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ON EXISTENCE OF CANONICAL G-BASES

DANIEL MAX HOFFMANN

Abstract. We describe a general method for expanding a truncated G-
iterative Hasse—Schmidt derivation, where G is an algebraic group. We give
examples of algebraic groups for which our method works.

81. Introduction

Our motivation for this paper is [3, 14], where some nice model-theoretic
properties are obtained for fields equipped with HS-derivations satisfying
the standard iterativity rule. Analyzing the reasoning in [3, 14], we deduce
that one of the most important properties of an iterative Hasse—Schmidt
derivation is Matsumura’s strong integrability (a notion from [4], see:
Definition 2.15). Thus we are especially interested in it.

Briefly, strong integrability means that a truncated iterative HS-
derivation can be expanded to a not-truncated one, satisfying the same
iterativity conditions. We prove (Theorem 3.8) that the existence of a
canonical basis (Definition 3.6) implies strong integrability for an arbitrary
iterativity condition. However, the converse is not true in general (see
Remark 3.9), which is related to the problem of the existence of canonical
basis in a given field.

Finding a canonical basis is not an easy task. Matsumura in [4] proved
the existence of canonical basis for G, (the standard iterativity). Afterward
Tyc in [9] did the same for G,, and one-dimensional formal groups over
algebraically closed fields. Ziegler showed existence of canonical bases for
powers of G, proving the quantifier elimination for the theory of separably
closed fields in [13, 14] (see Example 3.7). Before this paper only products of
Gg and G, were considered. We cover the case of commutative, connected,
unipotent groups of dimension 2 over an algebraically closed field. This
leads us to Theorem 4.17, stating that, over an algebraically closed field,
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2 D. M. HOFFMANN

linear algebraic groups that are connected and commutative have canonical
basis if unipotent elements form a subgroup of dimension < 2. This theorem
includes all the previous results (mentioned above).

Kowalski and I in [2] are treating iterative HS-derivations in a much
more abstract way. Many proofs from [2] would be obvious if canonical
bases exist for the HS-derivations considered there (a similar sentence was
noted at the end of [3, Section 2]). Moreover, [2, Section 6] suggests possible
generalizations for the notion of canonical basis.

§2. Basic notions about F-derivations

2.1 HS-derivations

All the rings considered in this paper are commutative and with unity. Fix
a field k of the characteristic p > 0, e € N5g and m € Nyg U {oo}. Let R be
any k-algebra. In this subsection we recall some definitions and well-known
facts about HS-derivations.

DEFINITION 2.1. We say that D = (D; : R — R)jene is an e-dimensional
HS-derivation over k if the map

D:R—R[X], r—> Di(r)X'
ieNe

where X! = X{l ... Xl fori= (i, ...,1.), is a k-algebra homomorphism
and Dg =idpg.

We introduce R[7]:= R[X]/(X", ..., X)), so vi=X;+ (XP", ...,
X2") and 9= (vy, . . ., ve) (for m = oo we set v; = X;, R[v] = R[X]). After

composing D with the natural mapping R[X] — R[v] we obtain a truncation
of D, denoted by D[m] = (Dj: R — R);c[pm]e. This lead us to the following:

DEFINITION 2.2. A collection D = (Dj: R — R)igpm)e is called an m-
truncated e-dimensional HS-derivation over k if the map

D:R—Rp], r— Y  Dir)?,
ielp™]

where o' =v}' - ... vl for i=(i1,...,i), is a k-algebra homomorphism
and Dg = idpg.

Clearly, any oco-truncated HS-derivation is just an HS-derivation. We have
seen that it is easy to obtain from an HS-derivation an m-truncated one.
For a field R = K the converse is also true.
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THEOREM 2.3. Let R be a smooth k-algebra, D= (D;: R — R)jcppm)e
an m-truncated e-dimensional HS-derivation over k. There exists an e-
dimensional HS-derwation D' = (D) : R — R)iene over k such that for every
ie[p™]® we have D; = Dj.

Proof. We recursively construct D)’ as was done at [4, page 236], but
using the following diagram

)

R[X]/(XP" ... XE")

-
-
-
IS Tﬂ'
N

— n+1 n+1

RIX|/(XY ..., X0 )

where () =3 ic e D;i(z) X'+ (X", ..., XP") and 7 is the quotient
map. il

REMARK 2.4. Theorem 2.3 is a generalization of [4, Theorem 6]. Note
that the best possible situation is for a k-algebra R which is étale over
k. In such a case there exists a unique expansion of every m-truncated e-
dimensional HS-derivation.

By [5, Theorem 26.9], separability implies smoothness, so Theorem 2.3
works in particular for a separable fields extension & C K. Because so far we
do not demand anything from k we can take k£ = [F),, hence the assumption
about a separable extension k C K is negligible in the following way:

COROLLARY 2.5. FEvery m-truncated e-dimensional HS-derivation on a
field K has an extension to an e-dimensional HS-derivation.

We call an m-truncated e-dimensional HS-derivation D on R integrable
if there exists e-dimensional HS-derivation D' on R such that D{= D; for
every i € [p™]¢. Corollary 2.5 says that truncated HS-derivations on a field
are always integrable, but it is not true for arbitrary rings [4, Example 3].
Moreover, the described situation dramatically changes after adding some
iterativity conditions. Before considering iterative HS-derivations, we state
more well-known facts about general HS-derivations, which will be needed
in the remainder of this article.

LEMMA 2.6. Assume that R %5 S is a homomorphism of k-algebras. Let
D be an m-truncated e-dimensional HS-derivation on R over k.
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(i) If S is smooth over R, then there exists an m-truncated e-dimensional
HS-derivation D' on S over k such that for every iy, ..., i, <p™

(1) IDGy.iy = Diay iy -

(ii) If S is unramified over R, then there exists at most one m-truncated
e-dimensional HS-derivation I on S over k such that for every
Uy een,le <P
/
fD(il,.‘.,ie) = D(i17.,,7z‘e)f~

Proof. The lemma just reformulates [2, Proposition 3.3]. [

Fact 2.7. For every m-truncated e-dimensional HS-derivation and every
2 € R the following holds

Dyia?) = § Dlirfreie (D7 TP
T 0 otherwise.

Proof. 1t follows from the definition (see e.g. [6, Lemma 1.1]). [

2.2 Tterative HS-derivations

In this subsection we deal with iterative HS-derivations. The main pur-
pose is to provide basic properties. Let F'(v, w) = (F1(v, w), . .., Fe(v,w)) €
(k[v, w])¢ (still k[v, w] = k[X, Y] for m = oo) and let D be an m-truncated
e-dimensional HS-derivation on R over k. Sometimes we need to distinguish
between D : R — R[v] and D : R — R[w]; Therefore, they will be denoted by
D3 and Dg respectively.

DEFINITION 2.8. We call D F-iterative if the following diagram com-

mutes
D3
R R[]
D | | Bt
R[v] R[v, w]
evp

where D [0](Y2; 7i01) := Y s Dy (r;)v'. We write shortly F-derivation for an
F-iterative m-truncated e-dimensional HS-derivation over k.

