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Compac t c o m p l e x homogeneous man i fo lds have b e e n s tudied 
in g r e a t de t a i l by B o r e l , Goto, R e m m e r t and Wang (cf., (13)): i t 
was shown that e v e r y compac t , connected c o m p l e x homogeneous 
manifold M is a h o l o m o r p h i c f iber bundle over a p r o j e c t i v e a l 
g e b r a i c homogeneous manifold B with a connec ted , c o m p l e x 
p a r a l l e l i z a b l e f iber F . Goto (4) has shown that if M h a s a c o m 
p a c t t r a n s f o r m a t i o n g roup , then M is homogeneous p r o j e c t i v e 
r a t i o n a l . Aeppl i [1] has s tudied t h e s e man i fo lds us ing a d i f fe ren
t ia l g e o m e t r i c method and has obtained some i n t e r e s t i n g r e s u l t s . 
In § 1, we s u p p l e m e n t h i s r e m a r k s using s o m e r a t h e r e l e m e n t a r y 
and we l l -known r e s u l t s . In § 2, we p r o v e that t h e r e i s only one 
homogeneous c o m p l e x s t r u c t u r e on S X S 

1. Le t M be a c o m p a c t c o m p l e x homogeneous manifold 
which i s s imp ly connec ted ; we m a y a s s u m e tha t M = G/tî w h e r e 
G i s a connected Lie group act ing ef fec t ive ly on M and H is a 
c losed s u b g r o u p . 

It i s we l l -known that the E u l e r - P o i n c a r é c h a r a c t e r i s t i c 
E(M) of M is n o n - n e g a t i v e ; i t is s t r i c t l y pos i t ive if and only if 
H i s of m a x i m a l r a n k . We p rove the following r e s u l t which 
g e n e r a l i z e s a r e s u l t of Wang: 

T H E O R E M 1. Le t M be a c o m p a c t c o m p l e x h o m o g e n e o u s 
manifold which is s imp ly connec ted . If the E u l e r - P o i n c a r é c h a r 
a c t e r i s t i c E(M) of M is d i f ferent f r o m z e r o , then M is a 
K â h l e r - E i n s t e i n manifold of pos i t i ve R icc i c u r v a t u r e ; m o r e o v e r , 
M is p r o j e c t i v e a l g e b r a i c . 

Suppor ted by Canadian M a t h e m a t i c a l C o n g r e s s while at the 
S u m m e r R e s e a r c h In s t i t u t e . 
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Proof . Since M i s s i m p l y connec ted and E(M) is dif
f e r e n t f r o m z e r o , we m a y a s s u m e tha t a m a x i m a l c o m p a c t sub 
group K of G a c t s t r a n s i t i v e l y on M by a w e l l - k n o w n t h e o r e m 
of M o n t g o m e r y [10]; s ince K a c t s effect ively, the c e n t e r of K 
r e d u c e s to ident i ty and h e n c e K is s e m i - s i m p l e . We m a y a s 
s u m e tha t M = K/L w h e r e L i s a c losed subgroup of K ; i t i s 
known [8] that L i s the c e n t r a l i z e r of a t o r u s and M is a 
K â h l e r - E i n s t e i n mani fo ld [8 ] . Hence the R i c c i c u r v a t u r e of M 
is e i t h e r p o s i t i v e , z e r o or nega t ive ; s i n c e M = K / L i s s i m p l y 
connected and K i s c o m p a c t s e m i - s i m p l e , the R i c c i c u r v a t u r e 
of M is d i f fe ren t f r o m z e r o [9] . M be ing c o m p a c t c o m p l e x 
h o m o g e n e o u s , i t fol lows tha t the R i c c i c u r v a t u r e of M is n e c e s 
s a r i l y pos i t i ve (cf., T h e o r e m 6 . 1 1 . 2 , p . 2 2 5 , [3]) . Consequen t ly 
M is p r o j e c t i v e a l g e b r a i c by a w e l l - k n o w n t h e o r e m of K a d a i r a 
[6a]. 

We have the following r e m a r k s : 

COROLLARY 1. Le t M be a s i m p l y connec ted , c o m p a c t 
c o m p l e x h o m o g e n e o u s manifo ld and let M be n o n - K a h l e r i a n ; 
then the E u l e r - P o i n c a r é c h a r a c t e r i s t i c of M v a n i s h e s . 

