J. Austral. Math. Soc. (Series A) 62 (1997), 345-360

A NEW PROOF OF THE MACDONALD IDENTITIES FOR 4,,_,

SHAUN COOPER

(Received 15 January 1996; revised 24 July 1996)

Communicated by W. W. L. Chen

Abstract

A new, elementary proof of the Macdonald identities for A,_; using induction on n is given. Specifically,
the Macdonald identity for A, is deduced by multiplying the Macdonald identity for A, _; and n Jacobi
triple product identities together.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 33D70; secondary 05A19.

1. Introduction

Throughout this paper g is any complex number satisfying |g| < 1. We will use the
following notation for infinite products. Let

o0

(X: @)oo = [ [0 — xg™)

m=0

and Xy X2y o X0 oo = (X155 @oc(X23 @) e -+« (X3 @) oce

The Jacobi triple product identity is

(1.1) @ gx g e = Y (—1gOx",
where (}) = n(n — 1)/2.

For proofs of this identity, see Andrews (2], Andrews [3, pp. 63-64], Gasper and
Rahman [9, p. 12] or Hardy and Wright [10, pp. 282-283].

The Macdonald identities are multivariate generalizations of the Jacobi triple
product identity. These identities were formulated in terms of affine root systems
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and proved by Macdonald [13], although some instances of these identities were
discovered earlier by Dyson [7, Section 2] and others (see also [13, p. 94]).
The Macdonald identity for A, _; is

12 (@n" [] &x @elax x5 @)

I<i<j<n
m;
. ) 8 (m24etml)tm +2my+-+nm,  nm, nm, 1— Xiq
frmed q xl .. xn py .
m l<i<j<n X4
(n) . . .
Here Z means sum over all integers m,, - - - , m, satisfying m; + --- 4+ m, = 0,

m
and this notation will be used throughout. The aim of this paper is to give a simple
proof of this identity using induction on n. The inductive step consists of writing

[T &% @)eolgx" 555 @)oo

I<i<jzn+l

= J] " @oe@x7 555 oo [ [ 32715 @00(@5 Xnst3 Qoo

I<i<j<n j=1 -

Now use (1.2) as the inductive hypothesis to expand the product

[T &5 @oolax" x5 @)oo

I<i<jz<n

and use the Jacobi triple product identity (1.1) to expand each product
(xjxn_-:l; q)oo(qxj_lxn+l; q)oo

The truth of the Macdonald identity for A, then follows after some calculation and
simplification.

The idea of multiplying identities together has been used before.
1. Carlitz and Subbarao [4] proved the quintuple product identity (the Macdonald
identity for BC,) by multiplying two Jacobi triple product identities together. Hirsch-
horn [12] obtained a generalization using a similar method.
2. Carlitz and Subbarao [5] gave a proof of Winquist’s identity (the Macdonald identity
for B,), and a generalization, by multiplying four Jacobi triple product identities
together. A different generalization was obtained by Hirschhorn [11], who also
multiplied four Jacobi triple product identities together.
3. Garvan [8, Theorem 3.5] proved the Macdonald identity for A, by multiplying
three Jacobi triple product identities together.
4. Cooper [6, Chapter 2] gave new proofs of the Macdonald identities for G, and G}
and obtained some generalizations by multiplying two Macdonald identities for A,
together.
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A knowledge of root systems is not necessary to read this paper. There are only
two prerequisites. The first is the Jacobi triple product identity. The second is the
Vandermonde determinant identity, which will be stated below in Lemma 4.1,

The reader can consult Milne [14] for another proof of the Macdonald identities
for A,, Stanton [15] for the Macdonald identities for the other infinite families and
Macdonald [13] for the general case. Milne’s paper [14] mentions connections with
other topics and contains a large number of references.

2. The initial casesn = 1and n = 2

Let

@.1) FoGrry oo 5 @) = [ G 9oo(@x7 %55 @)oo

I1<i<j<n

The Macdonald identity for A,_, is an explicit formula for the Laurent series expansion

of F, in powers of xi, ... , x,. Denote the multivariable Laurent expansion of F, by
(2.2) Fo(xy, ..., xp59) = ch(al,--- 2 Qs @YXY' X,
where the summation is over integers —00 < ay,¢,...,0, < 00. Since F, is

homogeneous of degree zero, that is,
Fo(xy, .o Axa;9) = Fa(xy, ..o, Xa5 q),

for any non-zero complex number A, the summation in (2.2) is actually over all
integers satisfying a; + --- + a, = 0. The remainder of this paper is devoted to
showing that the multivariate Laurent series expansion of F, is given by the following
formula.

