
Can. J. Math., Vol. XXXVIII, No. 5, 1986, pp. 1261-1280 

FOUR INTEGERS WHOSE TWELVE QUOTIENTS 
SUM TO ZERO 

JOHN LEECH 

1. Introduction. This paper is devoted to the study of sets of four 
unequal integers ni such that the twelve quotients «z-/«- (i ¥= j) of pairs of 
distinct members sum to zero. (Without the restriction / ¥= j the condition 
would be equivalent to ( 2 W;)(2 l/«/) = 0, of no great interest.) 
Constructions for these sets are given, and relations between them are 
studied. It is found that each set belongs to an orbit of six related sets, and 
that each such orbit is related to four neighbours, each of which is another 
orbit of six sets. A study is made of the graph formed by assigning a node 
to each orbit of six solutions and joining it to the nodes assigned to its four 
neighbours. This appears to comprise one component containing an 
infinity of cycles together with an infinite forest of infinite trees. 

A context in which this problem arises is a special case of Fermât's 
triple equations. As I find no recent account of triple equations, and the 
earlier accounts do not mention this special case, I begin with a brief 
account of Fermât's method for solving triple equations and of the 
circumstances of its failure. This will keep the present account self-
contained, and will obviate any need for the reader to seek out the earlier 
accounts which are not too readily accessible. A different treatment, not 
following Fermât's method but exhibiting the same cases of failure, was 
given in [6]. It included a brief discussion of sets of four integers whose 
twelve quotients sum to zero, but this was limited in scope as the 
construction given in the present Section 7 was not then available. 

2. Fermat's triple equations. Fermât's original formulation of triple 
equations was in a note to Diophantus' Arithmetica vi.24 (in the number­
ing of [2]; vi.22 in that of [4] ), in that notorious margin which was inade­
quate to contain his proof of his "last theorem". This note was published 
by S. de Fermât, in his second edition of [2], together with a more 
extended account by J. de Billy (French translation in [3], see also [4, 9] ). I 
do not reproduce Fermat's notation. 

Fermât was seeking rational numbers r which make 1 + ary 1 + br, 
1 + cr rational squares simultaneously, for given fixed rational a, b, c. 
These latter are usually taken as integers, since they can clearly be 
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multiplied by a constant scale factor with no significant effect on the 
problem. In Fermat's and some of Billy's examples, the expressions to be 
made square had squares of integers in place of the l's. Such expressions 
can always be rescaled to adjust these to 1, for example p 4 ar is a 
rational square whenever 1 4 ap~2r is, and we shall suppose this done. 

Fermât began by setting r = 2s 4 as , so as to have 1 4 ar = 
(1 4- as)2, and he thus required solutions of 

f 1 + 2bs 4 abs2 = v2 

( ' \ l + 2cs 4 acs2 = w2 

a double equation. He then examined the difference 

v2 - w2 = (b - c)(2s 4 as2). 

He factorized this as (v 4- w)(v — w), separating the right hand side into 
factors which are linear in s, so as to express v and w linearly in s. In order 
to obtain a linear equation for s, he required that the squares of these 
expressions for v and w, when equated to the expressions (1), should match 
them either in the terms independent of s or in the terms in s2. 

3. First factorization. We set 

v 4 w • = 2 + as, 

v — w = s(b - c), 

so 

V = 1 + -s(a + b -
2 

- c), 

w = 1 
1 

+ -sic + a -
2 

~b). 

from which we obtain 

v2 = 1 + s(a + b - c) + -s\a 4- b - c)2. 
4 

Equating this to v2 = 1 4 2bs 4 abs2 from (1), we obtain s = 0 or 

4(b 4 c - A) 
s = a2 4 b2 4 c2 - 2(bc + ca + ab) 

(The same expression is obtained from w .) 
If any of a, b, c is the sum of the other two, this factorization leads only 

to trivial solutions with r = 0, as was noted by Billy. We call this the first 
exceptional case. Billy noted that there may nevertheless be solutions 
with non-zero r in this case; for example 1 4 5r, 1 4 16r, 1 4 2\r are 
all made squares by setting r = 3. But there is no non-zero r for which 

https://doi.org/10.4153/CJM-1986-064-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1986-064-4


FOUR INTEGERS 1263 

1 + r, 1 4- 2r, 1 + 3r are all squares, Fermât having observed that there 
cannot be four unequal squares in arithmetic progression. 

This factorization leads to no solution at all if 

a2 + b2 + c2 - 2(bc 4- ca 4- ab) = 0, 

i.e., 

y/a ± ^b ± y/c = 0. 

We call this the second exceptional case; it seems to have been noted only 
recently [6]. As in the first exceptional case, there may be solutions with 
non-zero r in this case. Such solutions are shown in Section 6 to 
correspond to sets of four unequal integers whose twelve quotients sum 
to zero, the main topic of this paper. Pocklington [8] has shown that there 
is no non-zero r for which 1 4- r, 1 + 4r, 1 4- 9r are all squares. 

