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Abstract

We give a detailed proof that locally Noetherian moduli stacks of sections carry canonical obstruction theories. As
part of the argument, we construct a dualising sheaf and trace map, in the lisse-étale topology, for families of tame
twisted curves when the base stack is locally Noetherian.
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1. Introduction
1.1. Overview

Let M be a locally Noetherian algebraic stack, and let C — M be a family of twisted curves as in
[AOV11, Def 2.1]. Let Z — C be a morphism of algebraic stacks such that Z — M is locally of finite
presentation, is quasi-separated and has affine stabilisers. By [HR19, Thm 1.3], there is an algebraic
stack Sec ¢ (Z/C) over M whose fibre over a scheme T — M is

Secpm (Z/C)(T) :=Home(C X T, Z),

where the right-hand side is the groupoid of morphisms of stacks over C. Recall that an obstruction
theory for Seca((Z/C) is a morphism of complexes ¢ : E — Lge/pq in the derived category of
Sec := Secr((Z/C) whose mapping cone has vanishing cohomology sheaves in degrees [—1, ) (see
Section 4.3). An implication of our main theorem is the following.

Theorem 1.1. The stack Sec r((Z/C) carries a canonical obstruction theory.

We define the canonical obstruction theory in Section 4.4. Theorem 1.1 is generalised and stated
more precisely as Theorem 4.13 below. An important feature of the canonical obstruction theory is its
functoriality, as explained in [CJW21, Appendix A].

When the obstruction theory in Theorem 1.1 is perfect and Sec := Secr(Z/C) is Deligne-Mumford,
quasi-separated and locally finite type over a field, the machinery in [BF97] and [Kre99, Sec 5.2] defines
a virtual fundamental class on Sec. This is a key part of the construction of Gromov-Witten theory and
related enumerative theories: see, for example, [Beh97; AGV08; CCK15; CL12]. On the other hand,
Theorem 1.1 is used with a non-Deligne-Mumford instance of Sec to functorially compare different
obstruction theories on quasimap moduli spaces in [CJW21, Lem A.2.5]. This comparison is crucial for
the application of [CJW21] to quasimap theory and also for the computations of quasimap /-functions
in [Web18; Web21].

1.2. Discussion of Theorem 1.1

The usual argument supporting Theorem 1.1 when Sec is Deligne-Mumford is as follows (this is used,
for example, in [BF97, Prop 6.2]). First reduce to showing that for each affine f : T — Sec and square-
zero quasi-coherent ideal sheaf I on T, the induced map

Ext'(Lf*Lsec/am» 1) — Ext'(Lf*E, I) (1.1)
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has the following properties (see [BF97, Thm 4.5]):

e When i = 1, equation (1.1) is injective on obstructions. (1.2)
e When i = 0 and there exists a deformation of f by I, equation (1.1) is an isomorphism.

Second, use standard deformation theory to relate the groups Ext(Lf*Lgec /> 1) (respectively,
Ext'(Lf*E, I)) to deformations of the morphism f : T — Sec (respectively, C X,y T — Z). Since
morphisms 7" — Sec are equivalent to morphisms C X, T — Z by definition of Sec, one concludes
that equation (1.1) is an injection (on obstructions) when i = 1 and that the groups in equation (1.1)
are isomorphic (if the obstruction vanishes) when i = 0. We note that this falls just shy of the second
requirement in list (1.2) since it is not clear that the morphism in equation (1.1) is itself an isomor-
phism.

In this paper, we copy the first step above in Lemma 4.11. However, in the second step, we analyse
the functoriality of the isomorphism of Picard categories

Exal, (Y, 1) = Ext” ™ Ly, 1[1])) (1.3)

due to Illusie and Olsson ([11171; Ols06]), for ¥ — ) a representable morphism of algebraic stacks.
(See Section 4.1 for the notation and Theorem 4.4 for the precise statement.) Our proof shows that when
i = 0, not only are the groups in equation (1.1) isomorphic (in the case of vanishing obstruction), but in
fact the morphism in equation (1.1) is an isomorphism, completing the proof of the second requirement
in list (1.2). Our proof also covers the case when Sec — M is not representable or even relatively
Deligne-Mumford.

The correct approach to Theorem 1.1 is likely through derived algebraic geometry, as in [STV 15,
Sec 2.2]. The functoriality properties of the obstruction theory proved in [CJW21, Appendix A] would
be natural consequences of such a construction. Unfortunately, this author is not equipped to produce
the argument. Although the statement of Theorem 1.1 is certainly familiar, we note that there does not
seem to be a reference in the literature for the generality in which we have stated it here.

1.3. Duality for twisted curves

A key ingredient for the construction of the obstruction theory in Theorem 1.1 is the following (stated
more precisely as Proposition 3.14 below).

Theorem 1.2. For every family p : C — M of tame twisted curves on a locally Noetherian algebraic
stack M, there is a functorial pair (waq,tra) with wag a quasi-coherent sheaf on C and trp :
Rp.wat — Opq[—1]. When M is a quasi-separated Noetherian algebraic space, the pair (w g, tr pm)
agrees with the right adjoint to Rp..

We restate the last sentence of the theorem more precisely: if p : C — M is a family of twisted
curves, a right adjoint p! to Rp.. exists by [HR 17, Thm 4.14(1)] (see also Lemma 3.6 below). The last
sentence of Theorem 1.2 says that if M is a quasi-separated Noetherian algebraic space, we have that
wm|[1] = p'Onq and tr o is the counit of the (Rp., p') adjunction.