THEOREM 2.3 (Macdonald identity for A,_,).

24 Fo.(xy,..., %2 q)
7 4l
—c, (q)z(")q %‘(mf+~~-+m§)+m|+2mz+~~»+nm,,x;tm1 . x:mn 1—[ (1 _ x’qm‘ )’
m 1si<jzns N4
where the summation is over all integers —00 < my, ... ,m, < o0 satisfying m, +

my+---+m, =0, and

1

2.5 (q) = ———.
2.5 () (q; !
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The case n = 1l istrivial: it claims 1 = 1. Observe that the case ¢ = O is also trivial:
in this case, the only non-zero term on the right-hand side is the one corresponding to
m, =my; =--- =m, =0, and so both sides reduce to n15i<j5n(l - x,-xj_]). From
now on we will assume 0 < |g| < 1.

The case n = 2 (Macdonald identity for A)) is

(2.6) (ﬁ;q> (ﬂ; q)
X2 0o \ X1 0

m

_ 1 mm3tm+2my 2my Imy ) x1qg

= — q 2 X7 — -
@ Doy rizo X2q

This is equivalent to the Jacobi triple product identity. To see this, put x = x,x;" in

(1.1) to get
o0 . x m
Cxy s gx %, g o = Y (=1)"g®) (—x—')
m=—00 2
00 X 2m oo X 2m+1
— 2mt—m _1 _ 2mi4+m o
-2 () -2 C)
o0 2m
mi—m _2m _—2m q X
= Z q* )cl2 xz2 (1 - )
m=—00 X2
Now let m; = m and m, = —m and divide both sides by (¢; ¢)o. The result is

(2.6), and thus the Macdonald identity for A, is equivalent to the Jacobi triple product
identity. This completes the easy part of the induction. The casesn = 1 and n = 2
have been verified.

3. The inductive step: outline

Suppose that the Macdonald identity for A,_; is true. That is, take as the inductive
hypothesis the statement that equations (2.4) and (2.5) are true for some value of n.
Now consider the function F,,;. We want to show that F,,, has a Laurent series
expansion of the same form as (2.4) but with n replaced with n + 1. We proceed in
four steps.

1. Use the Macdonald identity for A,_; together with the Jacobi triple product
identity to find an explicit formula for ¢, (e, ... , @.41; ¢) as an infinite product.
In particular, this formula gives as a special case the value of the constant term
cnt1(0, ..., 0; @) (cf. Stanton [15], where a different procedure is used to compute
the constant term).

2. Use the result of step 1 to deduce which coefficients are zero and which are
non-zero.
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3. Use the results of steps 1 and 2 to express any non-zero coefficient ¢,y (c, . .. ,
@,,1; g) as a multiple of one of a finite set of (n + 1)! coefficients. This set of
coefficients is called the orbit of the constant term under the action of the symmetric
group S,1.

4. Show that each coefficient in the orbit of the constant term is equal to
+¢,4100,...,0;9).

These four steps will complete the inductive step and a summary will be given in the
last section.

4. Step 1: an infinite product formula for the coefficients

In this section we will obtain a formula for the coefficient ¢, (@, ... , @41 g) as
an infinite product. In the course of the calculation we shall encounter the Vander-
monde determinant identity.

LEMMA 4.1 (Vandermonde determinant identity). Let 0 = (o1, ... , 0,) be a per-
mutation of (1,2, ... ,n). Let S, be the set of all permutations of (1,2, ... ,n). Let
sgn(o) = +1 or — 1, depending on whether o is an even or odd permutation,
respectively. Then

(42) Y gnodaytaz e ar = ] (‘”ﬂ)-
e a;
oES, I<i<j<n i

For an outline of a proof of this identity, see [1, pp. 41-42, exercises 10 and 11].
The main result of this section is the following.