There are variant forms of this second exceptional case in which this 
factorization leads only to a solution in which one of 1 4- ar, 1 4- br, 
1 4- cr is zero. For example 1 + 5r, 1 4- 8r, 1 4- 9r are all made squares 
only by r = 0 or r = —1/9, since otherwise the non-zero square 1 4- 9r 
could be rescaled to 1 and the squares 1 4- 8r, 1 4- 5r, 1 would then 
correspond to squares 1 4- r', 1 4- 4r', 1 4- 9r', with 

r' = - r / ( l 4- 9r), 

contrary to Pocklington's result quoted above. 
In all other cases, this factorization gives a non-zero rx such that 

9 9 9 

1 4- arx = u , 1 4- brx = v , 1 + cr] = w , 

with uvw ¥= 0. Fermât then went on to find a further solution r2 = r* + r 
9 9 9 

by solving similarly the problem of making u 4- ar, v 4- br, w 4- cr 
squares simultaneously, which is equivalent to making 1 + au~ r, 
1 4- bv~\ 1 4- cw r squares simultaneously. It can be shown that such a 
derived problem never presents an exceptional case, so we can repeat this 
operation to obtain further solutions (cf. Section 12). 

4. Second factorization. In the special case that a, b, c are perfect 
squares a , /} , y , we factorize 

v2 - w2 = (p2 - y2)(2s + « V ) 

as 

v 4- w = as(P 4- y) 4- 2(j8 4- y)/a, 

v — w = as(fi — y), 

so 
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v = a/is + 08 + y)/a, 

w = ays + (/? + y)/a, 

from which we obtain 

v2 = (fi + y)2/<x2 + 2)808 4- y> + a2j8V. 

Equating this to 

v2 = 1 + 2/i2s + a2/?2?2 

from (1), we obtain s infinite or 

a2 ~ Q8 + y)2 

s = * . 
2a2j8y 

(Again we obtain the same expression from w .) 
This leads only to trivial solutions with r = 0 i f a ± / ? ± y = 0, the 

second exceptional case of Section 3. It leads only to a solution with one of 
1 + a2r, 1 + /?2r, 1 + y2r zero if a, /?, y are the three sides of a 
right-angled triangle. This is a particular solution of a special case of the 
first exceptional case of Section 3. For example 1 + 9r, 1 + 16r, 1 + 25r 
are all made squares by setting r = —1/25. We class this special solution 
as trivial. J. H. E. Cohn (private communication) has shown that there is 
no other non-zero r solving these equations. In certain other examples 
there are additional solutions. One such is 1 + 8 r, 1 + 15 r, 1 -h 17 r, 
which are all made squares by setting r = 91/99 or 627/119 as well as by 
r = -MM1. 

Except in these special cases, this factorization gives a solution in 
non-zero squares, and Fermat's method can then be applied to obtain 
further solutions. Fermat's method can also be applied whenever we have 
a non-trivial solution in an exceptional case. 

5. First exceptional case. Here it is convenient to restate the problem in 
9 9 9 

a homogeneous form, requiring t + ar, t + br, t + (a + b)r to be 
integer squares, say u , v , w respectively. We thus have 

2;2 + (a + b)r = t2 + w2 = u2 + v2. 

An integer which has two distinct expressions as the sum of two squares is 
the product of two sums of two squares, so we write 

t2 + w2 = u2 + v2 = (a2 + p2)(y2 + Ô2), 

and obtain 

t = ay + j88, u = ay — (38, 

v = a8 + /?y, w = a8 — /?y. 
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From this we deduce 

b _ t2 - v2 _ (ay + fid)2 - (aS + y6y)2 _ a2 - /?2 y2 ~ S2 

a ~ t2 - u2 ~ (ay + >85)2 - (ay - £S)2 "" 2aj8 2y<5 ' 

so b/a has to be expressible as the product of two ratios of the form 
(a2 — fi2)/2afi, the ratios of the perpendicular sides of rational right-angle 
triangles. (An equivalent condition was obtained by Schaewen [9].) Some 
examples of possible and impossible values for b/a are given in [1, 6]. 
Billy's example corresponds to 

_5_ _ 32 - 22 22 - l2 

16 ~~ 2.3.2 2.2.1 

If b/a is the square of a ratio (a — ft )/2a/}, this expression leads only 
to the trivial solution with w = 0. There will be non-trivial solutions 
in this case if b/a can be expressed both as the square of a ratio 
(a — ft )/2a($ and as a product of two unequal ratios of this form. Some 
examples of such values for b/a are given in [6, 5]. The numerical examples 
in Section 4 depend on 

(A2 - 1 2 \ 2 _ 132 - 82 142 - l2 _ 192 - 82 222 - 32 

V 2.4.1 / ~ 2.13.8 2.14.1 ~ 2.19.8 2.22 ' 

and are the simplest such solutions. 
This first exceptional case will not be developed further here. 

6. Second exceptional case: relation to the present problem. Here also it 
is convenient to restate the problem in a homogeneous form, requiring 

9 9 9 9 9 9 9 9 9 

t 4- a r, t + j8r, t + y r to be integer squares, say u , v , w respec­
tively, where the signs of a, fi, y are chosen to satisfy the symmetrical 
relation a 4- fi -f y = 0. We discount as trivial solutions with r = 0 
or t = 0. Unfortunately there seems to be no simple criterion for the 
existence of non-trivial solutions for given a, /?, y, corresponding to that 
for b/a in Section 5. 

