older’ (i.e. fail shortly after time ¢).

3. Tail behaviour of system hazard rate functions

In this section we describe some applications of Theorem 2.1 and Corollary 2.1 in reliability
theory. Let X1, X», ..., X, be the lifetimes of n components of a coherent system; a compre-
hensive study of coherent systems can be found in Barlow and Proschan (1975). Let t be the
life function of the coherent system; i.e. T = (X1, X3, ..., X;) is the lifetime of the system
with the above components. Then 7' can be represented as

T = max min X;,
I<j<sieP;

where the sets P, Ps, ..., Ps are called the minimal path sets of the coherent system.

3.1. Results based on minimal signatures and path sets

Consider the case in which X1, X3, ..., X, have an exchangeable distribution function.
As in Section 2 we write X(1.;) = min{Xy, X2, ..., X;}, and we let I:"(l;i) denote the survival
function of X(1.;y, i = 1,2, ..., n. Under the above assumption of exchangeability, it has been
noted (see Navarro ef al. (2004)) that the survival function, F, of T can be expressed as a linear
combination of the survival functions, I:"(l,,‘), of X1.y, i =1,2,...,n,1e. that

n
F = Za,‘F(l;i), (3-1)

i=1

for some negative and nonnegative integers a; that obviously satisfy ) /_, a; = 1. Navarroeral.
(2004) called the vector (aj, az, ..., a,) the minimal signature of the coherent system. The
minimal signature of a coherent system can be obtained also from Equation (3.1) of Block ez al.
(2003). The minimal signature of a series system of two components is of course (aj, az) =
(1, 0), and the minimal signature of a parallel system of two components is (a1, az) = (2, —1).
The minimal signatures of all five coherent systems of size 3, and of all twenty coherent systems
of size 4 are given in Tables 1 and 2. In these tables, and later in the paper, we denote by X ;.,)
the ith order statistic among X1, X», ..., X;.
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TaBLE 1: Minimal signatures of all systems of size 3.

System (X1, X2, X3) (ar, ay, a3)
Series X(1:3) 0,0,1)
Series—parallel min{X;, max{X2, X3}} ©,2,-1)
2-out-of-3 X(2:3) 0, 3,-2)
Parallel-series  max{X{, min{X;, X3}} (1,1,-1)
Parallel X3:3) 3,-3,1

TABLE 2: Minimal signatures of all systems of size 4.

System (X1, X2, X3, X4) (ay, az, as, asq)
1 X1:4) 0,0,0,1)
2 max{min{Xy, X», X3}, min{X5, X3, X4}} 0,0,2,-1)
3 min{X, max;<; < j<4 min{X;, X;}} 0,0,3,-2)
4 min{ X, max{X»>, X3}, max{X»>, X4}} ©0,1,1,-1)
5 min{ X, max{X», X3, X4}} 0,3,-3,1)
6 X (2:4) 0,0,4,-3)
7 max{min{X, X2}, min{X, X3, X4}, min{X», X3, X4}} 0,1,2,-2)
8 max{min{X1, X»}, min{X3, X4}} 0,2,0,-1)
9 max{min{X, Xo}, min{X{, X3}, min{X», X3, X4}} 0,2,0,-1)

10 max{min{Xy, X»}, min{X>, X3}, min{X3, X4}} ©0,3,-2,0)
11 max{min{X, max{X»>, X3, X4}}, min{X>, X3, X4}} ©,3,-2,0)
12 max{min{X, max{X»7, X3, X4}}, min{X,, X3}} 0,4,-4,1)
13 min{max{X1, X»}, max{X3, X4}} 0,4,-4,1)
14 min{max{Xy, X»}, max{X1, X3, X4}, max{X3, X3, X4}} 0,5,-6,2)
15 X(3:4) 0,6,-8,3)
16 max{X1, min{X»>, X3, X4}} (1,0,1,—1)
17 max{X, min{X7, X4}, min{X3, X4}} (1,2,-3,1)
18 max{X, maxo<; ;<4 min{X;, X;}} (1,3,-5,2)
19 max{X1, Xp, min{X3, X4}} 2,0,-2,1)
20 X (4:4) (4,-6,4,-1)