The reason we do not have this agreement for arbitrary locally Noetherian M is that it seems
difficult to show that p' is compatible with arbitrary basechange. Following the exposition of [Lip09] for
schemes, we prove basechange for the right adjoint to pushforward for certain morphisms of algebraic
stacks in Lemma 3.7 below (see also [Neel7] for a complementary result). However, in applications,
one would like to have basechange for p' for families of curves over arbitrary morphisms of algebraic
stacks.

The basechange problem arises for nontwisted prestable curves as well, and [Stacks, Tag OESW]
addresses the issue by ‘glueing’ the pairs (waq,traq) to get a functorial construction of a dualising
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complex and trace map. We adopt the same strategy to prove Theorem 1.2. Again, while the statement
of Theorem 1.2 is well-known, we do not know a reference for twisted curves, even over the complex
numbers.

1.4. Contents of the paper

The main goal of Section 2 is to derive a certain commuting diagram (Lemma 2.14), which will be used
in our proof of Theorem 1.1. Because the notation is simpler and because we can reuse various parts of
the argument in other parts of the paper, we work in the setting of abstract closed symmetric monoidal
categories.

In Section 3, we prove Theorem 1.2. The proof requires us to construct a special kind of hypercover
of an algebraic stack and an associated lisse-étale topos. This is an application of the general results
proved in [Stacks], and we explain the details in Appendix A.

We explain equation (1.3) and prove Theorem 1.1 in Section 4. The proof itself is fairly short, granting
the existence of the dualising complex and the functoriality of equation (1.3). We reserve our proof of
the functoriality of equation (1.3) for Appendix B. Since the functoriality is critical to our argument,
we include the details, but said details are unsurprising.

1.5. The locally Noetherian hypothesis

We expect that the locally Noetherian assumption on M can be relaxed. It is used only in the proof
of Lemma 3.4 to show that pushing forward to the coarse moduli space of a twisted curve preserves
pseudo-coherent objects. See Remark 3.5.

1.6. Conventions and notation
We collect some conventions and recurring notation. Our list of notation here is not exhaustive.

Algebraic stacks. We follow the conventions in [Stacks, Tag 0260]; in particular, an algebraic stack need
not be quasicompact or quasi-separated.

Twisted curves. A morphism p : C — M of algebraic stacks is a family of twisted curves if smooth-
locally on M it is a twisted curve in the sense of [AOV 11, Def 2.1].

Notation for closed categories and internal hom

Notation Category Internal hom
Mod(A) Category of A-modules for a sheaf of rings A on a site & Homp
D(A) Unbounded derived category of Mod(A) RHoma
Derived global hom functor (valued in the derived category of ' (S, A)-modules). Notated
RHom 4
Xis-et Category of sheaves on the lisse-étale (respectively, étale) site of an algebraic Not needed
(respectively, X) (respectively, Deligne-Mumford) stack X’
QCoh(Xjis-et) Category of quasi-coherent sheaves on the lisse-étale (respectively, étale) site of an ~ Not needed
(respectively, QCoh (X)) algebraic (respectively, Deligne-Mumford) stack X’
D (Xis-et) Unbounded derived category of O -modules in Xjis.e (respectively, Xer) RHomg,,

(respectively, D( X))
Derived global hom functor (valued in the derived category of T (X, Oy )-modules) Notated
RHomg .

Dgc (Xlis-et) Full subcategory of D(Xjis.et) (respectively, D( X)) on objects with quasi-coherent RHqu@CX
(respectively, Dgc (Xe)) cohomology sheaves
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Operations on sheaves on topoi and algebraic stacks

Notation Meaning

Hi(F) The i*"* cohomology sheaf of a complex F.
RI(F) The derived global sections functor applied to a complex ., commonly notated R['(X, F), where X is a topos.
(f7', £) Adjoint functors defined by a morphism of topoi f : € — D.

fr For f : (€, 0g) — (D, Oz) a morphism of ringed topoi, set f* (=) = f ' (=) ®f-16, Op.

Lf* For f : X — Y a morphism of algebraic stacks, we denote by Lf* : Dgc (Mis-et) - Dgc (HXiis-et) the functor L Jflj in
[HR17, Sec 1.3].

Rf. For f : (¥, 0%) — (2, 0z) a morphism of ringed topoi, this is the usual direct image functor D(0Oz) — D(0g).

Rf. For f : X — Y a concentrated morphism of algebraic stacks, this is the functor
R(fye)« : Dge (Xiis-et) = Dge(Nis-er) of [HR17, Sec 1.3] that is right adjoint to L f *. By [HR 17, Thm 2.6(2)], it
agrees with the restriction of the usual direct image functor R( fiis-et)s : D(Xis-et) = D(Miis-et)-

2. A formal framework for dualising objects and trace maps
2.1. Closed symmetric monoidal categories

Because notation is simpler in an abstract setting, we work for amoment with closed symmetric monoidal
categories. If € is such a category, we will write Og for the unit, ® for the product and Hom for internal
hom, using € (X,Y) to denote the set of morphisms between two objects X,Y € € and 1x to denote
the identity morphism on X. We will suppress mention of the associativity, commutativity and identity
isomorphisms that are part of the definition of €. If € and & are any two categories and R : € —
is a functor with a left adjoint L, then for X € & and Y € €, we will denote the unit and counit of the
adjunction by

n% X — RL(X) e LR(Y) = Y,

omitting the decorations on 77 and € when there is no risk of confusion.
We will use many specific instances of the following abstract situation.

