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1. Introduction. Let R, r , s represent re spectively 
the c i rcumradius , the inradius and the semiper imeter of a 
tr iangle with sides a, b, c. Let f(R, r) and F(R, r) be 
homogeneous rea l functions. Let q(R, r) and Q(R, r) be 
rea l quadratic forms. The latter functions a re thus a special 
case of the former. Our main result is to derive the strongest 
possible inequalities of the form 

(1) q(R, r) < f(R, r) < s < F(R, r) < Q(R, r) , 

with equality only for the equilateral tr iangle. Various appli
cations a re considered including a graphical representat ion of 
relations involving R, r , s. We prove the following theorems. 

THEOREM 1. Let f(R, r) and F(R, r) be homogeneous 
rea l functions. Then the strongest possible inequalities of the 
form 

f(R, r) < s < F(R, r) , 

with equality only for the equilateral t r iangle, occur when 

2 2 2 
(2) f(R, r) = 2R + lORr - r - 2(R - 2r)\T(R - 2Rr) , 

and 

(3) F(R, r) = 2R + lORr - r 2 4- 2(R - 2r)\T(R - 2Rr) . 
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THEOREM 2. Let_ q(R, r) jand Q(R, r) be quadratic 

forms with real coefficients. Then the strongest possible 

inequalities of the form 

2 
q(R, r) < s < Q(R, r) , 

with equality only for the equilateral triangle, occur when 

(4) q(R, r) - l6Rr - 5r2 , 

and 

(5) Q(R, r) - 4R2 + 4Rr + 3r2 . 

2. A graphical representation. It is well known that 

a, b, c are the roots of the cubic equation 

3 2 2 2 
(6) x - 2sx + (s + 4Rr + r )x - 4Rrs = 0 . 

A brief treatment of this equation is given in Blundon [1]. Let 

2 2 2 
D = (a - b) (b - c) (c - a) be the discriminant of the equation 
(6). The fact that a, b, c are real gives D > 0, with equality 

only for isosceles triangles (see Marsh [6]). It is known that 

2 3 2 2 2 2 
D = 4r [4R(R - 2r) - (s + r - lORr - 2R ) ] , 

whence 

2 2 2 2 3 
(7) ( s + r - lORr - 2R ) < 4R(R - 2r) , 

with equality only for isosceles triangles. We may replace (7) 

by the simultaneous inequalities 

2 2 2 2 
(8) s > 2 R + l O R r - r - 2 ( R - 2 r ) \ T ( R - 2 R r ) , 

2 2 2 2 
(9) s < 2R + lORr - r + 2(R - 2r)\T(R - 2Rr) . 

We establish in the following lemma a representation in 

graphical form of relations involving R, r, s. This is conven

ient but not essential for the proof of Theorem 1. Further, it is 

hoped that such a representation may be a useful tool in the 

solution of related problems. 
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LEMMA. To within s i m i l a r i t y , t h e r e is a one -one c o r r e s 
pondence be tween a l l t r i a n g l e s and a l l points ( R / r , s / r ) of a set 
S of the C a r t e s i a n p l ane . 

Proof. The r e f e r e n c e to s i m i l a r i t y fol lows at once f rom 
c o n s i d e r a t i o n s of homogene i ty . C o n s i d e r the se t S of points 
(x, y) in the C a r t e s i a n plane sa t i s fy ing (10). Let R / r = x and 
s / r = y . F r o m (7) it follows that e v e r y c l a s s of s i m i l a r t r i a n g l e s 
i s r e p r e s e n t e d by a unique point in S such tha t y i s pos i t ive and 

(10) (y + 1 - lOx - 2x ) < 4x(x - 2 ) 3 . 

T h i s inequa l i ty i s equiva len t to the s i m u l t a n e o u s i nequa l i t i e s 

2 2 2 
(11) y > 2 x + l O x - 1 - 2 ( x - 2)N/~(X - 2x) , 

(12) y < 2x + lOx - 1 + 2(x - 2)v r(x2 - 2x) , 

and equal i ty ho lds in (10), (11), (12) only for i s o s c e l e s t r i a n g l e s . 