EXAMPLE 2.9. For m=o00 and e=1 we can take F =G, =X +Y. It
encodes the classical iterativity rule

Di o Dj = (l +]>D’H—]
]
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An example of a G,-derivation is the following collection of functions on

k[ X]:
i 0 if n >k,
D, X' ) =8 & N\
<; > Zai <;>XZ_” if n <k,

where n € N. For the formal group law F=G,, =X +Y + XY above
formulas are more complicated (see [1, Example 3.6]).

EXAMPLE 2.10. For every formal group law F(X,Y) € (k[X, Y])¢ we
have canonical F-derivation

DF .= eVR(X.Y) E[X] — K[ X][Y].

Compare with [2, Example 3.25].

ExXAMPLE 2.11. For actions of finite group schemes, which underlying
Hopf algebra is defined on k[v], we have a natural correspondence with the
truncated F-derivations for an appropriate F' (see [2, Section 3]). Therefore,
we are especially interested in group scheme actions of k-group schemes of
the form g = Spec k[v] on the scheme Spec R. By [2, Remark 3.9], such a
group scheme action corresponds to an F-derivation on R, where F' is the
Hopf algebra comultiplication given by g.

Assume that R is a k-algebra with an F-derivation D. The pair (R, D)
will be called an F-ring. If K is a field and (K,D) is an F-ring, then
(K, D) will be called an F-field. Let (R, D) be an F-ring, similarly (S, D’).
A morphism of k-algebras f: R — S is an F-morphism if for every i,
fD; = Dif. Moreover, if such f is injective, R is F-subring of S (similarly
F-subfield for F-fields).

EXAaMPLE 2.12. Let G be an algebraic group over k, we denote by
O¢ the local ring of G at the identity (it is a regular local ring) and
by = (x1,...,ze) a choice of its local parameters. For F = G we have
F(z,Y) € Og[Y], so (O, DF|p,) is an F-subring of (k[X], D). Hence
k(G) is equipped with a natural G—derivation, which will be denoted by
D and called canonical G-derivation. It depends on the choice of local
parameters, but we prefer the adjective “canonical”’. For more details
check [2, Example 3.27].
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For an F-ring (R,D) and i€ [p™]¢ we introduce Cj:=ker Dj, and two
more sets:

Cr:=Cpp..0N -NCo,. 0,1 (thering of constants),

and
Cas = ﬂ C; (the ring of absolute constants).
i£0
Both, Cr and C%, are subrings of R (see Remark 3.1).

LEMMA 2.13. Assume that R i> S is a homomorphism of k-algebras.
Let D be an F'-derivation on R.

(i) If S is étale (smooth and unramified) over R, then there exists a unique
F-derivation D' on S such that for every iy, ..., 0. <p™

IDGy iy = Diay i -

(ii) If S is unramified over R, then there exists at most one F-derivation
D’ on S such that for every iy, ..., i, <p™

IDy iy =Dy, i T-

Proof. Compare to [2, Proposition 3.18]. Part (ii) is, by Lemma 2.6(ii),
true even without the iterativity assumption. For the proof of part (i), it
is enough to show that an HS-derivation D’ from Lemma 2.6 is F-iterative,
that is, the following diagram is commutative

D

S —— S[v]

D J{ l D (7]

S[v] — S[v, w]

It is similar to the proof of [5, Theorem 27.2] and we leave it to the reader.

il
Let F(v,w) € (k[v,w])¢, m’ <m and let v/, w’ denote the m’-truncated
variables (k[v/, w'] = k[X, Y]/(XP" ..., X" vP" ..., Y?")). By Flm/]

we denote the m/-truncation of F' which is equal to ev, ;) F(v,w) (the
image of I in the ring of truncated polynomials (k[v/,w’])¢). If D is F-
iterative, then D[m/] is F[m/]-iterative as well (for the notion of D[m], check
the first lines after Definition 2.1).
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EXAMPLE 2.14. For every m € N5 we get a G[m]-field structure on
k(G)-just consider DY [m].

DEFINITION 2.15. Let F(X,Y) € (k[X,Y])¢ and let D be an F[m]-
derivation on a k-algebra R. We call D strongly integrable if there exists
an F-derivation D' on R such that D/[m] =D.

In the next few facts we give simple properties of F-derivations on a k-
algebra R. Those facts were intended for a formal group law F', but it is
enough to demand that F(v,w) € (k[v, w])¢, F(v,0) =0 and F(0, w) = w.
However, we do not consider F-derivations in the case when F' is not a
formal group law, even the existence for such (nontrivial) derivations is not
clear in general.

Fact 2.16. For every i and j there exists r(Dj)o<|jy|<jitj|, @ k-linear
combination of Dy, where 0 < [j’| < |i+ j|, such that

11+ 0 e+ ]
D;D; = < it > <e i 8>Di+j + r(Dy )o<|jt|<|i+i|-

Proof. 1t is clear for i=0 or j=0, so assume that both i and j
differ from 0. Since F'(v,0) =9, F(0, w) = w, we have F (v, w) = (v1 + w1 +
S1, .y Ve + we + Se) for some Sy, . .., Se belonging to the ideal (v;w;); j<e-
Therefore, for every r € R

Z D(jl,...,je)D(h,...,ie)(T)Uil vkt wle
Jlseenfestlseessle
— Z D(k1,..v,ke)(r)(vl + wq + Sl)kl L (’Ue + we + Se)ke.

klr“yke
We are interested in the coefficients at A := vl ... .. vl . w{l c...wl on
the right side of the above equation. First of all, note that v; +w; + S;,
i < e, is an element of the maximal ideal (v1, ..., ve, w1, ..., w.), hence it
is of the form

aivy + -+ Qele + 1w + -+ Bewe,

for some a,..., ., f1,..., B € k[U,w]. Each component of the above

sum has total degree at least 1, so the total degree of each summand of
(v; +w; + S;)¥ is at least k;. Therefore, the total degree of

(v1 4+ wy +Sl)k1 ~...-(ve+we+Se)ke
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is at least equal to k1 + - - - + k.. On the other hand, the total degree of A is
equal to |i+ j|. After comparing degrees, we see that if ky + - - - + ke > |1 + j|
then there is no chance to find a component of

Dy, o) (1) (01 + w1 + 51)k1 coeo (Ve + we + Se)ke

equal to A multiplied by some element of R.
Let k1 + - -+ ke =|i +j|. Since Sy, ..., Se € (viwj)); j<e, each summand
of S;, i < e, has total degree at least 2. The only component of

Dy, ko) () (01 + w1 + Sl)k1 coe (Ve + we + Se)ke
for which the total degree will be equal to [i+j| “omits” Si,...,Se.
Therefore, we are looking for the coefficient of
D(kh._’ke)(r)(vl + wl)k1 R (T we)ke,

which is divisible by A. 0

Fact 2.17. Assume that also D' is an F-derivation on R. If for all [ < e
and i <m we have Do o pi 0,.0) = DE0,~~70 b 0,0) then D=1D'.

