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WEAK FORMAL SCHEMES

DAVID MEREDITH

0. Introduction

Throughout this paper, (R, m) denotes a (noetherian) local ring R with

maximal ideal m.

I n [5], Monsky and Washnitzer define weakly complete 7?-algebras with

respect to m. I n brief, an i?-algebra A^ is weakly complete if

(1) A* is m-adically separated (i.e. Π mn A^ = 0)
n>l

(2) lΐfeΞR[Xu , X J \ (where " Λ " denotes the m-adic completion), i.e.

if / is a power series with coefficients in R:

/ = Σ atl%...tinX\>---Xb

satisfying the special restriction that, for some constant c and all n-tuples oi

positive integers (it in), c[ordm {atl in) + l ] ^ z Ί + + in9 then for each

n-tuple (ίCi, , xn) of elements of A^ the power series f(xl9 , xn) converges

to an element of A*.

The weak completion of an TvNalgebra A is the smallest weakly complete

subalgebra A* of A containing the image of A, A weakly complete algebra

At" is called wcfg (weakly complete finitely generated) if there exists a finite

collection of elements of A^ such that each element of A^ may be expressed

as a power of series in these distinguished elements. The weak completion

of a finitely generated 7?-algebra is a wcfg algebra.

In this paper we define in the obvious way the notion of a weak formal

prescheme: namely a local ringed space {<§??, d7gf) is a weak formal pres-

cheme if it is locally isomorphic to aίfine weak formal schemes; and an

affine weak formal scheme is a local ringed space {gf, &&>) such that-for

some wcfg i?-algebra Aΐ-the underlying topological space <%f is spec

and the sheaf tf^> is given on the basis of principal open subsets
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of g? as follows: Γ{^-s, <?#*) = {A*f)\ the weak completion of

A*/ for any preimage / of / in A<. Then we prove four main theorems:

(A) The presheaf tfg? associated to a wcfg algebra A* on the topolo-

gical space spec (A*lmAt) (as described immediately above) is in fact a sheaf;

(B) If R is a complete discrete valuation ring and if (JOf, έ7%f) is the

affine wf scheme associated to a wcfg algebra A^, then the category of finitely

generated Af-modules is equivalent to the category of coherent sheaves of

(C) If {^, £7g?) is an (ordinary) scheme of i?-algebras proper over

spec R with weak completion the wf prescheme (<%f^> &^)> a n d if F is a

coherent sheaf of ^^-modules with weak completion the coherent sheaf of

^9 then the natural map

\ Ft)

is bijective, all z^O.

(D) If R is a complete discrete valuation ring and {<%?, tf^*) is an

(ordinary) scheme of /^-algebras projective over spec R with weak completion

the wf prescheme G ^ r , <?£?*)* then the functor "weak completion" is an

equivalence from the category of coherent <ίζ^-modules to the category of

coherent

Theorem A and C originally appeared in my thesis at Brandeis Univer-

sity, 1969. I am particularly indebted to Paul Monsky who directed this

dissertation. I am also grateful to Saul Lubkin who suggested extending

Theorem C above from projective i?-schemes to proper 7?-schemes. (Undou-

btedly Theorem D also admits such an extension). Our theorem (2.14) is

proven in Lubkin's paper [7] by a somewhat different proof.

1. Weak Completions of Modules

Suppose A is a finitely generated TvN-algebra and M is a finite ^4-module.

Let A" denote the m-adic completion of A, and let M°° = A°° (g)A M. If A* is

the weak completion of A with respect to m, then A* and A have the same

tn-adic completion.

DEFINITION 1. The weak completion of M, denoted Aft, is M®A A*.
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PROPOSITION 2. (A^9 vxA^) is a Zariski ring.

Proof. (5, Theorem 1.6)

PROPOSITION 3. A* is a flat A-module.

A^ A
Proof. It suffices to show first that —r—Γ is flat over ——- and second that
for any ideal α c i , α®^ At is mA-separated (1, III. 5. Th. 1). In fact, the

A At
inclusion —rj~~^—Γ77~ is bijective (5, Th. 1.4), which proves the first part.

For the second part, note that since A is noetherian, α ®A At is a finite

At-module. Thus, by Proposition 2,

i t ) = ΠmίAHa(g)AAη = o.
i

COROLLARY 4. Suppose A in a noetherian R-algebra whose weak completion A1" is

also noetherian. Then At is a flat A-module.

Proof. Exactly the same as for Proposition 3, noting that (A*, mA^) is a

Zariski ring whenever A* is noetherian. (It is an easy consequence of the

definition of weak completion that, for any i?-algebra A, if a<=vxA^ then

1 4- a is invertible in Ai.)

2. Affine Weak Formal Schemes

Throughout this section, A is a wcfg 7?-algebra, Mis a finite ^-module,,

and A denotes — j - . We will construct an affine weak formal scheme on
mA

spec A with global sections canonically isomorphic to A.

DEFINITION 1. If / ε Λ then A[f] denotes the weak completion of Af.

Note that if / is the image of / in A, then A[f] = Ay.

LEMMA 2. For any f^Ay Aιf] is aflat A-module.

Proof. Af is a flat A-module. Moreover, since A is noetherian [10], Af is

noetherian. Also, A[f] = Ap is noetherian, since A} is a wcfg algebra with

weak generators —ψ- and the weak generators of A. Therefore Aιf] is a flat

^/-module (1.4), and so Aιf] is a flat A-module.

LEMMA 3. Let / , g^A such that spec Ajii spec Λ-g. Then the natural map Λj

-*Ag lifts to a unique A-homomorphism A[f]-+A[g].
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Proof. Select a<=A such that af = gn mod mA. Let gn = af + μ. The unique

^4-homomorphism ^4/->^4α/ extends uniquely to a map ^ ^ -> i [ α / ] . The

element 1 ~ ~ — is invertible in A[af+μ], so (α/)"1 = (af + j")"*1^ ^ — j

is an element of A[af+μv By symmetry, ^4[α/] is canonically isomorphic to

Aaf+μi = Aίgn]. Clearly, A[gn] is canonically isomorphic to Am, which con-

cludes this proof.

Endow J^ = spec A with the Zariski topology. M induces a functor

Γ( , M) on the principal open subsets of J2? as follows: if U = ĝ̂ y, pull /

back to / G Λ and let Γ(C7, M) = M®ΛAιf]. If ί/ = ^ 7 D F = ^ , Lemma

3 shows that there is a canonical ^4-homomorphism Γ{Uf M)-^Γ(V, M).

DEFINITION 4. M is the presheaf on principal open subsets of J%f with sec-

tions Γ( , M) and restriction maps the ^4-homomorphisms described above.

PROPOSITION 5. If U(z£? is a principal open set, then M-—> Γ(U, M) is an exact

functor of finite A-modules.

Proof Aιfl is a flat ^4-module (Lemma 2).

The remainder of this section is devoted to proving that the presheaf

M is a sheaf with trivial cohomology. It will be convenient to assume that

A is the weak completion of a polynomial ring R[Xlf , Xn\ with R regular.

In order to deduce the general case from this special one, choose a complete

regular local ring (S, n) together with a surjection π: S-ΪR. AS above, let

A be any wcfg i?-algebra, and let B be the weak completion of S[XU , Xn\

with n chosen so that we may extend π to a surjection π: B ~+A: If Y =

Spec-^-, then XczY is closed. Viewing M a s a finite Z?-module, M induces

a presheaf M on Y. Supp MaX; in fact the presheaf M on X when M is a

^-module is canonically isomorphic to M when M is considered an ^4-module

via an isomorphism derived from the given homomorphism π: B->A Thus

we may assume that A = B — R[XU , Xn¥, with R a complete local ring.

The proof that Mis a sheaf with trivial cohomology requires two steps.

An intricate calculation shows that A is such a sheaf; induction on hdAM

extends this result to M. The proof that A is a sheaf used the Cech coho-

mology.

LEMMA 6. Suppose X is a noetherian space and F is a presheaf on X. Then the

zerό*th Cech cohomology functor on open subsets U of X:
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U-+H°{U, F)

is the sheaf associated to F.

(cf: [2] for a definition of Cech cohomology,)

Proof. Let UaX be open. The finite open covers of U are cofinal in the

collection of all open covers of U. Consequently, if G is the sheaf associated

to F, then Γ(U, G) = H'°{U9 F).

We return now to consider the particular case of the presheaf A. A is

defined only on the basis B of principal open subsets in the topology of Slf

However, B is closed under intersection, and consequently if <%/ = {U0,...,Um}

czB, then C(ff, A) is defined. Further, since B is a basis for the topology

of ^ f if Uc <%? is open, then finite open covers of U by elements of B are

cofinal in the set of all finite open covers of U. Thus we may define the

Cech cohomology of &?f using only open covers consisting of principal open

subsets of gf.

The next lemma is, technically, the most important of this section.

LEMMA 7. Let U^B and let <%/ = {Uo, , Um) be an open cover of U by elements

of B. Then:

(1) the natural map: Γ(U, A)-+H°{f/, A) is bijective;

(2) H\<2S9 A) = Ofor all i > 0.

Therefore H°(U, A) = Γ(U, A), and H\U9 A) = Ofor i > 0.

The proof of Lemma 7 will follow. Lemma 7 easily implies

THEOREM 8. A is a sheaf For every principal open subset Ua &?f and i > 0,

Hι(U, A) = 0.

Proof Lemmas 6 and 7 together imply that A is a sheaf. Lemma 7, com-

bined with Cartan's criteria [2, II, 5.9.2], shows that H\U9 A) = H\U9 A) = 0

for i > 0.