We have 

t2 4- w2 - u2 - v2 = 2a£r, 

so 

(t2 + w2 - u2 - v2)2 = 4a2£2r2 = 4(u2 - t2)(v2 - t \ 

i.e., 

(u2 + v2 + w2 - ; 2 ) 2 = 2(u4 + v4 4- w4 - t \ 

This equation is conveniently studied by applying the transformation 
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2nx = t -f u -f v + w, 2/ - «, + n2 + n3 + H4, 

2n2 = t + u — v — w, 2u = nx + "2 ~ «3 ~ n4> 
2n3 = t — u -f v — w, 2v = nx - n2 + n3 - «4, 
2«4 = t — u — v + w, 2w = nx - tf2 - n3 + «4, 

under which it takes the symmetrical form 

2 « ^ = o, 

or equivalently 

2 «,-/«,• = o, 

the problem of our title. In these and later summations, the subscripts 
range over 1, 2, 3, 4, and the summations are over all possible terms in 
which no two subscripts take equal values. 

We now express a, /?, y in terms of the nt. Let 

â = nxn2 + n3n4, ft = nxn3 + n4n2, y = nxn4 + w2«3. 

Then 

/3y + yâ + â/3 = 2 wz-«-«̂  = 0. 

We have 

a2 /2 - w2 (f — u)(t + u) («i + «2)(w3 + w4) 

£2 ~ t2 - v2 (/ - v)(t + v) («. + « 
3X"4 + n2) 

_ £ + 7 âfi + ây â El .£ £2 

â + y ~ fia + /? y 1 = ây â â 2 ' 

2-2 
so a a = P2P, = y y similarly. Since 

py + yE + afi = 0 

is equivalent to 

a - 1 + £ _ 1 + y"1 = 0, 

this determines the signs, giving 

act = /}/? = yy, 

i.e., 

a(nxn2 + n3n4) = P(nxn3 + H4W2) = y(wiAi4 + w2
w3)» 

which is the required expression. 
Replacing the ni by integers proportional to their reciprocals leads to 

another solution with the same values of a, /?, y, since 

nx
 Xn2

x + n3
Xn4

x = (n3n4 + nxn2)/nxn2n3n4, 

etc. Changing the signs of w, v, w also leads to another solution having the 
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same values of a, /}, y; this is equivalent to replacing each nl by 

- ( H , + n2 + n3 + n4) - n{. 

Performed alternately, these transformations yield an orbit of six 
solutions, as we may see thus. 

Since only ratios «,-/«• are involved, we may replace the integers nt by 
rational numbers 

xt = 2ni/(n] + n2 + n3 + n4). 

This gives 2 xt = 2, and corresponds to replacing r, w, v, w by 1, u/t, v/t, 
w/t. Replacing each xi by 1 — xt preserves this sum, and so does replacing 
each xi by 1 lxt since 

( 2 x,)(Z l/Xj) = 2 xllxJ + 2 V*z - 0 - h 4 = 4. 

So we see that these operations transform each xi through the cycle of 
values 

1 ! l xi X 

X; —> — -+ \ — — —» —> —> 1 — X, —> Xy. 
x / xi xi: ~ 1 1 — */ 

Thus solutions of the original triple equations in this second exceptional 
case come in sets of three, since we do not regard solutions differing only 
in the signs of w, v, w as distinct. Some numerical examples are given in 
later sections. 

Define a triad to be a set of three integers with sum zero, such as 
(a, /?, y) above, where we shall assume that any common factor has been 
removed. We shall usually enclose triads in round brackets. 

Write xt = —a/b, and define c to complete the triad {a, b, c) with sum 
zero. Then the transforms of xt in this cycle are 

a b c a b c a 

b a a c c b b" 

so they are the negatives of the six ratios of pairs of integers from the triad 
(a, b, c). The six solutions forming an orbit are thus characterized if we 
specify the appropriate four ordered triads with sums zero. Each member 
of the orbit of solutions comprises the negatives of the ratios of ordered 
pairs taken from corresponding positions in these ordered triads. 

According to context, orbits of solutions will be specified as sets of four 
triads as above, six tetrads of xt or of «z, or sets of three solutions of the 
corresponding triple equations. 

7. Generation of new orbits of solutions from a known orbit. Before 
going on to give numerical examples, I give a construction for obtaining 
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new solutions from old. We have seen that a set of three solutions of the 
triple equations 

t2 + r(a2
9 /?2, y2) = w2, v2, w2, 

for a triad (a, /?, y), is associated with an orbit of six solutions of 
2 xt/Xj = 0 characterized by four triads (a9 b9 c). I now describe how to 
construct a new orbit of solutions, in which the role of the triad (a, /?, y) is 
exchanged with that of one of the triads (a, b9 c). 

Suppose an orbit of solutions is set out as an array, in which each row 
comprises a tetrad of integers n[9 rip nk, nl forming a solution, and each 
column corresponds to a triad (a, b, c). Label the columns z,y, k, /, and let 
us select a column / to correspond to a chosen triad (a, b, c), so each nl lies 
in this column. From the other integers ni9 rip nk completing a row, we 
form a triad (af, b'9 c') from the differences 

a'\b'\cf = n — nk\nk — ni\ni — n. 