Le t M be a s in T h e o r e m 1; s i nce the R icc i c u r v a t u r e of 
M is s t r i c t l y p o s i t i v e , M has no h o l o m o r p h i c p - f o r m s , 

2 ,0 
0 < p < n . In p a r t i c u l a r , h ' (M) = 0 and hence e v e r y K â h l e r 

2 3 
m e t r i c on M i s a Hodge m e t r i c by a t h e o r e m of K o d a i r a 
Consequen t ly th i s r e m a r k and a r e s u l t of Aeppl i ( T h e o r e m 3 [ l ] ) 
imp ly : 

Th i s can a l s o be p roved as fo l lows : M = K / L has an i n v a r i a n t 
K â h l e r m e t r i c (cf. , T h e o r e m 3 [ l ] ) ; s ince M = K/L i s h o m o 
geneous , i t is c o m p l e t e and has cons t an t s c a l a r c u r v a t u r e [3] . 
Consequent ly , the R i c c i 2 - f o r m of M is c o c l o s e d ; but the R i c c i 
2 - f o r m of M is a lways c l o s e d . Thus i t is h a r m o n i c and hence 
M is a K â h l e r - E i n s t e i n s p a c e . 

R e c a l l tha t a K â h l e r m e t r i c i s a Hodge m e t r i c if i t s e x t e r i o r 
2 - f o r m r e p r e s e n t s an i n t e g e r cohomology c l a s s . 

K o d a i r a p roved th i s t h e o r e m f r o m any c o m p a c t K a h l e r s u r f a c e 
but h i s proof w o r k s for any c o m p a c t K â h l e r manifold (cf. , 
T h e o r e m [6b]) . 
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COROLLARY 2. If M is a s imp ly connected compac t , 
c o m p l e x homogeneous manifold whose E u l e r - P o i n c a r ë c h a r a c 
t e r i s t i c i s d i f fe ren t f r o m z e r o , then e v e r y i n v a r i a n t h e r m i t i a n 
m e t r i c on M is a Hodge m e t r i c . 

Let M be a c o m p l e x homogeneous manifold with a c o m p a c t 
t r a n s f o r m a t i o n group K and le t K ac t e f fec t ive ly . Suppose tha t 
E(M) 4 0 ; then the c e n t e r of K i s t r i v i a l and K i s s e m i - s i m p l e ; 
the a r g u m e n t in the proof of T h e o r e m 1 above shows tha t M is 
h o m o g e n e o u s K â h l e r - E i n s t e i n ; consequen t ly , the R i c c i c u r v a 
t u r e of M is s t r i c t l y pos i t ive and hence M is s imply connected 
[6] . Thus we have (cf., [Z]). 

T H E O R E M 2 . Le t M be a c o m p l e x homogeneous m a n i 
fold with a c o m p a c t effect ive t r a n s f o r m a t i o n g roup ; if E(M) ^ 0 
then M is s i m p l y - c o n n e c t e d . 

REMARK. In fact, it i s enough to a s s u m e in T h e o r e m 1 
(and i t s c o r o l l a r i e s ) that the fundamen ta l g roup n (M) of M is 

f in i te ; s ince M is K â h l e r - E i n s t e i n and has a s t r i c t l y pos i t i ve 
R icc i c u r v a t u r e , i t fol lows that M i s s imp ly connected [7] . 

2 . H i r z e b r u c h [5] has shown the e x i s t e n c e of an infinity of 
i nequ iva l en t c o m p l e x s t r u c t u r e s 2 on V = S X S which a r e 

n 2 2 
a l g e b r a i c ; in fact , t h e s e s t r u c t u r e s a r e a l l r a t i o n a l by a c l a s s i c a l 
t h e o r e m of Cas t e lnuova - E n r i q u e s s ince t he se s u r f a c e s a r e a l l 
s i m p l y - c o n n e c t e d and the a r i t h m e t i c genus p and (plur i ) 

a 
2 - g e n u s P v a n i s h . By a r e s u l t of K o d a i r a [6b], any c o m p l e x 

2 2 
s t r u c t u r e on V i s a l g e b r a i c s ince c . > 0 , w h e r e c i s the 

1 1 
f i r s t c h e r n c l a s s of V ; it i s not known w h e t h e r i t is r a t i o n a l . 
We p r o v e the fo l lowing:^ 

THEOREM 1. Any homogeneous c o m p l e x s t r u c t u r e on 
V = S X S is i s o m o r p h i c to the u s u a l c o m p l e x s t r u c t u r e on the 

c o m p l e x q u a d r i c . 

