ON SOME THEOREMS OF DOETSCH
P. G. ROONEY
1. Introduction. The spaces ,(w), 1 < p < ®, w real are defined to

consist of those analytic functions f(s), regular for Res > w and for which
up(f3x) is bounded for x > w where

1 © 1/p
(1.1) pp(f5 %) = {5; f_ If(x + iy) dy} , I<p<
and
(1.2) o (f %) = _sup [f(x + )]

These spaces have been extensively studied—for example, see (2), (4).

In particular two results connect these spaces with the theory of Laplace
transforms. These are that if e’ () € L,(0, »), 1 < p < 2, and if f is the
Laplace transform of ¢, that is,

f(s) = Lme""¢(t)dt, Res > w

then f € 9,(w) where
(1:3) P+t =1,

and that conversely if f € §,(w), 1 < p < 2, then f(s) is the Laplace trans-
form of a function ¢ such that e (f) € L,(0, »). For 1 < p < 2, these
two results are due to Doetsch (2), and for p = 1 they are trivial. The two
results concern the same space if and only if p = 2, when they give necessary
and sufficient conditions that f(s) be the Laplace transform of a function ¢
such that e ¢ (f) € L2(0, «).

Recently the author (6, 7) has considered the Laplace transformation of
functions of the form #¢(¢), ¢ € L,(0, ), A > — ¢~', and we propose to
generalize Doetsch’s results so as to deal with functions of this type, though
we shall have to restrict A to be positive. To this end, which is achieved in
§ 2, we shall first define certain new spaces 9 ,(w), A > 0,1 < p < », which
in a sense are generalizations of the spaces $,(w).

In the case p = 2 we shall see that we again obtain necessary and sufficient
conditions for a representation, and in § 3 we shall relate these results to
some previous work of ours and by so doing show that in this case the con-
ditions for the representation can be slightly relaxed.

Doetsch (2) has further shown that for p = 2 a certain real inversion
formula for the Laplace transformation, originally due to Paley and Wiener
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(5, p. 39), is very useful. In § 4 we shall show how this formula can be general-
ized to deal with Laplace transforms of the type mentioned earlier.

2. Generalized spaces. In this section we first define the spaces i,
and then prove two theorems generalizing Doetsch’s result.

Definition. Do ,(0) = Dp(w). If X > 0, O ,(w) consists of those functions
f(s) € 9,(") for every o' > w and such that p,*(fiw) is finite, where

2.1) 1y (f; ) = fj<x — )y (f; %)) d, 1<p< o
and
2.2) w(f;e) = sup (x — o) ui(f; x).

It is clear that 9, ,(w) is a linear space. It is easy to show that it is a Banach
space under the norm

{ip(f; @) /T (Ag)} A>0,p>1
flhe =1 m(f; @) A>0,p=1
sup u,(f;x) A =0.

Also an easy proof shows that if || f|lx, < M,0 <N < N, then || fllo, < M,
and || fllxo — || fllo» as X = 04. Since these properties are not needed in
what ensues, they will not be elaborated further here.

THEOREM 1. If e (t) € L,(0, ), 1 < p <2, N >0 and

16 = [T Pewa, Res> o)
then
() € Sralw).

Proof. If A = 0,1 < p < 2, the theorem follows from (2, Theorem 2), and
if A =0, p =1, the result is trivial.
If A >0 and « > w, then since

t)\e—(w'—w)t
is bounded for ¢ > 0,
C_w'tt)‘d)(i) S Lp(Oy oo),

and hence by (2, Theorem 2) f(s) € $,(v'). It remains to show pl(f;w) is
finite.
Ifp=1 x> o

e+ il < [ o Plowla

so that

Downloaded from https://www.cambridge.org/core. 04 Dec 2025 at 04:19:05, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

ON SOME THEOREMS OF DOETSCH 423

po(f3 %) < Lme‘“ o (t)|dt.
Hence,

B = [ = o s
< f Tl — o) fo "o M) |dt
= f “}Md,(z) |dt f w(x — )"t

0

oy e el < o,

and f € D ().
F1<p<2A>0 x> o0,

flx —1dy) = J;me“”(e"“t)‘cb(t))dt

is the Fourier transform of a function in L,(0, ), 1 < p < 2. Hence by
(8, Theorem 74), for x > o,

hlfi®) = {51? Jove+ ”y""dy}w = {51; | CEE dy}w

© 1/p
A rerroora”
0

so that for x > w,

(s 0Y < [ e Plowp

Hence, we have
o) = [ = o) (i)Y d
< fm(x — )™ dx fme_”“ () [ de
w 0

= ‘fwt”%(t)[”dt f w(x — @) e dx
0 2]

200

=7 J, e dt < =,

and f € D (w).

THEOREM 2. If f € Dr,p(w), 1 < p <2, N > 0, then there is a function ¢
with e='¢(t) € L,(0, =) such that

f(s) = fowe‘” £ o(t) dt.
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Proof. Without loss of generality we may assume w = 0, for otherwise we
deal with f(w + s5). We shall consider first the cases 1 < p < 2.