There exist several results in the literature which show, under certain conditions, that the
asymptotic behaviour, as t+ — 00, of the failure rate function of a mixture is the same as the
asymptotic behaviour of the failure rate of the strongest member of the mixture; see Block and
Joe (1997), Block et al. (2003), Navarro and Hernandez (2004a), and Li (2005). Thus, we
might expect similar results to hold for Fin(3.1), although that F is not a mixture of the F(l;,-),
since some of the a; are negative.

In order to develop this idea let us now consider a general linear combination of survival
functions (called a ‘generalized mixture’ in Baggs and Nagaraja (1996) and in Navarro and
Hernandez (2004b)) of the form

n
G=> wG;. (3.2)

i=1

where the G; are survival functions and the w; are some nonzero (and not necessarily
positive) constants that satisfy Y 7_; w; = 1. In general, G in (3.2) need not be a survival
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function — some conditions on the w; are needed in order to guarantee that it is (see Navarro
and Hernandez (2004b)). However, for our purposes we can assume here that these conditions
are satisfied and that G in (3.2) is a survival function. We also suppose below that the G;
are absolutely continuous with respective hazard rate functions r1, r2, ..., r,. Then G is also
absolutely continuous, and we denote its hazard rate function by r. The following lemmas will
be used in the sequel; they are special cases of results in Navarro and Hernandez (2004b).

Lemma 3.1. Let G| and G be two absolutely continuous survival functions with respective
hazard rate functions ry and ry. If

1
Jim inf 2
t—00 r](t)
then B
G
im 220 _ ¢
t—00 G](l)
Lemma 3.2. Let G be as in (3.2). If
103 .
lim inf > 1, i=2,3,...,n, (3.3)
1—oo ri(t)

then wy > 0.

Lemma 3.3. Let G be as in (3.2). If (3.3) holds and

: ri(t) .
lim sup < 00, i=2,3,...,n, (3.4)
t—oo T1(t)
then
t
lim ~2 .
=00 r(1)

A variation of Lemma 3.3 that will be used in the sequel is the following; it also follows
from results of Navarro and Hernandez (2004b).

Lemma 3.4. Let G be as in (3.2). If (3.3) holds and

ri(Gi(t) 0

m ———— = =23,...,n, 3.5
=00 r ()G (1)

then

o _

m =
t—00 r1(t)

Note that the limit in (3.5) can be written as lim;_, o (g; (¢)/g1(t)) = 0, where g; and g
are respectively the density functions corresponding to G; and Gp. If (3.3) holds then the
conclusion of Lemma 3.4 holds even under the weaker condition that lim;_. (g (¢)/g1(¢))
exists and is finite, for i = 2,3, ..., n; this follows from Lemma 3.1 and I’"Hopital’s rule
(e lim;— oo (Gi(1)/G1(1)) = lim;— 00(&i (1) /81(1))).

Note that if (3.3) holds then (3.4) implies (3.5). Thus, formally, Lemma 3.4 is a stronger
result than is Lemma 3.3. In fact, the implication just mentioned is strict; this will be seen in
the sequel (see Example 3.1). Here we have given both lemmas because both are used below.
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We can now apply Corollary 2.1 to state and prove a result which shows that for many a
coherent system the asymptotic behaviour of the failure rate function of its lifetime is the same
as the asymptotic behaviour of the failure rate of a certain series system. For this purpose
we consider an exchangeable random vector (X1, X7, ..., X};), and we respectively denote by
17"(1;,') and r(y.;) the survival function and the hazard rate function of X(1.;y, i =1,2,...,n.

