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SUBHARMONIC EXTENSIONS AND APPROXIMATIONS 

P. M. GAUTHIER 

ABSTRACT. In this note we extend subharmonic functions defined on closed sets. 

Let Q be a (C°°, connected, orientable) Riemannian manifold and let Q* = Q U {*} 

denote the Alexandroff one-point compactification of £1. In the sequel, all topological 

statements and notations not involving the ideal point {*} will refer to the topology on 

Q (rather than on Q*). Thus, if A C Q, À denotes the closure of A (in Q) etc. 

In this paper, we study the harmonic and (especially) the subharmonic functions on 

Ç1. We shall assume that Q is not compact (for Q compact, our theorem is completely 

trivial). The sheaf of harmonic functions on Q forms a harmonic space in the sense of 

Brelot (cf. [7]) and so harmonic and subharmonic functions on Q share the most basic 

properties of classical harmonic and subharmonic functions respectively in Euclidean 

space. In particular, the Perron method for the (generalized) Dirichlet problem applies. 

If p is a measurable function defined on the boundary d U of a relatively compact open 

set U C Q, we denote by h1^ the generalized solution of the Dirichlet problem on U for 

the given boundary values p>. 

LEMMA 1 ([7, P. 131]). Let V be a non-empty open subset of U and (p a resolutive 

function on d U. Then the function (p defined on dV by 

_ _ ( tp ondVndU 
& = [h^ ondVnU 

is resolutive with respect to V andhX = hu\y. 

By choosing for V charts on Q, it follows from the lemma that the local properties 

of hu may be inferred from the theory of partial differential equations. For any point 

a G Q, the Laplacian has a global fundamental solution F = Fa with singularity at a. 

This follows, for example from the Principal Function Theorem (e.g. [25]). Harmonic 

functions on a Riemannian manifold also have the unique continuation property [5] 

which is intimately related to the possibility of harmonic approximation (cf. [20] and 

[19]). 

Let W be an open set in £1. We say that (W, Q) is a subharmonic extension pair for 

compact sets if for every function u subharmonic on W and for each compact subset E of 
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W, there is a function w, subharmonic on Q, such that u = u on E. We say that (W, Q) is a 

subharmonic (respectively harmonic) Runge pair for compact sets if for every function 

u subharmonic (respectively harmonic) on W, for each compact subset E of W, and for 

each e > 0, there is a function wf, subharmonic (respectively harmonic) on Q, such that 

w — e < uf < u + e on E. Similarly, we define the respective notions of subharmonic 

extension pair, subharmonic Runge pair, and harmonic Runge pair for closed sets by 

replacing compact subsets E of W, in the above definitions, by subsets E of W which are 

closed (in Q, not only in W). 

THEOREM 1. The following are equivalent: 

a) (W, Q) is a harmonic Runge pair for compact sets; 

b) (W, Q) is a harmonic Runge pair for closed sets; 

c) (W, Q) is a subharmonic Runge pair for compact sets; 

d) (W, Q) is a subharmonic Runge pair for closed sets; 

e) f W, Q) is a subharmonic extension pair for compact sets; 

f) (W, Q) is a subharmonic extension pair for closed sets; 

g) Q* \ W is connected. 

REMARKS. The theorem remains true if "subharmonic" is replaced by "continuous 

subharmonic" throughout. 

Our main result is on subharmonic extension from closed sets, namely, g) —> f). The 

overall strategy of our proof is similar to that of [41, although we shall also introduce 

some ideas of our own. We have included other results in the formulation of the theorem 

in order to emphasize that all of these various problems depend on the same topological 

condition g). Moreover, in light of the above theorem, the problem of subharmonic Runge 

approximation (in the above form) becomes in a sense trivial. Indeed, whenever approx­

imation is possible, it turns out that extension is possible and extension is, of course, 

the best conceivable approximation since the error function is identically zero. Thus, 

the implication g) —> d), which is also new, is a trivial consequence of the implication 

g ) -+ f ) . 
The equivalence of a) and g) is classical (Walsh proved g) —> a) in the planar case [28]). 

See also [19]. The equivalence of b) and g) was treated in [ 16] in Rn, while on Riemannian 

manifolds, the implication g) —> b) follows from a recent result in [6] combined with our 

Lemma 2. Bliedtner and Hansen proved g) -̂> c) in the context of axiomatic potential 

theory [9], at least in the continuous case. 

Subharmonic extensions have been investigated in [1], [2], [3], [4], [18], and [24]. In 

the last of these, we may glean the implication g) —» e). 

