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Abstract

We establish bounds for triple exponential sums with mixed exponential and linear terms. The method
we use is by Shparlinski [‘Bilinear forms with Kloosterman and Gauss sums’, Preprint, 2016, arXiv:16
08.06160] together with a bound for the additive energy from Roche-Newton et al. [‘New sum-product
type estimates over finite fields’, Adv. Math. 293 (2016), 589-605].
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1. Introduction

Bounds for exponential sums were first studied in number theory because they yield
arithmetic information about certain Diophantine problems. For example, by obtaining
estimates for exponential sums over primes, Vinogradov [9] was able to show that
every sufficiently large odd integer can be written as a sum of three primes. Now, the
study of bounds for exponential sums has both mathematical and arithmetic interest.
Let p be a prime and let g be an arbitrary integer with gcd(g, p) = 1. Denote by T
the multiplicative order of g modulo p. Given two intervals of consecutive integers

I={K+1,....,K+M}, J={L+1,...,L+N}

and
K={1,...,H},

with integers H, K, L, M, N suchthat0 < M < p,0 <N <T,0 < H < T, and a complex
sequence A = (@,,)mer, We define the exponential sum

Surp( A LT, H) =D 30 aney(amger(nx)

mel neJ xeK
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for integers a € Z with ged(a, p) = 1, where e;(x) = e(2mix/h). In particular, when
I=27,={0,1,...,p— 1}, we define

Sa,T,p(ﬂ;j» 7<) = Sa,T,p(ﬂ; Zps j7 (}()

Similar double exponential sums arise frequently. In particular, sums of the form

SA, B, 1,9)= Z Z @pPre,(amg")

mel neJ

have been considered by Shparlinski and Yau [8]. For the case where g is not
necessarily a primitive root of p, bounds have been established under the condition
I ={1} and «,, = B, = 1 by Kerr [2], but the method employed there also works for
general 7 as the bounds depend only on the norm. Similar sums for multiplicative
characters have also been studied in [7]. We refer the reader to [3] for a broader
overview of exponential sums.

In this paper we establish bounds for S, 7 ,(A; 7, J,K) when I =Z,. It will be
clear the same method also works for general 7.

Our approach follows from Shparlinski [6]. In particular, after applying the triangle
and Holder inequalities to S, 7. ,(A; 7, T, K), we obtain a mean fourth moment of an
exponential sum. By opening and changing the order of summation and appealing to
the orthogonality of the exponential function, we can bound the sum by the number of
solutions to a particular congruence (see Lemma 3.2).

2. Main result

The statements A < B and A = O(B) are both equivalent to the inequality |A| < ¢B
for some positive absolute constant c. For any real number o > 0, define

1/o
19 = ( ) leml)

mel
Our main result is the following bound for S, 7, ,(A; I, K).
THeOREM 2.1. For any prime p,
S a1.p (A T, K) < Al 1Al p AN TS,

Using the same technique as in [5, Lemma 3.14] and the bound in [4, Corollary 19],
we obtain the trivial bound

S o1.p(A; T, K) < || ANl N min{p' B H8, p'* H3/8), (2.1)

Assuming |a@,,| < 1, we have ||A||; < M and || A|l, < M'/2. We see that Theorem 2.1
provides a stronger bound

S w1 p (AT, K) < M3IA VA NS TSI
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than (2.1), which becomes
S o1 p( AT, K) < MN min{p'BHE, p! /4 H3/8),
when
pT> < M°N°H> and T° < M’N°H>.
3. Preparation
For an integer u, we define
» = mi -k
(u) min |lu — kr|

as the distance to the nearest integral multiple of r.
We recall a well-known bound from [1, Bound (8.6)].

Lemma 3.1. For integers u, W and Z > 1,

W+Z

Z e, (nu) < min {Z, <;>r}.

n=W+1

We recall that 7 is the multiplicative order of g modulo p. For any positive
integer K < T, we define the additive energy E,(K) as the number of solutions to
the congruence

gl +g"%=g" +¢" (mod p) 3.1

where

(x1, %2, x3,x2) € {1, ..., K}*.

Our approach to bounding S, 7 ,(A; I, T, K) is to reduce the problem to estimating
E,(K).

Note that (vi,v2, vi,v2) € {1,..., K}* is always a solution to (3.1); hence, we have
the trivial lower bound K? < E,(K). If (v1,v2,v3,v4) € {1,..., K}* is a solution to (3.1)
then v, is dependent on vy, v, v3 and we obtain the trivial upper bound E,(K) < K 3. In
particular, E,(K) is an increasing function of K.

Set A,B,C =g, ...,g%}. Then we have the trivial bounds |A| < K and |BC| < 2K.
Appealing to [4, Theorem 6], we can derive a nontrivial estimate for E,(K).

Lemma 3.2. For any positive integer | < K < T,

E,(K) < K2,
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4. Proof of Theorem 2.1

We proceed similarly to the proof of [6, Theorem 2.1]. Rearranging then applying

Lemma 3.1,
H p-1 L+N
Surp( AT K) = D" aneplamg®) " er(n)
x=1 m=0 n=L+1
H p-1
= Z ape,(amg)py
x=1 m=0
where
. T
lox| < mln(N, —)
(7

Define I = [log N and define the sets
Lo={xe€eZ:0<x<T/N}

and

Li={x€Z:min{T,e'T/N} > x> ¢ 'T/N}

fori=1,...,1. We obtain

1
Sur (AT, K) < " ISi]
i=0

where
p-1
S; = Z Z ame,(amg™)py
xeL; m=0
fori=0,...,1.

Applying the triangle and Holder inequalities, we obtain

IS4 < Z ! e, |”4‘ D aneylamgp,

xel;
p-1 4\1/4
s(Z|am|) (Z|am|2) (Z > eplamge )
m=0 m=0 " xel;
12 12 & 14
— i1 3] 3 eptamee ) (“.1)
m=0"xeL;
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which is valid for i =0,...,1. Opening the summation and changing the order of
summation, we obtain

p-1
> ' > ep(amg““)sox Z D P Fnpeplam(g” -g%-g")
m=0"xel; m=0 xi,....x4€L;
- Z Z<Px,90xz‘,0m90x4 Z ep(a’/”(gxl + gx2 - gx3 - gm))-
,,,,, x4€L;

For all x € £;, we have the bound ¢, < e™'N, hence

p-1

> ‘ D eplamghe 4

m=0" xel;

< Z D P B P Z eplam(g™ + g% - g% = g*))

,,,,, x4€L; m=0

< e_4iN4Z e Z 2 ep(am(g™ + g2 — g% — g")).

Xl yenes X4E.£, m=0

By appealing to the orthogonality of the exponential function,

p-1

2. ’ D eplamg e, 4

m=0"xel;

< pe " N*E,(L'T/N)).

Therefore by Lemma 3.2

p—1

> ' D eplamgp, 4

m=0" xel;

< pe ™ N*(e'TIN)?

< pe 3AN3RTS2,
Substituting this bound into (4.1),
1S, < ”ﬂ”1/2||ﬂ”é/2p1/4e—3i/8N3/8TS/S.
Finally,

Z ISil < Al 21, 2 pH NPT

and the result follows immediately.
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