Theorem 3.1. Let (X1, X2, ..., X,) be an absolutely continuous, exchangeable random
vector satisfying (2.9). Let T = t(X1, X2, ..., Xy), where T is a coherent life function.
Suppose that the minimal signature of t is of the form (0,0,...,0,a;,ai4+1,...,am,0,0,
..,0)forl <i <m <n,witha; #0anda,, #0. If

. t
lim sup —r(l‘m)( ) <

00, 3.6)
t—oo F(1:)(1)

then a; > 0 and the hazard rate function, r, of T satisfies

: r(t)
lim =1.
1=00 F(1:) (1)

Proof. In the exchangeable case, (2.1) yields
rap@) = jé;@), t e,
for j =1,2,...,n, where

oi()=rV,1,...,1,—00, —0, ..., —00).
—————

Jj times n—j times
Hence, for j =i+ 1,i +2,...,m, we have

S (t . t i+ 1
fiminf ZEDO S fi e TGO T L

t=>00 7 (1.5 (1) 1500 r(1:(t) i 1ooo @i(1) i

Gi+1(1) - i+1

> 1, 3.7)

where the first inequality follows from (2.10) and the second inequality follows from (2.9).
Furthermore, from (2.10) and (3.6) we see that

ra:-in
1imsupL’()<oo, J=i+1i42,. .. m.
t—00 r(l:i)(t)
Since the survival function, F, of T satisfies (3.1), it follows from Lemma 3.2 that ¢; > 0, and
it follows from Lemma 3.3 that lim; _, oo (v (£) /r(1:5) (1)) = 1.

Note that (3.6) can also be written as lim sup,_, (¢ (¢) /i (1)) < o0o.

In Example 3.2 below it is shown that for every choice of i, m,andn with 1 <i <m <n,
there exists an absolutely continuous, exchangeable random vector (X1, X», ..., X,;) such
that (2.9) and (3.6) hold. Thus, every coherent system has a minimal signature of the form
0,0,...,0,ai,ai+1,.--,a1,0,0,...,0), with @; > 0 and a,, # 0. Common examples are
the k-out-of-n systems; for such systems the minimal signature is of the form above withi = k
and a; = (Z) The lifetime of a k-out-of-n system with component lifetimes X1, X», ..., X,
i8S X (44+k—1:n). Thus, from Theorem 3.1 we obtain the following corollary.
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Corollary 3.1. Let (X1, X2, ..., Xy) be an absolutely continuous, exchangeable random
vector satisfying (2.9). Let 1 <k <n. If

ra-n)
lim sup —(l'n)( ) < 00

3.8
t—00 r(l:k)(t) ©.8)

then
_ ) (¢
lim @ kbt () !
=00 r1p) (1)

Below we will see a typical example in which (2.9) and (3.8) hold, and in which the limit
lim;_, o6 7(1:1) s both finite and easy to compute (see Example 3.2, which includes as a special
case that in which X1, X», ..., X, are independent and identically distributed exponential
random variables). Then, from Corollary 3.1 we will be able to obtain lim;—, oo #(—k+1:1)(?)
explicitly (i.e. lim;— 0o 7(n—k+1:n) (1) Will be equal to lim;— o0 7(1:4) (2)).

A variation of Theorem 3.1 is the following.

Theorem 3.2. Let (X1, X2, ..., X,) be an absolutely continuous, exchangeable random
vector satisfying (2.9). Let T = t(Xy1, X2,..., Xn), where 1 is a coherent life function.
Suppose that the minimal signature of t is of the form (0,0,...,0,a;,ai41,...,an, 0,0,

o0 forl <i <m <n,witha; #0anda,, #0. If

A F: (¢t
fim "D OFwp® oy, (3.9)
100 rpy (1) F1:y (1)

then a; > 0 and the hazard rate function, r, of T satisfies

r(t)

1m =
t=>00 7 (1. (1)

Proof. From the proof of Theorem 3.1 it follows that (3.7) holds. Thus, by Lemma 3.4, the
inequalities (3.7) and (3.9) imply the stated result.