Situation 2.1. We are given €, D be closed symmetric monoidal categories with f* : D — & strong
monoidal and f. a right adjoint.” This means we have natural isomorphisms

ffX)ef(Y)— f(Xer) 2.1
Og — [ 0g. (2.2)

When we are in Situation 2.1, we have the following three morphisms at our disposal. The first we
recall from [FHMO3, (3.4)]: given Y € & and X € 9, there is a functorial isomorphism

Hom(X, £.Y) = f.(Hom(f*(X),Y)). (2.3)
The second is the composition
f. Hom(X,Y) — f. Hom(f* £.X.¥) & Hom(£.X. £.Y), 24

where the first morphism is induced by the counit of the adjunction. The third is

Hom(X.¥) — Hom(X. £.f*Y) =5 f. Hom(f°X, f*¥), 2.5)

Moreover, f; is lax monoidal by [FHMO03, (3.2)], so our setup is consistent with that used in [Lip09, Sec 3.5].
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where the first morphism is induced by the unit of the adjunction; it is an isomorphism if f* is fully
faithful. One can check that equation (2.5) is functorial in X, ¥ and the adjoint pair (f*, f.) (see [Lip09,
Exercise 3.7.1.1]).

We present Example 2.2 as the first instance of Situation 2. 1; more instances can be found in Examples
3.1,B.3,B.4, and B.8.

Example 2.2. The following is an example of Situation 2.1. Let B* — B be a homomorphism of rings,
and set € = Mod(B’) and 2 = Mod(B). Define f* to be the extension of scalars functor — ® - B, and
define f. to be restriction of scalars (—)p-. The functor — ® g B is strong symmetric monoidal. One can
check from the definition in [FHMO03, (3.4)] that equation (2.3) sends X — (Y)p- to its adjoint arrow
X®p' B — Y, thatequation (2.4) sends a B-module homomorphismg : X — Yto(g)p : (X)pr = (Y)p
and that equation (2.5) sends a B’-module homomorphism # : X —» Ytoh®p B: X®p B — Y Qp B.

We recall a formal framework for basechange. We do not need monoidal structures here.

Situation 2.3. We have a diagram of categories and functors

PN

l . lf* (2.6)

T 259

where the functors f., g«, m., m., have left adjoints f*, g*,m*, m'*, and we are given a natural transfor-
mation m”* f* ~ g*m".

In this situation, we get a unique natural transformation m.g, =~ f.m, such that the adjunctions for
(m”™ f*, fim) and (m.g., g*m") are compatible (see [Lip09, Sec 3.6]). We define the basechange map

m* . X — g.m”™X forXed&§ 2.7

as in [Lip09, Prop 3.7.2(i)]. It may not be an isomorphism in general.

Lemma 2.4. ForY € & and X € 6, there are commuting diagrams

m/*f*f*X m’”*e ) m/*X m*Y m-1 ) m*f*f*Y
eT ln l(2.7) (2.8)

Proof. We show that the first diagram commutes; the second one may be checked similarly. The
commutativity of the first follows from the following commuting diagram:

g*m* f.X Lfn) gmt fomlm” X = g*m*m.g.m’ X £y g gum” X

m”f*fin

m/*f*f*x — m’*f*f*m,’km'*X ee (29)
lm’*e lm’*e
ml*, m/*
m*X —7> m’*m;m'*X € s m*X

The perimeter of the diagram from m”* f* f, X to m"* X along the bottom is equal to m’* € using a triangle
identity, while the composition along the top is equal to the composition of the other three arrows in the
desired square. The commutativity of the big cell in diagram (2.9) is compatibility of the (m”* f*, f.m.)
and (m.g., g*m*) adjunctions—see [Lip09, (3.6.2)]. ]
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2.2. An ideal setup
‘We recall the formal framework of [FHMO03, Rmk 5.10].

Situation 2.5. We are given closed symmetric monoidal categories €, and functors f., fi : € — D
and f*, f' + D — € such that (f*, f.) and (f, f') are adjoint pairs. Moreover, these functors satisfy

o f*is strong symmetric monoidal,

o f*:f!)

o The canonical projection formula morphism
7:Y® fi(X) - fi(f'Y®X) (2.10)

defined in [Hal, Appendix A] is an isomorphism,
o The object C := f'Og is invertible, and
o The canonical morphism

0: fY® Oy — f'Y (2.11)

defined in [FHMO3, (5.5)] is an isomorphism.

Example 2.6. Let p : C — T be a family of prestable curves on a quasi-separated Noetherian scheme
T, in the sense of [Stacks, Tag OE6T]. Let € = Dgc(Cer), D = Dge(Tet), f« = Rps, and f* = Lp*.
Then f, has a right adjoint f' and f'Or is equal to the relative dualising sheaf we st [1]. These data
are an example of Situation 2.5. We will extend this example to families C — T of twisted curves in
Example 3.11.

Lemma 2.7. For every X € €, the (®, Hom)-unit
nx : X - Hom(C,X ® C) (2.12)

is an isomorphism.

