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Abstract

The BMO norm of f is equivalent to

1/p
sup (/If(y) —u(z,t)[PPi(z — ) dy) ,

(:.t)ER:'“

where P; is the Poisson kernel. In this note, we show that P; can be replaced by a nonneg-
ative radial function h, which is positive in a neighbourhood of 0, with f Rn h(z)dz = 1 and

floo r*~1(In r)”iz(r) dr < oo, where } is the least decreasing radial majorant of k.
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1. Introduction

Let f be a locally integrable function on R™. For any sphere S in R", let
: /
mg = — z)dz
(=15 ). /@

where |S| denote the volume of S. The function f is said to have Bounded Mean
Oscillation (BMO) if

1
up o5 /S 1f = ms(D)] = [Ifll. < .

© 1989 Australian Mathematical Society 0263-6115/89 $A2.00 + 0.00

289

https://doi.org/10.1017/51446788700030755 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700030755

290 Yong-Zhuo Chen and Ka-Sing Lau (2]

It follows from the John-Nirenberg Theorem that for each fixed 1 < p < o0, ||f||+
is equivalent to

1 1/p
(L1) sup (E / If—mS(f)I”) (= 1l pue))

see [3]. Let

t
([z]2 + £2)(n )72
be the Poisson kernel and let u(z,t) = (f * P;)(z). It is also well known that the
above || f|[(p,+) is equivalent to

(1.2) sup ( J11® - s@opPe -y dy)l/p

+1
(z,t)eRT

Pt(z) =Cn

t >0,

where Ri*! = R” x R*.

In this note we will extend the equivalence (1.2) to a larger class of kernels.
Let h be a nonnegative radial function on R™ (that is, h(z) = h(y) if |z| = |y|),
define hy, mp,(f) by

ho(z) =t h(z/t),  t>0;  ma(f) = / f(@)hi(z) dz,
R'l
and the least decreasing radial majorant of h by

h(r) = sup h(y), r20.
ly|>r

The notation ~ will denote the equivalence of the norms, and % will denote
the family of spheres centered at 0.

THEOREM 1.1. Suppose 1 < p < oo and that h 1s a nonnegative radial
function satisfying 3

(i) fgn h(z)dz =1 and [°r"~(Inr)Ph(r)dr < oo.

(ii) there exists 1o > 0, 6 > 0 such that h(r) > 6 for 0 < r < ro.

Then
1 1/p 1/p
s (ﬁ / If—ms(f)|”> ~ sup ( / If—mh,(f)l”ht) -

By translating f and by the equivalence of the BMO norm mentioned in (1.1},
Theorem 1.1 implies

COROLLARY 1.2. Let1<p < o0, and let h be as in Theorem 1.1. Then for
any locally integrable f on R™,

1/p
191 = sup & B ( J 1@ - ()P h(z - ) dy) .

where f:c(y) = f(il: - y)) T,y € R™.
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Note that Theorem 1.1 localizes (1.2) at £ = 0. The special case where n = 1
and h equals the Poisson kernel 1/(m(z? + 1)) is used in {2] to study the class of
functions of bounded mean oscillations with respect to 0, that is,

T

sup o= [ 1 =mr (NP < o

>0 2T

This class plays the same role to

1/p
MP =4 727 = sup (;T [ mp) <o

(functions with bounded averages) as BMO to L®. Another special case is
h(z) = 2sin® z/7z?, which is used in [1] and [4] to consider the integrated Fourier
transformation of functions in M?. Theorem 1.1 also extends Theorems 4.5, 4.6
in [4] where the theorems were proved in connection with the Wiener’s Tauberian
Theorem for limit supremum.

We remark that unlike the BMO case, the expressions in Theorem 1.1 are not
equivalent for different values of p.

The proofs of Theorem 1.1 and the remark are given in Section 2.

2. The proofs

Let ¥ = {z € R™: |z| = 1} denote the surface of the unit sphere of R", |3
its surface area, o the elements of ¥, and do the elements of the surface area of
3. Also S, will denote the sphere in %% with radius r.

LEMMA 2.1. Let h: R® —» Rt, ¢: R' — R™* be such that
(i) lim, g+ r"¢(r)h(r) = a,
and
(ii) (r"@(r)) ezists a.e. and [ h(r)(r¢(r)) dr < co.
Then there ezists a constant C (depending only on ¢ and h) such that

F(z,T)h(z)dz < C, for allT >0,
Rn

for any measurable F: R™ x RY — R* satisfying

(2.1) F(z,T)dz < ¢(t), forallt >0, T > 0.