Note that the limit in (3.9) can be written as lim,_, oo ( f(1:)(?)/f(1:1)()) = 0, where f(1.})
and f(1.;) are respectively the density functions of X(i.;) and X(1.;).

Also note that if (2.9) holds then (3.6) implies (3.9). Thus, Theorem 3.2 is a stronger result
than is Theorem 3.1. In fact, the implication just mentioned is strict; this will be seen in
Example 3.1. Here we state both Theorems 3.1 and 3.2 because sometimes it is easier to verify
the stronger condition, (3.6), than it is to verify (3.9).

We now give a few examples in which the conditions of Theorems 3.1 and 3.2 are satisfied,
and in which the conclusions of these theorems can therefore be applied.

Example 3.1. Let (X1, X») have the Gumbel exponential distribution with survival function

given by B
F(x1, x2) = exp{—x1 — x2 — 0x1x2}, x1 >0, x2>0,
where 0 < 6 < 1. Here, fort > 0, we have r‘V (¢, 0) = 1 < 1 4+60¢ = r(V(z, 1), 50 (2.9) holds.
Also,
ra:n@) =1 and rg.g(t) =2+ 201, t>0.
Hence,

ra2) () Faay ()

_ —24+200e7 50 ast — oo,
ra:1) (O Fa:ny ()
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s0 (3.9) holds and Theorem 3.2 thus applies. The tail behaviour of the lifetime of a parallel
system (whose minimal signature is (2, —1)) with component lifetimes X and X> is therefore
the same as the behaviour of an exponential random variable with rate 1.

Note that here, when 6 > 0, we have

o (t
420 _ hn 042610 = oo
t—00 r(l:l)(t) t—00

meaning that (3.6) does not hold. This shows that when (2.9) holds, (3.6) is a strictly stronger
condition than is (3.9).

Example 3.2. Let (X1, X2, ..., X,) have a Farlie-Gumbel-Morgenstern distribution with
standard exponential marginals; that is, suppose that the survival function of (X1, X3, ..., Xp)
is given by

n
Fi,xa, o) = e~ St (1 +a]a- e*’?)» (41,32, 30) 2 0,0, 0),
i=1

where |a| < 1. Itis not hard to verify that if « < 0 then (2.9) holds (for example, it is not hard
to verify that F is RR in pairs). B

For j < n, every j-dimensional marginal distribution of F is the joint distribution of j
independent standard exponential random variables. Therefore,

r(l;j)(t)Zj, j=12,....,n—1.

A straightforward computation yields

ane (1 —e )n~!

raa)(t) =n —
(l.n)( ) 1 —{-Ot(l — eft)n
Note that lim;_, oo 7(1.) () = n. Therefore,
rerm) (t m
limM——<oo, 1<i<m<n,

=00 r(t) i

meaning that (3.6) holds. Thus, Theorem 3.1 applies to (X1, X2, ..., Xp)-
For example, if r is the hazard rate function of, say, System 2 of Table 2, with component
lifetimes, X1, X2, X3, and X4, that have the above survival function (with n = 4), then, by
Theorem 3.1, lim;_, oo (r (¢)/r(1:3)(t)) = 1. Hence, lim;_, o, (t) = 3. Furthermore, if r is the

hazard rate function of a k-out-of-n system with component lifetimes X1, X», ..., X, as above,
then, by Corollary 3.1, lim; oo (r (t)/r(1:1)(¢)) = 1. Hence, lim; oo r () = k.
Note that if « = 0 then X, X»,..., X, are independent and identically distributed

exponential random variables. Thus, the above limits apply to systems with independent and
identically distributed exponential component lifetimes.