To c o m p l e t e the proof of the L e m m a , we m u s t show that 
to e v e r y point of the r eg ion S t h e r e c o r r e s p o n d s a c l a s s of 
s i m i l a r t r i a n g l e s . Choose an a r b i t r a r y point (x, y) in the 
r eg ion S ; t h i s i s equ iva len t to choos ing a r b i t r a r y pos i t ive 
r e a l n u m b e r s R, r , s sa t is fying (7). F o r m the equa t ion (6) 
and ca l l i t s r o o t s a, b , c. It is sufficient to p rove tha t 
a, b , c a r e r e a l and pos i t ive and fu r the r that they sat isfy the 
t r i a n g u l a r inequal i ty . Since (7) holds for the n u m b e r s chosen , 
the d i s c r i m i n a n t of (6) i s non -nega t ive so tha t a, b , c a r e a l l 
r e a l . Since the coeff ic ients of (6) a r e a l t e r n a t e l y pos i t ive and 
n e g a t i v e , it fol lows tha t a, b , c a r e a l l pos i t ive . F ina l ly , 
a, b , c sat isfy the t r i a n g u l a r inequal i ty if and only if s - a, 
s - b , s - c a r e a l l pos i t i ve , which fol lows ea s i l y s ince t h e s e 
n u m b e r s a r e the r o o t s of the equat ion 

3 2 2 2 
x - sx + (4Rr + r ) x - r s = 0 , 

and the s igns of the coef f ic ien ts in t h i s equat ion a r e a l t e r n a t e l y 
pos i t ive and nega t ive . T h i s c o m p l e t e s the proof of the L e m m a . 

3. P roof of T h e o r e m 1. The inequa l i t i e s of the t h e o r e m 
have a l r e a d y been e s t a b l i s h e d in (8) and (9). That they a r e b e s t 
p o s s i b l e follows a t once f rom the L e m m a , s ince they t o g e t h e r 
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define the r e g i o n S wi th a connec ted bounda ry which i s the set 
of po in t s for which equa l i ty ho lds in (10). 

4. P roof of T h e o r e m 2. We have 

4R(R - 2 r ) 3 = 4(R - 2 r ) 2 (R - r ) 2 - 4 r 2 ( R - 2 r ) 2 

2 2 
< 4(R - 2r ) (R - r ) , 

wi th equa l i ty only if R = 2 r , tha t i s , when the t r i a n g l e i s equ i 
l a t e r a l . Combine t h i s inequa l i ty wi th (7). Then 

2 2 2 2 2 2 
(s + r - lORr - 2R ) < 4(R - 2 r ) (R - r ) . 

Tak ing the s q u a r e roo t and a r r a n g i n g t e r m s , we have at once 
the i n e q u a l i t i e s of the t h e o r e m , n a m e l y , 

2 2 2 2 
(13) l 6 R r - 5 r < s < 4R + 4 R r + 3r , 

wi th equal i ty only for the e q u i l a t e r a l t r i a n g l e . V a r i o u s p roo f s 
of t h e s e i n e q u a l i t i e s have b e e n given ( s e e , for e x a m p l e , 
G e r r e t s e n [2]). 

It r e m a i n s to be shown, us ing T h e o r e m 1, tha t the 
i n e q u a l i t i e s (13) cannot be i m p r o v e d . 

F i r s t , we have to show tha t a, (3, y a r e a l l z e r o in the 
i n e q u a l i t i e s 

2 2 
2x + lOx - 1 + 2(x - 2)\T(x - 2x) 

2 2 
< (4 - a)x + (4 - (3)x + (3 - v) < 4x + 4x + 3. 

The c a s e x = 2 g ives 4a + 2p + v = 0. Hence fo r th t ake x > 2. 
Then the r i g h t hand inequa l i ty g ives crx^ + px + v > 0 , tha t i s , 

2 
ax + px - 4a - 2p > 0 . 

Then , on d iv i s ion by x - 2, wh ich i s p o s i t i v e , we have 

(14) a x + la + p > 0 . 

The left hand inequa l i ty g ives 
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https://doi.org/10.4153/CMB-1965-044-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-044-9


r 2 2 

2(x - 2) ^ ( x - 2x) < (2 - a)x - (6 + (3)x + (4a + 2(3 + 4) . 

Dividing by x - 2, we have 

(15) 2\f(x - 2x) < (2 - a)x - (2a + p + 2) , 

which r e d u c e s , on s q u a r i n g , to 

2 2 2 
(16) a(a - 4)x + (4a + 2ap - 4a - 4p)x - (2a + p + 2) > 0 . 

Secondly , we seek to show that a, p, y a r e a l l z e r o in 
the i nequa l i t i e s 

l 6 x - 5 < a x + (16 + p)x + (y - 5) 

2 2 
< 2x + lOx - 1 - 2(x - 2)^ r(x - 2x) . 

T h e s e i nequa l i t i e s a l s o r e d u c e to (14) and (15). It r e m a i n s to 
be p roved tha t (14), (15) and (16) t o g e t h e r imply a = p = 0 . 