1
1Se| Js,
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PROOF. The technique is to use integration by parts. For a > 0, let S, € %3,

and for T > 0, let
(r) = ! / F(ro,T)do
=

Then
/ F(z,T)h(z dz—/ /Fra,T)h(ra *~ldgdr

/h )Fr(r dr—/ (r)d(/r (t)dt)
=@ [“Frwa- [ ([ Frtrae) die

< h(a)(@"[Elé(a)) - /0 ® (™ IZDe(r) dh(r)

(by (2.1) and since h is decreasing)

=] (a + /0 i iz(r)(r"qs(r))'dr) :

Letting a — 00, the result follows from (ii).

Let

Up = {fGLlloc(R"): sup IT;T‘/s'f_mS(f)lpS 1}_

SEH

LEMMA 2.2. For f € Up, S € % and for a >0,

Imas(f) —ms ()] < ¥(a),

where Y = a~™/Px(g 1) + 2™P(1 + 2In @) X(1,00)-

PROOF. If 0 < a < 1, then

1/p
Imas(f) = ms (/)] < (ﬁ [ If—ms(f)l”)

: (ﬁ [ir- ms(f)l”) P amne
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If a > 1, then there exists k such that 2% < o < 2¥+1 and

Imas (f) = ms(f)] < Imas(f) — mars(f |+Z|m2:+ls — mais(f)]

; _ » 1/p
< (I2ks| s |/ mas(f)|>
S 1 1/p
2> (w51 s ‘mzms(f)w)
1/p
< (0/2’5)71-/1’ (l_&lﬂ/s tf —mas(f)ll’)

k-1 1 1/p
+2MP ) (m ptts \f - mz:‘ﬂs(f)‘p)
=0

< 277(1 + log, a)
<2"?(14 2ha).

PROOF OF THEOREM 1.1. We first show that
@) s [ 1= ma (PR <01 sup o [ 1= ms(P
75 e 5 S

for some C; > 0. Without loss of generahty we assume that f € Up. For ¢,
T > 0 let S, € .% be the sphere of radius a. Then

1 1/1’
(m [ |f(TZ)—msT(f)|de)

1/p
s(—l— If(ft)—mS,,T(f)l”dfc> N T

|SQT| SaT
< 1+ 9(a),
where ¥(a) is defined as in Lemma 2.2. By letting

F(z,T) = |f(TfL‘) - mST(f)|p7

we have ]
S F(z,T)dz < (14 ¢(a))? < 2°(1 + ¢*(a)).
[+ Sa
Let ¢(a) = 2°(1 + ¥?(a)). Then
" n2Pa"™ "1 0<z<1,
(a"@(a))" = { 2°a™ " n +2"(1 + 2Ina)?~ (n + 2nlna + 2p)}, z>1.

The assumption that [° r"~1(Inr)Ph(r) dr < oo implies that

| @ o) he) da < oo.
0
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Hence by Lemma 2.1,

| @) - mo,(DPh@)dz = [ FaTih@)dz<C

n

for some C > 0. Inequality (2.2) now follows from below

([ 1@ —mar (oo )

1/p
([ 17r2) - ma (1)Phia) o)
R'I
1/
: (/ M (T2) = ms, ()Ph(2) dz) " s (1) = mse ()

<2 ( / 1/(Tz) - ms () Ph(z) dz)l/p <2C.

For the reverse inequality of the equivalence, we let ¢ = 2(6|S,,|)~!/?, and for
any T > 0, let T' = Trg. It follows that

1 1/p
( |f(z) —ms,, (I d-’f)

1S7:| /s,

IA

1/p
L [f(z) — mn, (f)IP dz) + |mar (f) — ms. ()
1Sr] Js,,

IA

{ 1/p
2 (2 [ 17@) - g ()P
|S1| Js,.

1/p
<2 <| 5/ 14(Ta) - th(f)I”dz)

1/p
<e ( / |/ (Tz) — mnr (f)Ph(z) dz)
S,o

(since h(z) = ho(r) > 6 for 0 < r < 7, |z| =7)

<e( [ 1 - mippreyaz)”

1/p
<e( [ 1@ -mm(Phredn)
To justify the remark in Section 1, welet 1 < p < ¢ < 00, and let

A;={z€R: ¥ < |z| <2 + 27},
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Define

oo

F(8) =2/, (t)sgn(t), tER.
=0

Since f is an odd function, m;_r 7)(f) = 0, for all T > 0. For 2k < T < 2k+1,

k
1/T 1 12
= f-m_rp(f)IF < E / 212 gy < 2.
2T Tl [ TT]( )' 2k+1 j=0 Ajl |

On the other hand, for T = 2%,

1 (T 9ka/2p
T . |[f =mi_r 1 ()|* > TR

which tends to oo as h — 00.
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