Proof. Since C is invertible, it follows from [MayOl, Lem 2.9] that C is dualisable and that the
coevaluation map defined there is an isomorphism. It follows from the definition of the coevaluation
map that the unit in equation (2.12) is an isomorphism when X = Og. For general X, there is a commuting

square
O 8 X — . Hom(C, 04 8 C) ® X —— Hom(C,C) ® X
H |
X o > Hom(C, X ® C) =——= Hom(C, C ® X)

where the map labelled v (defined in [LewS86, p. 120]) is an isomorphism since C is dualisable (see
[Lew86, Prop III.1.3(ii)]). This implies that x is an isomorphism. The commutativity of the square
follows immediately from the definition of v and the functoriality of 7. O

Following [FHMO3, Def 5.6], we define twisted functors f.(X) := Hom(C, f'(X)) and f€ (X) :=
fi(X ® C). We have an isomorphism f*Y — fé (Y) for Y € € equal to the composition

2.12
) 22 Hom(c, 1Y ® €) % Hom(C, f'Y), (2.13)
where equation (2.12) is an isomorphism by Lemma 2.7 and ¢ is an isomorphism by assumption.
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Since ( f!C, fé) is an adjoint pair, we’ve realised f!C as a left adjoint to pullback. Moreover, there is
a projection isomorphism

mc Y ® fE(X) = £E(f(Y) ® X)

defined by replacing X with X ® C in 7.
In this setting, we prove commutativity of some diagrams that will be useful to us.

Lemma 2.8. There is a commuting diagram

X® fErr) —22 X @ fCFL(Y) —— X oY

Nl,,c GT (2.14)
2.13 |
FEF X @ F1 (1) = fEF (Xay) =5 (CfL (X eY)
where the arrows labelled € are counits for the ( f!c, fé) adjunction.

Proof. For any Z € 9, the composition

A
@z 2 ierz) < z

is equal to

<,
@) =f(f(2)®C) & 28 £.(C) — Z.

To see this, expand the ( f!C, f!C)-counit in terms of the (®, Hom)-counit and the (fi, f')-counit;
commute the morphism ¢ in the definition of equation (2.13) with the (®, Hom)-counit; and finally, use
the triangle identity 17-zgc = E?* z8C © (n;’?* - ® 1¢), where 17 and € here denote the unit and counit
of the (®, Hom) adjunction. Now equation (2.14) is equivalent to the diagram

X® f(f*(¥)®C) ¢—— X®Y® fi(C) —— X®Y

& 1=

LX) e ffY)el) —= f(f"(XeY)eC()

whose commutativity is proved in [Lip09, Lem 3.4.7(iv)]. O

Lemma 2.9. Suppose we are in Situation 2.5. Then there is an isomorphismy : f, Hom(f*X, fé Y)) —»
Hom( f!C (f*X),Y) making the following diagram commute:

Hom (e€,1y)

Hom(f f-(X),Y) $———— Hom(X,Y)

\ l(w (2.15)

J- Hom(f*X, f*Y)

Here, € is the counit for the ( f!C, fé)-adjunction.

Proof. The definition of y will come out in the course of the proof: it will be ‘conjugate’ to & via various
adjoints (see also [FHMO3, (4.1)] and [Stacks, Tag 0A9Q)]). For future reference, we summarise it in the
final paragraph of the proof. To simplify notation, when there is no risk of confusion, if F is a functor
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between categories and « is a morphism of the source category, we will notate F(a) by a. For example,
we may use € as the label for the horizontal arrow in diagram (2.15).

To show the commutativity of diagram (2.15), we use the Yoneda embedding: for an arbitrary 7' € 9,
it suffices to show the commutativity of

‘D (T,Hom(fE f-(X).Y) L '9(T,Hom(X,Y))

I

(T, f, Hom(f*X, f*Y))

We do this by demonstrating that it is equivalent to the commutativity of

‘YT ® fEFL(X).Y) L ‘YT ® X,Y)

x lff!c

YD(fE LT © X),Y)

where ¥ is defined to equal the isomorphisms in diagram (2.14). This second diagram commutes by
Lemma 2.8.

There are isomorphisms | = 4 and 3 = 6 given by (®, Hom) adjunction and an isomorphism 2 = 5
given by

‘Y(T,f, Hom(f*X, f*Y)) = €(f*T.Hom(f*X, f*Y)) = €(f'T ® f*X, f*Y)

. 2.16

='C(f (T ®X).fY)=C(fo(T®X). fo¥) ="D(S (fo(T ® X)).Y), 1
where the equalities are (f*, f.)-adjunction, (® Hom)-adjunction, the isomorphism in equation (2.1),
the isomorphism in equation (2.13) and ( f, , fC) adjunction. The square with corners 1, 3,4, and 6
commutes by functoriality of the (®, Hom) adjunction. We take the commutativity of the square with
corners 2, 3,5, and 6 as the definition of y. The final square commutes as follows. By the definition of
the vertical map in diagram (2.15) and adjunction, the composition | — 2 — 7 is equal to

2(T,Hom(X,Y)) —>‘(§(f T, f*Hom(X, Y)) %(f T®f X, f*Hom(X,Y) ® f*X)

By functoriality of equation (2.1), this composition is equivalent to

'9(T, Hom(X, Y)) 25 9(T ® X, Hom(X,Y) ® X) 49(T<g>x Y) 7%9(f (T ® X), f*Y).
The first two arrows are precisely the (®, Hom) adjunction | = 4. Finally, the composition

(2.13)

DT eX.Y) L G (TeX). ') G(f-(T ®X), f-Y) =" D(f(fFA(T ® X)), Y),

where the arrow comes from the previous formula and the two equalities come from equation (2.16), is
C
induced by the counit /! as desired.
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To conclude, we summarise the definition of y as promised. After cancelling assorted isomorphisms
with their inverses, we see that it is given under the Yoneda embedding by