Since replacing each n by - 2 nt• - n only changes the signs of the differ­

ences, and does not alter o!\b'\d\ the orbit of six tetrads yields only three 

significantly different triads. With these we associate the original triad (a, 

/?, y) in the permutation which associates the reciprocals of 

nini + njnh n/ij + nkni9 n(nk + n^ 

with 

nj ~ nh nk ~ nv ni - nj 

respectively. 
I state that these four triads characterize a new orbit of solutions, in 

which the new numbers nxn2 + n3n4, «j«3 4- n4n2, n]n4 + n2n3 are 
reciprocally proportional to the triad (a, by c) chosen from the old orbit. 
Unfortunately I know of no short or elegant or perspicuous proof that this 
construction always achieves the result stated. It can be proved by brute 
force, calculating the new triads in terms of the old and exhibiting that 
these also generate sets of xt which satisfy 2 x/x- = 0. A worked example 
is given in Section 8. 

This construction is self-reciprocal, in the following sense. If from the 
new orbit of solutions we choose the nt corresponding to the triad (a, /?, y) 
from the old orbit of solutions, and repeat the construction of forming 
triads from the differences n- — nk, nk — ni9 nt — rip then we reconstruct 
the original orbit of solutions. Let us call such orbits of solutions adjacent. 
With certain exceptions noted in the next section, each orbit is adjacent to 
four others, each of which in turn is adjacent to three new orbits in 
addition to the original orbit. 

I have written a simple interactive computer program to calculate a new 
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orbit as a set of four triads from a given set of triads of which one has been 
selected. At each stage the user selects one of the current set of triads, and 
this is used to specify the next set of current triads. Apart from needing 
care with the handling of large integers, the programming presents no 
problems. Many of the results given in later sections were first discovered 
with the use of this program as a tool of exploration. 

8. Some numerical solutions. We begin with trivial solutions in which 
the xt are not all different. The most trivial has xt: = 1, 1, 1, — 1, and 
almost as trivial is that with xi = 1, 1, x, —x with x ¥= 0, ± 1 . These do 
not belong to orbits, as the operation xt —> 1 — xt introduces zero values 
which are impossible in proper solutions of 2 xt/x: — 0, and which make 
the subsequent operation xt —> \/xt impossible. 

Next we consider semi-trivial solutions, corresponding to triple 
equations with (a, /?, y) = (1, 1, —2), so two of the equations are identical. 

9 ? 

We thus require simultaneous solution of the two equations / + r = u , 
/ 4- 4r = w . Write t = p + q,w = p — q\ then r = —pq, and we have to 
satisfy 

2 2 2 

p + PR + q = u . 
Let (/, m, n) be an arbitrary triad of integers with sum zero, and set 

p = I — m , q = m — n . 

Then we have 
2 9 9 

P + PR + <1 = (mn +nl + lm) -> 
and our equations are satisfied. Cyclic permutation of /, m, n generates a 
set of three solutions with the same value of u = mn + ni + /m, and these 
correspond to an orbit of six solutions of 2 nt/n- = 0, each with two equal 
values of n-. The corresponding triads (a, by c) have the values (/, m, n), 

9 9 9 9 9 9 

(m — n, n — I, I — m), and (m — n , n —1,1 ~ m ), the last being 
taken twice, corresponding to the equal values of n{. Replacement of /, m, n 
by their differences m — n, n — I, I — m leads only to the same triads, 
after removal of common factors, otherwise distinct triads (/, m, n) lead 
to distinct orbits. In the simplest numerical example, the triads are 
(1, 2, —3), ( — 5, 4, 1) and (5, —8, 3) twice. The corresponding sets of nl 

are 
- 4 10 5 5 

- 1 0 4 8 8 
15 1 - 3 - 3 

1 15 - 5 - 5 
2 - 1 2 8 8 

12 - 2 3 3, 
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where a common factor 2 has been left in rows 2 and 5 to clarify the 
relations between rows (in any two adjacent rows either the sum or 
the product of corresponding terms is constant). These correspond to the 
following solutions of the (repetitive) triple equations 

32 + 40(12, l2, 22) = 72, 72, 132, 

52 -f 24(12, l2, 22) = 72, 72, l l 2 , 

82 - 15(12, l2, 22) = 72, 72, 22. 

The construction of Section 7 is unsuccessful if we choose one of the 
unrepeated triads from this orbit, as the presence of equal values of ni 

corresponding to the repeated triad leads only to the trivial triads 
(0, 1, —1) which do not correspond to orbits of solutions. (But the three 
such triads, together with ( — 2, 1, 1), may be said to correspond to the 
trivial solution nl• = 1, 1, 1, — 1, with (a, /?, y) indeterminate.) 