LEMMA 4.3, Letay, - -+ , 0y4) be integers satisfying a) + - - - + a4 = 0. Then
n+l. on+lyn—1
@8 (@, ) =(=1ymrg(Der () @4
(q: 9%~
x (q(aj+j)—(u,-+i)’ qn+1+(ai+i)—(aj+j); qn+1)oo.
PROOF. Write
FoaGieo X3 @) = FaGas o % @) [y 427 %001 @)oo

i=l

The idea is to use the inductive hypothesis to expand F, as a series, use the Jacobi
triple product identity to expand each product (x;X,.,; @)oo (g%, Xns1; ) and then
Ay

extract the coefficient of x{" ---x,}. The resulting series can be summed by the
inductive hypothesis to give the required result. The details are as follows.
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By (2.1), (2.4), (4.2) and the Jacobi triple product identity (1.1) applied n times,
we have

Fopi(xy, oo Xap1s q)
=F,(x1,..., % q) ]_[(x.'x,;‘,; Doo( X Xnt15 Do

i=1

1

- Z(") g(m%+-~-+m3)+m,+2m2+---+nm,,x;zm1 .
(g 90 =
x Z(Sgn o) (xig™)" 7t (g™ )"
geS,
1 o0

o i . . . .
— O (e (e ()l g G,
(q q)oo 11_2—00 i,,=Z—oo 1 ! v

i w3 3

ceS, i|=—00 ip=—00
« q5(m|+-~+m§)+m1+2mz+~»-+nm,.+(2)+-~-+('§)+m|(01—1)+~'+m,|(0,.—n)

x xnmx+(01 D+ x:m,.+(a,, n)+z,,x"—+l-11—~~~—i,,.

nm, + (o, — ) +i, =,

nm, + (0’,, _n) +ln = ap,

_il_"'nin=an+l-
Then oy + a3 + -« + @, = 0 and

4.5) Crp1{Q1, -+, g5 @)

o,

- (=1)%= Z(SgnU)Z(")qg(mf+-~-+m5)+m1+---+nmn
(1) i -

AT DY e (S0 Oy (0 — Doty (00— )

Xq(

Now,

—-b—c¢ _(a—b—c)(a—b~c—1)
(7)==

—(V+Z -t Syl
=\p) Tz bt -act s +a+5,

https://doi.org/10.1017/51446788700001051 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001051

7] Proof of the Macdonald identities for A,_,; 351

SO
oy —nmy — (o — k)
2
o\ n'mg
=\» + T noygmy + (nmy — o )(ox — k)
(ox —k)?  nmy o, —k
2 + 2 2
Thus we find
(o —nmy — (0, — k) (o P&, "~
;( 2 ):;(2)-}-?;’”1(—";(11(””
n 1 n
+ D _(imy — @) — k) + 5 Y (0 — k)’ +0+0
k=1 k=1
while

n

Z":(ok —k?=) ol - 2ik(ak ~k) — Z":kZ
k=1 k=1 k=1

k=1

= —ZZk(ak — k).
k=1

Substitute these back into equation (4.5) to obtain

Cor(y, 0, Qny1; q)
= ED™ e+ Y (sgmo)
(@ 9% b

% } :‘")q"‘"—;‘2(mf+~~+m§)+m1+~-+nm,.—n(a,m.+~~-+a,,m")
m

X q(al =D{(n+1my — (a1 + 1))+ + (0, —n)((n+1)m, — (@, +n))

_ (= 1) q(,21)+__.+(u2,.)
(g; %!

% 2 :("’q"4"2—+—‘2(m%+-.-+m§)+(n+1)(m,+~-+nm,,)—n((a.+1)m1+~--+(a,,+n)m,.)
m

x Z(SgnU)qw.—1)<(n+1>m.—(a1+1))+---+(an—n)«n+1)mn—(an+n)>

o€S,
_1 Qn il o n
- _(( ))2" (D)
9:9)%
@) 0040 (2 1 m2) 4 (1 1)y 4o nmg) —n (e + Dmy - (@t m)mg)
X q
m
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(n+1ym; ~(a; +1)
x n -9
(n+Dmj —(aj+Jj)
l<i<j<n q
(_l)anH
= —=—q
. 2n—1
(q:9)%

x l‘[ (gDt grlttD—la+p), gntly

I<i<jzn

() ++(2) (gt gmttynt

where in the last step we have used the induction hypothesis (2.5) with g"*! for g and
x; = q~ %) This proves Lemma 4.3.