Ith place lth place

Proof.  Induction on |[j|. Clearly, Dy oy =idr= Dzo,...,o)' Take j=
(J1s -+ Je) #(0,...,0) and assume that Dy = D, for every j’ such that
li’] < |j|- Without loss of generality, we set j; #0. Let j1 =~ +7y1p+ -+
~vsp®, where g, ..., vs <p and 75 # 0. Fact 2.16 implies that

D 0,...0) D1 —ps go,....je) = Vs Dy + £(Dy o<y <|jl
/ / / /
D 0,0 Pis—ps o) = VD5 +1(Dy o<y <l

A k-linear combination r(Dj )o<|j|<|; is unique for I’ (what can be deduced
from the proof of Fact 2.16), hence, by the inductive assumption, it is equal
to r(Dj )o<|j/|<|j- Moreover, it follows from the inductive assumption that

R Y /
D(ps>07“'10)D(j1_psuer"vje) - D(psyoa---70) (jl_ps7j27---7j€),

so Dy = DJf. [

LEMMA 2.18. Let (K, D) be an F-field and let Oy, . . ., Ope be all different
elements of { Dy ....i.) | 105 - - -, ie <p}. Take any w1, ..., v, € K. Elements
X1, ...,Ty are linearly dependent over Ck if and only if the rank of the

matriz (0;(z5))i<pe,j<n s smaller than n.
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Proof. The proof of [2, Proposition 3.20] works well for the above, more
general lemma. 0

COROLLARY 2.19. For every F-field extension K C L, K and Cf, are
linearly disjoint over Ci .

DEFINITION 2.20. We call an F-field (K, D) strict if Cx = KP.

REMARK 2.21. Let K C L be an F-field extension. If K is strict, then
K C L is separable.

Proof. By Corollary 2.19, K and LP C Cp are linearly disjoint over
KP = Cg, so by [5, Theorem 26.4] L is separable over K. 0

LEMMA 2.22. For any F-field (K, D) we have [K : Ck] < p°.
Proof. 1t follows from Lemma 2.18. [

2.3 Commutative HS-derivations

In this subsection we deal with formulas for Di(p )
tion) in the case of an F-derivation D = (Dj)igjpm)e for a commutative
F (ie., F(v,w)=F(w,v)). The main idea follows [1, Section 3.3], but
improves the reasoning of [1, Proposition 3.11] and [1, Remark 3.12.(4)]. The
idea to focus on the ring of symmetric polynomials comes from Kowalski.
We assume only that F'(v,w) € (k[v, w])¢ is commutative and that (R, D)
is an F-ring. Obviously:

(the pth composi-

Fact 2.23. We have the following
DjODi:DiODj.

For every N > 1 we introduce the following k-algebra homomorphism

EN : R[’l_)17 R Q_JN—I] — R['l_)l, ey 1_]]\/']7
EN :Df,N [’l_)l7 ey 1_)N_1]7
where 1, ..., Uy are e-tuples of m-truncated variables and
v v E i —in_1
DT)N [Ul’ T ’UN—1]< O‘i1,..-,i1\771'011 e UN—1>
i,in o1
= . . . —i1 . . _iN
o Z ‘DlN (0511’,__71]\,71)’[}1 e ’UN .
i1, in
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For N > 1 we define inductively
Fl(ﬁl) =11,
FN+1(1_}1, cee 77N+1) = FN(ﬁl, e, UN—1, F(Q_}N, ’L_}N+1)).

LEMMA 2.24. For every N > 1 the following diagram commutes

ENO~~~OE1
R R[T)l,...,l_}]\[]
R[v1]

Proof. 1t is clear for N =1, so assume for the induction step that the
last diagram is commutative. Consider

EN_100F; B B En B B
R R[Ul, ey UNfl] R[Ul, ey UN]
£ l En \L l/ENH
R|v Rlvy,...,v Rlvy,...,v
[vl] evpy [’1}1, ’ 'UN]eV(@l ,,,,, OIN_1,F@NON41)) [,Ul’ ’ UN+1]

Left part is commutative by the inductive assumption. For commutativity
of the right side, just apply the functor

R — R[v1,...,0N-1]

to the diagram from the F-iterativity definition and change v, w to vy,
Un41- Finally

V(1. 0N —1,F(On,on41) © CVEN = CVENy1 - i
Note that the following composition of mappings

RZ5 Rloy] 22 R, o] = -+ -2 Rlo, . ... , 0]

is a k-algebra homomorphism such that im(E, o - - - o Ey) is, by Fact 2.23, a

subset of the ring of symmetric polynomials in 1, . .., ¥, that is, elements
of R[v1, ..., Up] invariant under the action of .Sy,
00 = (Vi1 -, Vie) = Vg (i) = (Ucr(i),la e ’Ucr(i),e)v
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for o € 5, and i <p. In other words the map FE,o---oF; factors as in
following the diagram

R-——-—-—-- > R[Q_}l, ceey ’l_)p]sp
R[ﬁla 777:0]
For ¢: R[vy, ..., 0% — R[vl/p}, given by v;;+— vi/f, where ¢ <p and

j < e, also the map ¢ factors as in the following diagram

Ry, ..., 0% ——— - — = — - > R[]

Therefore, ¢ :im(Ey o - - - o 1) — R[v1], defined is a well-defined k-algebra
homomorphism.
For any N > 1 we define inductively the “multiplication by N map”:

For example [2]r = F (v, ).

COROLLARY 2.25. For any r € R we have

52 D016 = v, m (32 i)
Proof. By Lemma 2.24 we know that
Epo---0Ey(r)=evg, oE(r),

SO

S D)ol = po Byo- -0 Ey(r) = poeve, oFi(r)

Viple(5;7) (ZD >

The first equality is similar to [1, Lemma 3.7], the last follows from
definitions of [p]r, F}, and ¢. For example let p = 2:

PO OVR(1,02) T V517 517y T Vi) (al/P) J
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§3. Canonical G-bases and the integrability

The results of this section focus on proving the integrability for a field
equipped with an iterative HS-derivation and endowed with a p-basis of
a special kind. For the notion of p-independence, p-basis and their basic
properties, the reader is referred to [5, page 202]. Recall that k is a perfect
field. Assume that G is an algebraic group over k of dimension e (perhaps not
commutative). We write G[m|-derivation, G[m]-ring, G[m]-field, . . . instead
of G[m]-derivation, G[m]-ring, G[m]-field, . ..

Let (K, D) be a G[m|-field. For every s € {0, ..., m — 1} we introduce

S
Fo:= () Cp.0,..0) N Cog9.,0..0) NV N Clo, ), Fra =K.
=0

REMARK 3.1. Sets Fs are, due to Fact 2.17, subfields of K. In fact Fy is
equal to the field of constants of order s (the absolute constants of D[s + 1]).

For the clarity of the following proofs, we note an obvious fact:

Fact 3.2. Let L C L' be an extension of fields. If y € L'/P\L C L/, then
[L(y) : L] = p.

LEMMA 3.3. Let z1,...,2. € K form a p-basis of (or equivalently, by
Lemma 2.22, “are p-independent in”) K over Cx =Fy. For every s¢&
{0,...,m — 1} we have

S S

[Fs_1: Fg] =p°, Fo 1 =F(20,....20).