Three lemmas will precede our proof of Lemma 7. These lemmas con-

cern the ring B = Aιf]9 where f^A^mA. We may assume, without loss of

generality, that feR[Xl9 - ,Xn\

LEMMA' 9. (1) B is a domain.

(2) If g<sB^mB, then m^
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Proof. (1) n = ( . ) is a domain, and i? is i?-flat. Consequently i?
7 w vxB \ vxA Jf ' H 7

is a domain [5, Lemma 6.1].
/? 7?

(2) The natural homomorphism — ^ - - > — ^ — is injective, because

— Γ ^ = —ΪTΓ ) and g is not a zero divisor oί —777.
m ι £ I ί Π \vx%B/g y mιB

LEMMA 10. Suppose sίy , smeJ5, tf/zrf suppose Pi<ER[Tu , Tm]; z = 0,

• is a sequence of polynomials satisfying:

(1)

(2) dgPi^Lc(i + 1) y#r ίom^ constant c.

(XI

Σ^(5) converges in B.
i = 0

Remark. In (3.1) we extend this lemma to any wcfg algebra under the

additional hypothesis that R is a discrete valuation ring.

Proof. Choose a constant d and polynomials Qί^emίTj, ,Γn +i] such

that:

(3) s, = _
α = 0

(4)

By (3) and (4), there exist polynomials Wt,a&m"]_Tu ,T7!+1] such that:

(5)

(6) dg-WUa<da + cd{i +1)

By (1), JlWiJx, 4-)em*S. Define W4 = S V ^ + ΣTF,,α.

Wi satisfies the following two properties analogous to (1) and (2):

(8) dg-Wi^D(i + 1) for D = 2cd;

(9) Wt(x, j-Jein'ί.

OO OO / -j \

J]Pi(s) converges if and only if ΣWJX, -—-) converges. We will prove the

latter. Recall that f^R[Xu 7 Xnl Let dg f = E. Let

https://doi.org/10.1017/S0027763000014641 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000014641


WEAK FORMAL SCHEMES

X», F] be defined by Ut = fD»*»Wi(x, -i^)FD<t+1>. Ut(x, -~) = Wt(x, y - ) ,

and dg U(^F(i + 1) for some constant F. Furthermore, since m'ΈnRlXu
CO

• , Xn~\ = vxιRiXu , Xnl Ui^rt^RlXu , Xn9 Y\ and so Σ ^ converges

in R[X, F]t. The homomorphism R[X, F]t -> B sending Xt -> Xt and F -^ -ί-

also sends Σ ^ -> Σ w/x, ~). Consequently ΣίW/x, -~) converges in

LEMMA 11. Let g0, ' - ', gm<=B generate the unit ideal of -—^-.

generate the unit ideal of B. Further, there exist elements r0, , rm^B and poly-

nomials Pί%aE:R\Tu , T2 m] such that

(1)

(2)

Proof Select ^ e — = r - so that Σ^fl'i = 1» a n d lift ^ back to r< in ^. Σ

For the second part, note that ( Σ r ^ J m " = Σ ^ . α ^ , )̂fl̂ ?, with poly-

nomials Pi satisfying the lemma.

Proof of Lemma 7. Let r ^ O and let B = Γ{U,A), and select / ^ f i , O^i^m,

such that ^ = C/̂ . Let Bίo ir = Bιfiomm,fi^. The [/J generate the unit

ideal of —^-, so there exist elements rt^B and polynomials Pi%a as in lemma

10. Let rUa = Pita(f, r). Then Σ^,«/ = 1 in B. Let
ί 0

c r = cr(u, A)= © r(ί/,on n uir, A)

© B i Q , , t r .
0<J0< <ir<m

It is convenient to define C~ι(U, A) = C"1 = B, and let δ: C~ι-+C° be the

sum of the restriction homomorphisms B-±BU O^i^m. We must prove

that the following in a long exact sequence:

0 -> c- 1 -> c° -> -> c m -> 0.
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C~ι-+C° is injective if the restriction homomorphism B->Bt is injective.

B is a domain (Lemma 9) and Bt is flat over B (1.3), so B-^-Bi is one-to-

one.

Suppose σeC r, r^O, is a cocycle. σ has components σiQt,.,ir<=Γ(UioΓ\

f)Uir, A) = Bio,..,,ir, and each component may be expressed as a power series.

In particular, there exist blf , bt<EB and polynomials P1? such that

(1) σίQ ir = fjP'ί'fo, , bt, - } - , * % 4

(2) ^ P T < c ( « + l) for some constant c

(3) the coefficients of P1*? are in m\

We shall construct a cochain τ so that oτ — σ

C / A \
For each fc = 1, 2, the reduced complex —τ^τ- = C[^/9 —inr) ^

exact (3, III. 1.2.4). Using the exactness of this reduced complex, we will

inductively construct a sequence of cochains

Tk = 2 Tk; io,'"ir-il ^ = 0 , 1,

0^ί0< <2*r-l̂ W

CO

such that the sum 2 ?k converges in Cr~x to a coboundary of σ. The rΛ

are chosen to satisfy the following our conditions (where c is the constant

of the above paragraph) :

(1) 9 Σ τ A = σ modm 2 S - 1 C r

(2) ro ; ι l ι..,iM6ΰ i D >...fM, and for fc^rl, n-^. . . . f^em 2 *" 1 ^,, . . . , ;^

(3) ^k;iQ, -tir.1 is a polynomial of d e g r e e ^ 2 4 me (2fc) in the elements

* ' * ^ / * * * / ^ * * " ^ # * *> * ' * > ^ί> /θ> * * * > / m > ^0> * * " > ^w> "~7 > # * * 9 ~r
Ji0 Jir-l

(4) fil"+1τk;i(i,..;ir_1 is a polynomial of degree ^c2k+ί + 24mc2fc in the

elements {&<f Λ, ri9 - j — , , -—-, , -^
I / / /

oo

Lemma 10, together with (2) and (3) guarantee that Y\τk converges to a

cochain ΓGC"" 1 . (1) shows that τ bounds σ. (4) is required to continue the

inductive construction.

Define elements σs; t o>...tίreJ5ίθt...fίr, 5 ^ 0 by the formulae:

^;,v,ίr = Σ P{ϊ(bu , K 4-, , 4-)
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Then σs.{i) = σω mod m2s+1, and dg σs.Λi)-<c2s*1. Define the cochain r o e C r - 1

by

m
τ0; i'o,—i\-i ~ Σ ri,2cf ί

ϊ 0
Q; io, ir-l,i

Suppose now that for some integer 5 > 0 we have constructed the cochains

τk<=Cr~ι for O^k<s. We construct τs as follows: Let

s; *o,-,«r ~ σs;i0,-',ir — 0\ Σ τ Λ ; )ίO, ,*r

Then (r s ; i l l...,i f)o^o<-<i r^mGiπ2l"1C r is a cocycle modulo m2S+1Cr. Moreover,

^ r s ; ίA...f ί r ̂  24mc2s"1. Define

τs; io -,ir-i ~~ 2-JVi jJi ' s; t0, ••-, tr_lt i

By [3, I I I . 1.2.4], τs satisfies (1). Because

s ; i....,ίr.lf

(by (4) and the power series expression of σ) and

(Lemma 9), (2) is satisfied.

Moreover, dgτs; io,^.,ir^dgϊs; ,•„,...,,•, + dg ritC2'+ι + c2s+1

c2s+ί

Therefore τ s satisfies condition (3).

Finally, if 0 ̂  α <: r, both of the elements

/?f+1^s; *o,-,tr and /ϊf+1

are elements of Biθt...tUt...tir of degree ̂  c2s+1+24mc2s-1. Therefore / i f + 1 r s ; ί β t... f ί r

fi,V..ίβ...ir, and dg-fll^Ts, fi...f r ̂  c2 s + 1 + 24WC2-1. Thus /ff^r*; *......*,-!e=Bfi..

. . . ^ for any α, and dg-ft2

a

s+ίτh; fβ... ί r.i^c2 ί + 1 + 24mc2s~1 + 3mc2s+1 + c2 s+1

Therefore condition (4) is satisfied.
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The calculation previously threatened has proven that A is a sheaf with

trivial cohomology. We shall next extend this result to the presheaf M

induced on Spec A by the finite ^4-module M

PROPOSITION 12. If M is a finite, fiat A-module, then M is a sheaf and #*(£/, M)

= 0 for i > 0 and U any principal open subset of

Proof Let U = {Uo, , Um} be a covering of U by principal open subsets.

Lemma 7 shows that the simplicial resolution

(1) 0 -> Γ{U, A) -> C ° ( ^ , iϊ) -> C1

is exact. Tensoring (1) with M over 4̂ give the simplicial resolution of M by

(2) 0 -> Γ(U9 M) -> C ° ( ^ , M) -> C 1 ^ , M) ->

Because M is flat over 4̂, (2) is exact. Consequently (as in the proof of

Theorem 8) Mis a sheaf and H\U, M) = 0 for i > 0.

PROPOSITION 13. A is a regular ring.

Proof (5, Lemma 6. 1)

THEOREM 14. Suppose M is a finite A-module. Then M is a sheaf For every

principal open subset Ua g? and i > 0, H\U9 M) = 0.