COROLLARY 4.6.
1

4.7 w10, ... ,0:q) = .
4.7 Crai ( q) @

PROOF. Taking o) = -+ = a,4; = 0 in Lemma 4.3 gives

(qn+l.qn+l)n—l o L
Cn+l(07 . ,O; q) 1 1 Joo l—_[ (q}—l;qn+l)oo(qn+1+t—j;qn+l)oo

@GO i<
(qn+1; qn+])n—1 n )
=——=->-11G¢"q
(g; g)2! I:!
_ (gt 1
(% (g: ),

n+1)n—1
o0

5. Step 2: the nonzero coefficients

By lemma 4.3, we have for any integers B, ... , B, satisfying

*) (’81_1)++(ﬂn+1"(n+1)):0’
that
o (B —1,8-2,... . B —(n+ Diq)
= (_1)/5“‘—(n+1)q(5];|)+...+(ﬂ";") (g™ qn+l)g|
(g )%™

I<i<j<n

The quantity (g% %, g"+'*F=Fi; g"*1)  is zero if and only if B; — B; = 0 (mod n + 1).
Therefore the product in (5.1) is non-zero if and only if 8; — B; # 0 (modn + 1)
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foralli, jwithl <i < j <n,thatis, 8,,..., B, all lie in distinct residue classes
(mod n+1), orequivalently, 8, = o, (modn+1),k =1, ..., n, for some permutation
o = (o1, - ,0541) of (1,--- ,n + 1). The condition (*) then forces B..1 = 0,41
(modn + 1).

Thus we can write By = (n + )my, + 0y, k = 1,--- ,n+ 1, and the condition (*)
isequivalenttom; +--- +m,, =0.

We summarize this in the following lemma.

LEMMA 5.2. A coefficient is non-zero if and only if it is of the form
Cipt((n+Dmy+o1 =1, m+1Dmy+o,-2, ... ,(n+Dmyy  +0, —(n+1);q)
for some permutation 0 = (0, ..., 0,,1) and some integersm,, . .. , m,, satisfying

mp+ -+ myy =0.

6. Step 3: a relation between the non-zero coefficients

The main result in this section is an expression for
Cori(n+Dmy+o1—1,...,(n+ Dmpyy + 000 — (n+1); q)

in terms of ¢,.1(01 — 1, ..., 0,41 — (n + 1); g). Before getting to this, let us record
some results that will be needed.

LEMMA 6.1. If k is an integer, then
(xq*, " x 7 o (=1
X, gx 5 e xtg0)

PROOF. If k > 0 then

(x¢* g2 @) _ (L—xH(1—g7'x™) (1 —g'*x7)

(x’qx_l;q)oo (l—x)(l—qx)...(l_qk—lx)
= (=x (=g 'x7) (=g Fxh
=D
T g0

Ifk <O0,let j = —k. Then

(", @' " P (g7 g @)oo

(x,gx7Y Qoo (x,gx™"; @)oo
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_(U=xg™)---(1—xq™")
(1-x"1g)---(1 —x'gJ)
=(—xq7’)---(—xq™")
= (~1)xig — L
(=1
T g®”

LEMMA 6.2. IfZZ+11 my = 0and (o4, - -+, Onyy) isa permutationof (1, -- - ,n+1)
then

o BT ()
k=1

n+ 1)< 2 2 n+1
_+h Y omi+ 4 DY oum— (4D kmi+ ——mp.

