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A RELATION BETWEEN ORDER AND DEFECTS
OF MEROMORPHIC MAPPINGS OF C" INTO PY(C)

JUNJIRO NOGUCHI

1. Introduction

Let f be a meromorphic mapping of the n-dimensional complex
plane C” into the N-dimensional complex projective space P¥(C). We
denote by T(r, f) the characteristic function of f and by N(r, f*H) the
counting function for a hyperplane H C PY(C).? The purpose of this
paper is to establish the following results.

THEOREM 1. Let f: C"— PY(C) be a meromorphic mapping of finite
order p which is not a positive integer. Then for any N + 1 hyperplanes
H,cPC), p=0,1,-.-,N, in general position

1.1 K(f) = im 2= N S*H,) S o
a1 N lim T(r, ) = k(o)

where k(p) s a positive constant depending only on p and satisfies

2I"(3/4) |sin zp| e
o + ['3/4)|sin o]

1.2 k(p) =

In case 0 < p <1, we shall also obtain
THEOREM 2. The positive constant k(p) in (1.1) satisfies
1.3) Ep=1—p for 0Zp<1.

Remark. When p takes values near 0, the evaluation (1.3) is better
than (1.2). On the other hand (1.2) is better than (1.3) when p is close
to 1.

From these theorems we have readily

Received December 7, 1974.

1) Throughout the present paper we only consider hyperplanes H such that f*H
do not contain the origin.
2) As usual, I'(-) stands for the gamma-function.
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COROLLARY. If a meromorphic mapping f: C* — PY¥(C) admits N + 1
hyperplanes in general position whose defects are equal to one, then the
order of f is infinite or a positive integer.

In case n = N =1, the existence of the positive lower bound %(p)
in (1.1) was first proved by R. Nevanlinna [7, Chap. III] and he posed
the problem to determine the best possible value of k(p). In the same
case Theorem 1 was proved by Edrei-Fuchs [1] and they determined the
correct value of k(p) for 0 < p<<1 in [2]. In case =1 and N =1,
Toda [10] obtained the evalution (1.2) and moreover Ozawa [8] obtained
the correct value of k(p) for p < 1.

One notes that k(p) may be determined independently of the dimen-
sion n.

The author is very thankful to Professors N. Toda and H. Fujimoto
for their helpful advices and to Professors K. Niino and M. Ozawa for
their valuable suggestions.

2. Notation

Let (2, --+,2,) be the natural coordinate system in C* and set

lelf = Y122, B@)={lzl <7},
A(r) = ANB(r) for a subset ACC*,
d=-"G-3a,
4::( )
x = (dd° log ||z, p=d'logllz|F N y.

For a positive divisor D on C” not containing the origin, set
n(t, D) = f v  N@,D) = f D) g
D(t) 0 t

In case n =1, n(, D) is the number of elements of D in B(f) with

counting multiplicities. Let L denote the hyperplane bundle over P*(C)

and o the positive definite curvature form of L arising from an hermitian

metric # in L. For a meromorphic mapping f:C" — P¥(C) which is

holomorphic at the origin, the characteristic function is defined by
70,0 = [ L[ rreny.

o ¢ B(t
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It is noted that the pull-back form f*w is a differential form with coef-
ficients belonging to L}, which is closed and positive in the sense of
currents (cf. Lelong [6]) and that T(r, f) is independent of the curvature
form o of L, up to an OQ)-term (cf. Griffiths-King [3]).

Let S(r) be a real, non-negative and increasing function of > 0.
Then lim log S(r)/log » is called the order of S(r). In particular the

7—00

order of T(r, f) (N(r,D) resp.) is called the order of f (D resp.). Let U
be an open set in P¥(C) such that L|; = U X C. Then the restriction
gly of a global holomorphic section ¢ ¢ H(PY(C), L) is naturally regarded
as a holomorphic function in U and similarly k|, as a positive smooth
function in U. The length of ¢ is defined by

o] = (__|‘;2|ivlz)l’2 in U,
U

which is independent of the local trivialization, L|; = U X C. For a
hyperplane H in P¥(C), choose always a global section ¢¢ H'(PY(C), L)
so that the divisor (¢) is equal to H and |¢| £ 1, and set

m(r, H) :j log 1 7 .

sm - f¥o]
Now the following is well-known (Nevanlinna’s first main theorem):
2.1 T(r, f) = N(r, f*H) + m(r, H) + log f*|a|(0)

provided that f*H 2 0.

In case N =1, f is a meromorphic function in C". Let (f), and
(/). denote respectively the divisors of zeros and poles of f and suppose
that (/) U (f)..20. Then (2.1) yields that

T(r, f) = N@r, (f).) + j log* | /|7 + O(1)
2.2) 2BM

= N, (f)o) + LM log* —5,,—77 + o),

where log* s = max {0, log s} for s = 0. We return to the general case,
N =1. We set for a hyperplane H

3(H, f) = 1 — Tim N0 *H).

oo T(ry f )
which is called the defect of H.
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3. An estimate for canonical functions

For an entire function F' in C", we set

M(r,F) = max |F'(z)| .

lzl=7

LEMMA 1. Let F be an entire function. Then for r <R

@1 Te,F) + 0Q) < log M(r, F) = - 2= 1B np py L o).
d —r/Ry

Proof. The first inequality follows from (2.2). We prove the second.