D(T.f. Hom(f"X, fY)) =€ (f'T,Hom(f"X, f*Y)) =€ (f'T ® f*X, f*Y)
=G TR fX, fLY)=D(fE(f'T® fX),Y) > DT fEFXY)
= 2(T, Hom(f£ f*X.Y)) = 2(T,Hom(f f&X,Y)),
where the equalities are ( f*, fi) adjunction, (®, Hom) adjunction, the isomorphism in equation (2.13),
( f!c, f(!j) adjunction, the projection formula, (®, Hom) adjunction and finally the isomorphism in

equation (2.13) again. In particular, if we follow y with the inverse of the last equality, we have defined
a natural isomorphism

foHom(Z, f*Y) = Hom(f£ Z,Y) (2.17)

that is functorial in both arguments. (The content of this statement is that to define equation (2.17), it is
not necessary for Z to be of the form f*X.) O

2.3. A maodification of the ideal situation

When C — X is a family of twisted curves on an algebraic stack X', we would like to apply Situation 2.5
by setting & = Dgc(MXiser) and € = Dyc(Ciis-et). Unfortunately, we do not know a proof that the right
adjoint f' in Situation 2.5 exists in the generality we would like (see Lemma 3.6 and the discussion
following it). Instead, we work in the following weaker situation, replacing f* with a dualising complex
and trace map.

Situation 2.10. We are given closed symmetric monoidal categories €, D, a functor f, : € — D with
a right adjoint f*, and an invertible object C € € with a trace map tr : f,C — Og. These data satisfy

o f*is strong symmetric monoidal.
o The canonical morphism 1Y ® f.(X) — f.(f*Y ® X) is an isomorphism.

In this situation, we define an adjunction-like map a : € (X, f*Y) = D(f.(X ® C),Y) as follows
(see also [CJW21, Sec A.2.1]).% Given ¢’ € € (X, f*Y), define a(¢’) to be the composition

f(¢'aC id®trc

f(X®1c) L R(fYe0) Eve fo ey, (2.18)

Observe that a is functorial in both arguments, by which we mean the following:

1. Given X’ € € and ¢ € €(X’, X), we have a(¢’ o) = a(¢’) o fi(Y ® 1¢).

2. GivenY’ € D and ¢y € D(Y,Y’), we have a( f* o ¢’) =y o a(¢’).

The next example explains why we call a ‘adjunction-like’.

Example 2.11. Suppose we are in Situation 2.5, with an adjoint pair (f*, f,) and object C = f'0Og € .
Then we have the data of Situation 2.10: we can define tr¢ : f,C — Og to be the counit of the (fi, f')
adjunction. Under the isomorphism in equation (2.13), the adjunction-like map a : € (X, f'Y) —
D(f(X ® C),Y) is identified with the adjunction € (X, féY) ~ Q(ﬁcX, Y). To see this, let ¢’ €
(X, f*Y). The (f, f5)-adjoint of (2.13) 0@’ is equal to the (£, f')-adjoint of

'®1
xoc 22 ryec S fly.

2Informally, we think of a as realising f, C = f(-®C)asaleftadjointto f* = fc!'
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Since f. = f, said adjoint is equal to the composition

(¢’ ®1 )
frxec) 2 v ryec) Sy,

where ¢ is the (fi, f')-adjoint of ¢. By the definition of ¢ in [FHMO3, (5.5)], this last composition is
equal to a(¢’).

2.4. Basechange

We introduce a setting where the adjunction-like morphism a is compatible with pullback.

Situation 2.12. We have a diagram of closed symmetric monoidal categories as in diagram (2.6) such
that the left adjoints f*, g%, m*, m’* are strong symmetric monoidal. We are given objects S € 8,C € €
and morphisms trs : g.S — Og,trc . f.C — Og such that the data for each column of diagram (2.6)
are in Situation 2.10, and these data are compatible as follows:

o The basechange map in equation (2.7) is an isomorphism.
o We are given an isomorphism « : m”*C — S, making this diagram commute:

m'trc,

m*f,.C 1S 6y

lm) NST (2.19)

g.m’™*C ﬁ) g5

In this situation, Lemma 2.13 explains a precise sense in which m*a(¢’) = a(m’*¢’).

Lemma 2.13. Suppose we are in Situation 2.12. Let ¢’ : X — f*(Y) be an arrow in €. Then we have
m™*¢’ i m"*X - m” f*Y = g*m*Y, and the following diagram commutes:

m*f.(X ® C) ”ﬂ)) m*Y

am*lN /
a(m &)

g:(m”"XQ®5)

The isomorphism a is equal to equation (2.7) followed by equation (2.1) and finally , and in particular
it is functorial in X. Moreover, suppose we have a diagram

Cl & G2 < G3

mp, Mys
\Lf]* l \Lf (2.20)

D D D
12 23

together with distinguished objects C; € €; and trace maps tr; : [i.C; — Og, for each i, and
isomorphisms a;; : ml’jC 7 — C; for i < j. Suppose that with these data, both squares and the outer
rectangle of diagram (2.20) are in Situation 2.12 and that ;3 = a1 © mi*2(a/23). Then Ut oms, =
A, © My (@3 ).