2 k=1 k=1 k=1 2
® Y (o — o) (m; —my)
<i<j<n
=n ;Ukmk = Opi 1My + W"hﬁl-
© ¥ ( ) ka kak LA
PROOF. (a) (“Hz’_c) - (b;C) = %2 - % +ab - ac, 50

((n+1)mk+0k—k B ak—k)
2 2

n+1)? , n+1
= m; —
2 k 2

m; + (n+ Dogm, — (n + Dkm,,

and

2" ) ( )
=(n~;1)22": 2 _

k=1
n+1)2 &

+ 1)20,(”;,c (n+ 1)kak

) n+1
+n+1 om; —(n+1 km, + ——m, .
( );H ( ); R
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(b) Y (05— o) (m; —m))

I<i<jzn

Z (Uim,» +ajmj) - Z (0,-mj +Ujm,')

I<i<j<n I<i<j<n

=0n- I)Zakmk Zo,mj

i#j

=n E oym; — E Oy E nmy
k=1 k=1 k=1

- n+1)n+2)
=n Oy — (—"’"‘ - Un+l) (_mn+l)
k=1 2

(n+1D(n+2)
=n E oMy — Oy Myyy + —z'mn+l-
k=1

o 20"

l<i<j<n

_ Z (mj - mi)(mj -m; — 1)

I<i<j<n 2
=¥ "L 4 T
_l<,.<j<n 2 2 2 2
1 n
==» (k—1m, — = mm; + = Y (n—kym?
Z k ; J 2; ) k

-5 Z(k ~Dmy + > Z(n — k)m,
k=1 k=1

n

2
=n_12mf—-l (ka)—z:mf +lZ(n—2k+1)mk
2 2 k=1 k=1 2 k=1

k=1

I
NS
~

=

mi——( mn+l) n+lzmk kak

=Dt g =
m,.\ = 5 Muyr-
k= " 2

I
ST

x
I

N*N
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LEMMA 6.3. Let (04, ... ,0,41) be a permutation of (1,2,...,n + 1), and let
my,...,m,y beintegers satisfying m, + - - +m | = 0. Then

i +1Dmy+o0 =1, ... ,(n+Dmyy + 0,0 —(n+1); q)

L Gndem? )M 01y Gy c
n

=q silor—1, ... o —(n+ 1D q).

PROOF. By Lemma 4.3 we have

Cop(n+1Dmy+0r—~1, ... ,(n+Dm,p +0, —(n+1);9)
copi(on =1, ... Lo — (n+1);9)
= (—1)(”“'""*'q((‘””mé*"‘")*("'5’))+"-+((‘"*””3*”""")—(”"{"))

(q(n+1)(m, —m,-)+(Uj—a,)’ q(n+l)—(n+l)(m/ ~m,)—(a,—o,); qn+1)oo

X

I<i<j<n (@@=, g1~ grtl)
By lemma 6.1, with ¢"*' for g, x; = q%~ and k = m; — m,, this is equal to

(6.4) (1) g () (O b (7 ) ()
(=D

(a,—a,)(mj—m,)+(n+l)(m’;m') ’

X

l<i<j<n 4

The power of —1 in this expression is, modulo 2,

—(n+ Dme + Y (my —my)

I<i<jzn

= —(n+ Dmu + Y 2k —n— Dm,

k=1
n+1

=—(n+ I)ka =0.
k=1

The power of g is

Z [((n + 1)m;+ O — k) _ (U"z_k)] - Z (0; —o1)(m; —m;)
e~ I<i<j<n
m; —m;
-+ Z ( 12 )’

I<i<j<n
which by Lemma 6.2 becomes simply

n+1
2

and this proves the lemma.

(m}+ -+ mi+]) +moy+ -+ My 1Oy
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7. Step 4: the orbit of the constant term

In this section we will show that the (n + 1)! coefficients in the orbit of the constant
term are in fact all equal to the constant term, up to a multiplicative factor of +1.

LEMMA 7.1. Leto = (0y, ... ,0ny1) be a permutation of (1,2, ... ,n + 1). Then
oty —1,00—2,...,0,,,—(n+1);q) =(sgno)c,,1(0,0,...,0; q).
PROOF. We will show that for 1 <i < n,
(7.2) Copr(oy—1,... 00 —i,0;4 —(i+1) ey O — 4+ 1) 5 q)
=—Culor—1,...,00—i, 0, =@+ 1),...,00 —(n+1);9).

Since any coefficient c,41(0y — 1,...,0,4; — (n + 1); g) can be obtained from
¢nt1(0, ... , 0; g) by repeated applications of (7.2), (that is, the symmetric group is
generated by transpositions), this is enough to prove the lemma.