The statements of the theorem fall quite naturally into two parts: the harmonic part 

a) ^ b) ^ g) and the subharmonic part c) ^ d) ^> e) ^ f) *-> g). For compact sets we 

can infer the possibility of subharmonic approximation from the possibility of harmonic 

approximation and the Riesz representation theorem. The opposite inference is not clear, 

and for closed sets we do not see how to pass between the possibility of harmonic 

approximation and that of subharmonic approximation without going through condition 

g), which is equivalent to both. 
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PROOF. That c) —-> g). Suppose Q* \ W is not connected. Then Q \ W has a component 
X which is compact. 

Let Wj be an exhaustion of W [22, p. 238]. Then, for some j , the component G of 
Q. \ Wj containing X is relatively compact in Q. That is, G CC Q. Let XQ G dX and let 
F(x) be a fundamental solution at XQ for the Laplacian. Then F(xo) = +oo (cf. [21, (8.4)]). 
The function F is harmonic on Q \ {x0} and in particular, on W. Choose x\ e GHW so 
close to XQ that 

F(x\) > sup F(x). 

Set E - d GU{x\}. Then, by the maximum principle, F cannot be uniformly approximated 
with arbitrary precision on E by functions subharmonic in Q. This proves c) —> g) (as 
well as a) —> g)). 

The implications f) —> e) —> c) and f) —• d) —> c) are obvious. Since we have already 
shown that c) —> g), there remains only to establish our main result, g) —> f). 

LEMMA 2. Suppose E C V C Q, E is closed, V is open, and Q* \ V is connected. 
Then, there exists an open set U such that E C U C Û C V, d U is smooth, and Q* \ Ù 
is connected and locally connected. 

PROOF. Using a partition of unity, we may construct a function (p G C°°(Q) such 
that 0 < ip < 1, if = 0 on E, and f = 1 on Q \ V. By Sard's theorem, there is a value 
A, 0 < A < 1, such that Vp ^ 0 on the level set ^ ( A ) . Let Ux = {x : p(x) < A} and 
let U be the union of U\ and all compact components of Q \ U\. Then U satisfies the 
requirements of the lemma. 

Indeed, since d U is smooth, the connectedness of Q* \ V follows from that of Q* \ U. 
To see that Q* \ Û is locally connected, let K be an arbitrary compact set in Q and let 

^ C C Q i CC Q2 CC ••• 

be an exhaustion of Q by relatively compact open sets Qj,j= 1,2, We claim that 
for some j , each relatively compact component of Q \ (£/ U K) is contained in Qy. 
Suppose this were not the case. Then, there exists a sequence X-, of distinct components 
ofQ.\(V\JK) which meet Q\ÙjJ= 1,2,.... Since eachX7 is connected and its closure 
meets K, there is a point a} £ A} D dQi,y = 1, 2, We may assume (by choosing a 
subsequence, if necessary) that a} converges to some point a. Since a G dQ\, it follows 
that a ^ K, and hence, since each ^ belongs to a different component of Q \ (£7 U K), 
we have that a G 8 £/. By continuity, (/?(<z) = A and so Vp(a) ^ 0 by the choice of A. 
Thus a has arbitrarily small neighbourhoods in which {x : p(x) > A} is connected. But 
this contradicts the fact that each neighbourhood of a meets infinitely many Xj. Thus, 
there exists, as claimed, an Q which contains each relatively compact component of 
Q \ (ÙUK). Let Q be the union of these components with ÙUK. Then, (Q* \ Û) \ Q is a 
connected neighbourhood of the ideal point * in the topological space Q* \ V. Moreover 
(Q* \ ÎJ) \ Q is contained in (Q* \V)\K which was an arbitrary neighbourhood of * in 
£1* \ D. This shows that Q* \ £/ is locally connected at the ideal point *. Since Q* \ É7 is 
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clearly locally connected at every other of its points, £2* \ U is locally connected. This 
completes the proof of Lemma 2. 

LEMMA 3. Suppose E C V C Q, E is closed, V is open, and Q* \ V is connected. If 
u is a subharmonic function on V and if K is a compact subset ofQ, then there exists a 
subharmonicfunction u on a neighbourhood VofEUK such that Q* \ V is connected 
and u - u on E. 

The lemma (and its proof) remains valid if "subharmonic" is replaced by "continuous 
subharmonic" throughout. 

PROOF. Let U be a neighbourhood of E, constructed as in Lemma 2. Fix any smoothly 
bounded relatively compact neighbourhood G of K. We will specify G at the end of the 
proof. 

Let X be a component of G \ Û. If dX Pi 0 = 0, we set u equal to any subharmonic 
function on X. 