Proof. Being a p-basis for K over Fp, due to K? C Fy, means that K =
Fo(z1, ..., z) and that [Fy(z1, . . ., z.) : Fo] = p°. Notice that, by [2, Lemma
3.31] and Lemma 2.22,

[Fo(2Y ..., 287) s Fy) < [Fso1: Fs] <p°.
It is enough to show that [Fis(2!", ..., 2L") : Fy] = p°. We know that {2} -
.2 |0<it, ... ie <p} is Fp-linearly independent, thus {z;'" -...-
ze? |0 <y, ..., i <p} is F} -linearly independent. Consider

(Kpsv ]D)[S + 1”KPS) - (FS—17 D[S + 1]|Fs—1)‘

By [2, Lemma 3.31], it is an extension of G[l]FrpS—ﬁelds. Therefore, by
Corollary 2.19, KP" is linearly disjoint from constants ofD[s + 1]|x,_,
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over constants of D[s+ 1][gps. So Ff "_linear independence of {zilp "
: Zé:p |0< 2;1, ...,ie <p} implies its Fs-linear independence. Hence
[Fs(2) ..., 28 ) Fs] =p°. 0

REMARK 3.4. The equality
[Fs—l : Fs] :pev

where s€{0,...,m — 1}, does not depend on the choice of a p-basis.
Therefore, it is true if [K : Cx| = p°.

PROPOSITION 3.5. Let 21, ..., 2. € K form a p-basis of (or equivalently
“are p-independent in”) K over Cx = Fy. Then there exists a subset By C
O = F,,_1, for which B:=ByU{z1,..., 2} is a p-basis for K over k.

Proof. 1In particular, Lemma 3.3 implies that the set {zfm, 2P Vs p-
independent over k in F},,_1. Let B’ be a p-basis B’ of the field F,,,_ over k of
the formB’ = By {zfm, ..., 28"}, We show that B:=By U {z1, ..., 2} isa
p-basis of K over k. Since for s =m, By U {zlfm, .., 22"} =B is, as above,
a p-basis for F,,_1 over k, it is enough to show the following induction step

if By U {zlfs, ..., 2P} is p-basis for F,_; over k,
s—1 5—
then By U{z] ..., 2 1} is p-basis for F,_s over k,
where s descends from m to 1.

Firstly, we argue for the p-independence of By in F_o. For any n € N and
pairwise distinct x1, ..., z, € By, by Lemma 3.3, we have

[Fsp_Z(xl, ce X)) Ff_l] = [Ff_l(z? Yo 2P° XTiyenny Ty Ff_l] =p"te,

» e

using Lemma 3.3 again, we get

anre = [F5—2(x17 SR 7‘7371) : F£—2] ’ [Ff—l(zzlj R 725 ) : Ff—l}
= [FP o(z1,...,2n): FP 5] - p°
Elements x4, ..., x, were chosen arbitrary, so indeed By is p-independent

over k in F_o.
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s—1 s—1
We show now the p-independence of By U{z}" ,...,2l' }in F,_o. For
any n € N, pairwise distinct x1, ..., z, € By,
p (Pt Pt P
(Fy o(z7 ..., 28 Lxi,...,2n) Fy )
_ [P (7 51 . P
=[F, 52 ..., 20 Lxi,..o @) Fy o(z1, ..., )]

s—1 s—1
To show the p-independence of By U{z ..., 2l '} over k in Fs_o we
need only to prove

s—1 s—1
[Fffz(zif ,...,zgg ,xl,...,:cn):FiQ(xl,...,xn)]:p.

By Fact 3.2 it reduces to show that for each i < e we have

ps s—1 s—1

—1
2 ¢F§_2(zf+1,...,z£ J XLy s Tny)

(clearly 2 e FP ). It holds due to Lemma 3.3 and

7

P psfl s—1 psfl s—1
FP o2y -0 28 sxn, o an) CFs (2 50528 ).

Finally, we see that

Fo_9 = stl(zlf 5 )25 )
s s s—1 s—
= FP (Bou{al", ... 2D, )
S S s—1 s—1
:F5—1(2€7---»Z§)(30U{Zf 7"-)21) })

s—1

= PP (Bou {2,

and that ends proof of the induction, after last step we obtain that By U
{#z1,...2¢} is a p-basis for F;_o = K over k. [

In the spirit of [2, Definition 6.1] we introduce the following term:

DEFINITION 3.6. Let (K,D[m]) be a G[m]-field. A subset BC K is
called a canonical G-basis if:

o |B|=g¢;

e B is p-independent in K over Cg;

e there is an embedding of G[m]-fields (k(G), D%[m]) — (K, D[m]) (see
Example 2.12) such that B is the image of the set of canonical parameters
of G corresponding to the canonical G-derivation.
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EXAMPLE 3.7. Let us take G=G¢. By [5, Theorem 27.3] and
Lemma 4.15 if [K : Ck] = p° then (K, D[m]) has a canonical G¢-basis. This
fact was used in [14], to obtain the quantifier elimination for the theory of
separably closed strict G¢-fields, satisfying [K : Ck| = p°.

THEOREM 3.8. Assume that a G[m]-field (K, D[m]) has a canonical G-
basis, then D[m] is strongly integrable.

Proof. Let B={z,..., 2} be a canonical G-basis of (K, D[m]) and
let X be an e-tuple of variables. By a choice of local parameters of G at
the identity we get an embedding k(X) C k(G). Proposition 3.5 assures
the existence of a set By C C’?(bs such that By U B is a p-basis of K over
k. Let K':=k(By). Because By U B is algebraically independent over k,
By is algebraically independent over k(B). Moreover, k(B) = k(X) C k(GQ)
is an algebraic extension, thus By is algebraically independent over k(G).
Therefore, K’ and k(G) are linearly disjoint over k, so the “multiplication”
map p: k(G) ®; K' — K is an injection, and therefore it extends to fi:
(k(G) ® K’)() — K.

By [5, Theorem 26.8], K'(B) is purely transcendental over K’ and
K'(B) C K is 0-6tale. Hence we have K'(B) =~ K'(X) 2 (k(X) ® K)o C
(k(G) @ K)o (k(G) @k K' is a domain as a subring of K). Therefore, we
have a natural mapping K'(B) — (k(G) @ K)o =: K'(G).

Note that the following diagram commutes

K'(G)
TN
(B) - K

K/

The extension of fields K'(B) C K is smooth, and by [5, Theorem 26.9]
it is also separable. In particular, K'(G) is separable over K'(B). The
algebraicity of the extension k(B) C k(G) implies the algebraicity of the
extension K'(B) C K'(G), and that, due to [5, Theorem 26.1], means that
K'(B) C K'(G) is 0-étale. Therefore, also fi : K'(G) — K is 0-étale. We have
the following tower of k-algebras

k(G) @ K' C (k(G) @ K)o = K'(G) & K,

where both extensions are 0-étale. By [5, Theorem 26.7] k(G) @, K’ & K
is 0-étale.

https://doi.org/10.1017/nmj.2017.25 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2017.25

16 D. M. HOFFMANN

Now we are going to define a G-ring structure on R :=k(G) ®) K'. For
every i€ N¢ v € k(G) and w € K’ we define

Di(v®w) := DF (v) ® w.