Proof Because A is regular, hdAM< oo. By Proposition 14, the theorem is

true for M if hdAM=0. We shall assume that hdAM>0 and proceed by

induction. Suppose the theorem holds for all modules N such that hdAN<

hdAM. Construct an exact sequence of A modules

with F finite and free. By (2.5) this sequence induces an exact sequence of

presheaves:presheaves:

Because hdAK = hdAM— 1, the induction hypothesis implies that K is a sheaf

with trivial cohomology. Let ^ denote the sheaf associated to M. Then

we have an exact sequence of sheaves:
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Since H\U, K) = H\U, F) = 0 for i > 0 and U a principal open subset of X,

= M and H\U, M) = 0, all i > 0.

DEFINITION 15. An affine wf scheme over R is a ringed space isomorphic to

(Spec A, A) for some wcfg i?-algebra A.

In the next section we study coherent sheaves over an affine wf scheme.

By Theorem 14, if M is a finite v4-module, M is a sheaf of finite type over

A. Using the exactness of the functor M-+M and the fact that A is

Noetherian we find that M is coherent. In particular A is coherent over

itself; consequently the coherent A sheaves are just those sheaves which are

locally of finite presentation (i.e. locally look like M for some finitely gene-

rated A-module M)

3. Coherent Sheaves

In the previous section, we proved that a wcfg algebra A and finite A-

module M give rise to an affine wf scheme and a coherent module with

trivial cohomology on that scheme. In this section we will prove that

every coherent sheaf over an affine wf scheme is generated by its global

sections, provided that the ground ring is a complete discrete valuation ring. Through-

out this section, (R, π) will denote a complete discrete valuation ring.

LEMMA 1. Suppose A is a wcfg algebra and M is a finite A-module. Suppose

further that xu , xn<=A and μu , μt^M. Let Puj i = 1, , t j = 0,

1,2, , be a collection of polynomials in n variables satisfying the following

conditions:

(1) dg PitJ ^L c{j + 1) for some constant c;

(2) ΣlPi,j{x)μi^πjM for all j.

oo t

Then 2 *ΣPitj(x)μi converges in M.

In particular, settling t = I, M = A, and μx = 1, then J]Pj(x) converges in A.

LEMMA 2. Let B be a noetherian ring, IczB an ideal, f<=B^I, and M a finite

B-module. There exists a constant N such that if m<EMC\PMf, then fNpm&PM.

Proofs. The proof of Lemma 1 will be found at the end of this section.

To prove Lemma 2, let FeG7(5) be the leading form of / . The sequence
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of submodules of G^M):

(0 : F)c(0 :F2)c=. -

has a maximal element, say (0 : FN). Thus if m e PM and fJm^Ip+1M, then

Suppose rn<EMf)IpMf. There is an integer j such that fjm^PM.

The above argument shows that fNrn<EΪM; likewise faNπι^IaM for a^Lp.

In particular, fPNm^PM.

THEOREM 3. Suppose A is a wcfg algebra over the complete discrete valuation

ring {R, π), and Suppose F is a coherent sheaf of A-modules on the affine wf scheme

{Spec A/πA, A). Then there exists a finitely generated A-module M such that F —

M; moreover, we may take M — Γ(Spec A\πA, F).

Proof Let SI? = Spec AjπA. First we show that, to prove Theorem 3, it

suffices to show that the natural homomorphism Γ( <gf F) -> Γ{ SK F/πF) is

surjective. Suppose this map is surjective. Since FjπF is a coherent sheaf

of AlπA-moάules on <gf there exist elements fu , fs^Γ{^ F/πF) which

generate Γ(^f FjπF). Then fu , /, generate the coherent sheaf of modules

FjπF over the ordinary affine scheme (^f A/πA). Lift each element ft back

to an element fi^Γ{^ F). The stalk of the sheaf A at any point x of J?f

Άx, is a Zariski ring, and the stalk Fx of F is a finitely generated Λx-module

(because F is locally the sheaf associated to a finitely presented ^4-module.)

Moreover, fu , /, generate the (AjπA)x-moά\i\e (F/πF)x, and (AlπA)x = Ax

jπAx and (FlπF)x = Fx/πFx. Therefore /i, , Λ generate F x as an A^-

module. Thus there exists a surjective homomorphism of coherent sheaves

of ^-modules from the free module As to F, a : As -> F. Repeating the above

argument for the coherent ^-module (ker a), we see there exists an integer

t and a homomorphism of coherent sheaves β : A1 -> .A* such that F = (coker

β). The homomorphism 0 arise from a homomorphism /30 :^4f->-^4s of free

A modules. Since the function "—" is exact, (2.5), F= (coker βo)~.

Next we prove that the natural homomorphism Γ{<%? F)-+Γ(J2? F/πF)

is surjective.

Select a covering of SI? by principal open sets Ut = Xfi; i = 0, , m,

such that F\Ui = Γ{UU F)~. Let At = Aίfii, and Auj = 4 / ( Λ ] . Let E/ίti/ = ^

Πt/,. Set Ft = Γ(UU F) and Fuj = Γ(Uuj, F). Choose an integer N such

that for each pair (t, i), if αeFcΠTr11^^, then f
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For each i — 0, , m, choose generators μιΛ, , μitT for Ft over At.

For each ordered pair (i, j), choose elements

ni:J

β^Λitj; a, β = 1, , r; such that μJtβ = Σ < ^ , «
α = l

and define matrices Nltj = (nι

a\
J

p)atβ. Note that if (/) = (fl9 , fr) is a

vector over Aitj, and if (g) = (gl9 , gr) = NίtJ(f), then in Fitj we have

/.«= Έgaμί,a.
ct = 1 α = 1

For notational convenience, if (/) is a vector over Alίj9 then (fμτ) =

Thus, in FUJ, (fμj) = ((Nujf)μί). Also, {NujNjtkf)μί) = ((Nukf)μί). *

There exist elements α̂ i, , xn^A such that n̂ ;̂  may be expressed as

a power series

oo

with each ni]J

β)q^πqAltj expressable as a polynomial of degree^c{q + 1) in the

elements \xl9 , ajn, -γ-9 —Γ-\ (for some constant c).
J i# j

Also, (as in (2.11)), there exist elements r*e A O^i^rn, and polynomials

Ptiy of degree^3m;, O ^ z ^ m , ^ l , such that ΣίPi.Λf, r)f{ = 1. As be-

fore, we denote Pitj(f9 r) by rίl<7 .

Now we have sufficient machinery to permit us to lift a section τ e Γ ( ^ f

F/πF). Over each £7̂ , lift τ to a section of F,; call this section (#M/^), where

(0<M) = (^o.̂  . . .9 glΛ) is a vector over ^ . Replacing c by a larger constant

if necessary, choose the lifting so that for all i, a; / ^ J ^ G A Let f\g\Λ

= hl

Note that

For each i = 0, , m9 we will construct a sequence of vectors {g8'1); s = 1,
oo

2, , such that Σ(# M /^) converges in Ft to a global section which reduces

modulo r̂ to τ. More precisely, we will construct (gStί) = {g\'\ , ^ l f ) over

A such that:

(1) M / V ' V *
s=0
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14 DAVID MEREDITH

(2) to
(3) gl'* is a polynomial of degree ^Lk2s in the elements

{Xβ, tu fn Hfu flΰVΊ

all 1 ;< a ^ r, where k = 25mc + 2N.

(4) /ί2f+lflfi ' e i 4 l - ^ α ^ r

Condition (4) is necessary for the inductive construction of the vectors (g).

Conditions (2) and (3), together with Lemma 1 guarantee that Σ^(

converges in Ft. Condition (1) proves that these vectors represent a global
oo

section of F. Since Σ3(0s'Vi) = (flf0|<i"t) m ° d πFu this section is a lifting of τ.
s=0

The vectors (gOtί) satisfy (1), (2), (3) and (4). Suppose we have construct-

ed (gStί) for i = 0, , m and s = 0, , h — 1. We will construct (ghtί).

Define

2 Λ + 1 - 1

"a,β — 2Lj 'la.β.q

nffle-At.j and dg-ri\ί'h^c2h+K Let NujΛ = (wί;ί>Λ). NUJ§h = Ni.J mod

^r2Λn. Define a vector over A.y

(w' y Λ) = Ή.y.Λ( Σ V O) - * Σ to'-').
s=0 s=0

By our inductive assumption (1), (wi'J*hμi)^π2'ι~1Fitj. Moreover, by (3),

{wi'Jtha), the α ' th coordinate of {wt*j*h)f is a polynomial in the elements

{Xβ, rΐt fr, 1/Λ, l// y, fig**7}

of degree ?ck2h-1 + c2h+1 and, by (4) and (5), /5 2 " + 1 + e 2 W I « ι^ A eΛ, and

Define vectors yh*i*j over At as follows,
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Our preceeding arguments show

(a) y

(b) dgyhaί>J?c3m{c2h+2 + N2h)

(c) fm-^eA

where yltiij is the α'th component of the vector 2/Λ ί /. Finally we define

the desired vector (ghti) as follows:

g) Σ/

y-o

Thus
(a') WμJeΞπ^Fi
(b') dg gϊ'* ̂  N2h + ?>m{c2h+2 + N2h) + c2h+2 + k2h~ί + c2A+1 < K2h

(C) //2ft+V«eΛ

where grί** is the «r th component of the vector (ghtί). Thus we have verified

condition (2) by (ar), (3) by (b'), and (4) by (c').

To verify (1), we will prove that:

V Ϊ ) μ ί ) mod π 2 ^ , , .

Let C = 3m(c2Λ+2 + N2h).