Choice of one of the repeated triads is successful. From the first row we 
get the triad (10 - 5, 5 - ( - 4 ) , ( - 4 ) - 10), i.e., (5, 9, - 1 4 ) . From the 
third row we get (1 - ( - 3 ) , ( - 3 ) - 15, 15 - 1), equivalent to (2, - 9 , 7 ) . 
From the fifth row we get ( (— 12) — 8, 8 — 2, 2 — (— 12) ), equivalent to 
(—10, 3, 7). These three triads, together with the triad (1, 1, —2), give the 
following orbit of solutions: 

- 5 2 30 - 9 
- 1 8 45 3 - 1 0 

28 - 3 5 7 20 
5 - 4 20 7 
9 18 - 6 7 

14 7 - 2 1 18. 

The corresponding triple equation solutions are 

92 + 7(32, 52, 82) = 122, 162, 232, 

102 4- 21(32, 52, 82) = 172, 252, 382, 

142 - 3(32, 52, 82) = 132, l l 2 , 22. 

For general /, m, n, the orbit of solutions is characterized by the 
triads 

(2«/ + 2lm — mn, 3mn, —2(mn + nl + Im)), 

(2/m + 2mn — nl, 3nl, —2(mn + nl + Im) ), 

(2mn + 2nl — Im, 3/ra, —2{mn + nl + Im) ), 

(1, 1, - 2 ) , 

where the integers in these triads may have removable common factors 2 
or 3, and we have 
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(a, p, y) = (m2 - n\ n2 - /2, I2 - m2). 

Again, replacement of /, m, n by their differences m — n, n — /, / — m 
leads only to the same triads. These orbits can be used to construct further 
orbits by the construction of Section 7. Some numerical examples of the 
triads in these orbits are displayed in Section 9. 

The solutions in the orbits obtained above were constructed in the 
following different way in [6]. Suppose that we have a set of four n{ 

forming a solution, and let us fix three of them. The condition 

2 n]njnk = 0 

is quadratic in the fourth, and this in general gives a new solution along 
with our known solution. When this quadratic has either a trivial root 
(zero or infinite) or two equal roots, we obtain solutions belonging to the 
orbits with 

(a, fi, y) = (m2 - n2, n2 - /2, I2 - m2) 

above. If its roots are rational and unequal, then the two solutions belong 
to orbits which are both adjacent to an orbit one of whose triads is 

(a, b, c) = (jij - nh nk - nt, nt - rij), 

where ni9 rip nk are those fixed in the solutions. (Another orbit adjacent to 
this last orbit has this triad for its (a, (3, y).) These solutions thus belong to 
orbits which are separated by two steps of the construction of Section 7. 
The construction of [6] is also applicable to the trivial solution with 
xt = 1, 1, x, —x, mentioned at the beginning of this section. If we 
fix x- = 1, \, x and solve the quadratic for the fourth member, then its 
second root gives a solution belonging to an orbit with (a, /?, y) = 
(1, 1, —2) described above. 

9. A graph of orbits of solutions. The foregoing results enable us to 
represent orbits of solutions and the relations between them as a labelled 
graph. The node corresponding to an orbit is labelled with the triad 
(a, fi, y), and it is joined to four adjacent nodes, each of which is labelled 
with one of the triads (a, b, c) which characterize the orbit. The reciprocity 
of the construction of Section 7 implies that each of these nodes also 
corresponds to an orbit of solutions, and the joins are undirected. The 
only exceptions to this statement are those nodes associated with solutions 
in which the ni are not all unequal, as described in Section 8; here the 
correspondence between the graph and the solutions is imperfect. 
Otherwise this graph portrays concisely the triads involved in orbits of 
solutions and the adjacency relations between orbits. 

The numerical solutions given in Section 8 appear in Figure 1. In view 
of its special status described in Section 11, we call this component the 
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principal component of the graph. Except for the nodes (1, —1,0) which 
are terminal, and the nodes ( — 3, 1, 2) and (1, —5, 4) adjacent to them, 
each node in this component corresponds to an orbit of solutions 
characterized by the four triads labelling the adjacent nodes. In view of its 
special position adjacent to two nodes with identical labels and 
neighbours and two nodes not corresponding to orbits, we call the node 
labelled (1, 1, —2) the root of this component, and similarly the 
nodes labelled (1, 1, —2) corresponding to the other members of 
the parametric family of orbits given in Section 8. A component of the 
graph containing a root will be called a rooted component. 

(TT72) 

(EXi 

1 3 , - 5 5 , 42 •>-£: 

D 

3 5 , 4 

5-

5-

d~L3 

GH 

-€ 

3 

11, 2} 

3 

6 3 , 5 5 , 8 

ons. The infinite branches are 
Figure 1 

Part of the principal component of the graph of orbits of soluti< 
symmetrical about the root node (1, 1, —2), with the two nodes (3, 5, —8) having identical 
neighbours. 

The following observations are based on numerical studies of this graph, 
but they are wholly conjectural, and I see no way of proving them. Most 
significantly, I see no way of proving 

(9.1). There are solutions which do not belong to the same component of 
the graph, i.e., the graph has separate components. 

Specifically 
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(9.2). Nodes labelled (1, 1, —2) belong to distinct components, i.e., no 
component contains more than one root. 

(9.3). Except for the principal component, which has cycles described in 
Section 11, all components, whether rooted or not, are trees. Thus the 
graph comprises a principal component including an infinity of cycles 
(Section 11) together with an infinite forest of infinite trees. 