Note that for every i€ [p™]°, we have po D; = Dj;o pu. Thus (R, D'[m]) LN
(K, D) is a G[m]-morphism. By Lemma 2.13 for (R, D), there exists a unique
G-derivation D on K. Since both D and D[m] extend I'[m], by Lemma 2.13
for every i € [p™]¢ we have D; = D;. [

REMARK 3.9. The converse to Theorem 3.8 is not true in general. First
of all, we need enough “space” to have a canonical G-basis, so we assume

(2) (K : Ck]=p°

for an integrable G[ml-field (K,D). For example D;=0, for all i#0,
is integrable, but [K : Ckx]=1 and there are not enough p-independent
elements to form a G-basis. Equality (2) in dimension e =1 means that
Dy # 0 and such an assumption is needed in [5, Theorem 27.3(ii)] to obtain
the existence of a one-element canonical basis. Hence it is morally justified
to assume (2) in the next Section, where we find a canonical G-basis
for a special algebraic group G. Perhaps there are no general reasons for
the converse theorem to hold and finding a canonical G-basis is the only
possibility for proving the existence of such a basis for a given algebraic
group G.

84. New examples of groups with canonical G-bases

4.1 Unipotent groups of dimension two

In this subsection, we are going to find a canonical G-basis for an algebraic
group G of a special type. Firstly we provide a well-known fact about
derivations, then define G and its group law. After this we specify which
tuples satisfy the canonical G-basis condition in this case and prove the
existence of such basis for a G[m]-field (K, D) satisfying [K : Cx] = p°.

Fact 4.1. Let L be a field, 0 € Der¢(L), ker 0 = C # L, d®) =, then:

(i) there exists an element z € L such that 9(z) =1, and 1, z, 22, ..., 2P~}
form a basis of L over C;

(i) ker 9®=1D =im 9.
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Proof. The first item is contained in [5, Theorem 27.3]. The second
item is in [13, Lemma 3.], but for reader’s convenience, we include a
short proof. The derivation 0 is a C-linear map, after computing 0 on

1,z 22, ..., 2P~ we see that dim¢ ker O = 1. Therefore, dimg im0 =p — 1,
moreover dimg ker 9?1 <p—1. The condition 9®) =0 implies that
im & C ker 9~ but dim¢ ker 87~ < dime im 0. [

For i <plet \;:=(p—1)!/(p—9)!i! mod p, which is equal to the image
of (1/p)(Y) in F,,. Following the [7, page 171], we define

n

1 p
H,(X2,Ys) := [p((XZ + Yo)P — X3 — sz)}
1 n n n n
= (X7 4+ =X ) eRylXo Vi,
p—1
Ho(X2,Y2) = MXP v, 77",
1=1

Consider the extension of commutative algebraic groups
0—>Gy,—>G—G,—0,
where the group operation * on G is given by

(X1, X2) * (Y1, Y2) = F(X1, Xo, Y1, Y2)

M
= <X1 Y1+ Y anHa(X2,Ya), Xa + Yg),
n=0
for a fixed M € N and «; € k for i < M. We are interested in the following
m-~truncation
N
F[m](’Ul, V2, W1, ’UJQ) = <U1 +wy + Z aan(UQa U)Q), vg + U)2>,
n=0
where vy, v2, w; and wy are m-truncated variables and N := min{M, m —
1}. Without loss of generality we assume that N =m — 1. Let (K, D) be a
G[m]-field (i.e., (K, D) is a G[m]-field, but G = F' = F', so we consider just
an F[m]-field), such that [K : Ck] = p*.
LEMMA 4.2. We have the following:
(i) D) = DaoyPo.g) = D)D)
(ﬁ) D(iQ,O) © D(il,O) = (“ZZZ)D(Z'IHQ,O);

pn+1

(ii1) [l ppm) (01, 02) = (=2pg anvh  ,0);
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(iv) DE;D)J') =0 for every i, 7 <p™ ! such that i #0;

(v) if j <m then
(p) d
D sy = =D o)+ Y BuDin o)
n=p

for some B, € k.

Proof. The first two items are easy. For the proof of third item it is
sufficient to prove inductively the following

(o

(01, v) = (zm +§:0an[<;(zp _ 1)>vg’]p ,zU2>.

The fourth and the fifth item use the third part and Corollary 2.25.
Specifically, one needs to show

DE(I;,)]') = Z (_1)i0+~~~+iN
ioF+i1pt-+inpN=j

(o+--+in)! 4 i
: ag -y Diigytin 0):

ol ... - in!
for every j < p™ L. We leave it to the reader. 0

Let us consider the canonical F-derivation from Example 2.10:

evp . k’[[Xl, XQ]] — (k[[Xl, XQ]D[[Yl, YQ]],

where
X1 X1+ Y+ > an Y NXP v
n=0 i=1
Xo = Xo + Yo

As in Example 2.12, the above F-derivation could be considered as a G-
derivation on k(G) (because F = G). In this situation k(G) = k(X1, X2), so
we need to find an embedding ¢ of (k(X1, X2), D%[m]) in (K, D) such that
for x = ¢(X1) and y = ¢(X2) we have:

(1) [Cx(z,y):Ck]=p*
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(ii) Zf?iol D(z,g)@)”ﬂb =T+ v+ Zn 0 Cn S0 Ay'P vépiz)p ;
(i) >2%,= 0 (Z/)vlvz Y+ v2.

The conditions (i), (ii) and (iii) above are equivalent to

Daoy(z)=1, Dgp(z)=aory’ ", ...,
D(pn,o) (.’L’) = 0, D(O,pn)(iﬂ) = an)\ly(p—l)p"’ e
D(l,O) (y) = 07 ) D(O,l) (y) = 1a D(p,O) (y) = 07 D(O,p) (y) = 07 s

(since D1 0y(z) =1, D(1,0)(y) =0 and D(o1)(y) = 1 imply, by Fact 3.2, that
[Ck(x,y): Cx] =p?). We are concerned now only with the terms of the
form D, gy and D(q ). It will turn out later that it is enough to consider
such terms to obtain expected G-basis. Recall that G is commutative, so
each subset of constants is preserved, that is,

D 5y(Ciar,jry) € Clar gy,

for every i, 5,4, j' < p™.

Recall also that [Fy_i:Fs)=p* for every sc{0,...,m—1}
(Remark 3.4).

Fact 4.3. There exists z, y € K such that Dy o)(x) =1, D 0)(y) = 0 and
Do,y(y) =1.

Proof. Note that D(; o) € Derc, ,, (F-1) and Dg))o) =0, so we can use
Lemma 2.22 and obtain [F_1: C(y o] <p (Lemma 2.22 works for iterative

HS-derivations, but by [5, Theorem 27.4], El)o) = 0 implies G,-iterativity).
Moreover, from Lemma 4.2,

(p _
Do'ylca.e = —0Da0)lcy e =0,

so similarly [C(y ) : Fo] < p. Since [F_; : Fy] = [K : Ck] =p?, both D(; o) €
Derc, ,, (F-1) and D1yl ) € Derp,(Ci1,0)) are nonzero, so they satisfy
assumptions of Fact 4.1(i). [

LEMMA 4.4. Letn >0 andi,j < p" !, be such that (i, j) # (0,0). Then
we have F, C C(; ).