Since (14) holds for x -*> oo, we have a > 0. Now (14) 
a l s o holds for x -+> 2. T h e r e f o r e 4a + p > 0. A l s o , (15) ho lds 
for x -> oo, so that 2 - a > 0, that i s , a < 2. Since (16) ho lds 
for x -> oo, we have a(a - 4) > 0. The l a s t two inequa l i t i e s 
t aken t o g e t h e r give a < 0. But we have a l r e a d y p roved that 
a > 0. Hence a = 0. The r e l a t i o n 4a + p > 0 then g ives 
P > 0. Put t ing a = 0 in (16), we obtain - 4 p x + (p + 2 ) 2 > 0, 
and th i s inequal i ty ho lds for x -*• oo, so tha t p < 0. Thus 
P = 0. Th i s c o m p l e t e s the proof of T h e o r e m 2. 

5. The g raph . We now d e s c r i b e in m o r e de ta i l the 
g r a p h i c a l r e p r e s e n t a t i o n c o n s i d e r e d e a r l i e r . It w a s p roved in 
the L e m m a tha t t h e r e is a one-one c o r r e s p o n d e n c e be tween a l l 
t r i a n g l e s and a l l poin ts of a plane r eg ion S defined by (10) 
( see the f igure ) . 

The bounda ry c o n s i s t s of two b r a n c h e s , one r e s e m b l i n g 
roughly a h y p e r b o l a , the o the r a p a r a b o l a , n a m e l y , 

2 2 2 
AB : y = 2x 4- lOx - 1 + 2(x - 2 ) \ (x - 2x) , 

2 2 2 
AC : y = 2x + lOx - 1 - 2(x - 2)\ r(x - 2x) . 
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By T h e o r e m 2, the b e s t a p p r o x i m a t i o n s of the f o r m 
2 2 

s = ax + px + v, with the c u r v e s p a s s i n g t h rough A, a r e 
2 2 2 

A D : y = 4x + 4x + 3 and A E : y = l 6 x - 5. 

The c u r v e s AB, AC f o r m a c u s p at A, the c o m m o n 
slope at A being \T3. The s lopes of AD and AE at A a r e 
10\f3/9 and 8\T3/9 r e s p e c t i v e l y . FG : y = 2x + 1 is an 
a s y m p t o t e to both AB and AD. C l e a r l y A(2, 3\T3) r e p r e s e n t s 
the c l a s s of e q u i l a t e r a l t r i a n g l e s . We have a l r e a d y p roved that 
the b o u n d a r y c u r v e s AB and AC r e p r e s e n t i s o s c e l e s t r i a n g l e s . 

In app l i ca t i ons to q u a d r a t i c f o r m s we r e p l a c e in our con
s i d e r a t i o n the r eg ion S by the r eg ion S' which is bounded by 
AD and AE. 

To i n t e r p r e t a n o t h e r c l a s s i f i c a t i on of t r i a n g l e s , we r e c a l l 
tha t s - 2R - r is z e r o , pos i t ive or nega t ive a c c o r d i n g a s the 
t r i a n g l e i s r i g h t - , a c u t e - or o b t u s e - a n g l e d . Hence a l l r igh t 
t r i a n g l e s a r e r e p r e s e n t e d by that p a r t of the l ine y = 2x + 1 
which l i e s in S. Th i s i s the r a y FG. I ts t e r m i n a l point 
F ( l + \T2, 3 + 2\T2) r e p r e s e n t s i s o s c e l e s r igh t t r i a n g l e s . It 
follows ea s i l y tha t the r eg ion bounded by BA, A F , FG r e p r e s e n t s 
a c u t e - a n g l e d t r i a n g l e s and the r eg ion bounded by FG, FC 
r e p r e s e n t s o b t u s e - a n g l e d t r i a n g l e s . 

6. App l i ca t i ons . To p rove a given inequal i ty be tween 
R, r , s, we m e r e l y have to show that the r eg ion defined by the 
inequal i ty con ta ins S (or S' , if only q u a d r a t i c f o r m s a r e 
be ing c o n s i d e r e d ) . 

A s an e x a m p l e , c o n s i d e r the p r o b l e m of finding the 
s t r o n g e s t p o s s i b l e l i n e a r i nequa l i t i e s r e l a t i n g R, r , s. With 
r e f e r e n c e to the g raph , it is c l e a r that the p r o b l e m is equ iva
lent to finding the i n t e r s e c t i o n of a l l r e g i o n s which a r e bounded 
by two r a y s wi th a c o m m o n endpoint and which conta ins the 
r eg ion S or the r eg ion S' . The r e q u i r e d r eg ion is bounded 
by the r a y t h rough A p a r a l l e l to Ox and the r a y th rough A 
p a r a l l e l to FG. Th i s r eg ion is defined by the i nequa l i t i e s 

3\f3 < y < 2 x + (3\T3 - 4) . 

