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Abstract

The BMO norm of / is equivalent to

sup (f\f(y)-u(x,t)\"Pt(x-y)dy\ ,

where Pt is the Poisson kernel. In this note, we show that Pt can be replaced by a nonneg-
ative radial function h, which is positive in a neighbourhood of 0, with J h(x) dx = 1 and

J r™"1 (Inr)ph(r) dr < oo, where h is the least decreasing radial majorant of h.
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42 B 99.
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1. Introduction

Let / be a locally integrable function on Rn. For any sphere S in Rn, let

where |5 | denote the volume of S. The function / is said to have Bounded Mean
Oscillation (BMO) if

sup j— / | / - ms(f)\ = 11/11. < oo.
s \S\ Js
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It follows from the John-Nirenberg Theorem that for each fixed l < p < o o , ||/||*
is equivalent to

P

see [3]. Let

be the Poisson kernel and let u(x, t) — (f * Pt){x). It is also well known that the
above ||/||(p,») is equivalent to

(1.2) sup (f\f(y)-u(x,t)\*Pt{x-y)dy)

where i ? " + 1 = Rn xR+.
In this note we will extend the equivalence (1.2) to a larger class of kernels.

Let h be a nonnegative radial function on Rn (that is, h(x) = h(y) if |z| = \y\),
define ht, m/i,(/) by

ht(x) = rnh(x/t), t > 0; mht(f) = f f(x)ht(x) dx,

and the least decreasing radial majorant of h by

h(r) = sup h(y), r > 0.

The notation ~ will denote the equivalence of the norms, and <9Q will denote
the family of spheres centered at 0.

THEOREM 1.1. Suppose 1 < p < oo and that h is a nonnegative radial
function satisfying

(i) fRn h{x)dx = 1 and / ^ r " - 1 (InrY~h{r)dr < oo.
(ii) there exists r0 > 0, S > 0 such that h(r) > 6 for 0 <r <r0.

Then

sup (^ f |/ - ms(f)\A
 P ~ sup ( f \f - mht(f)\

pht) •
S€S"0\\S\Js ) t>O\J }

By translating / and by the equivalence of the BMO norm mentioned in (1.1),
Theorem 1.1 implies

COROLLARY 1.2. Let 1 < p < oo, and let h be as in Theorem 1.1. Then for
any locally integrable f on Rn,

Il/H. ^ sup € fl!^1 ( ( \f(y) - mht(fx)\"ht(x - y) dy) " .
(x,t) \J )

where fx{y) = f(x - y), x,y € Rn.
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Note tha t Theorem 1.1 localizes (1.2) a t x — 0. The special case where n = 1
and h equals the Poisson kernel l / (?r (x 2 + 1)) is used in [2] to s tudy the class of
functions of bounded mean oscillations with respect to 0, t h a t is,

T>0

This class plays the same role to

± (T |/-mr(/)]r<oo.
i.1 J-T

(functions with bounded averages) as BMO to L°°. Another special case is
h(x) — 2 sin X/TTX2, which is used in [1] and [4] to consider the integrated Fourier
transformation of functions in Mp. Theorem 1.1 also extends Theorems 4.5, 4.6
in [4] where the theorems were proved in connection with the Wiener's Tauberian
Theorem for limit supremum.

We remark that unlike the BMO case, the expressions in Theorem 1.1 are not
equivalent for different values of p.

The proofs of Theorem 1.1 and the remark are given in Section 2.

2. The proofs

Let E = {x G R": |x| = 1} denote the surface of the unit sphere of Rn, |E|
its surface area, a the elements of E, and da the elements of the surface area of
E. Also Sr will denote the sphere in S% with radius r.

LEMMA 2 . 1 . Let h: Rn - • R+, <j>: R1 -> R+ be such that

(i) limr^0+ rn<t>(r)h(r) = a,
and

(ii) {rn(j>{r))' exists a.e. and $h{r)(rn<j>(r))'dr < oo.
Then there exists a constant C (depending only on <f> and h) such that

I F(x, T)h(x) dx < C, for all T > 0,

for any measurable F: Rn x i ? + —* R+ satisfying

(2-1) TFT / F(x>T)dx ^ 4>{t), for all t > 0, T > 0.
Pt| Js,
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PROOF. T he technique is to use integration by par t s . For a > 0, let Sa

and for T > 0, let

FT(r) = rn-1 f F{ra,T)do.
Jv

Then

/ F{x,T)h(x)dx= f f Fir^T^r^^dadr
Jsa JO JE

< r~h(r)FT(r)dr= f°h(r)d ( f FT{t)dt]
Jo Jo \Jo /

= h(a) ^ FT{t)dt- I" ( f FT(t)dt) dh(r)
Jo Jo \Jo J

< h(a)(a
n\E\4>(a)) - fa(rn\E\)<l>(r)dh(r)

Jo
(by (2.1) and since h is decreasing)

Lett ing a —> oo, the result follows from (ii).

Let

Up = {f€Lioe(R
n): sup r̂ T / I / -

LEMMA 2.2 . For f €UP, S e<9o and for a > 0,

\maS(f)-ms(f)\<i>(a),

where tp = a"n/pX[o,i] + 2n/p(l + 21na)x(i,oo) •

PROOF. If 0 < a < 1, then

Im^m-msmt^fi^r/ |/-ms(/)|
p)

y-n/P
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If a > 1, then there exists k such t h a t 2fc < a < 2 f c + 1 and

fc-i

\maS(f) - ms(f)\ < \maS(f) - ma*s(/)| + £

i/p

k-l , . v 1/p

i / p

< 2"/p(l + log2 a)

<2"/p(i + 21na).

PROOF OF THEOREM 1.1. We first show that

(2.2) sup f \f- mhT(f)\PhT < Cx sup -$r, f \f - ms(f)\
T>OjRn SeS^o \b\ JS

for some C\ > 0. Without loss of generality we assume that / G Up. For a,
T > 0 let Sa G ̂ o be the sphere of radius a. Then

P

>aT\Js

where ip(ot) is defined as in Lemma 2.2. By letting

F(x,T) = \f(Tx)-mST(f)\P,
we have

± I F(x,T) dx<(l
Sa

Let 0(a) = 2^(1 + Vp(a)). Then

The assumption that J^° rn 1 (In r)ph(r) dr < oo implies that

/ (an0(a))'ft(a) da < oo.
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Hence by Lemma 2.1,

f \f(Tx)-mST(f)\Ph(x)dx= f F(x,T)h(x)dx <C
JR" JR"

for some C > 0. Inequality (2.2) now follows from below

1/p

1/p

+ \mhT(f)-msT{f)\

O r \ 1 / p

\f(Tx)-mST(f)\ph(x)dx) <2C.
R" /

For the reverse inequality of the equivalence, we let c — 2(6\Sro\)~
1^p, and for

any T > 0, let T" = Tr0. It follows that
1/P

+\mhT(f)-msT,(f)\

\ i/p

|/(Tx)-mfcr(/)|"<fa:J

\ I/P

\f(Tx)-mhT(f)\PHx)dx)

(since /i(x) = feoW > 6 for 0 < r < r0, \x\ — r)

'

To justify the remark in Section 1, we let 1 < p < q < oo, and let

A, = {xeR1: 2j < \x\ < 23 -
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Define

3=0

Since / is an odd function, m[_ r i T ] ( / ) = 0, for all T > 0. For 2* < T < 2k+1,

T k

On the other hand, for T = 2k,

S_T t ,

- 2fc/2 '

which tends to oo as h —> oo.
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