Suppose now dXH Û ^ 0, then dX (jL V since Q* \ U is connected. We may construct 
two relatively compact open sets A and B such that 

ÂnÉ = 0, dxnù CACÂCV, dxnB^®. 

Each point of dX is regular for the Dirichlet problem on X. For points on dX \ d G and 
dX\dU, this is clear (cf. [21]) since dX is smooth at such points. The remaining points 
of dX are regular because (see [11, p. 116]) they are regular for the larger open set G. 
Let M be a positive number such that 

M > sup J/. 
A 

Set u = u on Û, and on X let u be the generalized solution of the Dirichlet problem on 
X for the boundary function which is equal to u on dX n 0 and equal to M on dX \ Û. 
Then û is upper semicontinuous on (ÙUX)0 and 

(1) û>MondX\Û. 

There is a neighbourhood N of dX such that, for any such M 

(2) û > uondAHNDX. 

Since dXC\B has positive harmonic measure [11, p. 67] and (dA \N)nXis compact, 
we may choose M so large that also 

(3) u >uon(dA\N)nX. 

From (1), (2), (3), Lemma 1, the maximum principle, and the fact that 

(4) û = u on dXD U, 

https://doi.org/10.4153/CMB-1994-008-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1994-008-3


50 P. M. GAUTHIER 

we have that 

(5) M > won A H X. 

Since dXC\Û C A, it follows from (4) and (5), that u satisfies the mean value inequality 
for points of dXn(£/UX)° and sufficiently small regular neighbourhoods thereof. Thus, 
since u is clearly subharmonic at other points of U U X, it follows [ 11, p. 72], that u is a 
subharmonic function on all of (Ù U X)°. 

Since any point otdUDG lies on the boundary of one and only one such component 
X of G \ 0, we may apply the above extension procedure to all components X of G \ D 
and obtain a well-defined function ù which is subharmonic on UUG. 

Since Q* \ 0 is connected and locally connected, there is a compact set Q C Q such 
that K C 0° a n d ^* \ ( f / U 0 is connected. Set 

V = Q \ [ Q \ ( ( / U 0 ] . 

Now choose G as at the beginning of this proof, but with the additional property that 
Q C G, and let û be defined as above. Then, since 

Q * \ V = { * } U [ Q \ ( É / U Q ) ] . 

w and V have the properties required by Lemma 3. 

Now to prove g) —-* f), suppose that Q* \ W is connected and that u is a subharmonic 
function on W. Let £ be a subset of W which is closed in Q. We wish to extend u to 
a function u subharmonic on Q such that ù = u on E. By Lemma 2, we may assume 
that £T \ E is connected and locally connected. In particular, the ideal point * has a 
neighbourhood base in Q* \ E consisting of connected sets. This means that there is a 
sequence of compact sets K\ C AS C • • • in Q such that each compact set AT C £1 is 
contained in some K, and for each7, Q* \ (EU Kj) is connected. 

Set ii{) - u and Ko - 0. By Lemma 3, we may inductively construct a sequence u} of 
functions such that: for7 = L 2 . . . . , u}; is a subharmonic function on a neighbourhood V; 
of EU Kj\ £2* \ Vj is connected; and u, - Uj-\ on EUK-}-\. Hence, the function û defined 
as Uj on each EU K, is a well-defined subharmonic function on all of Q. This completes 
the proof of the theorem. 

An application. Let Ù be a compactification of the Riemannian manifold £1 and let 
3Q. denote the ideal boundary Ù \ Q. By a continuous path in Q, we mean a continuous 
mapping a: [0, +00) —>• Q. Such a continuous path is said to tend to a set F if, for each 
neighbourhood V of F, there is a /V G [0. +00) such that a(r) G V, for all t > tv. A subset 
F of the ideal boundary 3 Q is said to be accessible from Q if there is a continuous path 
in Q which tends to F. The following maximum principle was stated by Chen Huaihui 
and the author. It gives a characterization of those boundary sets which can be ignored 
in the maximum principle (without even assuming boundedness of the functions). 
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THEOREM 2 ([ 12]). Let Clbe a second countable compactification of the Riemannian 
manifold Q and let F be a closed subset of the ideal boundary dQ. Then, a necessary 
and sufficient condition in order that 

supw = sup u, 

for every subharmonic function u on £1, is that F not be accessible from £1 

In [12] only the sufficiency was proved; for the necessity, the authors referred to a 
future paper (indeed, the present one). We now complete the proof of Theorem 2. 