Example 3.3. Let (X, X2, ..., X,) have the Farlie-Gumbel-Morgenstern distribution with
gamma(2) marginals; that is, suppose that the survival function of (X1, X», ..., X,) is given by

Fx1,x0, ..., %) = <]_[(1 +xi))e‘2?1xf (1 +a[Ja-a —I—xi)e_x")),
i=1 i=1
(x1,x2,...,x,) >(0,0,...,0),

where || < 1. It is not hard to verify that if « < 0 then (2.9) holds.
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For j < n, every j-dimensional marginal distribution of F is the joint distribution of j
independent gamma(2) random variables. Therefore,

Jjt :
r(l:j)(f)=l—_+_t, j=12,...,n—1.
A straightforward computation yields
n ante™" (1 — (1 +1)e™")"!
I+1¢ I+al—(1+1)e ")

r(]:n)(t) =n-—-

Note that
;l_lfgor(j:")(t):]’ ]=1,2,...,I’l.

Therefore,

r(: 1
M:ﬁ<w, 1<i<m<n,
100 (1 (1) i

meaning that (3.6) holds. Thus, Theorem 3.1 applies to (X1, X2, ..., Xp)-

Using Theorem 2.1 (rather than Corollary 2.1), Theorem 3.1 can be generalized to the case in
which the distribution function of (X1, X, ..., X;) isnotnecessarily exchangeable, as follows.
Recall from Section 2 that rp denotes the hazard rate function of min;cp X;.

Theorem 3.3. Let (X1, X2, ..., Xy) be an absolutely continuous random vector satisfying
(2.2). Let T = t(X1, X2, ..., Xy), where T is a coherent life function with minimal path sets
P, P, ..., P. If

(1
fiminf 2D S =23, (3.10)
=00 rp (1)
and
t
lim sup L2 G.11)

t—00 rp (1)
then the hazard rate function, r, of T satisfies

r(t)

1m =
=00 rp (t)

Proof. For A C {1,2,...,n},let Py = UkeA Pi. Let A be such that P4 # P;. By (2.3),
we have
rp,(t) > maxrp (¢t) forallz > 0.
keA

Thus, by (3.10),

t
lim inf 7A@
1—00 rp, (t)

>1 forall A C{1,2,...,n}, Pas # P1.

Furthermore, by (2.3) we also have
r{1,2,.., n}(t) >rp, (t) forallA C{l1,2,...,n}
Thus, by (3.11),

! t
s 70— iy qp T2 )

t—oo Frp(t t—00 rp; ()

< limsu

<oo forall AC{l,2,...,n}, P4 # P1.
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Let G denote the survival function of 7. Then, by Equation (3.1) of Block et al. (2003),
Goy= Y DHAHGp @),

AC{1,2,...,n}

where |A| denotes the cardinality of A;i.e. G is a generalized mixture of the G p,- The stated
result now follows from Lemma 3.3.

It is worth mentioning that if the limits lim; o (rp, () /7p, (£)), i = 2,3, ..., s, exist, then,
under (3.11), the conclusion of Theorem 3.3 holds if (3.10) is replaced by the weaker condition

1, i=2,3,...,5.

We omit the technical proof of this observation.
It is also worth mentioning that, under (3.10), the conclusion of Theorem 3.3 also holds if
(3.11) is replaced by the weaker condition (recall the notation P4 = ( ;.4 Px)

rp ()G p, (1)

— =0 forall AC{l,2,...,n}, Py # Py,
= rp ()G p, (1)

or, equivalently, by

t
lim £ 0 forall AC (1.2, n). Ps £ Py,
t—00 gP](t)

where gp, and gp, are the density functions of min;cp, X; and min;cp, X;, respectively.

Example 3.4. Let (X1, X», ..., X,) have a Farlie-Gumbel-Morgenstern distribution with
(not necessarily identical) exponential marginals; that is, suppose that the survival function
of (X1, X», ..., X,) is given by

n
F(x1,x2,....xp) = e Xi= A”C"<1+oz H(l—e*f’”)) (X1, %2, ..., X,) = (0,0,...,0),
i=1

where A; > 0, i = 1,2,...,n,and || < 1. It is not hard to verify that if « < O then (2.2)
holds.

