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V (1 < p < oo) ESTIMATES FOR d ON A CERTAIN

PSEUDOCONVEX DOMAIN IN Cn

KENZO ADACHI1 AND HONG RAE CHO

Abstract. Let Φ G C2[0,1] be a positive real valued function on (0,1]. Under
certain assumptions on Ψ, the set D = {z G Cn\Σ"~ϊ \z3\

2 + Ψ(\zn\
2) < 1}

is a pseudoconvex domain with C2-boundary which may be infinite type. If Φ
has flatness at 0 so that JQ \\ogty(s)\s~ϊds < oo, then we can obtain Lp(l <
p < oo) estimates for du — f on D.

§1. Introduction and statement of the result

In this paper we study Lp(l < p < cx>) estimates for d on a certain

pseudoconvex domain in Cn with some boundary condition. The estimation

is deduced from the explicit formula of the solution for d represented by

integral kernels.

Lp(l < p < oo) estimates for d on strongly pseudoconvex domains were

obtained by Kerzman [5] in case / is a (0,l)-form, and in the general case

by 0vrelid [6]. With the finite type condition, Lp estimates were obtained

by Chang-Nagel-Stein [2] for pseudoconvex domains of finite type in C2. In

dimension n > 3, Bruna-Castillo [1] got Lp estimates for d on some convex

domains of ellipsoid type. However, there is a counter-example which show

that Lp{2 < p < oo) estimates for d are not true on general pseudoconvex

domains [3]. In the geometric convex case, Polking [7] obtained Lp(l <

p < oo) estimates for d on convex domains in C2 without the finite type

condition. Polking's results and ours show that it will be possible to get LP

estimates for d with some weaker geometric conditions than the finite type

condition.

Let Φ G C2[0,1] be a real valued function satisfying
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(A) Φ(0) = 0 and Φ(l) = 1;

(B) Φ'(ί) > 0, 0 < t < 1;

(C) Φ'(t) + tΦ"(t) > 0, 0 < t < 1;

(D) there exists r € (0,1) such that Φ"(ί) > 0, 0 < t < τ.

Define

π - l

D = {z G Cn; |^ | < 1, j = 1, ,n, £ |^ | 2 + Φ(|^| 2) < 1},

so that D is a bounded Reinhardt domain. Without loss of generality, we
assume that Φ is defined and satisfies (B) and (C) in an interval of the
type [0,1 + e),e > 0. Therefore, conditions (B) and (C) imply that D
is a weakly pseudoconvex domain with a C2-boundary defining function
P(z) = TJ Zl \zj\2 + *(kn| 2 ) - 1. Define pn(zn) = Φ ( | ^ | 2 ) Since the
complex Hessian of ρn at zn is Φ/(|^n|2) + kπpΦ^d^nl2) this shows that pn

is strictly subharmonic if zn φ 0. To exclude the strongly pseudoconvex
case we assume of course Φr(0) = 0. We showed that LP{\ < p < oo)
estimates for d depend on flatness of Φ at 0. Now we state our main result.

MAIN THEOREM. Let D = {z e C 7 1 ; ^ ^ 1
 \ZJ\2 + Φ(|^n |2) < 1}, and

let f e I%iq(D), 1 < p < oo, be d-closed. If /Q1 | logΦ(»|s~"2ds < oo; then

there is a solution u of du — f on D such that for each p with 1 < p < oo,

<c(p)\\f\\LP(D)

where the constant c(p) is independent of f.

EXAMPLES. (1) For m a positive integer, put Φm(t) = ίm,0 < t < 1.
Then Φ m satisfies conditions (A)-(D) and the condition in Main theorem.
In this case the domain defined by Φ m will be a complex ellipsoid.

(2) For a > 0, write Φα(ί) = eexp(-l/£α), 0 <t <1. Then Φα satisfies
all conditions (A)-(D) and it satisfies the condition in Main theorem if and
only if a < \.

Remark In the case of Ω = {z G C2; \zι\2 + Φ(|^2|2) < 1}, Verdera [9]
obtained the L°° estimate for d on Ω. By the same method, we can obtain
the L°° estimate for d on D. However, for Lp estimates we must extend
integral kernels to the interior of D.
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§2. Construction of the solution operator for d

From the condition (D) we have the following inequality.

LEMMA 2.1. ([9]) There exists a constant η — η("Φ) > 0 such that for

f°tt°win9 inequality holds:
ΊG>

> *(N\v\2)X,v e C,\ζ\ < η,\v\ < η.

Let D be an open neighborhood of D and suppose p to be defined in

b. Put

LEMMA 2.2. There exists a positive constant η, depending only on Φ;

such that for M — ^ ,

n-l

ReF0(ζ,z)>p(ζ)-p(z) Ψ(M\ζ-z\2),

where (C, z) G D x C n, \ζn\ < η, \ζ - z\ < η.