Let Aut(B(R)) denote the group of holomorphic automorphisms of B(R).
For 2,¢ B(R), there is an element y(-,z,) e Aut(B(R)) with y(z,2,) = 0.
We define

#(2, ) = dd log [[r(z,2) [ ,

12, 20) = Pz, 2))"?

72, 20) = d°log ||7(z, ) I A\ x(2, 20) -
Since the isotropy subgroup of Aut(B(R)) at the origin consists of unitary
transformations of the coordinates, these differential forms are independent
of the choice of 7(:,z,). Note that yx(z,0) = x(2) and 5(z,0) = 5(2). Since
log |[Foy(:,2)7" is plurisubharmonic in a neighborhood of B(R),

log |F'(z,)| = log |F o (0, )~}
3.2) < LM) log |F o 7(z, 207 n(2) = LB o 08 IF @)1z, 20)

< j log* |F(2)| 72, 2) -
3dB(R)

Let log M(r, F) = log |F(z,)| with z,€0B(r). By a unitary transformation
of the coordinates, we can carry z, to (r,0, --.,0). Therefore we may
assume that 2z, = (r,0, ---,0). Let us take y(z,%,) as follows:

R

T o Y= OB TR 2.

12, 2) =

By an elementary calculation we have

$2) < — 1 9(z,0),

= @ —r/Ry

R* — 1
del R = —————d°1 , ) IF
og |7z, z)|| R — /R og [l7(z, 0) ||
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and so 7(z,2) < {1 — (r/Ry}n()/(1 — r/R)*. Combining this with (3.2)
and (2.2), we obtain the required inequality. Q.E.D.

Let ¢ be a complex line in C™ through the origin and F,(u) denote
the restriction of F' on 4. From Lemma 1 it follows that for every 4,

3.3) order of F,/(u) < order of F(z) .

Let D be a positive divisor on C” not containing the origin and suppose
that for an integer ¢

(3.4) [ irant.D) < oo

Then according to Lelong [5, Theorem 5] (see also Stoll [9]), there exists
an entire function F such that (F) = D, F(0) = 1, all the partial deriva-
tives of log F' of order < ¢q vanish at the origin, the order of F' is not
greater than max {¢q, order of D} and

log [P@)] < A, )zl [ 8D g

e [ 20D )
Wzl

tq+2

t

(3.5

where A(n,q) is a constant depending only on » and ¢. Such a func-
tion F' is called the canonical function of genus ¢ associated with the
divisor D.

Let D be a positive divisor on C" not containing the origin, whose
order is less than q + 1. Then (3.4) is satisfied. Let F' be the canonical
function of genus ¢ associated with D, ¢ a complex line in C® through
the origin and suppose that F,(u) does not vanish for all uef=C.
Then by (3.83), F,(u) = e where P(u) is a polynomial of degree < q.
Since all the derivatives of log F' of order < q vanish at the origin and
F@) =1, P(u) =0 and then F,(u) = 1. Regarding ¢ as a point of P*~}(C)
in the natural manner, we see

LEMMA 2. Let £ = {4eP"(C): ¢-D = ¢}, (¢-D = intersection of ¢
and D with counting multiplicities). Then E is an analytic subset and
for ¢eE, F,=1 and for (¢ E, F, coincides with the Weierstrass prod-
uct of genus q associated with ¢-D.

Remark. Tt follows from (3.3) that r dn(t, ¢-D) 17+ < oo,
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Proof. The first two assertions follow immediately from the above
arguments. We show the last. Let II(x) denote the Weierstrass product
of genus ¢q associated with ¢.D. Noting that the orders of II(u) and
F,(u) are less than ¢ + 1, we have

Fu) = e"™Il(w) ,

where P(u) is a polynomial of degree < q. For the same reason as
above, P(u) = 0. Q.E.D.
Let us set

27 dﬁ

60 =5 |, T,

Then by Edrei-Fuchs [1, p. 303] we have for 0 < <1

2

— )
(3.6) [ gyemar < G s

LEMMA 3. The above canonical function F satisfies

, 1 (" n(t, D) e (= (t)
. <= e , Dyt-a-1g( L
3.7 Lm log* |Fl7 < 4 fo D) gt 4+ 7 L n(t, Dt-+-ig( L )at

Furthermore in case ¢ = 0 we have

. Bl < [ 26D) " wt,D) 4
(3.8) [, g 1FIy = [ 26D ap g [ 2ED) g

Proof. First we show (3.7). From Lemma 2 and Edrei-Fuchs [1, p. 302]
we obtain for ue £ e P"(C) with ||u|| =r