I repeat that these are conjectures which I see no way of proving. 

10. Infinite paths in the graph. Examination of the principal component 
of the graph, part of which is displayed in Figure 1, shows that it includes 
a path beginning 

(0, 1, - 1 ) , (1, 2, - 3 ) , (1, 1, - 2 ) , (3, 5, - 8 ) , 

(2, 7, - 9 ) , (8, 13, -21 ) , (1, 10, -11) , (21, 34, - 5 5 ) , . . . , 

in which alternate triads are triads from the Fibonacci sequence 1, 2, 3, 5, 
8, 13, 21, 34, 55, . . . . (In the remaining sections, elements of triads are 
usually arranged in order of magnitude, not in the systematic ordering 
corresponding to the formulation of the xt which is less perspicuous here.) 
This is one of a general family of paths whose description follows. 

Let ph qx satisfy 

pf + Mi ~ q) = -N2, 

where either N = 1 or TV is divisible only by prime factors of the forms 
\0n zb 1 (prime factors may be repeated), and let 

Pi+\ = Pi + % ft+i = Qi + Pi+v 

Then we have also 

so we have an infinite sequence of pairs pt, qi satisfying this relation for 
each admissible N. For N = \ the sequence pi9 q{, # + i, g/ + 1, . . . is the 
Fibonacci sequence. When N is 1 or a prime or a prime power, there is 
only one primitive sequence (/?., qi coprime); for other TV there are distinct 
primitive sequences. We may see this in the following way. The pairs of 
elements qt,pi+x of each sequence satisfy 

92i + 9/A+i ~PU\ = N2-

Suppose we have 

a2 + ab - b2 = N2 and c2 + cd - d2 = N2
2, 

with N]9 N2 coprime, and let 
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A = ac -f bd, B = ad + be + fo/, 
C = ac + be — bd, D = ad — be. 

Then we have 

A2 + AB - B2 = C2 + CD - D2 = N]N\, 

but it may be shown that the pairs A, B and C, D belong to different 
sequences. 

To each solution of 

p] + m - <fi = ~N2> 

there corresponds an orbit of solutions of our problem with 

(a, /?, y) = (# , #,, - # + ,) 

and with neighbours in the graph labelled 

(2?/, -<?, + 27V, -qf - 2TV), 

(2N,Pi - T V , -Pi - TV), • 

(2TV,/>, + 1 - T V , - / > / + 1 -TV), 

[qtN9 ^qfa ~ TV) - TV2, —q-iq. + TV) + TV2), 

where one or more of these triads may have removable common factors 2. 
The verification of this statement is straightforward but tedious. The node 
labelled 

(2TV,/>/ + 1 -TV, - A + 1 -TV) 

is adjacent to both (/?,, qi9 — # + 1 ) and ( # + 1, <7Z + 1, —# + 2), and so these 
nodes are linked to form an infinite path with labels of these two types 
alternating. For TV = 1 this path has a trivial beginning and continues as 
given at the beginning of this section. For TV > 1 the paths extend 
indefinitely in both directions without becoming trivial. 

The number of distinct paths for each TV is 2P~\ where v is the number 
of distinct primes dividing TV. (For TV = 1 we have v = 0, and we may 
count the one-way infinite path as half a path.) 

The triads (qi9Pj + \9 — #/ + 1), corresponding to the other alternate triads 
of the sequence pi9 qh pt+\9 ^/ + 1 , . . . , do not correspond to orbits of 
solutions forming any such path. Thus there is not a path containing the 
other alternate Fibonacci triads (2, 3, —5), (5, 8, —13), etc. 

11. Cycles in the graph. The node labelled 

(2qh -q, + 2N, - q, - IN) 
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is adjacent to the node labelled (pi9 qt, —pi+\) in the path for this TV, but 
does not itself lie in this path. In the sequence/?,, qt,pi+\, g/ + 1, . . . every 
third qi is twice an odd number, all other qi being odd, and for these even 
values of qt this label is reduced to 

(^q,,-A(-qi + 2N\ -l-(q, + IN)). 

This node lies in another path, for which 

N' = \Pl+Pl + x\ 

when qt is odd, or 

N'=>\\Pi +/>,• +il 

when qi is even. qt is odd in one path, and its double appears in the other. 
Except for these parity differences, the relationship between the paths is 
reciprocal. Let us call such paths adjacent. 

In each path for TV > 1 there is a minimum node 

(Pm> 4m> ~Pm+\) 

for which \qm\ < TV, since 

TV2 = q] -PiPi+t, 

and there is only one node for whichpi9pi+x are of opposite sign. For this 
node in the path for TV, the adjacent path has TV' < TV, since 

N' ^ \pm + pm+\\ < \pm ~ pm + x\ = \qm\ < N. 

Thus these paths all lie in the same component of the graph, since we can 
always follow a path to its minimum node and then move to the adjacent 
path which has smaller TV, continuing in this way via paths for 
ever-decreasing TV until we reach the path for TV = 1. 