Proof From Lemma 2.1 it follows that

p(z) = p(ζ) - 2Re F0(ζ, z) + (p(z) - p(ζ) + 2Re F0(ζ, z))

= p(C) - 2Re \2
- Φ(|Cn|

n - l

+2Re

j=i

- 2 R e

- zn

n - l

Φ(iV|Cn - z n
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where (ζ,z) G D x C n , |ζ"n | <η,\ζ - z\ < η. From conditions (A) and (D),
we have for small |x|, |y|,

Thus we get

Σ ιo - *i\2

Thus we have the required inequality. Q

For e, 6 > 0, we define

o ^ { ^ ^ P ( * ) < t}> vδ = {ze D; \P(z)\ < δ},

Ue,s = {(C, z)eVδx Dδ; \ζ-z\< €}, Z - {z; z n - 0}.

If we use Lemma 2.2, by the same method as in [9], we can obtain the
following results.

LEMMA 2.3. There exist e, <5, c, M > 0 ; depending on Φ ; and C 1 -func-

tions Φ : Vδ x D$ -^> C,F,G : Ue^ —* C, holomorphic in z £ Dδ for each

fixed ζ £ V$, such that

(a) Φ - F G m E/c,*, F(CC) - 0, \G\ > c in Uefi, |Φ| > c in (Vδ x

(b) F = Fo in a neighborhood ofbDΠZ, and the following inequality holds

n-l

Re F(ζ,z) > p(ζ)-p(z) + Σ\ζj-Zj\2 + y(M\ζ-z\) for (ζ,z) G U€#
3 = 1

(c) dζF{ζ,z)\ζ=z = dp{z)

(d) Φ(ζ,z) = Σ^iίCj^^O-fjίC)^)? where Pj is continuously differentiable
in Vδ x /}#, holomorphic in z £ Dδ for each fixed ζ G V̂ , j = 1,. . . , n.

DEFINITION 2.4. A generating form W(C^) = Έj=iwj(C^z)dζj with
coefficients in CliCO(bD x £>) is a (1,0) form in ζ" such that

https://doi.org/10.1017/S0027763000006462 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000006462


LP ESTIMATES FOR a 131

(i) <W(ζ,z),ζ-z>=Σ]=ίwj(ζ,z)(ζj-zj) = ί for (ζ,z)€bDxD

(ii) Wj(C, z) G Cι>°°(bD xD), 1 < j < n.

DEFINITION 2.5. Let W(ζ, z) = Σ " = 1 Wj(ζ, z)dζj be a generating form

with coefficients in Cι'°°(bD x D) and let W(ζ,z,X) = XW(ζ, z) + (1 -

λ)B(C,2) where λ € I = [0,1] and B = ^f-,β = |C - z\2. For - 1 < q < n,

the Cauchy-Fantappie kernel Ως(VF) of order g generated by W is denned

by

^ J w A (dζtλwr~^ Λ (dzwy

for 0 < q < n — 1, and 0 otherwise. Ωq(W) is defined in the same way, with

W instead of W.

By Lemma 2.3, LJJ = ζ with P = Σ j = i Pjdζj is a generating form

which is holomorphic in z G D. Thus it follows that (see [8, Theorem 3.6

in IV])

f = Oz(Tqf) ( 9 > 1 ) ,

where
p= f

§3. Extension of integral kernels to the interior of D

For convenience, we briefiy recall the extension of integral kernels to

the interior of D. We will use the same notations as in [8]. We only need

to consider the case 0 < q — 1 < n — 2. In the following, we replace q — 1

by q for convenience. Since P(ζ ) z) is holomorphic in z, for 0 < q < n — 2

and any / G Coiq+i(bD) one has

fΛΩq(LD)= ί fΛAq(LD,B),
JbDbDxI

where the double form Aq(L£>)B) is given by

(3.1) Aq(LD,B)= £ 4i
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with numerical constants aJ

q and

(3.2)

φj+lβn-(j+l) '

Before applying Stokes' theorem we must extend the generating forms L

and B from bD x D to D x D without singularities. Let F(ζ, z) = F(ζ, z)

2p(C) Then for ζeVδ,

-p(c) - P(«) + Σ p ί 10 - ̂ f + *(M|C -
(3.3) % ^

and so F(ζ,z) never vanishes for (ζ,z) € Vg x D5. Set β = β + p(ζ)p(z).
Then

5/3 _ _
B = -j£ C°°(D x £\Δ 6 i>), Δ 6 D = {(C, C); C € 6D},

and 5 = B for C € bD. We fix e0 > 0 such that {C G 5 ; |p(C)| < 2e0} <s V ,̂
and choose χ e C°°(D) with χ(ζ) = 1 ϊoτ ζ e V6 with p(ζ) > - e 0 and

χ(C) = 0 for C € D with p(C) < -2e0. Set Φ(C, z) = F(ζ, z)G(ζ, z) and

and
n-q-2

Άq(LD,B)= £

It follows directly from the definition that

Aq(LD, B) — Aq(Lo, B) on bD x D.