Proof. We argue inductively on [ =i+ j to show that D(; j)|r, =0 for
i, j < p"T! such that (i, j) # (0,0). For [ =1 it is clear. Assume that i, j <
p" L (i,7) #(0,0) and for every ¢ + j <i-+j such that (i/,j") # (0,0)
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we haVeD i /)‘Fn—o Ifl—'yo—i- +Fy7’p,,17j:/80+"'+65ps7 r78<n7
0<%, 00,---,08s <p, and 7, Bs # 0, then from Fact 2.16

YBsDi,j) = Dii—pr j—ps) © Dir pey = T(D(ir jry Jocir+jr <ivej -
By Lemma 4.2 F,, C ker D(,;r g) C ker D, s). [

LEMMA 4.5.  For each n > —1 sets Fy, and F, N Cyni1 ) are subfields
of K.

Proof. By Remark 3.1 F,, is a subfield. Using Lemma 4.4, we get
that Dni1 )| r, € Der(F,) and therefore ker Dipnt1g)|r,, equal to Fy, N
Cpnt10), also is a subfield. 0

4.1.1 Finding y
Fact 4.6. There exists an element y € K such that:

(i) D@0 (y)=0and D q(y) = 1;
(ii) for every 0 <mn <m we have D,n g)(y) = Do pn(y) = 0.

Proof. For the proof of (i) consider the element y € K from Fact 4.3. For
the proof of (ii) we inductively correct y. Take the maximal 0 <[ < m such
that for every 0 <1’ <1

D(pl’,o) (3/) = D(o,pl’)(y) =0.

Assume that D, oy(y) # 0 or D (y) # 0, otherwise we have nothing to
do.

Let D 0)(y) # 0, clearly D 0)(y) € Fi—1, 50 Dy 0y(y) € ker D(ng)’%ill)
equal, due to Fact 4.1, to the image of D(pzyo) |F,_,. There exists z € Fj_; such
that D, 0)(y) = Dy 0)(2). We exchange y with y — 2.

Now let D oy(y) =0 and Dy (y) #(0. 1\)7\7e have Do (y) € Fi—1N

p— . .
C(pi 0y and as before D iy(y) € ker D(07PZ)|Fz_mC(pz,0>' Again, we would like

to use Fact 4.1, so it is enough to check that D(07pl)|%) \NCyt g = 0, which
- D,
follows from Lemmas 4.2 and 4.4. [

For the rest of this subsection we fix y € K as in the fact above.
REMARK 4.7. If p? <n < p?*! and D e 0y(a) = 0, then also D, gy(a) = 0.

Proof. It is a property of the standard iterativity rule. 0
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The values of D,n ) and Dgpny (n < m) at the element y determine the
value of D; ;) (for every (i, j)) at y, which we show below. Moreover, the
proposition below assures us that y fulfills the canonical G-basis conditions.

PRrROPOSITION 4.8. We have the following:

(i) for alln>0 D, (y) = 0;
(i) Dnoy(y®) =0 for alln>0and 1<s<p—1;
(iii) fOT alln>1D(0n)( )=0;
(iv) Dgopny(y®) =0 for alln>1 and 1 <s<p—1;
(v)
Y if(i,j):(0,0),
Dijyy) =41 if (4,5)=(0,1),
0 otherwise.

Proof. The item (i) follows from Remark 4.7. The item (ii) is a
consequence of the equality D, )(y°) = yD(mO)(yS*l). Our iterativity rule
forces (by Fact 2.16) that
J1+ 72

(3) Do) D0,j1) = < i1 )D(07j1+j2) + r(D(i,j))0<i+J:gl+j2-

For the proof of item (iii) we use the equation above in an induction
argument. If p =2, then D(g2)(y) = 0. For p > 2 we have

0= Do,1)D(0,1)(¥) = 2D0,2)(y) + r(D(0,5)Di,0))iz0(y) = 2D(0,2)(y)-

Assume that n>2 and D) (y) == D (y) =0. Take n + 1=~ +
Y1p+ - - -+ sp®, where yo, ..., s <p, 75 # 0.

Dons1-p9)D0,p2)(¥) = Y D0,n41)(¥) + (D05 D(i0))iz0(y)
= YsD(0,n+1)(y)-

If s=0, then the left-hand side of the last expression is equal to
DonyD0,1)(y) =0, if s#0 we proceed similarly due to the equation
Do p+)(y) = 0. The proof of the item (iv) uses the equation

Do (y®) =yDoyy(y* ") + Dio—1)(y° ")

and it is a simple induction on s. The item (v) follows from Lemma 4.2(i).

i
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4.1.2 Finding z
Fact 4.9. There exists an element w € K such that:

(1) Dq)(w)=1and D¢ 1)(w)=0;
(ii) for every 0 <mn <m we have D,n o) (w) = D yny(w) = 0.

Proof. We define D(O 1) = =D, |C’(1 o> Dote that D( (p)) =0 and D* (0.1) %
0. We start with an element x from the statement of Fact 4.3, for which we
have D(g1)(z) € C(10). Naturally D(q1)(z) € ker Dz(()ﬁ) U —im D(O,l)' Hence
there exists an element z € C(; ) such that D 1)(z) = D(g,1)(2). Taking
w=1x — z give us the first part. The second part follows as in the proof of

Fact 4.6. i
LEMMA 4.10. There exists an element x € K satisfying:

(i) 0)(x) =1, Do1y(z) =aoy?;
(ii) D(pn 0)(7) =0 and Dy yny(7) = any P VP" for each 0 <n < N;
(iii) Dy 0)(x) = Do pmy(x ) =0 for each N <n <m.

Proof. The proof of item (ii) is more complicated, but reasoning is similar
to the proof of the point (i).

(i) We start with z € K from Fact 4.3. If ap =0, we proceed like in the
proof of Fact 4.6. Assume g # 0, we need z’ € C(1,0) such that D 1)(z +
2") = apyP~!. We have

D oy(aoy? ™ = Dg1)(x)) = aoDy 0y (¥ ) =0,

therefore aoy?~' — D o 1)(x) € ker D gy C ker Dgp )1) im D(; ). So there
exists z € K such that

/—\/\
-

The last equality comes from Lemma 4.2, since D g

can take 2/ = —(1/a0)DEg;))( ), since:

L -1 (p—1)
D(l,O) <=T - OTOD(S’D (Z)> =1- D(g 1) (D(I,O)(Z))a
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but
DY (D10)(2) = DE (aoy? ™ = Do ) ()
= aoD (") - D) ()
(4) = ag(p — 1)! + a0 D1 0(2) = ao((p — 1)! + 1)

and by Wilson’s theorem it is equal to 0.
(ii) As in the proof of 4.6, we take the maximal 0 <! < N such that for
every 0 <[’ <1

1
D(pl/,()) (I’) = 07 D(()’pl/)(x) = Oél/y(p Lp .

Case 1. Dy o) () # 0.
Clearly, D(pz70)( x) € Cr ) for every 0< I < 1. Moreover, for every 0 <

U<l
Doy Digt0) (%) = Digt0) Do ) ()
= Dy 0 (apy®= 1P
(5) = ayD v g (yp—l)pl =0,

by Proposition 4.8(ii) where the last equation follows. This means
that D, o)(z) € Fi-1 and furthermore Dy, oy(z) € ker D(pl,())‘% 11)
im D, )| F_,- Hence there exists z € Fj_y such that D, g)(2) = Dy 0)(2)
and we replace x with x — z.
Case 2. Dy o)(7) =0 and D g () # agyP=0r'

If oy = 0 we argue similarly as many times before (compare also with the
proof of item (iii)), so let a; # 0. The aim of this part is to find an element
z’ € Fj—1 N C, o) such that

D(prl)(x + 1‘/) = Oély(pil)pl.