We arrive at this equation via:

^μt) = i{Nuj{Ί]rι,ΰf
c

ιlυ
ί ι h)- Έrί.cfίwt ι h]μί)

1=0 Z=0

m h-1 h-l
t J

' ^ ) mod *'*«*;.,
s=0 s=0

h-l h-l

c/?[Σ(s's ί)-iVί.yΣ
s=0 5=0

' J - M . / Σ V O M mod ^ . ,
S=0

QED for Theorem 3.

It remains only to prove Lemma 1. The following notation will be

necessary for the remainder of this section. We may assume that A is a
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wcfg algebra with weak generators {xίf , xn], and that M is a finite

^4-module spanned by {<px* , φr}. Let B = R[XU , XnY, and view A

as a homomorphic image of B via the surjection Xf-^Xi.

Let F = B\ and define K via the exact sequence:

where F-ϊ M is defined by (0 1* 0) ->- φt.

Define L{a, b)^F as follows: f={fι, , Λ)eL(fl, 6) if and only if
oo

/* = Σ/i.ff with fUqμπq[Xu ,Xn~\ and dg-fitq^a + bq for each ί, 1 ̂  i <r.

Thus the sets L(a, ft) have the following properties:

( i ) if a"2ia9 ft'^rft, then L(β', b')z)L{a, b)

(ii) ΛeL(α, ft) <=> πnh£ΞL(a+nb, b)

all n ^ O

(iii) If h<EL(a, ft), and if τ e 5 is a finite polynomial of degree n, then

τh<ΞL{a + n, ft)

LEMMA 4. Suppose M is R-flat. There exists a constant C satisfying the following

condition for all i: if f(={^F-\-K)f)L{c, d) and d is sufficiently large, then there

exists gG^FΠLic+iC, d) with f = gmodK.

Proof Since M is 7?-flat, we have an exact sequence over —=p

Let ku , kt be a good basis for K, in the sense of (14). (This means the

following: If we define dg* f = m a x ^ ft for / = (fl9 , / J e F , there

exists a constant / such that every ίc^K may be expressed as a sum
t - R

k = Σ β ^ ΰ with β£e——[Xu , XJ and dg-άi^dg k + /).
Lift each kt to an element ki = (kiΛ, 9kitt)^K. The set {̂ } spans X

over ^ by Nakayama's Lemma. Suppose, for every i, ki<EL(a,b). In par-

ticular, then dg ki^ a for each i. For the constant C required in the

Lemma, we shall take C = a + / and we shall prove that d is sufficiently

large when d^b.

To prove that this constant C satisfies the lemma, we use induction i.

The lemma is trivial for i = 0. Suppose /e(ττ ί i ? + K)ΠL(c, d). Suppose

further that d~^.b. Then / e (π'" 1 i ?+ ,ίΓ)nL(c, rf), and by induction there is

an element htΞπ^FΠLic + (i — 1)C, d) such that Λ = fmoάK. Thus
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+ K, and h = π^h' for some W in F. In fact, hf<EL{c + (ί - 1)C + (ί - 1)
Y 7?

J, d). Reducing modulo πF9 h'<EK. Write hr = Σ3fi&ί, with r^e—=• and

dg τ*< / + c + C(i — 1) + rf(i — 1). Lift τt to -r^e^ with dg Ti = dg- τu and

set g' = h'- Σ T A . Note that g'<EίπFΓ\L{l + c + C(i - 1) + tf(ί - 1) + α, rf),

because Σ ^ e L ( / + c + C(i — 1) + d(i — 1) + a, b) and 6:< d. Define flr =

π^g'. This finishes our induction, for g = π^g' = π1'1^ (modK) = h(moάK)

= f{moAK), and geΞπΨΓ\L{l + c + C(ί - 1) + a, d) = πΨfiLic + ίC, rf).

PROPOSITION 5. Suppose M is R-flat, and suppose gs = (̂ y,i, , gjtr)^F; j =

0, 1, , w α sequence of vectors such that:

(1)

(2) gj^L(c(j — 1), d) for some integers c, J independent of

o/ ^̂  zw Λf, ίÂw 2 ^ y converges in M.

Choose C as in Lemma 4, and assume that d is so large that Lemma

4 applies. This assumption is innocuous, as L(e, d)^L{e, d + 1). Replace

each QS by some element hj^πJ'FΓ\L(c + ;(c + C), J) such that /^ = ^ (mod
CO

ϋf.) The image of hj in Λf is mJt and 2^y converges to an element of
oo

L(c, C + c + ί/). Consequenly, Σ ^ y converges in M.

Now we can prove Lemma 1. In the case that M is i?-flat, Lemma 1

is a special case of Proposition 5. That is, for each i ^ O , the polynomials

(Pitj{x), , Pt,j(x)) from Lemma 1 form a vector #7 in .F which is an ele-

ment of L(c, c). Moreover, by the hypothese of Lemma 1, the image of

Qj in M is j] Pi,j(x)μi^πjM, so gj^πJF+ K. By proposition 5, then
CO t

Έ(ΈPί,j(%)μi) converges in M.

If Λf is not flat over R, let T be the i?-torsion submodule of M viewed

as an ^4-module. Define N by the exact sequence:

iV is i?-flat, and so the image of Σ t Σ Λ . j f t ) converges in N. Since A is

noetherian and T is finite type over A, there is a constant e such that

τreT = 0. Thus πeMΓ)T = 0, and so the map πeM-> N inherited from the

projection M-±N is injective. Moreover, the image πeM is closed in N9 and
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18 DAVID MEREDITH

the topology of πeM agrees with the one inherited from the topology of N.
oo t ^ oo t

Consequently Σ (Σ/^Λt) converges in πeM, and so 2 (ΣΛ . fi) converges

in M

4. Weak Formal Preschemes

Affine formal schemes can be patched together in much the same

manner as affine algebraic schemes. The most interesting such construction

is an analogue of projective space, which we will study in the next section.

This introductory section contains elementary definitions and the construction

of the weak completion of a finite type prescheme. The operation of weak

completion will provide us with our best examples of weak formal pre-

schemes.

DEFINITION 1. A weak formal {wf) prescheme (over R) is a ringed space

(^f έ?gf) such that every point of SI? has a neighborhood isomorphic to

an affine wf scheme (2.17). Open sets of g? which are isomorphic to affine

wf schemes are called affine wf open sets.

The sheaf —Jjr = £?g? is a scheme of finite type over — whose un-

derlying space is also SI?. Often, for emphasis, we shall refer to ^? as 3 P

when we want to consider Slf as the space underlying <£^\ Affine open

sets of SI? will be called simply affine open sets. Although affine wf open

sets of SI? are affine open sets of J P , it is not known is affine open sets

are always affine wf open sets.

Suppose that {SI? > έ?gf) is an ivNprescheme of finite type and F is a

coherent ^7^-module. tfg? and F can be weakly completed to a wf

prescheme and a coherent sheaf of modules over this wf prescheme. The

operation of weak completion will be defined as an extension of the opera-

tion of weak completion for /^-algebras and their modules.

To begin, let ^ t = {X<E<%? : &^x =¥ m ^ ^ } . Define a presheaf ^ ΐ ^

on affine open sets of <%f as follows: if U<z.V<zJgf are affine open sets, let

Γ(U, d7^) = Γ(U, tfgfY, the weak completion; and let the morphism

Γ(V, έ?^) -* Γ(U, d?^) be the unique continuous extension of the restriction

map Γ(V,

LEMMA 5. Suppose SI? is affine. Then &^ is a sheaf on the principal open subsets

of Jgf which is concentrated on <%?^. Further', έ?^ induces an affine wf scheme,
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also denoted £?}&>, on gfϊ.

Proof. If A is a finitely generated ivSalgebra and / ε i , then {Af)i = A\fv

Consequensly &^ can be identified with the extension by zero of

(*€^r, Γ{gf, ^ r ) ! ~ ) to gf. This proves the Lemma.

Lemma 5 shows that &^gf induces a sheaf, also denoted < ^ ^ , con-

centrated on J?^ΐ, and that ( ^ t , <^^) is a wf prescheme whose affine wf

open sets include the intersections of £f"< with affine open sets of Sί? We

shall say that the wf prescheme ( ^ ? t , &^), together with its canonical

morphism ( ^ t , &^) -• ( ^ , ^ j r ) , is the weak completion of

The weak completion, Ft, of F is defined analogously. If

are open affine sets, let Γ(U, Ft) = Γ(ί/, F) ® r{u,έ?^)Γ{U, <?^)\ and let the

morphism Γ(V, Ft) -^ Γ(ί/, Ft) be the unique continuous extension of the

restriction map Γ{V, F)-^Γ(U, F). The action of tfg? on Ft extends con-

tinuously to make Ft into an

LEMMA 6. Suppose <%f is affine. Then Ft induces a sheaf concentrated on

which is a coherent

Proof. Let A be a finitely generated i?-algera3 M a finite yl-module, and

/ ε A Then Λί> (8)̂ ,(̂ 4/)t = Aft (x)̂  + ̂ 4t[/]# Consequently, Ft can be iden-

tified with the extension by zero of the sheaf (<g?\ Γ(<gf, F)t~). This

establishes the lemma.

Thus, for any coherent module F over an ivNprescheme of finite type

c ^ , <?&>), Ft is a coherent ^t^-module. ( ^ t , /rt), together with its

canonical morphism (<^71", F t ) - > ( ^ , F), is the weak completion of F.

PROPOSITION 7. 7%£ functor {weak completion) of coherent &^-modules is exact.