PROOF. Suppose F C §Q is closed and accessible. Let a be a continuous path 
tending to F. We may construct disjoint open neighbourhoods Wa and W{) of a and 
3Q\F respectively, such that, setting 

^ = (WbnQ)u(^nQ), 

we have that Q* \ W is connected. Define u to be 1 on Wa and 0 on Wo. Let E be a closed 
neighbourhood of FU o contained in W0 U Wa, and set E = EDQ. Then, by Theorem 1, 
there is a (continuous) subharmonic function wonQ which agrees with u on E. This 
function fails to satisfy the maximum principle in Theorem 2. This proves the necessity 
of the condition in Theorem 2. In fact using the theorem of Bagby and Blanchet (g) —• b) 
of Theorem 1 ), we can even obtain a harmonic function u for which the above maximum 
principle fails. 

Related problems. We mention several problems regarding subharmonic exten­
sions. For each of these problems, there is an analogous approximation problem, not 
necessarily open, which we also state (in parentheses). 

7. The concept of a subharmonic extension (respectively Runge) pair was defined for 
Wan open subset of Q. Similarly, if £ is a closed or compact subset of Q, we may say that 
(£, Q) is a subharmonic extension (resp. Runge) pair if each function u subharmonic on 
a neighbourhood of E can be extended (resp. approximated) by a function u subharmonic 
on Q.. From the discussion in the present note, it follows that if Q.* \ E is connected and 
locally connected, then (£, Q) is an extension (thus, trivially, a Runge) pair. At this time, 
however, we are unable to characterize such pairs. 

2. Let us say that a closed set E isa subharmonic extension (resp. Walsh) set if each 
function upper-semicontinuous on E and subharmonic on £° can be extended (resp. 
approximated) by a function subharmonic on a neighbourhood of E. The approximation 
version of this problem was considered by Shirinbekov [26] who claimed that a compact 
set E C Rn is a subharmonic Walsh set if and only if it is a harmonic Walsh set. So 
once again we would have the same solution for the subharmonic problem as for the 
harmonic problem. The proof in [26] is not quite complete; however, Shirinbekov has 
subsequently given a complete proof (in the continuous case) [27]. This result is also a 
corollary of the solution to problem 21 below. 
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The above problems on classes of functions also have individual-function versions 
which we briefly state. 

01. The analog of the theorem of the present paper, for individual functions, is the 
following problem. Given W open in Q, which are the functions on W which can 
be extended (resp. approximated) from (resp. on) compact or closed subsets of W by 
subharmonic functions on Q? 

11. A similar question can be raised replacing the open set W by a closed or compact 
set E. The question is then to describe which functions on E can be extended (resp. 
approximated) by subharmonic functions on Q. Sufficient conditions can be inferred 
from solutions to problems 21 and 01. 

21. Given a closed or compact subset E, which functions on E can be extended (resp. 
approximated) by functions subharmonic on a neighbourhood of El The approximation 
version of this problem was solved (at least in the continuous case) by Bliedtner and 
Hansen for the case that E is compact [10]. Once again, the solution is completely 
analogous to the corresponding problem on harmonic approximation. Namely, a function 
u given on a compact set E can be uniformly approximated by functions continuous and 
subharmonic (resp. harmonic) on neighbourhoods of E if and only if u is continuous 
on E and finely subharmonic (resp. harmonic) on the fine interior of E (see [91, [10], 
and [13]). Such results also hold on closed sets for harmonic [17] approximations. 
Analogous questions for subharmonic functions are presently being investigated by 
Charaf Bensouda [8]. 

For applications, it would be desirable to investigate the possibility of extending 
smooth subharmonic functions smoothly. The analogous approximation problems should 
perhaps be treated using appropriate Cm-norms. Such problems for harmonic approxi­
mation have been treated in depth and may suggest the appropriate direction for the sub­
harmonic case. See the recent paper of Paramonov [23] for harmonic C1-approximation 
and for a survey of the present state of harmonic Cm-approximation. 

One can of course consider plurisubharmonic (rather than subharmonic) functions. 
Recently, interesting results have been obtained on approximation by plurisubharmonic 
functions [14] (see also [15]). 

This note was written while the author was visiting the Steklov Institute, via the 
Queen's-Steklov exchange, and the University of Warszawa. The author thanks all of 
these institutions. 

NOTE. Recently, Professor Stephen Gardiner has independently obtained interesting 
results related to, but distinct from, ours in a preprint entitled "Superharmonic extension 
and harmonic approximation". Therein he solves problem 1 as well as the harmonic 
analog thereof. 

In closing, I wish to thank P. V. Paramonov as well as the referee (presumably not the 
same person) for their helpful suggestions. 
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