We introduce

W C(Ol)ﬁCzo m CZ/O)QC(O l’)

1<«
Note that the element w from Fact 4.9 satisfies w € W\ ker Da 0y’ where

D?l 0) (1,0)‘W-
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Claim. ker Dao) Cim Da’o).
Proof of the Claim. ~ Note that Wp:=W NC( ) =Fi—1NCp o=

ker Da 0) Is a subfield of K (by Lemma 4.5). Using Lemma 4.4 we

obtain that W is a vector space over Wy. Now take a € W such that

Dy 0)(a) =0, that means a € Wy. The element a-w belongs to W and

moreover DE*LO)(aw) =aD{ (w) =a, so a € im D oy- [
It is not to hard to see that

4

Ozly(p_l)p — D(O’pl)(l‘) el

Moreover, since D(j ) (y) = 0, we have

!

Dy 0y (0ayP~V) = Dy 0y (") = ay(p — 1) (52D 0 (1))” =0
We conclude that
Ozly(p_l)pl — D(07pl)(13) eFi_1nN C(pl,(]) =wn C(l,O)'

In other words ayy®=DP' — D piy () € ker Dy ) €im Df, ), and there is
z € W such that

l

agy®= P Do piy(®) = D1,0)(2).

From Lemma 4.2 we know that

l

p
DEg?pl) =—a D) + Z BnD (n,0),

n=p

for some B, € k. By Remark 4.7 for every p <i < p' D;,0)lw =0, conse-

quently D(; g)(z) = _(l/al>DE§?pz)(2)- For 2’ take —(1/al)Dég;ll))(z), only

(p—1)
(0,p")
modification of the equation (4).

(iii) It follows the proof of Fact 4.6, we need to check only that
Dgplyo) (.’E), D(O,PZ)SH:) € Fp_q for [ >N. ObViOllSly7 D(plp) (H?), D(07pl)(.%') S
ﬂl/—:10 C(pl',O) N ml/_le_,’_l C(O,pl/)' Let 0 < l/ < N, then

an argument for D (2) € C(1,0y is missing, and it is straightforward

YA _ I
D100 Do,y (@) = Digi ) (ary ™V ) = aw Dy g (P11 =0,
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as in (5). Furthermore,

D(O,pl)D(O,pl/)('r) = D(o,pl)(al'y(pfl)pl/) = al’D(o,pzfl’)(ypfl)plly
so we are done if D(Ovpl,l/)(ypfl) =0, which is a part of Proposition 4.8. []
We fix € K as in the above fact.
LEMMA 4.11. We have the following:

(i) for alln>1 D,y (z)=0;
(ii) for alln >0

Di(a) ady® P FO<IK N, 1<i<p,n=ip,
xTr) =
Om) 0 otherwise.

Proof. The item (i) for n >p follows from Remark 4.7, and for 1<
n <p from Lemma 4.2 and D g)(z) = 1. To prove the item (ii) we argue
inductively. Note that Ay =1, so for n =1 it is clear. Assume that for every

n’ < n our thesis is true. Let n =9 + v1p + - - - + 7sp°, where g, . . ., 75 <p
and 7, # 0.

Claim 1.

(6) D(o,n-p) D0, () = Vs D00y (@),

(7) D0.n—.p) D072 (€) = Do) ().

Proof of the Claim 1. Both equations have similar proofs, so we consider
only the first one. We start with the equation (3) for j; = p® and j; =n — p*:

Don-pr)Pio2) = 16Dl +1(Diio<ien:

Our aim is to show that Dy; jy(z) = 0 for 0 <i + j <n, i # 0. The component
with D(; ) (i=1 and j=0) does not occur. To see this, we compare
the sides of the equation from the iterativity definition for our chosen
iterativity rule, where on the left-hand side we focus on D(g,_ps)D(0,ps)-

s*1 and this is impos-

A nonzero component with D o) implies that n =p
sible. Let us assume that i=1 and j>0. Because of j<mn, D )(z)
is, due to the inductive assumption, equal to By" for some [ €k and
r >0, and then D o)D) (z) = D,0)(8y") = 0. If i > 1, then D; ;(z)

Do, Di0)(x) = 0. i
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Claim 2. For every 0 <! < N and 0 <i < pwe have D q ;) (7) = oAy @

Proof of the Claim 2. 1t is quite an obvious induction, using Claim 1:

1 1 —3)pt
Do, ap) (#) = 727 Do Do) () = 7 Do (ahiy =)
. Oél)\i p—i pl . Ctl/\i . (p—i—l)pl
=i ID(O,l)(y o= P 1(19 i)y
= oy PO i

Now we are going to the proof of the main induction step. We deal with
several cases. If s> N, then Dgps)(r) =0 and the equation (6) implies
that Do )(z) = 0. We can assume that s <N and n — sp”® # 0 (otherwise
we apply claim 2),

D(0,0)(%) = D(0.n—7.5) D070 () = Ay, Do,y (47 777)).

Recall that for every a € K the element a?” belongs to Fy_i, thus by
Lemma 4.4 D(O,n,%ps)(aps) =0. 0

We show below that fixed element z satisfies the required properties.

PROPOSITION 4.12.

T if (i, 7) = (0,0),
1 if (i, 7) = (1,0),

D(i,j)(x) = (=Pt g (s o\ .1 .
al)‘iy Zf(luj)_(ovzp)70<l<N71<Z<p7
0 otherwise.

Proof. By Lemma 4.2(1) we decompose D; ;) into D)D) For
i>p Remark 4.7 and D,n g)(z) =0, where 0 <n <m, ensure us that
D 0)(x) =0, thus also D; jy(z)=0. For 1 <i<p Remark 4.7(ii) used in
an inductive argument give D(; g)(z) = 0. If i =1, then Dy; ;y(z) = D(; (1)
Hence Dy; jy(x) # 0 if and only if j=0. The case with i =0 is exactly
Lemma 4.11. [

By Propositions 4.8 and 4.12 the pair {z, y} is a canonical G-basis (see
the beginning of Section 4.1). Thus we end with the following:

COROLLARY 4.13. For G as defined above, any m € N5 and any G[m]-
field (K, D[m)) such that [K : Ck] = p?, there is a canonical G-basis in K.
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4.2 Canonical G-bases for commutative and connected groups

In the previous subsection we showed the existence of a canonical G-
basis for every G[m/|-field (K, D) such that [K : Ck] = p®, where G was very
specific. Now we are going to apply those results to a more general class of
algebraic groups.