Additionally, in those paths in which qm is odd, either qm-\ or qm + \ is 
even, and we can see similarly that for the corresponding node the 
adjacent path also has N' < N, and this N' differs from the previous TV'. 
There is thus an alternative route from this path to the path for TV = 1, 
and this exhibits a cycle in the graph. With these exceptions, all other 
paths adjacent to that for TV have TV' > TV. 

We see easily that there are an infinity of these cycles. In each path 
every third qt is even, and, except only for / = m — 1 or m or m + 1 
as noted above, the corresponding node is adjacent to a node with odd 

am' = ~Qi m a Pa*h with TV' > TV. This must be the minimum node in that 

path, since its adjacent path has TV < TV'. One of qm>±\ is even, and the 
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nodes corresponding to this and to qm, form part of a cycle as above. We 
thus have an infinity of paths in which qm is odd, each of which con­
tains part of a cycle in which it has the greatest value of N of any path 
forming part of the cycle. 

I conjecture that cycles of this form and their compounds are the only 
cycles in the graph, numerical search having failed to identify any other. 
This distinctive property of containing these paths and cycles is the 
justification for calling this component the principal component. 

The simplest cycle found may be described as follows. The first 
non-trivial node in the path for N = 1 corresponding to qi even is 
(21, 34, - 5 5 ) with ql = 34. It is adjacent to the node ( - 8 , 17, - 9 ) , the 
minimum node in the path for JV = 19, part of which is 

. . . , ( 1 1 , 2 7 , -38 ) , ( - 8 , 17, - 9 ) , (5, 14, - 19 ) , 

(9,26, -35 ) , (8, 19, - 2 7 ) , . . . . 

In this path, the node (9, 26, —35) has qt = 26, and it is adjacent to the 
node (—16, 13, 3) in the path for N = 11, part of which is 

. . . , ( 5 , 2 2 , -27 ) , ( - 1 6 , 13, 3), (4, 7, - 11 ) , 

( - 3 , 10, - 7 ) , (2, 9, - 1 1 ) , . . . . 

In this path the minimum node is ( — 3, 10, —7), which is adjacent to 
(3, 5, —8) in Figure 1. We thus have the cycle 

(3, 5, - 8 ) , (2, 7, - 9 ) , (8, 13, - 21 ) , (1, 10, - 11 ) , 

(21, 34, - 5 5 ) ; (8, 9, - 17 ) , (5, 14, - 19 ) , (9, 26, - 3 5 ) ; 

(3, 13, -16 ) , (4, 7, - 1 1 ) , (3, 7, - 1 0 ) ; (3, 5, - 8 ) , 

where the semicolons indicate the changes from one path to another. 
The existence of an infinity of cycles in this principal component makes 

it one of great complexity, some idea of which is indicated in Figure 2. In 
this, the paths are simplified by retaining only those nodes which are 
adjacent to nodes of other paths, and labelling each node with the value of 
N for the path it is on. 

This principal component is not planar. An example of a sub-factor 
graph homomorphic to the complete bipartite "utilities" graph K3 3 is 
obtained in the following way. One of the triples of nodes is obtained by 
amalgamating the nodes on each of the paths for N = 1,31,41. Two of the 
other triple are obtained by amalgamating the nodes on each of the paths 
for N = 11, 19, and the final node is the amalgam of all nodes on the 
paths for N = 71, 29, 121, 79. Similarly a sub-factor graph homomorphic 
to the complete graph K5 on five nodes is obtained by amalgamating 
into five nodes the nodes on all the paths for N = 19, 1, 29, N = 11,61, 
TV = 41, 109, 59, N = 31, 71, 149, N = 101, 79, 121. Either of these sub-
factor graphs characterizes the graph as non-planar. Neither is unique. 
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Figure 2 
Simplified part of the principal component of the graph. All paths extend indefinitely, in 
both directions except for N - 1. The paths 209a and 209b are different (209 = 11.19). 

12. Orbits of solutions with the same (a, /?, y). Finding solutions of 
Fermat's triple equations is equivalent to finding rational points on a 
plane curve of genus 1. Following [9] we may solve one of the equations (1) 
generally, obtaining a quadratic expression for s, and by inserting this in 
the other equation (1) we obtain a quartic expression to be made square. 
Another way of obtaining a quartic expression to be made square is given 
in [6]. This problem is readily transformed into one of finding rational 
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points on a plane cubic curve. These rational points form an Abelian 
group which, by Mordell's theorem [7], is finitely generated. 

Some of the generators are of finite order. In the first exceptional case 
(Section 5) these generate the group C2 X C4 of order 8, extended to the 
group C2 X C8 of order 16 in the particular case that b/a is the ratio of 
the squares of the perpendicular sides of a rational right-angled triangle. 
In the second exceptional case (Section 6) and those equivalent to it 
(Section 3), they generate the group C2 X C6 of order 12. When neither of 
these exceptional cases obtains, Fermat's method of solution gives a 
generator of infinite order, and so there are an infinity of rational 
solutions to the triple equations. Whether or not we are considering an 
exceptional case, there may be additional generators, necessarily of 
infinite order and leading to an infinity of rational solutions to the 
equations. 