1

1 J*zz 1 J*Zn .
A" log* 1Fuey o + - [“logt — L g
o), 108 eI o + o ) o8 e

< 28D ( )dt

tq+l

From Nevanlinna’s first main theorem and F,0) = 1 it follows that

¢9 1 r" log* [F(ue)|df < N(r, ¢-D) + 7 I " Mq&( )dt
T Jo r

tatt

Letting A(4) denote the standard volume form on P*~'(C) defined by y,
we have
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2
(3.10) j log* |F|y = f z(@if log* |F(z¢'%)| df ,
aB(r) te Pn—1(C) 2 Jo

where zc¢ £ and |z|| =r. Since n(t,D) = In(t, ¢-D)A(¢) by definition,

using Fubini’s theorem we get (3.7) from Lemma 2, (3.9) and (3.10).
In case ¢ = 0 we have by Lemma 2 and Hayman [4, p. 28]

tog |Fu)| < [ 26D gy oy [ 26 LD) gy
0 T

for ue {eP*(C) with ||u|]| = r. Then the rest of the proof is similar
to the above. Q.E.D.

4. Representation of meromorphic mappings

In this section let us fix a homogeneous coordinate system (w,; - - - ; wy)
in P¥(C). Then we may take

Il
M=

h lw,[*/|w, [ if w,#0,

0

o = dd log (ﬁ |w,,|2) .
u#=0

"
]

4.1)

A meromorphic mapping f: C* — PY(C) is represented as

(4.2) S=Uhs 5,
where f, are entire functions and codim {f,= - --- =fy=0}=2. If
f=1Cfy; -+ 'fy) is another representation of f, then there is an entire

function g such that ’f, = e’f, for all x. By (4.1) and (4.2) we have

1/2

wp  ten=[ toe(Zinr)y o (315.00)

provided that >3V ,|f.(0)} # 0, i.e., f is holomorphic at the origin.

LEMMA 4. Let f: C®— PY(C) be a meromorphic mapping of order
<q+ 1 and suppose that f*{w,=0}, p=20,---,N do not contain the
origin. Then f is represented as

S =Fy; Fie™; - .- Fyet™),
where each F, is the canonical function of genus q associated with
SHw, =0} if fA{w,=0#¢, or=1 1 f*w,=0}=¢ and P, are poly-
nomials in z,, ---,2, of degree < q.
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Proof. By the assumption and (2.1) the orders of f*{w,= 0} are
less than ¢ + 1. Thus we may take the canonical functions F, of genus
q associated with f*{w, = 0} (if f*{w, =0} =¢, we take F,=1). f is
represented as

4.9 S=F,; Fie”; -..; Fye™),

where g, are entire functions. Hence it suffices to show that the order
of e, say e, is less than ¢ + 1. From (4.4), (4.1) and (2.1) it follows
that

ﬂegl
F,

@.5) f log*
3aB(r)

75 T, 1) + 0Q) .

Noting that log* ab < log* a + log*™ b, we have

Fl e

F,

j log* [e%1]y < j log* n+j log* |F\| 7
AB(r) aB(r) dB(r)

1 +
+ .[B.B(r) 8 [F|
From (2.2),

[, g2y =[ logt iRl +0M.
aB(r) |F| 2B(r)

So we see that
[, log* len]s < TG, 1) + T, Fo + TG, F) + OQD) .

As the orders of f,F, and F, are less than ¢ + 1, so is that of e,
Q.E.D.
5. Proof of Theorem 1

First we take a homogeneous coordinate system (w,; w,; ---;wy)
in P¥(C) so that H, = {w, = 0}. Let q denote the largest integer not
exceeding p. By Lemma 4, f is represented as

S = (Fy; Fief'; - Fyetv) .
By (4.3) and Lemma 4 we see that

N N
70,0 = 5[ togt Fin+ 5[ logtjemrly + 0
#=0J aB(r) u=1J 3B(r)

N
< ZJ log* B |7 + O .

aB(
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Now we apply Lemma 3 to this. Setting n(¢) = >3V n(t, f*H,) and
NG = f n(®)dt/t, we get from (3.7)
0

2T(r, /) < N() + 7 j: n(t)t‘q‘1¢<-ﬁ—>dt + 00 .

Similarly to Edrei-Fuchs [1, §4] this inequality yields
2 — K(f) < K(f)p r to-a-1g(t)dt .
0

From this and (3.6) we deduce that

2I%(3/4) |sin rp|

K = %o + I"(3/4)|sinnp|

Hence we have (1.2). Q.E.D.

6. Proof of Theorem 2

As in the previous section, f may be represented as
S =Wy eF ;5 exFy),
where ¢, are non-zero constants. By (4.3) we have

T(r, f) < i fwm log* |F,|7 + 0Q1) .

Using the same notation n(t) and N(r) as in section 5, we have by
Lemma 3

70, /) S Noy + 7 [ @dt + 0 .
In view of integration by parts this implies
6.1) T(r, /) < r f " %dt +0Q) .

Noting that the order of N(») is p, by Hayman [4, Lemma 4.7] we can
take a sequence 'r 1 oo for an arbitrarily small ¢ > 0 such that

(6.2) NG < (L)P“N('r) for t > "r .

'y

From (6.1) and (6.2) we get
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T, 1) < 'reeNen [ a4 0)

1—p—c¢
Thus K(f) =1 — p —e. Letting ¢ — 0, we deduce (1.3). Q.E.D.
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