Hence , the s t r o n g e s t p o s s i b l e l i n e a r i nequa l i t i e s a r e 
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(17) 3\T3r < s < 2R 4- (3\T3 - 4)r , 

with equal i ty only for the e q u i l a t e r a l t r i a n g l e . The f i r s t 
inequa l i ty of (17), usua l ly given in the f o r m s^ > 27r , i s 
we l l known. The second inequal i ty I have not seen e l s e w h e r e . 
(17) r e p r e s e n t s the ana logue of T h e o r e m 2 when the d e g r e e i s 
one. 

The r igh t hand inequa l i ty of (17) can now be app l ied to 
i m p r o v e known i n e q u a l i t i e s of h i g h e r d e g r e e than the f i r s t 
when t h e s e a r e l i n e a r in s. F o r e x a m p l e , if A r e p r e s e n t s 
the a r e a of a t r i a n g l e , the inequal i ty 4A, < 3\T3K i s we l l 
known. Steinig [7] h a s p roved the s t r o n g e r inequa l i ty 

\T3£ < 4Rr + r . 

By (17), we can s t a t e the s t i l l s t r o n g e r inequa l i ty 

r 2 

A = r s < 2Rr + (3\T3 - 4) r . 

S i m i l a r l y h i s inequal i ty (in the s a m e p a p e r ) 

^ ( a b c ) 1 ' < 2(R + r) 

can be r e p l a c e d by the s t r o n g e r inequa l i ty 

2 ^ 2 
abc = 4 R r s < 8R r + ( 12^ 3 - l 6 ) R r . 

To take a n o t h e r s i m p l e app l i ca t ion of (17), we note tha t 
the r e l a t i o n s in A + sin B + sin C = s / R l e a d s wi thout difficulty 

3 
to the wel l known inequa l i ty sin A + sin B + sin C < — \T3 . 

Th i s can now be r e p l a c e d by the s t r o n g e r inequa l i ty 

sin A + s in B + sin C < 2 + (3\T3 - 4 ) r / R . 

Let us r e t u r n to i n e q u a l i t i e s of d e g r e e two. The i n e q u a l i t i e s 
(13) have a l r e a d y been used by s e v e r a l a u t h o r s to s t r e n g t h e n 
known i n e q u a l i t i e s . In addi t ion to the p a p e r of Ste in ig a l r e a d y 
m e n t i o n e d , see p a p e r s by L e u e n b e r g e r [4] , Makowsk i [5] , 
G e r r e t s e n [2]. F o r e x a m p l e , the wel l known i n e q u a l i t i e s 
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2 
18Rr < ab + be + ca < 9R 

have been r e p l a c e d by the s t r o n g e r inequa l i t i e s 

2 2 2 
20Rr - 4 r < ab -f be + ca < 4R + 8Rr + 4 r 

If we d r o p the r e s t r i c t i o n to q u a d r a t i c f o r m s , we can use 
T h e o r e m 1 to d e r i v e the r a t h e r ine legant but b e s t pos s ib l e 
i nequa l i t i e s 

2 2 
(18) 2R + 14Rr - 2(R - 2r)\f(R - 2Rr ) 

< ab + be + ca 

2 2 
< 2R + 14Rr + 2(R - 2r)\T(R - 2Rr) . 

Any n u m b e r of such inequa l i t i e s can now be w r i t t e n down. 
Thus 

2 2 2 
(19) 4R + l 6 R r - 3r - 4(R - 2r)\T(R - 2Rr) 

2 2 2 
< a -f b + c 

2 2 2 
< 4R + l 6 R r - 3r + 4(R - 2r)\f(R - 2Rr ) . 

The awkward r a d i c a l in (18) and (19) a s wel l a s in (8) and 
(9) can be avoided by a p a r a m e t r i c r e p r e s e n t a t i o n . Let 

1 - 1 2 
R / r = 1 + - ( t + t ), w h e r e t > 1. Then R / r = (t + 1) / 2 t . 

Since in t h i s con tex t a l l s i m i l a r t r i a n g l e s a r e equiva len t , we 
2 2 

m a y put r = 2t and R = (t + 1) , whence R - 2r = (t - 1) and 
2 2 

\T(R - 2Rr) = t - 1. Then (8) and (9) b e c o m e 

(20) 4(2t + l ) 3 < s 2 < 4t(t + 2 ) 3 . 