Thus, by Stokes' theorem, we have the integral solution operator Tq :
Llq(D) -> Lliq_λ{D), l<q<n, defined by

,B)- ί
JD
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§4. Proof of Main theorem

Let M(ζ, z) be any of the coefficients of the double form dζAq-\ (Lp, B)
which make up the kernels of Tq. From (3.1) and (3.2) we see that Aq_ι(Ljj,

B) is a linear combination of terms ^}S'Z' , 1 < I < n — a — 1, where N G
Φιβn-1' — — ^ '

C^°°(p x ~D) and N(ζ,z) = O(\ζ - z\). Hence M is a linear combination
of terms

dζN l(dζΦ)N [dζβ+(dζP)p(z)}N
n-l ^ ' φlβn-l+1 'φlβn-l φl+lβ

Notice that

(4.1)

(4.2)

(4.3)

φlβn
with 1 <l <n — q—l.

drN
φlβn-l

(dζΦ)N

\φ\l\ζ -

φl+lβn-l

(dζβ)N
φlβn-l+ί

[(dζP)p(z)]N
^ ' ' φlβn-l+l

Thus from (4.1)-(4.4) it follows that

(4.5)
n—q—l

Σ 1

for al l ζ,z £ D.

LEMMA 4.6. ([4]) There is a positive constant η, depending on Φ, such
that for each z sufficiently close to bD, one can find in B(z,η) a smooth
(of class C1) change of coordinates t^z\ζ) = (£χ,..., t2n) satisfying

(a) t1+ίt2 = p(ζ) + ilmF(ζ,z);

(b) t3(z) = ... = t2n(z) = 0;

(c) |ίW(O-ί(z)(C')l«IC-CΊ, ζ,ζ'eB(z,Ί).
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It is enough to consider the first term in the representation of Tqf.

Thus the proof of Main theorem will be a consequence of standard results

in analysis once we prove the following estimates.

PROPOSITION 4.7.

f \M(ζ,z)\dV(ζ)< [ \\ogV(s)\s-*ds for all zeD
JD JO

and

ί \M(ζ,z)\dV(z) < ί \\ogΨ(s)\s~^ds for all ζ G D.
JD JO

Proof We will prove the necessary estimates for the second term

among r ighthand terms in (4.5). The corresponding estimates for the first

and third terms can be handled by analogous methods. Let us first prove

for 1 < / < n — q — 1,

\Φ\ι\ζ — z\2(n~ι

Integrals are significant only for points near to bD. Therefore, consider

5,7 > 0, and z close to bD, such that Lemmas 2.3 and 4.6 can be applied.

We may assume that 7 is the smaller of the constant e in Lemma 2.3. On

Vβ \ £(2,7), the denominators of the righthand terms in (4.5) are bounded

from below away from zero, uniformly in z, by (a) of Lemma 2.3. Hence we

must prove that

(4.8) / -^ — τdV(ζ)< I \\og^{s)\s-2ds
V } JDnB{z,Ί)\Φ\l\ζ-z\2^-1) V W ~ Λ ) ' W l

for all z e D.

We use the coordinates t = ( ί i , . . . , t2n) given by Lemma 4.6 on the neigh-

borhood 5 ( 2 , 7 ) , where 7 > 0 is independent of z. Recall t h a t t\ = p(ζ)

and t2 = Im F(ζ, z) « Im Φ(C, z). Thus from (3.3) it follows t h a t

It is now clear t h a t (4.8) will follow from

f dt\ ' ' ' dt2n

h = / ^rzr\ < °°
J\A<c \t\2(n-ι)[\tι\ + \t2\ + Σj=Γ3 ή -
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for Z = 1 , . . . , n — q — 1.

If I = 1, by using the inequality a1~ebe < a + b for α, b > 0, 0 < e < 1,

it follows that

T

1 J\t\
ti'" dt 2n

\t•21 + 2^=3 S'
dt1dt2dtf

< i

Now, if Z > 1, we obtain

-ί dt\

<

\t\<c

U
J\t'\<c I

| t 2

dτ

dt'

~ J |t»|<c μwi y0 Γ2(n-/-1

J\t"\<c W\ JO

r d r

r 2 + Φ(M| ί " | 2 )

<ί
J\t"\<

Γ1 i

< / |logΦ(s)|5-2ds.
Jo

The proof of the estimates

\M(ζ,z)\dV(z)< Λ l
Jo

forall ζeDnVδ,

is similar. For ζ £ D fixed near bD there are coordinates u = (ιxχ,..., U2n)

for z E JB(C,7), where 7 is independent of £, such that 1x1(2:) = ^(2), 1x2(2) =

Im F(ζ,2), and ix(£) = (p(C)j0? jθ)> which has properties analogous to

those of the coordinates t = (£χ,..., ί2n) o n B(z,η). From the estimate in
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(b) of Lemma 2.3 we then obtain

for u — 11(2) and z G ΰ Π £?(ζ,7), so t h a t one can proceed as in the proof

of the estimate of /. Q
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