Proof Let F-> G -* // be an exact sequence of coherent ^^-modules. For

, select an open affine neighborhood UaX of ίc then

Γ{U,F)-+Γ{U, G)-+ΠU9H)

is exact. Because Γ(ί/, ̂ ^ ) is a flat Γ(£/, ^^)-module (1.3),

Γ(£/, Ft) -> Γ(£/, Gt)

is exact. Thus Ft -• Gt -> f/t i s exact.
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Remark. Henceforth, we shall use Ft to denote the weak completion of F

on ^ t and z*Ft to denote Ft extended by zero to £f. Since gf^ is

closed in JT, there is a natural map H\Mf, F)-*&{£?, i*Fη-+H^J^^Fη.

The second homomorphism of this sequence is bijective.

5. The Comparison Theorem

Throughout this section, ( ^ , <?&>) will be Proj R[Xθ9 , Xm\ and F

will be a coherent ^^-module . ( ^ ? t , ^ ^ ) and Ft are then the weak

completions of (£?, <?&>) and F respectively (cf. §4). We will prove that

the natural map F-> Ft induces a cohomology isomorphism Hi{ J%f, F) ->

Hι{ ^^ Ft)

The first two theorems of this section are special cases of this cohomology

isomorphism.

THEOREM 1. H\g?τ, Ft) = 0 for i > m.

Proof. Affine wf open sets in Sl?^ are cohomologically trivial (2.14). Con-

sequently, the cohomology of Ft may be computed using the singular cochains

of an open affine covering ^ t of S!?^, provided that the intersection of any

finite collection of elements of ^ t is affine wf (2, II. 5.4.1). In particular,

we may take ^/t to be the open sets ^ , Π ̂ r . This open covering con-

tains rn + 1 elements, so H\g?*y Ft) = 0 for i > m.

Our second special case deals with certain invertible ^^-modules. We

need some notation. ( ^ , tfgf) has a homogeneous coordinate ring

A = R[Xo, , Xml Let Ui = 'g?Zo and let ^ = {Uo, , Un}. Define

Uίo,...,ir = ^ι0Π f)Uίr. Then we make the identification:

Γ(U •

Let ί̂ ,f...ifr = C7ίfi...irn ^ r and

We are going to analyze the invertible modules tf(n)9 n<^Z, given on

the affine open subsets Ui by the cyclic sub-Γ{Ui9 ̂ ^)-module of R[X0, ,

Xm9 XQ , * , Λ m ] :

The natural map ^(«) -• i*#(ri)ϊ induces a differential homomorphism of the
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simplicial complexes

Which in turn induces a homomorphism

φ :H'(^f, <7(n))^H

In addition, the following diagram commutes:

where the vertical arrows are the usual natural transformations from simplicial

cohomology to sheaf cohomology, and the bottom arrow is the homomorphism

induced by weak completion.

LEMMA 2. ψ is bijectiυe.

The proof of Lemma 2 will be given at the end of this section.

THEOREM 3. The homomorphism H\gf, έ?(τή) -> {H\g?\ &W) induced by

weak completion is bijective.

Proof. Leray's Theorem (2, II. 5.4.1) and (2.14) prove that the natural trans-

formations from H'{<2/, έ?(ή)) (resp. H\^/\ <?W)) to H'(X, έ?(n)) (resp.

H' J??i, έ7{ri)ϊ)) are bijective. Thus Lemma 2, together with the diagram (̂ 4)

establish the desired result.

Now we are ready to prove our main theorem.

THEOREM 4 (THE COMPARISON THEOREM). The natural map H'(<§??, F)-+H'

F^) induced by weak completion is an isomorphism.

Proof. Construct an exact sequence of sheaves

such that G is a finite direct sum of sheaves έ?{na), na^Z (3, II. 2.7.9).

From this exact sequence, derive a commutative diagram with exact rows:

\ f
W)—>
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For i>m9 ft is bijective (Theorem 1 and 3,111.2.2.2.). Suppose ft is

bijective for all coherent modules F and all i > r. Theorem 3 proves that

Qt is bijective for all i; then the diagram shows that fr is surjective for any

F. In particular, hr is surjecitve, and so fr is bijective. By descending

induction, the theorem is proven.

Remark. The proof of Theorem 4 is copied from (8, pp. 21).

COROLLARY 5. (J2?i, Ft) as above. Then:

(1) H\£f\ Ft) is a finite R-module, all i.

(2) #'(£?\ Fη = 0 for i>m.

Proof. The second assertion is just Theorem 1. The first statement follows

from Theorem 4 and 3, III. 3.2.3.

We conclude this section with a proof of Lemma 2. As in the proof

of (2.8), it is convenient to augument the simplicial complexes C\^/t d?{n))

and C\<2/\ &W) by a term C~ι(f/, <?(n)) = C " 1 ^ , <9W) = the n-th

homogeneous component of A Recall that for r>:0, Cr{%/, #(n)) and

C r ( ^ , ^(^) r) are defined as follows

® X10Γ(Ui0mmΛr9

where X7}oΓ{Uίo.φΛr, d7^) is a cyclic submodule of the Γ(£/j0 i r,

i?[X0, , -Xm, ^o, 1 . . . .^ 1 ] , and X?0Γ(^4,..., ί r, ^ ^ ) is a cyclic submodule

of the r{Uil,..irf ^ ^ - m o d u l e i?|X0, , Xm9 ^o.1...,^m1]r. The components

of C r ( ^ t , ^(n)t) inherit their topology from the topology on Γ(£/ίθt...,<r, &*&>).

In either the algebraic or the weakly complete case, the boundary map

d : C"1 -> C° is the sum of the inclusion maps of C~r into each component of

LEMMA 6. Z ί̂ S = —γ> B = —^-r-, β?zrf F = ^ \J . Suppose for some integer

r, <76C r (^, F) ΰ β coboundary such that:

(1) * e m Λ C r ( a ' , F);

(2) /or α// (ί0, , ir) and some fixed s, {Xίo- X ίr)
s(σ io i r I J)

(Note that for each (i0, , zr), there exists an integer 5 such that (2) holds,.
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/ ^7 ζ^ \

because σ<n)X^^Γ(Uω, ~y~κ\~\ We a r e assuming that 5 is sufficiently large

to work for every component of σ.) Then there is an element

such that δσ = τ and:

(3) Γ G Λ - 1 ^ , F);

(4) for all (ι0> , ir^)9 (XίQ. . I i r , ) s ( τ ί f l

Proo/. The lemma is clearly true for r < 0 . The following proof works for

r > 0. Copying Grothendieck (3, III. 2.1), we define a double complex K'(X')

as follows: K r + 1(^ ί) is the direct sum of certain free S-modules

Kr+1{Xt)iQ,,,.,ir indexed by all sets 0 < i0 < < ir ^ m. Namely, take

Kr+1(Xt)d) to be the n + t(r + 1)-homogeneous component of 5. The maps

pt:K'+i(Xt)-+K*+HXt+1) given by P , ^ ί r = (Xu - Xir)τ;u <r permit us

to define X ^ H W ) = limίΓ r + 1(A' ί). The homomorphisms qt: KrJ"{Xι)-*C'
>

given by ^fe)ί0 iτ = ^'0 > > > > > ' r induces a n i somorphism i ί r

(Xi0 Xir)
F) for r ^ O (3, III.2.1.3).

The double complex K*(X*) has a second map, σ : Kr^{Xι) -+Kτ*\Xι),
r+l

given by δ(γ])ίo ir+1 = Σl(—^)aXίaVθio,...,ia ίr+1. The homomorphism δ gives
α=0

K'iX1) the structure of a differential complex with the following two pro-

perties :

(5) qt : K'(XL) -+Cm(f/, F) is an injection of differential complexes;

(6) the induced maps qt : H'(Xι) -> H'(^9 F) are also injective.

(3, I I I . 1.1.6, I I I . 2.1.9)

Suppose now that σ G C ( ^ , F), r > 0 , is as given in the statement of

the lemma. T h e n g l V ) is defined, a n d — b y (5) and (6) above— q~s

ί(σ) = δϊ for

some ΎEiKr(Xt). Moreover, r is a coboundary modulo m\ because δϊ = 0

m o d m " and Hr{X') = 0 for r^m (3, I I I . 1.1.4). Let v = δp m o d m Λ . T h e

element τ = gs(y — δp) satisfies the requirements of the lemma.

LEMMA 7. The natural projections &{nY'-» ^ J zWw^ α homomorphism p : if'

Proof. Let σ e C ^ 1 " , ^5(^) t) be a cocycle which is a coboundary modulo

nts for all s > 0. We must prove that σ is a coboundary. Each component

σίo ir of σ can be expressed as a power series:
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where σ{0 (r(Ξm}Γ{Uio iτ, έ?x) has degree <,c(j + l) in the elements

for some constant c. Thus:

To complete the proof of Lemma 7, we shall construct a sequence of

cochains i t e C 1 - ' ^ , d?(n)), k = 0, 1, , such that:

(1)

(2) ( * v •-Xir_1)'*»+1>(rt.lo I , / Ϊ ; ) ^ for each component τk, <0 ir_,

of τ*;

(3) α - Σ 3 r Λ e i n * + 1 C r ( ^ , ^(w)t).

oo

Conditions (1) and (2), together with (2.10), imply that Y\τk converges in

C r " 1 ( ^ t , ^(n)i)\ condition (3) and the fact that Cr{^/\ &W) ism-separated

imply that Y^τk bounds σ.