For j < n, every j-dimensional marginal distribution of F is the joint distribution of j
independent exponential random variables. Therefore,

rp(f) = ij forall P C {1,2,...,n}, P #{1,2,...,n}.
jeP
A straightforward computation yields

r (1) = Xn:k By G 1V e
{1,2,...,n} = - i 1 +Ol1—1?:1(] — e**i’)

Note that lim;_, o0 1(1,2,....n) () = Z?:l Ai. Therefore, (3.11) holds. Thus, Theorem 3.3 applies
to (X1, X3, ..., X,) in the sense that

ZA,~>Z)».,~, i=2,3,...,8 - tl_i)rgor(t):Z)»j.

JEP: jepP; jeP
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For example, consider the series—parallel system of Table 1 with component lifetimes, X1,
X5, and X3, that have the above survival function (with n = 3). The minimal path sets of this
system are {1, 2} and {1, 3}. Thus, from Theorem 3.3 we obtain

lim r(t) = min{A{ + A2, A1 + A3} = A1 + min(Ay, A3),
1—00

provided that A # X3. By letting A — A3 (or by using the observation following
Theorem 3.3) it can be shown that the above limit holds also when A, = A3.

It can similarly be shown, for the parallel-series system of Table 1 with component
lifetimes, X, X», and X3, that have the above survival function (with n = 3), that

lim r(t) = min{i{, Ay + A3}.
t—00

If r is the hazard rate function of a k-out-of-n system, then the minimal path sets are all the
subsets of {1, 2, ..., n} of cardinality k. Suppose that the component lifetimes X1, X5, ..., X,
have the above survival function with A} < --- < Ax < Agy1 < .-+ < A,. Then, from
Theorem 3.3, we obtain

lim r(t) = A1+ A2+ -+ + At
11— 00

Again, by letting Ax+1 — XAk (or by using the observation following Theorem 3.3) it can be
shown that the above limit holds also when Ag4+1 = Ax.

3.2. Some results based on the Samaniego signature

For exchangeable component lifetimes, Theorems 3.1 and 3.2 describe the tail behaviour
of the system hazard rate function in terms of some series system. These theorems are based
on the notion of minimal signatures. In this subsection we obtain a similar result based on the
Samaniego signature.

Samaniego (1985) defined the signature of a coherent life function t with component
lifetimes X1, X», ..., X, as the vector, p = (p1, p2, ..., Pn), With

pi =P{t(X1, X2, ..., Xp) = X} i=1,2,...,n

Kochar et al. (1999) studied this notion further. It was shown that if X, X»,..., X, are
absolutely continuous, independent, and identically distributed, then

number of orderings of X1, ..., X,, for which the ith failure causes system failure

P =

9

i=1,2,....,n. (3.12)

n!

In this case the system lifet_ime survival function, F, is a mixture of the corresponding order
statistic survival functions F{;.,) with weights p;, as follows:

F(t)=)"piFun®, teR. (3.13)

i=1

The Samaniego signatures of all the systems with three or four components are listed in Shaked
and Suarez-Llorens (2003). Navarro et al. (2005) noted that (3.12) and (3.13) continue to hold
when the components have an absolutely continuous, exchangeable joint distribution.
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Theorem 3.4. Let (X1, X», ..., X,) be an absolutely continuous, exchangeable random
vector satisfying (2.9). Let T = t(X1, X2, ..., X,), where t is a coherent life function.
Suppose that the Samaniego signature of t is of the form (p1, p2,..., pj,0,...,0) for 1 <
J <n,withp; > 0. If