The i nequa l i t i e s (18) and (19) now r e a d 

4(t + l ) (2 t + l ) (5 t + 1) < ab + be + ca 

< 4t(t + l ) ( t + 2)(t + 5) 

and 
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Z Z Z Z 
8(Zt + l ) (3t + 6t + 1) < a + b + c 

Z 
< 8t(t + Z)(t + Zt + 3) . 

We migh t now use the g r a p h r e l a t i n g s and t to i n t e r p r e t 
v a r i o u s r e l a t i o n s be tween R, r , s but we shal l not p u r s u e 
t h i s h e r e . 

We can give t a s imple g e o m e t r i c a l i n t e r p r e t a t i o n . 
Hobson [3] g ives a proof of E u l e r ' s r e s u l t tha t the d i s t a n c e 
be tween the c i r c u m c e n t e r and the i n c e n t e r of a t r i a n g l e i s 

r 2 
v ( R - ZRr) . It i s e a s i l y deduced tha t t i s the r a t i o of the 
l a r g e r s e g m e n t to the s m a l l e r s e g m e n t in which a d i a m e t e r of 
the c i r c u m c i r c l e i s d ivided by the i n c e n t e r . 

Since t > 1 , wi th equal i ty only for the e q u i l a t e r a l 
t r i a n g l e , we m a y use the r e l a t i v e d i s t a n c e f r o m the c i r c u m 
c e n t e r to the i n c e n t e r a s a m e a s u r e of the ' s k e w n e s s ' or the 
' e c c e n t r i c i t y ' of a t r i a n g l e . Let t be such a m e a s u r e . Then 
e v e r y t > 1 def ines an equ iva lence c l a s s of t r i a n g l e s having 
the s a m e ' s k e w n e s s ' m e a s u r e . Thus e a c h equ iva lence c l a s s 
of t r i a n g l e s i s r e p r e s e n t e d in our g r a p h a s the i n t e r s e c t i o n 
of S and a l ine p a r a l l e l to Oy. The g e n e r a l c o m p o s i t i o n of 
c l a s s e s i s a s fo l lows: 

t = 1 the e q u i l a t e r a l t r i a n g l e ; 

1 < t < 1 + ^Z inf ini tely m a n y a c u t e - a n g l e d t r i a n g l e s , 
exac t ly two of which a r e i s o s c e l e s ; 

t = 1 + \TZ the r i g h t - a n g l e d i s o s c e l e s t r i a n g l e and 
inf ini tely m a n y a c u t e - a n g l e d t r i a n g l e s , 
exac t ly one of which i s i s o s c e l e s ; 

t > 1 + \TZ inf ini te ly m a n y a c u t e - a n g l e d t r i a n g l e s (one 
be ing i s o s c e l e s ) , inf ini te ly m a n y o b t u s e - a n g l e d 
t r i a n g l e s (one be ing i s o s c e l e s ) , and exac t l y 
one r igh t t r i a n g l e . 

F o r the p a r t i c u l a r c a s e of i s o s c e l e s t r i a n g l e s , we can 
ea s i l y c r e a t e a p a r a m e t r i c r e p r e s e n t a t i o n wh ich is r a t i o n a l in 
s a s we l l a s in R and r . F o r a l l t r i a n g l e s we have 

6Z4 
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2 
r = 2t, R = (1 + t) . In addition, we have for isosceles t r iangles 

2 3 2 3 
either s = 4t(t+2) or s = 4(2t+l) . For the former put 

2 2 
t = (T- l ) /2T and the latter put t = (T - l ) / 2 . Then we have for 

2 2 2 
isosceles t r iangles either r = 4 T ( T - l ) , R = (T + 1 ) , 
s =2(T-1)(T+1) or r = 4 ( T - l ) , R = (T +1) , s = 4 T 3 . 

Finally, the graph may be used to construct any number 
of re la t ions . For example, the intersection of the region 

2 
defined by y > x and the region bounded by FG and FC is 

• • " 2 

the point F. This suggests the problem: If A > R , prove 
2 

that the triangle must be acute-angled. Also, if A = R and 
the triangle is not acute-angled, then it must be both right-
angled and i sosce les . 

I am grateful to my colleagues in the Mathematics 
Department for helpful suggestions and also to Mr. Ross Pe te rs 
for preparing the diagram. My thanks a re due to the referee 
for suggesting improved presentation for the details of the proof 
of Theorem 2. 
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