By the definition of Oy ,, f € Hp(w’) for each o’ > 0, and hence, for each
fixed x > 0, f(x + 1y) € L,(— », ®). For x > 0 let

F(t, x) = %f_f(x + iy)e'? dy.

By (8, Theorem 74), as @ — « F, converges in mean of order ¢, as a function
of ¢, to a function F(¢,x) € L,(— o, «). Consider, however, the integral

ff(s)e”ds

taken around the rectangle with vertices at x; 4 ia and x. &= 7a where
O < X1 < Xa.
The integral along the upper side is

z2 z2
flx + ia)e' ™ dx = ' | f(x + ia)e” dx.
z1 z1

But if we let ®({) = f(o' — 1¢), where 0 < o’ < x;, we have that ®({) is
an analytic function regular for n = Im ¢ > 0, and for n > 0,

ST ree+mra = [T 1w 0 wpa
= [T £+ 0P = 20l i + )Y,

and this is bounded for 7 > 0 since f € $,(«’). Hence, by (8, Lemma, p. 125),
®( 4+ i) >0 as £— — o uniformly for § < 7 < R where R>§> 0.
Takingé = — ¢, 9 =% — o', R =%, — &', 0 = x1 — o', we have f(x+1a)—0
as ¢ — o uniformly for x; < x < x», and the integral along the upper side
of the rectangle tends to zero as ¢ — «. Similarly the integral along the
lower side tends to zero as a — «. Hence, as ¢ — =,

a a
ff(xl_l_iy)et(zx-}-iz/)dy _f f(x2+iy)et(zz+1u)dy_)0,
that is,
e F,(t, x1) — €72 F (¢, x2) — 0.

Thus the mean limit over any finite {-interval is also zero, so that for almost
all ¢

e F(t, x1) = e™*F(t, x1),
and we may write
F(t, x) = ¢ “F(2).
By (8, Theorem 74)

23) S IFOr i < G0
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Since for any 8 > 0 the right hand side of (2.3) is bounded, say by K (), for
x > §, we have
-5 ©
f |F(6)|%dt < & f |F(£)|% e " dt
<K@ e ™50 as x— o.

Thus F(f) = 0 a.e. for t < 0, and (2.3) becomes

(2.4) TIFOr e a < i)

Multiplying (2.4) by x®-! and integrating, we obtain

H) ["roipya < 50 0ntsi0)" as

= up(f;0) < o,
so that tF(f) € L,(0, =), or F(t) = P¢(¢), where ¢ € L,(0, »). Finally,
from (8, Theorem 74), for x > 0 and almost all y,

d aoe—iﬂl

flx + 1y) = dy

:_l—ztx
¢ £ o(t) di

= ifwe_“t)‘qb(t)dt Jwe_“" du
dy Jo 0

a (" ® we
= @fo duj; e TR (1) dt
= f e ETWIA (1) dt,

0

the interchange of the order of integrations being justified by Fubini's theorem.
But since the functions appearing on either side of this equation are con-
tinuous, the equation holds for all ¥ and thus, if Res > 0,

f@s) = j; PR o (t) dt.

For p = 1 we proceed as follows. By the definition of 1, f € H1(v’) for
any o’ > 0, and thus for each x > 0, f(x + 7y) € Li(— o, «). For x > 0
we let

F,) = o= | fle+ ine™ dy.

Then it follows in practically the same manner as previously that for almost

all ¢
F(t,x) = e ” F(t).
Hence,
—tz 1 .
(25) O <5 | 1+ inldy = w0,
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and since the right hand side of (2.5) is bounded as x — ®, we must have
F(t) =0 for t <O0.
Multiplying both sides of (2.5) by x* and taking suprema, we obtain

SUPx e P < (3 0).

But

Ao~ RN
supx e = Ne 't
>0

b

so that
NEFQ@)| < M, t>0,

that is F(t) = P¢(f) with ¢ € L (0, ).
Finally from (8, Theorem 3), for x > 0

R ©
flx +1y) = limf e Ve p(t) dt = f e TR (1) dt,
Ry YV 0 0
so that for Res > 0
56 = [T a

3. The case p = 2. Theorems 1 and 2 together give for p = 2 necessary
and sufficient conditions that f(s) be represented as the Laplace transform
of a function of the form #¢(f) with e ¢!¢(¢) € L2(0, ©) and A > 0. However,
these conditions can be somewhat relaxed by using a previous result of ours.
This is done in the following theorem. For convenience we write here A = 3.

THEOREM 3. A necessary and sufficient condition that an analytic function
f(s), regular for Res > w be the Laplace transform of a function of the form
e (8), with e<'¢p(t) € Ls(0, ), w real, v > 0, is that

.I;m(x — @) dx f_z If(x + iy)["dy < .

Proof. We may suppose, without loss of generality, that o = 0. In (7) we
showed that a necessary and sufficient condition for such a representation
is that

0

(3.1) >

. n' 2 ©
“ T +n+1) la]” < e,

where

-3 (017 Lo

=0

We shall show here that the two conditions are equivalent.