Proof. The proof of [CJW21, Lem A.2.1] works in this more general situation. O

Lemma 2.14. Suppose we are in Situation 2.12, except the left column of diagram (2.6) is actually in
Situation 2.5: this means we are given a right adjoint g* for g. =: g, with g'Og = S and trg : g.S — Og
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equal to the counit for the (g1, g') adjunction. Let ¢’ : X — f*(Y) be an arrow in €, and set ¢ = a(¢’).
Let I be an object of T . Then the following diagram commutes:

Hom(m* f.(X ® C), I) (T Hom(m*Y, I)

H l (2.21)

g« Hom(m”* X, g*I) (W g« Hom(m"” f*Y, g*I)
In this diagram, the equality is comprised of equation (2.7), a and equation (2.17). The right vertical
arrow is equation (2.5) followed by equation (2.7).

Proof. The desired commuting diagram is derived from the composition of two. On the left, we have

Hom(g5 (m"*X), I) —— Hom (g’ (m" f*Y), 1) === Hom(g5g"(m*Y), I)

(2.17)T (2.17)T (2‘17)T (2.22)

g« Hom(m"”* X, g*I) <— g.Hom(m" f*Y, g*I) &0 g« Hom(g*m*Y, g*I)

Here, the arrows pointing left are induced by m’*¢’. On the right, we have

Hom(gS¢*(m*Y), 1) —=—% Hom(m"Y ® g5(6z),1) +=— Hom(m"Y,I)

H(2.13) p

Hom(gfgg(m*Y), I (2.23)

1

g« Hom(g*m*Y, g*I)

(25)

The commutativity of the top triangle is Lemma 2.8 with X = m*Y and Y = Og, and the commutativity
of the bottom triangle is Lemma 2.9. We note that the definition in equation (2.17) is equal to y followed
by the equality induced by equation (2.13). Finally, by Lemma 2.13, the top row of diagram (2.22)
followed by the top row of diagram (2.23) agrees with the top row of diagram (2.21) (after inserting a
copy of equation (2.7)). O

3. Duality for twisted curves

We explain how the formal discussion of Section 2 will generally be used in the remainder of this article.
In this section and the remainder of the paper, we define pseudo-coherent and perfect objects of lisse-
étale sites as in [Stacks, Tag O8FT] and [Stacks, Tag 08G5], respectively. Note that if X is an algebraic
stack, pseudo-coherent and perfect objects of D(Ajjs.ct) are always in Dge (Ais-et)-

Example 3.1. If f : X — ) is a morphism of algebraic stacks, we have closed symmetric monoidal
categories € = Dgc(Xjis-et) and D = Dyc(Nis-er) and a strong monoidal functor Lf* : @ — G. If f
is concentrated, we also have Rf, : € — 9 that is a right adjoint to L f*. In this context, the functor
notated Hom in Section 2 translates to internal hom for Dy ( Ajjs.e;). However, we note that by [HR17,
Lem 4.3(2)], for any algebraic stack X', we have equality

RHom%CX (P, F) ~RHomgp, (P, F)

for any F € Dgc(AXise) and any perfect complex P € Dgc (Ajig-et)-
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3.1. Background on twisted curves

Recall from Section 1.6 that a morphism p : C — M of algebraic stacks is a family of twisted curves if
smooth-locally on M it is a twisted curve in the sense of [AOV 11, Def 2.1]: in particular, p is flat and
proper and the diagonal C — Cx x4 C is quasi-finite. If r : C — C is the coarse moduli map and ¢ — C'is
a geometric point, the fibre product Spec(O¢ ¢) X¢ C is moreover required to have a certain description
(see the full definition in [AOV 11, Def 2.1]). We recall some properties of families of twisted curves.

Our first lemma ‘spreads out’ the local quotient description of a twisted curve at a geometric point
to an étale neighbourhood of that point.

Lemma 3.2. Let C — T be a family of twisted curves over an affine scheme T, and let ¢ : C — T
be the coarse moduli space. Let ¢ — C be a geometric point. Then there is an integer n > 1 and an
affine scheme V = Spec(A) with an action of u, such that if R = AFn is the ring of invariants and
U := Spec(R), there is a commuting diagram

V—"= [V/g) — U

l i (3.1)

c———
where the square is fibred and the vertical maps are étale. Moreover, one of the following holds:

1. A=R[x]/(x" —¢t) for some t € R, and p,, acts by { - p(x) = p({x).
2. A=R[x,y]/(xy —t,x" —u,y" —v) for some t,u,v € R, and p, acts by ¢ - p(x,y) = p({x, 7 y).

Proof. We prove the lemma when ¢ maps to a node of C; the case when ¢ maps to a smooth point is
similar. By definition [AOV 11, Def 2.1(v)], there is a fibre square

[(Spec(Or q(e) [x, y1/(xy = 1)) /un] —— C

I l 3.2)
s C

Spec(Oc.e)

for some t € Or 4(¢), where { € u, actsby x > ¢ -xand y — Z~' - y. Since C is tame, formation of
the coarse space commutes with arbitrary basechange [AOV08, Cor 3.3], and we have

Oc.c = (Or,q() [x. y1/(xy = )" = Or g5 [x", y"]/ (x"y" —1").