Case 1. By Lemma 4.3, we havefor 1 <i <n — 1,

Coyi(on — 1, ... U'_iUi+1_(i+l) s O —(m+ 1) q)
Cuyt(or —1,..., 00 — —@i+1D,...,00u—(n+1);9)
(G. )+(°,+1 <:+1)) (a,+1—1) (0' (.+|)) (q i1 a, n+1+o,r—a,~+1. qn+1)

(qo, —0i 41 qn+1+a,+1—a, qn+l)

_ q(a, )+(a,+[ (:+I)) (a,H .) (a, (:+1)) (1 —
(1 —q%~ 0i+|)

‘7:+1 U:)

=-1
after simplification.

CASE 2.

el —1,...,0p, —n,0,,1 —(n+1);9)
Cnrior —1,... Oy — 0,0, —(n+1); q)
(__1)0,.+1—(n+1)

Op—0; n+l+4+0;—0,. Ln+l
@™, " T 4" )

=7 L))
(_1)0,.—(n+l) q l—[ (qu,.ﬂ—a,»’ qn+1+a,-—¢7,,+,; qn+1)oo

(q”"“ —0O, qn+l+a,,—o,,+1. n+l)

= (=17 g (M=)

(qUn‘UnH q"+l+¢7n+l—¢7n q”+1)
- +1 +1
[Tsn(@™ %, g+ g oo
_ - . 1
]_[i#n+l(qa"+l % q’l+1+0. Tnt1; q’l+ )oo
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n+1—Cn
= (= 1ymmang()-(ry 4 =47
(1 — q”n—UnH)
nlsksnﬂ,k#a” (q"""‘, q"+1+k“0n; an)oo
nlka'H—l.k;ég"H (qa"'ﬁ_k, q"+l+k—o,,+] ; qn+1 )oQ

on—n

— _q( )= (" ) o0 —0n

l—[lsk<a,, (qo'n—k’ q"+1+k—Un; q"+1)00
nl§k<o,,+| (q”n+|’_k’ q"+1+k—0n+l ; qn+l)oo

=g k=a, 14oy—k. o n+l

q ( : ) na,.<k§n+1(q 7 ’ qn+ o s ‘I"+ )oo

("2
q ey )I_la,,+1<k5'l+1(qk_an+l’qn+l+a"+l—k;qn+1)°°
= —g (")) o= () ()

=1

X

X

X

after simplification, since the product in both the numerator and denominator is

- - (q: 9)q
l—[(qk’qn+l—k;qn+l)oo — l_[(qk;qnﬂ)io — Tl’_;iol_z
k=1 k=1 (q » q )oo

This completes the proof of the lemma.

8. Summary

It is now just a matter of putting the results of the previous sections together to
complete the induction. By Lemmas 5.2, 6.3 and 7.1, in that order, followed by
Corollary 4.6 and Lemma 4.1, we obtain

. _— . o Ap
Fori(X1s oo s Xar13q) = E Crp1 (0, ooy Uyt @IXY - X,
ap+- 4 =0
(n+1) .
= E E Crpi((n+ Dmy+o,—1,...,(n+ Dmy 40,0, —(n+ 1), q)
m OESpt)
(n+1)m)+o;—1 (n+1Dymps +6n4—(n+1)
X X © Xag
D o«
_ Z(n+ )q%‘(mf+..<+m§“)xl(n+l)m| . .x'('rril)mnu

X D (01— Lo Oy = (0 4 1); g)gmo T o

OESpy1
o—-1 Opt1—(n41)
X XXy
(n+1) ity L2
- Cn+l(09 . ’0; q)§ : q= (mi+-+my ) +m+2ma+-+(n+Dmg g

m
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x x](n+1)m; . .x'(lrril)m,,“

X E (Sgna)(xlq"”)""l e (x,,+1q'""“)""+"("+”
(L2
1

ZO'“) B 3 eepm?, ) bmy 2y (e D

- R )

m;
w tDm L Dma, 1 — Xiq
X Xt g B
l1<i<j<n+l 74

This completes the inductive step and so the Macdonald identities for A,_, have been
shown to be true by induction on n.
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