For example, the solutions in Section 8 for (a, /?, y) = (3, 5, —8) lead to 
an infinity of further solutions with these values, of which the next 
simplest are 

10012 + 1782960(32, 52, 82) = 41292, 67512, 107292, 

80752 + 1105104(32, 52, 82) = 86692, 96352, 116592, 

132482 - 1616615(32, 52, 82) = 126872, 116232, 84882. 

These correspond to a node in the graph labelled (3, 5, —8) whose 
neighbours are labelled 

(91, 323, -414) , (77, 475, -552) , 

( -1001 , 425, 576), (143, -1615, 1472). 

The large size of the integers involved is typical of solutions obtained in 
this way. This part of the graph of solutions is believed not to belong to 
any of the rooted components containing the parametric solutions of 
Section 8, numerical examination indicating that the size of (a, /?, y) 
increases (though not monotonically) in all directions from this neigh­
bourhood. 

The existence of an infinity of solutions for given (a, /?, y) (when there 
are any at all) implies that there are an infinity of nodes in the graph 
bearing this same label. These show no evident relation to one another in 
the graph, even though there are several examples of two or three nodes 
in the same component bearing the same label. (Here we do not regard as 
different the two equivalent occurrences of each label on either side of the 
root of a rooted component. The root has two identical neighbours, such 
as (3, 5, —8) in Figure 1, and its removal separates the non-trivial part of 
the component into two identical infinite components, which we do not 
regard as distinct.) Consider, for example, the path for N = 11 in Section 
11, which extends to (4, 7, - 11 ) , ( - 3 , 10, - 7 ) , (2, 9, - 11 ) , (7, 17, -24 ) , 
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(13, 22, -35 ) , (24, 41, -65 ) , (11, 27, -38) , (65, 106, -171) , (11, 80, 
- 91 ) , Here (11, 27, - 38 ) duplicates a label in the path for TV = 19 
(Section 11). Two neighbours of (4, 7, — 11) are labelled (3, 13, — 16) and 
(13, 20, —33), each of which has a neighbour labelled (9, 26, —35); this is 
the closest pair of duplicates so far noticed (ignoring reflections in roots as 
above). The fourth neighbour of (4, 7, - 1 1 ) is labelled (11, 80, -91 ) , 
duplicating a label in the path for TV = 11 just given. A third occurrence of 
this label in this component is joined by the sequence (11, 80, —91), (29, 
156, -185) , (9, 20, -29 ) , (11, 15, - 2 6 ) to the node (8, 13, - 2 1 ) in the 
path for TV = 1. Some other labels have triple occurrences in this principal 
component, but none is known with four occurrences. 

13. Some further numerical examples. It is found by inspection of sets 
of solutions to triple equations that the product of the three values of r in 
each set of solutions is always a negative square. Indeed, I can prove the 
general result 

r\r2ri = -(Itfo^/afiy)2, 

where rh /• are the values in the set of three equations 

t] + r,(a2, H\ y2) = u], v2, w2. 

Unfortunately I have no specially simple or elegant version so I do not 
give a proof here. More specifically, it appears that the three values of r 
are the negatives of the products in pairs of three integers, two positive 
and one negative, but at present I have not proved this. 

It is possible for the three values of r to be squares individually (one a 
negative square), and even for the values to be ± 1, as in the example 

1682 + (4252, 5762, 10012) = 4572, 6002, 10152, 

6602 + (4252, 5762, 10012) = 7852, 8762, 11992, 

11052 - (4252, 5762, 10012) = 10202, 9432, 4682. 

The corresponding node labelled (425, 576, —1001) is one of those 
adjacent to the node labelled (3, 5, —8) given in Section 12. Its other 
neighbours are labelled ( - 2 0 , 17, 3), (44, - 6 5 , 21), (165, - 2 2 1 , 56). I 
have a few other examples with rl• = zh 1 or r, = zb squares, but these do 
not seem to show any systematic pattern. 

The solutions 

1202 4- (902, 1192, 2092) = 1502, 1692, 2412, 

1192 + 8(902, 1192, 2092) = 2812, 3572, 6032, 

6272 - 8(902, 1192, 2092) = 5732, 5292, 2092, 

are believed to be the simplest that do not belong to any of the rooted 
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components of the graph. The corresponding node labelled (90, 119, 
-209) has neighbours labelled (7, 12, -19), (-17, 6, 11), (7, -40, 33), 
(17, 40, -57). Of these, (-17, 6, 11) has a neighbour labelled 
(11, 80, -91), independently of the three nodes bearing this label in the 
principal component. 

A numerical curiosity is the occurrence of a node labelled (9, 16, —25), 
corresponding to the solutions 

1952 4- 1771(34, 44, 54) = 4262, 7012, 10702, 

4602 + 1001(34, 44, 54) = 5412, 6842, 9152, 

4622 - 299(34, 44, 54) = 4352, 3702, 1632. 

This node is adjacent to nodes labelled (13, 20, -33), (39, 115, -154), 
(15, -92 , 77), ( -65, 23, 42). The first of these is adjacent to the node 
labelled (4, 7, -11) in the path for N = 11, so these nodes lie in the 
principal component of the graph. A search for solutions involving other 
Pythagorean triples in this way has been unsuccessful, but this search was 
limited by the very rapid increase of the size of the integers involved in the 
calculation. 
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