If we setu :=x" and v := y" in Oc ¢, then we may write the top-left corner of diagram (3.2) as the stack

[(Spec(Oc clx. y1/(x" = u, y" = v, xy = 1))/ ptn]. (3.3)

Now write Oc s as the inverse limit of affine schemes Spec(R;) with étale maps to C. Since
Spec(Oc e [x,y]/(x" —u,y" —v,xy —t)) — Spec(Oc ) is finitely presented, there is an index ip
and elements u,v,t € R;, such that Spec(R;,[x, y]/(x" —u,y" — v,xy — t)) pulls back to the affine
scheme in equation (3.3). Define y,, to act on Spec(R;, [x, y]/(x" —u,y" —v,xy —t)) by the same rule
x> ¢-xandy s 7y,

Let Cg, denote the pullback of C to Spec(R;). Observe that for i > ip, we have two stacks
[(Spec(R;[x,y]/(x™ —u,y" —v,xy —t))/u,] and Cg, defined over Spec(R;) and an isomorphism
between their pullbacks to Spec(Oc¢ ). By [LMOO0, Prop 4.18(i)], there is an index j > iy and an iso-
morphism [(Spec(R;[x, y]/(x"* —u,y" —=v,xy —1))/pn] = Cr;. We may set R := R;. O

We refer the reader to Section 1.6 for definitions of the direct and inverse image functors in the next
lemma.
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Lemma 3.3. Let p : C — M be a family of twisted curves on an algebraic stack M.

1. The morphism p has cohomological dimension < 1 (in the sense of [HR17, Def 2.1]).
2. The morphism p is concentrated (in the sense of [HR17, Def 2.4]).

2.10
3. For F € Dyc(Ciiser) and G € Dyc(Miis.er), the projection morphism GRp..(F) £, Rp.(p*G®F)
is an isomorphism.
4. Given a fibre square of algebraic stacks

" s

[ERE

M S5 M

27
and F € Dy (Ciis-et), the basechange map Lm*Rp, F AGUN RpiLm’* F is an isomorphism.
5. If M is locally Noetherian, then the functor Rp.. sends perfect complexes to perfect complexes.

Proof. For part (1), by flat basechange [HR 17, Lem 1.2(4)], we may assume M is an affine scheme, but
this is [AOV 11, Prop 2.6]. Now (1) implies part (2) by definition, part (3) by [HR 17, Cor 4.12] and part
(4) by [HR 17, Cor 4.13]. For part (5), we recall that perfection is a flat-local property of complexes in
the sense of [HR17, Lem 4.1], so we may use basechange [HR 17, Cor 4.13] to reduce to the case when
M is a Noetherian affine scheme. Now the result follows from Lemma 3.4 below. O

Lemma 3.4. Let p : C — T be a family of twisted curves over a Noetherian affine scheme T, and let
r: C — C be the map to the coarse moduli space.

1. The exact functor r, sends pseudo-coherent objects in Dyc(Ciis-et) to pseudo-coherent objects in
ch (Clis»et)-
2. The functor Rp. sends perfect objects in Dqc(Ciis-er) to perfect objects in Dyc(Tiis-er)-

Remark 3.5. We expect that the locally Noetherian hypothesis can be removed using absolute Noetherian
approximation for algebraic stacks as in [Stacks, Tag 0CN4] (see the proof of [Stacks, Tag 01AH]). We
do not, however, know a reference that allows us to assume the approximating morphism has properties
(1) and (2) of Lemma 3.4. Since we are not aware of an application of the non-Noetherian setting, we
omit this investigation.

Proof of Lemma 3.4. We will repeatedly use the fact that if X is a scheme, there are equivalences
of categories QCoh(Xiiset) = QCoh(Xyar) and Dge(Xiis-et) = Dgc(Xzar), where Xy, is the category of
sheaves on the small Zariski site of X, and that these equivalences preserve coherence, pseudo-coherence
and perfection.

To prove (1), let € Dyc(Ciis-et) be pseudo-coherent. Let f : U — C be a smooth cover by a scheme.
Since f defines a morphism of lisse-étale sites and f* is exact, f*F is pseudo-coherent by [Stacks,
Tag 08H4]. By [Stacks, Tag O8E8], the sheaves H!(f*F) are coherent and vanish for i > 0. It follows
from [Ols07, Rmk 6.10, Prop 6.12] that the sheaves Hi(.7-' ) are coherent and vanish for i > 0. By
[Alp13, Thm 4.16(x)], the sheaves r,H' (F) have these same properties, but since r, is exact, we know
r.H (F) = H (r,F). Hence by [Stacks, Tag 08E8] again, the object r, F is pseudo-coherent.

To prove (2), let F € Dgc (Ciis-et) be perfect—by [Stacks, Tag 08G8] this is equivalent to pseudo-
coherent and locally of finite tor dimension. By part (1) of this lemma and [Stacks, Tag OCTL],
the pushforward Rp.F is pseudo-coherent. To see that Rp.JF locally has finite tor dimension, by

. L
[Stacks, Tag 08EA], it suffices to show that for G € QCoh(T), the sheaves H' (Rp.F ® G) vanish for
i outside a finite range. By the projection formula [HR 17, p. 4.12] and flatness of p, these are equal to
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. L
H'(Rp.(F ® p*G)). Since F is a perfect complex on a quasi-compact space, it has finite tor amplitude,
so the spectral sequence

of [Stacks, Tag 015J] and the fact that p is concentrated finish the proof. O

3.2. Background on right adjoint to pushforward
We recall some statements about right adjoint to pushforward that hold for purely formal reasons.