P roof . Le t V = G/tî , w h e r e G i s a c o m p l e x Lie g roup 
and a s s u m e that G a c t s effect ively on V ; s ince the E u l e r -
P o i n c a r é c h a r a c t e r i s t i c of V is d i f ferent f r o m z e r o and it i s 

Th i s a n s w e r s a ques t ion posed to the au thor by P r o f . R . R e m m e r t . 
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s i m p l y - c o n n e c t e d , t h e r e e x i s t s a m a x i m a l c o m p a c t subg roup 
K of G which a c t s t r a n s i t i v e l y by a w e l l - k n o w n t h e o r e m of 
M o n t g o m e r y [10], K i s s e m i - s i m p l e and V = K / L a d m i t s an 
i n v a r i a n t K â h l e r - E i n s t e i n m e t r i c ; m o r e o v e r , L i s the con
nected componen t of the c e n t r a l i z e r B of a 1 - p a r a m e t e r sub
group of K . Le t K = K X . . . X K w h e r e e a c h K i s c o m -

1 m i 
pac t , connec ted and s i m p l e ; s i nce L i s of m a x i m a l r a n k , we 
have L = L X . . . X L w h e r e L. C K. and V =̂n (K. /L . ) . 

1 m i l £ i i 

Since V - K / L is c o m p a c t h o m o g e n e o u s K â h l e r i a n , e a c h f a c t o r 
V. = K . / L . i s a l so c o m p a c t h o m o g e n e o u s K â h l e r i a n [91. Since V 

i l l 

i s of c o m p l e x d i m e n s i o n 2, we have n e c e s s a r i l y e i t h e r V - K / L 
with K c o m p a c t s i m p l e or V - V X V w h e r e each V. i s a 

c o m p l e x manifold of c o m p l e x d i m e n s i o n 1. If V = K /L with K 
c o m p a c t s i m p l e , then V i s h e r m i t i a n s y m m e t r i c i r r e d u c i b l e 
[9] and hence i t s second Be t t i n u m b e r wi l l be 1, a c o n t r a d i c t i o n . 
Thus we have V = V" X V" and each V. , be ing a c o m p a c t and 

1 2 i 
s i m p l y connec ted c o m p l e x manifo ld of d i m e n s i o n 1, i s i s o m o r p h i c 
to the R i e m a n n s p h e r e S . Consequen t ly V = K/L i s i s o m o r p h i c 

to the c o m p l e x q u a d r i c . 

REMARK. In fact , s i nce V = K / L is s i m p l y connec ted 
wi th K c o m p a c t and s e m i - s i m p l e , i t s R i c c i c u r v a t u r e i s d i f fe r 
ent f r o m z e r o [9]; m o r e o v e r , s ince V i s K a h l e r - E i n s t e i n , and 
V is c o m p a c t h o m o g e n e o u s complex , i t fol lows tha t the R i c c i 
c u r v a t u r e of V i s n e c e s s a r i l y p o s i t i v e (cf. § 1 ) . Thus p = 0 

2 o g 

and P = d im H ( V , n (2K)) = 0 and hence V i s r a t i o n a l by 

a c l a s s i c a l t h e o r e m of C a s t e l n u o v a - E n r i q u e s (cf. [4]) . Thus i t 
i s b i r a t i o n n a l l y equ iva len t wi thout e x c e p t i o n s to one of the m o d e l s 
2 of H i r z e b r u c h by a t h e o r e m of A n d r e o t t i - N a g a t a [11] . 

3 . Le t M be a c o m p l e x mani fo ld (not n e c e s s a r i l y s i m p l y 
connec ted) with van i sh ing second Be t t i n u m b e r b ; if d i m M -Z , 

1 C 

tha t i s M is a c o m p a c t c o m p l e x s u r f a c e wi th b = 0 , then 

1 Aeppl i ha s given (cf. p . 67 [ l ] ) e x a m p l e s of n o n - K â h l e r c o m p l e x 
m a n i f o l d s with b ^ 0 and having a n o n - z e r o E u l e r - P o i n c a r é 

c h a r a c t e r i s t i c ; t h e s e man i fo ld s a r e not s i m p l y connec ted 
(cf. T h e o r e m 1). 
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the E u l e r - P o i n c a r é c h a r a c t e r i s t i c of M v a n i s h e s (cf. L e m m a 
[10]). If M i s a c o m p a c t c o m p l e x h o m o g e n e o u s , s i m p l y connec 
ted (cf., T h e o r e m 1), manifold with b = 0 , then E(M) = 0 . It 

wi l l be v e r y i n t e r e s t i n g to know if this i s t r u e for an a r b i t r a r y 
c o m p a c t c o m p l e x manifold with b = 0 . 
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