DEFINITION 4.14. Let G be an algebraic group over k

(1)
(2)

We call G integrable if for any m € N-g, every G[m]-derivation on a
field K such that [K : Cx] = p3™ & is strongly integrable.

If for any m € Nvg, every G[m]-field K such that [K : Cx] = p3™ & has
a canonical G-basis, we call G canonically integrable.

By Theorem 3.8 each canonically integrable algebraic group is integrable.

LEMMA 4.15. Let G and H be algebraic groups over k. If both are
canonically integrable, then also G x H is canonically integrable.

Proof. Introduce A:=G x H, e; : dim G, e2 :=dim H and let (K, D) be
an A[m]-field such that [K : Cx] = p®*T¢2. We define

[ / — . .
D= ( (jla"'7j€1) T D(jlw-vjel 707 R O))jl""’Jel <p™s
——
eg times
", Z R . .
D™= ( (jel+17---:jel+62) T D(07 R Ovjel+17~~~7j61+62))]el+1""’jel+e2<pm'
e] times

From the A[m]-iterativity diagram (see Definition 2.8) it follows that

Y "
D(jla"'7j€1+€2) - D(jl,...,jel) (j51+1,~~7j61+52)7

D' is G[m]-iterative and the second one, D" is H[m]-iterative.

Taking any p-basis of K over Cx and using Remark 3.4 assures us that
for every s <m [Fs_1: Fy] = p“7e2. Thus [K : O3] = p™©1+e2) For s <m
we introduce

FS/ = m C(pj70770) m T m C(O,...,O,p«j,o’ D) 0)7 F/_]‘ = K’
N——

eg times
S
F/:=()C n---nC : F' =K
s T ﬂ (0, Cee O7pj7[),_.70) e (0,...,0,p7) s e
7=0

N——

e1 times
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Consider the following tower of subfields

K2F2F 2 2F, 2 F, \(F 2F, N F/2--F,_ (F,

m—1-
For every s < m, due to Lemma 2.22 and [K : C?(bs] = p™le1te2) e have
[Foy s F] =1, [Froi NEy Fpy oy NF]=p®™.

In particular
[Frp1: By N FG] =1,

m—1
so there exists a canonical H[m|-basis {f1, ..., Be,} of (F),_;,D"). Anal-
ogously, there exists a canonical G[m]-basis {b1,...,be,} of (F) _,, D).
Elements fi,..., [0 are p-independent in F] , over F! | NF[. By

Corollary 2.19, they are also p-independent in K over F{. Similarly for
elements by, . . ., be,, Corollary 2.19 implies that they are p-independent in
F{/ over F}l N Fj. We have

[y Fo' N Fg < p,

hence Fy(by, . .., be,) = FY (note that Cx = Fy = F N F)). Now we have all

the ingredients to state that B:={b1,...,be;, f1,...,Be,} is a p-basis of
K over Ckg. Verification that B is also a canonical A-basis is not hard and
left to the reader. [

We note the obvious fact:

Fact 4.16. Let G and H be isomorphic algebraic groups over k. If G is
canonically integrable, then also H is canonically integrable.

We can prove now the main theorem of this paper.

THEOREM 4.17. Let G be a commutative and connected linear algebraic
group over an algebraically closed field k. If maximal unipotent subgroup of
G has dimension at most 2, then G is integrable.

Proof. Due to “Jordan decomposition” (last theorem on [10, page 70]),
G decomposes as Gy X Gg, where Gy consists of unipotent elements and
Gg of semisimple elements. If the dimension of Gy is equal to 2 we know
by [7, Proposition 8, page 171] that Gy is isomorphic to the group defined
at the beginning of the previous subsection, so it is canonically integrable. If
dim Gy = 1, then by [8, Theorem 3.4.9] it is isomorphic to G, so canonically
integrable by [1, Proposition 4.5]. We focus now on the semisimple part.
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By [8, Lemma 2.4.2(ii)], G is diagonalizable, and by [8, Corollary 3.2.7(ii)]
it is a torus. Proposition 4.10 from [1] states that also G,, is canonically
integrable, so our group G is isomorphic to the product of canonically
integrable groups. Finally, we use Lemma 4.15, Fact 4.16 and Theorem 3.8.

i

In most cases of applications of the model theory to the differential
algebra, we are dealing with an algebraic group G over a field k, which is
assumed only to be perfect. One may wonder if Theorem 4.17 can be used
for such G[m]-fields, that is, for models of G[m] — DCF [2]. The answer
is positive, because separable closure of k, which is also algebraic closure,
is contained in the absolute constants for models of G[m] — DCF (for an
argument check e.g. proof of [12, Theorem 10]).

4.3 Possible generalizations

The desired generalization is to drop, in the assumptions of Theorem 4.17,
the condition for the dimension of the unipotent component of group G.
Unfortunately, the ideas from the above proof do not work in the case of
unipotent groups of dimension higher than 2. There are several reasons for
that, which will be explained below.

First of all, we are using in Section 4.1 formulas for the group law of
our group G. Commutative, connected unipotent groups of dimension 2
are characterized by [7, Proposition 8, page 171], so the explicit formulas
for the group law are known. For the unipotent groups of dimension 3 or
greater, the best known to the author results coincide with [7, Theorem 1,
page 176] and [7, Theorem 2, page 177]. It is unknown how the condition
“being a subgroup” translates to the case of iterative derivations, hence the
last reference does not help in finding a canonical basis. However, there is
a hope to use [7, Theorem 1, page 176]. We sketch this idea and reveal
difficulties in extending our technique to this context.

Assume that G is isogenous to W, (the Witt group of dimension n). We
should give a modification of [1, Lemma 2.6], from which we would conclude
that G is integrable if and only if W, is integrable. If this can be done, then
we need to check whether W, is integrable. Unluckily, the whole procedure
from Section 4.1 cannot be extended to show the existence of a canonical
basis for W,,. Even in the case p=2 and n = 3, some issues appear. If we
translate the group law of W3 (given by e.g. the formulas (a) and (b) in [11,
page 128]) for p =2 into the conditions for a canonical basis:
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ii 10 (i.d, l)(x)v vl 1)3 =T+ v1 — Yyvs + Yzv3 + 2Vv3 — zvg’ — Zvs;
Qm 1

iii) Zml 0 D (y)
. om_q

IV) E i,3,1=0 D(z,jl (Z)’U

we can notice occurrence of equations of a new kind:

v§v2v3 =y + v2 — 2V3;
7
v

e ran S
(=
~—

* N
Q
N

v3—z—|—v3,

Do,1,1)(7) = 2.

Proofs from Section 4.1 involve only “one-dimensional differential equa-
tions” and the above equation is not of such a form. The “one-dimensional
differential equations” appear, because after diminishing the dimension by
1, at the induction step, we deal with one-dimensional subgroup, what is
the case for two-dimensional group G.

To summarize, generalizations of Theorem 4.17 to the higher dimensional
unipotent component case need to involve new proofs. It is also possible that
such a generalization cannot be done without some additional assumptions,
or even cannot be done at all.
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