We shall construct the τk inductively. Suppose we have already cons-

structed τh for h = 0, , k — 1. First we construct a cochain μk by defining

its components;

μic; tOi....ir = ( Σ < . . . . . i r ) ^ i 0 - *fίτΛ; to V
,; = 0 /z=0

jM̂  is a coboundary modulo m*+1, μk = 0 mod mfcCr, and (Xίo Xir)
C(A:+1)

(i"/fc;ίo,...,ir^iO)e^ Lemma 6 proves that there exists a cochain r* such that

τk is congruent to μk modulo vxk+1Cr{^9 έ7(n)) which satisfies (1) and (2)

above, and (3) follows easily.

Proof of Lemma 2. The projections d7<^-> ^ and έ?^&?-*—, tΓ commute

with the natural injection ^ c ^ - > ^ 5 ^ . Consequently we have the com-

mutative triangle of cohomology groups:

A /'
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Since R is complete, ψ is bijective (3, III. 2. 1. 12). We have established in

Lemma 7 that p is injective; consequently φ is bijective.

Remark. The comparison theorem may be extended to the case of sheaves

over a proper i?-scheme. In fact, more generally, we have:

THEOREM A. Suppose <%f and & are finite type preschemes over Rt and

f ' <Sf '-> 3^ is a proper morphism (over R). Let F be a coherent sheaf on <%f.

This data may be weakly completed to a morphism / ΐ : ί ^ t - > ^ / t and a coherent

έ7^-module F1". For all n, Rnf*{F) is a coherent sheaf on βf, and we have the

natural map on ^^\

Ψ : (Rnf*{F))ϊ-^Rnfϊ*(Fη.

For all n, φ is bijective.

In order to prove Theorem A, we first present a special case.

THEOREM B. Suppose A is a finitely generated R-algebra and ^ is an R-prescheme

projective over spec A. Let F be a coherent sheaf on gf. Then the natural map

is bijective for all i.

Proof We may assume that A = R{T, , TJ and that g? = Proj A[X0,

• , Xm\ = Pm{A). By the proof of Theorem 4, we may assume that

F = έ7g?{n)9 which we write as έ?m(n). Suppose the theorem is true when-

ever m = 0 or n = 0. ^ = Pm{A)iDPm-1{A) for some imbedding, and this

imbedding leads to an exact sequence of sheaves on X:

0 -> έ?m(n - 1) -> Λ ( n ) -^ Λ-i(n) -> 0.

Thus we have a commutative diagram

έ?n(n - 1)) 0A A* ->

Suppose the theorem is true whenever m = 0 or n = 0; that is, all the

vertical arrows are bijections whenever m = 0 or n = 0. Then the diagram,
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a two way induction on n9 and an ascending induction on m prove that

the vertical arrows are bijections for all m, n, i, which in turn proves

Theorem B.

That the theorem holds whenever m = 0 is obvious. To prove the

theorem for arbitrary m and n = 0, we imitate the proof of Lemma 2.

Let B = AlXo, , XΛ and let Bu..mi% = A-^-, , -$=-• -$*-, , 4
= Γ(UίQ tr, <?&>). As before, let C " 1 ^ , <^jr) = Γ(JT, ^ ^ ) = A

Let C- 1^ 1", ^ ^ ) = C " 1 ^ , < ί ^ ) ®^ -41" = ̂ f . Consider the cochain com-

plex 0-*C-1(^" t, ^ ^ ) - > ->Cm(^^, ^ ^ ) - > 0 . Suppose we have shown

that the cohomology modules for this complex are separatde in the m-adic

topology. Then Hl{^/\ ^ r ) c # * ( ^ t , <?Mf) = 0 for all z ^ - 1 , where C C / X "

indicates the formal completion of tfg? at m. Thus, Hι{^/^, 0*^>) — 0 for

all i ̂  - 1 , and consequently (as in Theorem 3), H«{£f\ ^ t r ) = A* = ί ϊ ^ ^ 7 ,

^ j r ) ®^ ̂  and J ϊ«(^t f ^ ^ } = 0 = ^ ^ ( ^ , £7^) (x) ̂ t, f > o.

In order to prove that the cohomology modules i ί * ( ^ ΐ , ^ ^ ) are

m-separated, we need

LEMMA C. Define D = A/mp for some p > 0. Let X = P^D) = P™/ Z)[Z0, ,

Xm] and let <%/ be the usual covering of Jgf. Suppose σ e C r ( ^ , &g?) is a coboun-

dary satisfying the following conditions'.

(1)

(2) ( X v -Xir)
cσί0...irtΞDlX0, , X m ] / o r all i0. i r .

(3) d(7Γ(7 ̂  J , le Λ r̂̂  c/ίfrtf w defined to be the maximum of the degrees of the

elements σίQ..,ίr considered as polynomials in Tl9 , Ts over the ring Rlmp[X0IXiQ,

• . , XJXίQ, XtJXtl, , XiJXirl Then there is a cochain

satisfying

(4) δτ=σ;

(5)

(6)

(7)

Proof A close examination of the proof of Lemma 6 shows that, if Kr+1(Xι)

are taken to be free modules over D, then the T-degree of the cochain

bounding the given coboundary σ which is constructed there may be con-
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trolled as required. Thus (7). Statements (4), (5) and (6) are proven in

Lemma 6.

To prove that # r ( ^ ΐ , έ?g?) is m-separated, suppose σ e C r ( ^ t , £7^) is

a cocycle which is a coboundary modulo mp, all p > 0. We will conctruct

a coboundary for σ by choosing cochains ^ e C

satisfying

(8) ^(ΣτJ =σmodm ί + 1 ;
o

(9)

(10) (Xίo • X i r ) c ( ϊ + \ i o . . . v 1 e 5 for some constant c;

(11) dgττq^Ld(q + 1) for some constant ύf.

First, write

tfto...ir= Σ ^ 0 . . . i r , where <7?o... ΐ r ιemα£ ί o... ί r, dgTσ*H)<d{a + l) and (Z ί o
α=0

χ^)c(«+i)σ(.)(Ξ£ for all α. Using Lemma C, the proof proceeds exactly as

the proof of Lemma 7, only noting that the extension of Lemma 6 and

Lemma C permits us to construct τq satisfying (11) as well as (8), (9), and

(10). ΣJτg = τ is the desired cochain bounding σ; (9), (10), and (11) prove

that the sum converges, and (8) shows that it bounds σ.

Theorem A is a direct consequence of Theorem B and Chow's Lemma.

(The basic argument going from Theorem B to Theorem A was shown to

me be S. Lubkin.) Since Theorm A is local on Y, we may assume that

Y = Spec A, where A is a finitely generated i?-algebra. In this case, it

suffices to prove that if F is a coherent sheaf of ^^-modules, then the

natural homomorphism:

(1) H*(gr, F) ®A A* -^> H*{£f\ F)\

is bijective, all p > 0.

is a noetherian scheme proper over Spec A. Let K be the category

of coherent ^ j r - m o d u l e s on £?, and let Kf be the subcategory of coherent

^ ^ f - m o d u l e s satisfying (1). I t is easy to see that K! is an exact subcategory

of K, and that if F is an object of Kr and if Fr is a direct summand of F,

then Ff is an object of Kr. (cf. (3, I I I . 3.1) for the definition of exact sub-

category. O u r proof that Theorem B implies Theorem A follows (3, I I I . 3.2).)

Thus, by Grothendieck's " lemme de Devissage" (3, I I I . 3.1.3), to prove
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Theorem A it suffices to show that, if x^^ is the generic point of an

irreducible component of S!?> there exists a coherent sheaf F of ^^-modules

satisfying Theorem A such that Fx =̂  0.

Replacing Jgf by a closed subscheme of <%? which contains the point x,

we may assume that <%f is integral and irreducible. By Chow's Lemma,

choose a scheme Z and a morphism g : z -> < ^ such that # is surjective and

protective, and / o g z -• Spec A is also projective. By (3 : III. 3. 2.1), for

n sufficiently large, the coherent sheaf of ^^-modules, F = g*{£?z{n)), does

not vanish at the point x; and the higher derived images of #z{ri) vanish

on £f : i.e., Rpg*(έ?z{ή)) = 0, all p > 0.

Since A* is a flat ^4-modules, we have a spectral sequence:

(The Leray spectral sequence for the morphism # tensored with A^ over ^4).

Since Rqg*(^z(n)) = 0 for # > 0, this spectral sequence degenerates to natural

isomorphisms:

(2) H*(gf9 F) ®Λ Aϊ = H*(Z, <?z(ή)) ®Λ A* all p > 0.

Since the morphism g is projective, Theorem B implies that the derived

images of the sheaf ^ ( ^ ) f via the morphism #t : χ\ _> ̂ g^t o f wf schemes

may be described as follows:

(3) R*gi*{<?zW) = lRpg*(<7z(n)V all φ > 0.

Thus Rggt{^z(n)1^) = 0 if ^ > 0 , and the Leray spectral sequence for gi : Z1"

degenerates into natural isomorphisms

(4) H*{£f\ Q\{<?zW) = H*{Z\ t7zW). all p > 0.

Combining (2), (3) and (4), we have that the natural homomorphism

(5) H*(gr, F) ®A At -> H*{£?\ Ft)

is bijective all p > 0. This establishes (1) for the particular sheaf F and thus

proves (1) in general.
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6. The Existence Theorem

Throughout this section {R9 π) is a complete discrete valuation ring.