- (7
Jim sup — 4w (3.14)
t—00 r(l:n—j+1)(t)
then the hazard rate function, r, of T satisfies
r(t)
im =
=00 r(j:n)(t)
Proof. 1f (2.9) holds then (2.10) holds. Therefore, forn — j + 1 < s < n, we have
r(1:n) (1) < r(1:n) (1) 7 [ eR.
ras @) T ram—j+ (@)
It follows from (3.14) that
- (7
limsupM<oo, n—j+1<s<n. (3.15)
t—>00 r(l:s)(t)
From Corollary 3.1 we thus obtain
et 1)
limM=l, n—j+1l<s<n,
1>00  F(1.5) (1)
or, equivalently,
-
fim @y (3.16)
=00 r(l:n7m+l)(t)
Now write
V(m:n)(t) _ r(l:n—m+1)(t) r(m:n)(t) r(l:n—m)(t)’ teR 1<m<j—1. (3.17)
T(m+1:1) () Ftn—m)@)  Ftn—m+1)(®) Tens1a) (@)

By letting ¢t — oo in (3.17) and using (3.16), we see that

(¢t T t
fiminf @D i g TAn=men @

) 1 S m S j - 1.
=0 r(erl:n)(t) =0 r(l:nfm)(t)

From (3.7) (which, by (2.9) and (2.10), holds for all j and i with 1 < j < i < n, using the
notation of (3.7)), we see that lim inf;_, oo (" (1:n—m+1) (#) /7 (1:n—m)(t)) > 1. Hence,

) (¢ ) ) (¢ i—1:m)(f
timinf 2D i i Loy Tt O gy e TGt O
=00 r(j:n)(t) t—>00 r(m+1:n)(t) =00 r(m+2:n)(t) =00 r(j:n)(t)
l<m<j—1. (.18

1,

Again by letting + — oo in (3.17) and using (3.16), we see that

A (F L A
fim sup @00 _ iy yp L0n=mt @)

- . o l<m<j—1
t—00 r(erlzn)(t) t—00 r(l:nfm)(t)
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Also, by (2.10) and (3.15),

r(l:n— t ra-n) (&
limsupwflimsupL)()<oo, l<m<j-—1.
t—00 r(l;n,m)(t) t—00 r(l:nfm)(t)
Therefore,
) (¢
limsupr(L)() 00, l<m<j—1.
t—00 r(m—i—l:n)(t)
Hence,
o (t o (t - (2 rii—1:n)
lim sup —r(m‘")( ) < lim sup Fonn) () lim su Pt 1) (1) - - - lim sup Gzt tin) (1) ,

t—00 r(j:n)(t) T t—o0 r(m—i—l:n)(t) t—00 r(m+2:n)(t) t—00 r(j:n)(t)
l<m<j—-1. (3.19

We now apply Lemma 3.3 to the mixture (3.13), with (3.18) and (3.19) playing the roles of
(3.3) and (3.4) in that lemma. This yields the stated result.

An interesting relationship between the Samaniego signature and the minimal signature
follows from Theorems 3.1 and 3.4, as described in the next result.

Theorem 3.5. Suppose that the Samaniego signature of a coherent system is of the form
(p1, p2,---,pj,0,0,...,0) for 1 < j < n, with p;j > 0, and that the minimal signature
of the same system is of the form (0,0, ...,0,a;,ai11,...,a,) for 1 <i < n, with a; > 0.
Theni+ j=n+1.

Proof. Example 3.2 shows that there exists an absolutely continuous, exchangeable random
vector such that (2.9) holds, and also such that (3.6) holds for alli and m with 1 <i <m < n.
It follows that, for this random vector, (3.8) holds for all k, 1 < k < n, and (3.14) holds for
all j, 1 < j < n. Moreover, in this example lim;_, o r(1:)(t) =i, i = 1,2,...,n. Hence,
a combination of the conclusions of Theorem 3.1, Corollary 3.1, and Theorem 3.4 yields the
stated result.
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