Now, if » > 0,
n! B(n + 1 V) 2n+1 y—1
TotrntD) - TO) r(y)f (1 = r)"dr,

Downloaded from https://www.cambridge.org/core. 04 Dec 2025 at 04:19:05, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

ON SOME THEOREMS OF DOETSCH 427

and hence (3.1) becomes

—I:%SJ:; r(1 — 7 (Z ||’ 2") dr < =,

the interchange of integration and summation being permitted since all

summands are positive.
But it was pointed out in (7) that

2 . F@)
nz=:0 an - (1 _ z)v+l y IZ] < ]-!

where F(z) = f(3(1 4+ 2)/(1 — 2)). Hence, from the Parseval theorem for
power series (3, p. 245), for 0 < 7 < 1

10 2
Z laalr 2 m _ F(re )erl 50
and (3.1) becomes
1 1 oyt J\Zr F(reia) 2
(3.2) WF(V) ‘I; (1 -7 ) rdr . (1 — reig),+1 do < o,

However, the transformation
) s — x4 1y —
re’ =2 = = :
s+ x4+ 1y +
maps the interior of the unit circle in the z-plane conformally and univalently
onto the half-plane Res > 0, and making this change of variable in the
integral, (3.2) becomes

2v_1 ® b fm ENT
Ty o dx _mlf(x+¢y)| dy < =,

that is, the condition of the theorem.

It is worth noting the points in which the conditions are relaxed here.
Using Theorems 1 and 2 we obtain the condition f € §, 2(w) as necessary
and sufficient for such a representation. From the definition of 9y 2(w), this
implies f € 2(w’) for every o’ > w, that is, that

J e+ inpay

be bounded for x > ', for every o’ > w, and it is this condition that is
dropped. It may also be noted that Theorems 1 and 3 together imply that
the condition f € 9s(w) for each o’ > w, can be dropped from the definition
of \g))‘,z(w’).

It is natural to ask whether the condition f € $,(w") for each v > w can
be dropped from the definition of ) ,(w) for other values of p. For p =
and p = o this question can be answered affirmatively. In the case p =
this follows from the fact that for x > o > o,

p(f;x) < (@ — o)™ K ),

B frof=
B[ a0l
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and for p = o the affirmative answer can easily be shown to follow from a
theorem of Doetsch (1) which asserts that log p,(fix) is a convex function
of x. For the remaining values of p the answer is not yet known.

4. Inversion for p = 2. The inversion theorem is proved below. We first
prove a preliminary lemma.

LemMMA. Suppose ¢ € L2(0, ), X > 0, and

fs) = f () dt, s> 0.
0
Then for s > 0

ﬁfsm(" — Y (o)do = J:oe_”qb(t)dt.
Proof.

w5 6= e = 155 [ o = s [T an
= f‘%ﬁj;mtw(t) dt Lw(a — e do

= [Terow an,
0

the interchange of the orders of integration being justified by Fubini’s theorem.

THEOREM 4. If ¢ € Ly(0, ), A > 0, and

J6) = | e towa, Res >0,
0
then

o(t) = Lim. ——f F($)Ex(st, ) ds,

@00

where for x > 0,

e ] }
E)‘(x, a) = J‘ Re{m

Proof. For A = 0 the result is given in (2, Theorem 6). We shall deduce
the result for A > 0 from that for A = 0. For this suppose A > 0. Then by
the lemma

1 °° A1
vl RN L

is the Laplace transform of ¢, and hence

4.1 o(t) = l.i.m.ﬁ‘l(T) fo Eo(st, ) ds f "0 = (o) do.

a—oo
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But since the theorem is true for A = 0, it follows that if g(s) is the Laplace
transform of a function in L,(0, «), then for all sufficiently large «

J; [Eo(st, a)g(s)|ds < o.
Also, as in the proof of the lemma, if s > 0

J o= e < [T = 9 [T lg i
= [Tl = 20,

and thus since |¢ ()] € L:(0, ©), we have for all sufficiently large «

j:o]Eo(st, a)|ds f:’(a — ) f (o) |de < fo mlEo(st, a)Z(s)|ds < .

Hence by Fubini’s theorem we may interchange the order of integrations in
equation (4.1) and obtain

“.2) o(t) = = (M f f(o)do f (0 — $)*""Eq(st, @)ds.

However,

f-(l—ﬂ fo "o — " Eo(st, a)ds

a1 (st)—§+ill }
r(k)f (@=9 dsf {F(z Tl ¥

—%+i1/
=T f Re{r(z i) J:, Dl Mds} dy

t—§+ i

= I‘_O\_) Re{r(z ) )“H-WBO" % + zy)} dy

- « (at))‘_""w =
_t‘fR{———P(H T y)}dy—t)‘Ex(st,a).

Hence (4.2) becomes

-\

6(t) = Lim. f— f(s)Ex(st a)ds.

COROLLARY. If e“'¢(t) € Ly(0, ), A > 0, and
16 = [Teroma Res> o
0

then
-

#(0) = ¢'Lim. “HS)Er((s — w)t, a)ds.

Proof. The result follows on applying the theorem to f(s + w), which is
the Laplace transform of fe=<'¢(2).
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