Our purpose is this section is to prove that every coherent module on

(P*)ΐ is the weak completion of a unique coherent module on P£. We

shall begin with a lemma about cochain complexes over P\, where A; is a

field. Let A = k[X0, , Xn] be the homogeneous coordinate ring for P\9

and let ^/ = {Uo, , Un} be the usual covering of P£. Suppose F is a

coherent έ?P\ module. Fix generators ψ = {φ\ί]

9 , φ"*} for each Γ(Uio,.mmir9F)

over Γ{U(t)9 έ?pn). If s<=Cr(%s, F), we define dgφs^d if and only if for each

(to, , ir) there exist coefficients aai}<=Γ(U(i), έ?P)9 a = 1, , t, such that

the (ί)'th component s, s™ = h^YJ' and (Xo - -X^a'J^A for all (i) and
α = l

all a.

LEMMA 1. Retaining the above notation, suppose there exist ^Pn-modules Fu 0 < f < r^

and a long exact sequence:

where r<n and each Ft = Y\d7{nitj) with nίtj^:0 and (^(n)

Then there exists an integer N such that for all cocycles s^Cn~r{^/1 F), s ~ δs'

with dg φs'^dg φs + N.

SUBLEMMA 1. Suppose FrdF9 andφ = {φ^\ , φ^) are generators of Γ(U{ί),F').

There exists a constant N' such that for all s^Cr{^/9 F')(zCr(%s9 F)9 dg-φs^,

dg ψs + N'. in particular, if the lemma holds for one set of generators of F it holds

for all sets of generators of F.

Proof For all (ί0, , ir)9 a = 1, •, u9 β = 1, , t9 choose φ(

a

i} = 2^«> ( / } -

Then choose N' sufficiently large so that

[Λo ' Λn) Va,β^Λ.

N' satisfies the sublemma.

Proof of the lemma. The lemma holds for F = d7{n') for any nr ^ 0 and all

r<n by (5.6). In fact, by that lemma, we may choose N=0 for the

'natural5 basis of &(nf). Consequently, we may choose a free basis T =

{Tψ9 , T(J}} of Γ(ί/(t), Fo) satisfying the lemma for r < n. By the sub-
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lemma, it suffices to prove the lemma when ψ is the image of T in

C(^9 F).

We will prove the lemma by induction on r. If r = 0, let s e C w ( ^ , F ) .

We may pull a back to SeO(<gΛ Fo) such that dg-φs = dg-τS. By

(5.6) and our choice of T, S = δS' with dg - TS' = rfflf TS. If s' is the image

of S' in O " 1 ^ , -F), then 5s' = s and dg-φs'^dg-TS'. Thus dg-ψs
f t^dg-ψs,

and we may take N = 0.

Suppose the lemma holds for r — 1 < n — 1. Let

be exact. G satisfies the conditions of the lemma for r — 1.

SUBLEMMA 2. 7%̂ r̂  m'.?fo # constant N2 and a set of generators' ψ = {ψ^} for

the sheaf G such that if s^C'{^/9 G)aC'{f/9 F)9 Then

S + N2

Proof Fix an r-tuple (i0, , ί r) = (i), 0 < £ 0 < < ir^n. We will ex-

hibit a finite set of generators {ψ™} l^a^t for the

Γ{U«)9 G) such that, if s£ΞΓ(Uω, G)aΓ(Uω, Fo);

s = ΣJΛ.Λ 0 = Σ ^ T ^ ; and if
l i 5 l

, then {XH- - -Xίr)
d*NaaςΞA, l^a^t. Let B =

Γ(Uu), έ?pn), M=Γ(Uω, G), and F = Γ(Uω, Fo) M i s a £-submodule of the

free ^-module F. Choose a polynomial ring C = k[Ylt - , Yq~\ over k and

a surjection C-> B of fc-algebras such that for α e 5 : (Xto Xίr)
da<EA, if and

only if a may be pulled back to a polynomial α'eC of degree da! ̂ d. (For

example, one could take C to be the polynomial ring generated over k by

the symbols yJo Ja, where (j0, , jd) is a J-tuple of integers such that

0 ^ ; 0 < <ja<n. Then map yJo- - .^onto(X i o . - XJd)(XiQ.-.Xid)-^B.)

Let F ' be a free C-module on the symbols {T\ι\ . ^ T i 0 } . The sur-

jection C-+B induces a surjection Ff -> F such that, if S<ΞF, then 5 may be
u

pulled back to an element s' = J±bpTψ<=Ff such that dgTs<=max(db?), where

dbβ is the degree of the polynomial bβ<EC.

Let M7 be the preimage of M in F'. By the Lemma in (14) there exists

a set of generators ψr = {ψ'lf - - - ,ψ't) for the C-module M and an integer iV2

5uch that, if sf<ΞMf<zFr:
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S' = Y^CLaφa -
α = l

Then we may choose the elements a'a(ΞC to satisfy the relationship

max (da'a) < max (dbί) + N2.
α 0

Let {ψψ, , ψψ] be the image of ψr in M. The set of generators

{^α°}isαit for Λf and the integer iV2 satisfy the requirements of Sublemma 2:

if S G M C F , then

where for some integer d, (Xio Xir)
dbβ^Λ. Thus 5 pulls back to an element

of F':

sf =

where db'β^d, l<β<u.

Thus, as an element of M', s' may be written:

where da\ :< d + N2. If we set aa = the image of α« in ^ then—in M—

s = Jlaaφ<P
α = l

and (Xio- - -Xir)
d+N*aa(ΞA, l^a^t. QED for the Sublemma

By Sublemma 1 and Sublemma 2, we may assume that we have chosen N2

sufficiently large to satisfy the relationships: if 5 e C ' ( ^ , G)aC'(%/, FQ), then

dgφ s < dgτ s + N2

dgτ s^dgφs + N2

Let iVi be the constant which, by our induction assumption, the Lemma

assigns to the sheaf G.

If s e C n - r ( ^ , F) is a cocycle, pull 5 back to a cochain S e C n " r ( ^ , Fo)

such that rfflrΓS = dgψs. Note that δSeC n - r + 1 (^, G)cO- r + 1( ̂ < Fo) is a cocycle.

By the induction hypothesis then, δS = δS', with S'eCn- r(^% G) and rf^S7

+ Nl9 Thus rf^5r < dgΨ{δS) + iVi ̂  ^r(5S) + iV1 + i V 2 < ^ 5 + ^
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+ N2^dgφs + Nι + N2. Therefore dgτS' <cdgΦS' + N2^dgψs+Nt + 2N2.

Consequently dgτ{S — Sf) ^dgψs + Ni + 2N2. Also S — S' is a cocycle of

Cn~r(f2/, Fo). Consequently, there exists S ' ^ C * ' 1 ' " 1 ^ , Fo) such that δS" =

S-S' and dg τS"^dg T{S - S') ^dg φs + M + 2iV2.

Set s" to be the image of S" in O " 7 " 1 ^ , F). Then s = δs" and rfflr ps"

5 + iV1 + 2AΓ2. Let N=Nί + 2N2. QED.

— 77

L E M M A 2. Tjf F w coherent on PP — <%f and torsion free over R, and if F =
πF

satisfies Lemma 1 for r = n — 1, fΛ*τz Hι(^, F) = 0.

Choose sets of generators φ*, φΐ'3 for Γ{UU F) and Γ(Uitj, F) over

^ ) and Γ(Uuj, &£?). If s e C r ( ^ , F), r = 0 or 1, and s ω = ΣώVα",
α

we shall say that dg-ψs<d if and only if (Xo --Xn)^"^^ for all (i) and

all α. An element s 6 C r ( ^ , F) has finite degree if and only if each of

the coefficients a^ is an element of R[X0, , Xn, X~^ι

9 , Xΰι] If
Sί<ECr(%s, F) i = 0,1, is a sequence of elements, and if dg ψSi^c{i + 1)

00

for some constant c, then Σ π V converges in Cr (3.1).
We must establish two constants to be used in the proof. Let iVi be

an integer such that if s e C H ^ , F) is a cocycle, then 5 = δsf with dg φs' = dgψs
/ F \

+ Ni (Lemma 1). Let N2 be a constant such that if s e r C 1 ^ , — ^ r ) , then
5 = πs' with dg ^s' ^ J^ φs + iV2.

(To show that the constant N2 exists, we use (3.4). Fix a pair (z0, ή),

Let 5 = /?Γ-^-, , -φ-, ^ - Ί and let C be a polynomial ring over R

such that B is a quotient of C and an element α e 5 satisfies {X^Xi^a^A if

and only if a pulls back to a polynomial #'eC with degree da'^d. (cf.

Sublemma 2 above). Let M= Γ(UiQtil, F). Mis a £t = Γ(Uiθtiί, ^^)-module

which is flat as on /^-module.

We have already chosen a set of generators {^αo>fl}i^αSί for M Let i/

be a free module over Ct with basis the symbols ίT β } l s α s t , and construct a

surjection of Cf modules H-*M by sending Tα to ^0^1.

Since ί/ίθfil is a affine, the natural map

M-> Γ(^ 0 > i l , F/π2F)

is surjective (2.14 and 3.3). Suppose s<sπΓ(UίQiiί, F/π2F) is such that dgφs = d.

Then
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(1) 5 pulls back to an element sf of M such that dgψs" = d.

(2) s"<=πM.

Therefore as an element of the Ct module M, s" may be expressed as

a linear combination

where α ϊ ε C l I n fact a'ά is a polynomial in C of degree da'ά^Ld, l ^a ^t.

Using the notation of (3.4), s" pulls back to an element sr"<^Ff)L(d, 0).

