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An algebraic characterization of

symmetric graphs with a

prime number of vertices

J.L. Berggren

A graph T is called symmetric i f i t s automorphism group is

t rans i t ive on i t s vert ices and edges. Let p be an odd prime,

Z(p) the f ie ld of integers modulo p , and

Z*(p) = {a i Z(p) | a t 0} , the multiplicative subgroup of

Z(p) . This paper gives a simple proof of the equivalence of

two statements:

(1) F is a symmetric graph with p ver t ices , each having

degree n i l ;

(2) the integer n i s an even divisor of p - 1 and F is

isomorphic to the graph whose vertices are the elements of

2(p) and whose edges are the pairs {a, a+h] where

a € Z(p) and h i. H , the unique subgroup of Z*(p) of

order n .

In addition, the automorphism group of V is determined.

The resul ts of th i s paper are not new, for they were conjectured in

[5] and proved in [3 ] . However the proof given here is very much simpler

than that of [ 3 ] , for the author of that paper used resul ts he proved in

[2] by means of Schur's theory of simply-transitive permutation groups.

The proof given in th i s paper, using methods similar to those in [ / ] , shows

the elementary nature of the main resul t of [31.
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In th i s paper, p w i l l denote an odd prime, Z(p) the f ie ld of

integers modulo p , and Z*(p) the multiplicative subgroup of non-zero

elements in Z(p) . Because Z*(p) is cyclic of order p - 1 i t has, for

each divisor n of p - 1 , a unique subgroup of order n .

A graph F is called symmetric i f i t s automorphism group G is

t r a n s i t i v e on i t s ver t ices and edges. Notice that each vertex of a

symmetric graph has the same degree. In [5] i t was proved t ha t , of the

following two statements, ( i i ) implies ( i ) :

( i ) F is a symmetric graph with p vert ices each having degree

« > 1 ;

( i i ) the integer n i s an even divisor of p - 1 and F is

isomorphic to the graph whose vert ices are the elements of

Z(p) and whose edges are the pairs {a, a+h} where a € Z(p)

and h € H , the unique subgroup of Z*(p) of order n .

We now prove that ( i ) implies ( i i ) .

Let F be as in ( i ) and G i t s automorphism group. If G i s

doubly-transi t ive on the vert ices then F is obviously the complete graph

on p vert ices and hence isomorphic to the graph constructed as in ( i i )

with H = Z*(p) . In th i s case n = p - 1 . If G i s not

doubly-transi t ive on the vert ices then by Theorem 7-3 of [4] we may suppose

the vert ices of V are the points of Z(p) and that

G 5 {T{a, b) | a € Z*(p), b € Z (p )} = S , where T{a, b) i s t h e

permutation of Z(p) which maps x to ax + b .

Since G i s t r ans i t i ve on the p ver t i ces , p | | c | and, since

K = {T(l, b) | b € Z(p)} is the subgroup of order p in S , we conclude

G 2 K . I t i s now easy to verify that H = {a 5 Z*(p) | T{a, 0) (. G) is a

s u b g r o u p o f Z*{p) a n d t h a t G = {T(a, b) \ a € H, b 6 Zip)} .

We can now easi ly finish the proof. For each i , g i Z(p) we know

T ( l , -i-g) € G , so H, j) i s an edge of F i f and only i f {-i, -g'} is

an edge. Thus 2"(-l, 0) € G , so -1 £ H , and fl has even order. If

,4(0) i s the set of points joined to 0 by an edge then

A{0) = He. + . . . + Hor , for the s t ab i l i ze r of 0 is {T(a, 0) | a i H} .

I f / > 2 then there is T(a, b) £ G so that T{a, b) maps 0 to c^
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and c. to 0 . This implies b = <?„ and ac-. = -e_ , that i s ,

(-a)c^ = c2 . But (-1) and a are in H so -a i H and Ho. = ffe2 .

This contradiction shows r = 1 so n = |# | , an even divisor of p - 1 .

We have seen the edges of V are the pairs {a, a+ha.} , so the map

a •*• aa. is an isomorphism from F onto the graph T' whose vertices are

the points of Z(p) and whose edges are the pairs {a, a+h] , a € Z(p)

and h € H . Also i f G' is the automorphism group of F1 then G' = G .

For i t i s clear that G' 2 G and, since F and F1 are isomorphic, G'

and G are isomorphic.

In conclusion, we have shown that any symmetric graph F with p

vertices has even degree n . Further, n \ (p-l) and i f H is the

unique subgroup of Z*{p) of order n then F is isomorphic to the graph

constructed from U as in ( i i ) . Also, if H 4- Z*(p) , the automorphism

group of F is isomorphic, as a permutation group, to the group of

permutations of Z{p) given by {T{a, b) \ a i H and b € Zip)} . That

this group sa t i s f ies a l l the conclusions of Theorem 3 of [3] i s clear.
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