However since s"<EπM, by (3.4) there exists s"", a preimage of s", which is

contained in πFΠL(d + C, D) for some constants C and D which depend

only on M. Thus there exists an element W'<EF such that

(3) πw
r = s"" mod π2F

(4) w may be expressed as a linear combination

w' = ίlb'aTa
α = l

where elements £«<ΞCΪ are polynomials of C of degree db'a < d + D + C,

1 < « : < / . (wr is, so to speak, the first term of s"rr divided by π).

If w is the image of wf in Λf, then w may be expressed as a linear

combination over J5t:

where ^α is the image of bf

a in 5 t .

Thus ba is actually an element of B, and d^w < ί/ + C + D. Setting s'

equal to the image of w in Γ(UiQtil, Fjπ2F), see that

(5) πs' = s

(6) ^

Let iV2

(io.V = Z) + c, and let iV2 = max {Λ^0 '^}. Λ̂ 2 is the required constant.)
( * 0 , * l )

Suppose s e C ^ ^ , F) is a cocycle. We may express 5 as an infinite sum:

5 =

with dgφSi^c{i + ϊ) for some constant c. To prove the lemma, we will
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construct a coboundary for 5.

Suppose we have constructed cochains tu * ^ 0 , and uit /^>0, satisfying

the following three conditions:

Λ - l

(1)

(2)

(3)

dg φti^

Λ - l

= 5 mod

C(i + 1)

Hi = π Λ ^

πh for

for C =

A m o d J

all A;

= 2(Λ/ί + iV2).

TΛ+I w i t h d
ψuh < C'(A + 1) for C = iVi + N2

and all A^O.

Condition (3) is necessary for the inductive construction of the tt. Conditions
00

(1) and (2) guarantee that Σ tt converges to a cochain with coboundary s.

Assume JVi is so large that c<Nt. Set w0 = s0. Suppose we have

constructed tt for i<h and u% for ί < A . The proof will be finished once

we show how to construct ίΛ and uh+1.

Because πhuh is a cocycle module πh+1 and F is torsion free, uh is a

cocycle modulo π. Thus there exists th^C°(^f F) bounding uh modulo π

such that dg φth < dg ψuh + M < C'(A + 1) + M < C(A + 1). Thus th satisfies

(2). th also saitsfies (1), for

πhuh - πhδ{th) = s - δJ^πHt = 0 mod ττί+1.

To construct «A+1, note that uh - δth(ΞπCι(^/, F). Take uh+x<ΞCι{<2/f F)

such that πuh+ι = δth mod π2 and dg PMA+I ^ dg f(wΛ — δ/Λ) + N2 -<, C(h + 1) +

JVi + N2 = C(A + 2).

COROLLARY 3. //* F is coherent on Pp = <%f and torsion free over Ry and if F

= F/πF satisfies Lemma 1 for r — n — 1, then the natural homomorphism:

a) r(#r, F) -> r(gr, F)

is surjective.

Proof The endomorphism "multiplication by TΓ" from F to itself is

injective since F is torsion free over R. Thus we have an exact sequence

of coherent sheaves on

By Lemma 2, Ή^M?, F) = 0, so the natural homomorphism (1) is surjective.
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If F is coherent sheaf of ^ ^ - m o u l e , <g? = PP9 then we define the

"twistings" of F, F{m)9 as follows. If n is an integer and F — &<^, then

F(rn) = έ7p%{rn)ϊ. In general, F(m) = F®0>^ ®^{m). F(m) is a coherent

sheaf of ^^-module, and the functor F^-> F{m) is an exact functor from

the category of coherent ^^-modules to itself. If, for some integer /, π*F

= 0, then of course F may be viewed as a coherent sheaf of modules over

the (ordinary projective) scheme Pn(R/πtR) = <%f t. In this case the sheaves

F(m) are canonically isomorphism to the sheaves F*®έ?g?\®3f\(m)l i.e. in

this special case our definition of F{m) corresponds to the usual definition

of the "twisted sheaves" F(m). Also if F = G* for some coherent sheaf G

on PI = £?, then F(m) = G(m)t.

PROPOSITION 4. Suppose F is a coherent sheaf of &^-modules, where

Then for all sufficient by lagre integers in

(1)

(2) The sheaf F is generated by its global sections: for each point a e ^ , the

image of ΓiJ^, F(m)) in the stalk F{m)x is a set of generators for the έ7^f tX~module

F(m)x.

Proof If F is torsion free over F, then F(m) is torsion free over R for all

integers m. Moreover, for all sufficiently large integers m, the sheaves

">/ x = {FjπF){m) satisfy Lemma 1 for r = n — 1. Thus, by Lemma 2 and

Corollary 3, Hι(^9 F{m)) = 0 and the natural map Γ{£f y F{m)) ->

—P^K ) is surjective for all sufficiently large integers m. But for m suf-

ficiently large, F{m)/πF(m) is generated by its global sections [3, III. 2.2.2],

Therefore, by Nakayama's lemma and (1.2), F(m) is generated by its global

sections.

If F is not torsion free, let T be the torsion submodule of F : i.e. T is

the sheaf associated to the presheaf ί/-^-> (/^-torsion elements of Γ(U, F)) for

each open subset U of ^f \ T is a coherent sheaf of ^^-modules, and for

some integer N πNT=0.

{Proof The problem is local, so we may assume that SI? is affine; i.e. we

may assume that g? = Spf B for some wcfg algebra B, and thus (3.3) F = M

for a finitely generated ^-module M. The 7?-torsion submodule of M, M' =

{WI<EM : πNm = 0 for some is TV}, a 5-submodule of M. Since B is noetherian
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and M is finitely generated, there exists an integer N such that πNMr — 0.

We claim also that T = Mf, which will complete the proof of our assertion.

It is equivalent to prove that the sheaf Q = (MjMr)~ associated to the

quotient module M\Mf is torsion free over R. Assuming that B is the weak

completion of a polynomial ring, we have that for each principal open

subset U = g?f of gf, Γ(U, <?g?) = B[f} is torsion free over R. Therefore

Γ(U, Q) = MjMr ®BB{f} is torsion free over R, and so, for each point x^^f

the stalk of Q at x, Qx, is torsion free over R, (it is the direct limit of torsion

free modules.) Therefore Q is torsion free over R.)

Let Q be the quotient sheaf FjT. Q is a coherent sheaf of ^^-modules,

and Q is torsion free over R, Thus, for all sufficiently large integers m,

H\£fy T{m)) = Hι{<%?, Q(m)) = 0. Therefore, for all sufficiently large integers

m, H{£?, F(m)) = 0, proving (1).

The subsheaf πF of F is also a sheaf of coherent ^jf-modules, so for

m sufficiently large, Hι{£f \ πF{m)) = 0. Also, for m sufficiently large, [FjπF)

is generated by its global sections.

Thus, for all sufficiently large integers m9 the natural map Γ(^g^, F(m))

-+Γ(Jg?, (F/πF)(m)) is surjective and F/πF(m) is generated by its global

sections. By Nakayama's lemma and (1.2), for all such rn, F(m) is generated

byTits global sections.

THEOREM 5. The functor F-^>F1 taking coherent modules on PI into

coherent modules on Pp is an equivalence of categories.

Proof. First we will show that this functor is fully faithful, and then we

will prove that every Pt-module is the weak completion of a P-module.

If F and G are P-modules, we must show that Horn (F, G) — Horn (F*9

Gt). Since Horn {F, G) = Γ{P, ̂ ^ (F, G)) and Horn (Ft, Gt) = Γ(Pt, ̂ , ^ (Ft,

Gt)), by (5.4) it suffices to prove that β^™ (F, G)t = J^^ (Ft, Gt). To esta-

blish this last equality, we need only check the affine analogue. Let A be

a finitely generated ivNalgebra, and M, N be two finite A modules. We will

prove that Hom^(M, JV)t = Hom^fMt, W). Let F^Fo-^M-^O be a finite

presentation of M by free Λ-modules. We have a commutative diagram with

exact rows.

a\ b\ c\
Mt, W) -+ Hom^t(FJ, W) -> Hom^ t(F|,
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The top row is exact because weak completion is an exact functor of finite

^4-modules (4.7). We will show that b and c are bijective. Then the snake

lemma proves a is bijective. If F is a free ^.-module, then Hom^F, iV)t

= HomA(F, N)(g)AAi = Hom^(Ft, ΛΠ"), which shows b and c bijective.

It remains to prove only that every coherent module G over Pt is the

weak completion of a coherent P-module. First we will show that there exist

locally free Pt- m o dules:

)*, and Fx =

so that G may be finitely presented:

F1 i Fo -> G -> 0.

Select an integer N' so large for N^N', G(N) is generated by its global

section (Proposition 4). Thus G is the image of a locally free sheaf Fo as

required. Since ^ P t is coherent over itself, Fo is coherent, the kernel of the

chosen projection F0->G is also coherent, and by the foregoing argument

this kernel is the image of a locally free sheaf Fu as required.

Let £ o = Σ ^ M and E1=^^>{mj). That is, Ft = E\. Since the

natural map ΐLomP{Eu Eo) -> JiomPi{Fu Fo) is bijective, there is a homomor-

phism e : Eλ^E0 such that et = /. Let H= coker (e). The natural map

El~>F0 induces a bijection W~>G.

COROLLARY 6. Suppose F is a coherent sheaf & ̂ -modules ^ where ^— Pp. Then

for all sufficiently large integers m9

(a) H*(Mf9 F(m)) = 0, i > 0

(b) F(m) is generated by its global sections.

Proof Corollary 4, Theorem 5, and (5.4).
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