Lemma 3.6. Let f : X — ) be a concentrated morphism of algebraic stacks. Then a right adjoint f'
to Rf. : Dgc(Xiis-et) — Dgc(Viis-er) exists, and for dualisable G € Dyc(Vis-et) the canonical morphism
f'ge f!@y — f!g defined in equation (2.11) is an isomorphism. Moreover, for F € ch(X]is-et) and
G € Dyc (Viis-et), there is a functorial isomorphism

RfRHomg (F, f'G) — RHomg (Rf.F.G). (3.4)

Proof. Existence of f "is [HR17, Thm 4.14(1)], and that equation (2.11) is an isomorphism follows
from [FHMO3, Prop 5.4]. The isomorphism in equation (3.4) is [FHMO3, Prop 4.3] (see also [Stacks,
Tag 0A9Q)]). ]

We now explain what it means for f' to be compatible with basechange. While lemma 3.6 applies to
arbitrary families of twisted curves C — M, we will see that we need additional assumptions for the
basechange property to hold.

Suppose we have a fibre square of algebraic stacks as below with m and f tor-independent (see [HR 17,
Sec 4.5]) and f concentrated.

X x
lg lf (3.5)
V=Y

Then f' and g' exist as recalled in Lemma 3.6. By [HR 17, Cor 4.13], the basechange map in equation (2.7)
is an isomorphism (we take the closed symmetric monoidal categories in equation (2.6) to be Dgc (Xjjs-et)
etc.). This lets us define the functorial basechange map Lm’* f' — g'Lm* to be the composition

2.7 |
Lm”* f' — ¢'Rg.Lm"™ f' ACUN ¢'Lm*Rf.f' — g'Lm". (3.6)
We are interested in when equation (3.6) is an isomorphism.

Lemma 3.7. Suppose we have the tor-independent fibre square (3.5) of quasi-compact algebraic stacks
with quasi-finite and separated diagonals, and suppose Y’ and ) are concentrated with quasi-affine
diagonals. If f is concentrated and Rf, sends perfect complexes to perfect complexes, then equation
(3.6) is an isomorphism.

Remark 3.8. The hypotheses of the lemma are satisfied if all the stacks in diagram (3.5) are quasi-
compact tame Deligne-Mumford with separated diagonals, with additional conditions on f as above.

Remark 3.9. The preprint [Neel7] proves that equation (3.6) is an isomorphism under very general
conditions. Compared with [Neel7], our Lemma 3.7 imposes stricter conditions on the stacks X', A"/,
YV, Y’ and morphism f, but we allow m to be arbitrary, whereas [Nee17] requires m to be flat.

Remark 3.10. The proof of Lemma 3.7 relies on our ability to find a compact generator for the algebraic
stack X'. By [HR17, Thm A], our assumptions that X is quasi-compact with quasi-finite and separated
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diagonal imply that D¢ (Xjjs-e) is compactly generated by a single perfect complex P. This means for
any F € Dgc(Xiiset), we have F = 0 if and only if Homp, () (P[n], F) = 0 for every n € Z (here,
Homp, (x;,.,) denotes the hom-set in the (additive) category Dyc (Xiis-et))- Since Dgc(Xis-er) is a full
subcategory of D(Xjise), Wwe may compute the hom set in the larger category. But these hom sets are
computed by the cohomology of the derived global hom functor. We conclude that for any morphism
f+F — G, we have that f is an isomorphism if and only if RHomg,, (P, f) is an isomorphism.

Proof of Lemma 3.7. We explain why the proof of [Lip09, Cor 4.4.3] also works in this setting.

The first step is to reduce to the case where m is quasi-affine. Indeed, by [Lip09, Prop 4.6.8], the
morphism in equation (3.6) satisfies a cocycle condition for squares stacked horizontally. This implies
that it is enough to prove the Lemma when )’ is an affine scheme and m is smooth or when )’ and )
are both affine (see [Lip09, pp. 182—4] for more details). By assumption, ) has quasi-affine diagonal,
so in either case, the morphism m is quasi-affine.

Now we assume m is quasi-affine. Let 7 € Dgc(Miis-et), and let P be a perfect, compact generator for
Dy (AXjis-et) (see Remark 3.10). Since )’ and ) are concentrated by assumption, the morphisms m and
m’ are also concentrated [HR 17, Lem 2.5], and we have functors Rm.. and Rm/,.. To show that equation
(3.6) is an isomorphism, we claim that it suffices to show the induced map

Rf.Rm.RHomg (Lm"P,Lm" f'F)—>R f:Rm RHomg (Lm"P, g'Lm*F) (3.7)

is an isomorphism. First, Lm"*P is perfect,? so we may replace the functors R?—lomq@; with RHomg,,,
(see Example 3.1). Next, if equation (3.7) is an isomorphism, we get an isomorphism of global derived
homs by applying the global sections functor. But Lm"*P is a perfect generator for Dgc (X 71s.ct) by
[HR17, Cor 2.8]—this is where we use that m (hence m’) is quasi-affine. We conclude that equation
(3.6) is an isomorphism (see Remark 3.10).

To show that equation (3.7) is an isomorphism, we cite the bottom two cells of the commuting
diagram on [Lip09, p. 182] to reduce to proving a certain morphism

« e e Rm(A4
Rm*Rg*R’Hom@M(Lm P,Lm"™ f*F)

Rm*R"Hom‘éCy, (Rg.Lm"*P, Lm*F)
is an isomorphism.* (In the cited diagram, the map notated u*4 is, in our notation, equal to Lm* applied
to the isomorphism in equation (3.4).) We will not bother to write the definition of Rm..(4.4. 1)]’)*C because
[Lip09, Lem 4.6.4] gives a commuting diagram

(4.4.1)5
Rf*’R”Hom%CX/ (Lm"™*P,Lm" f'cF) —= RHom%Cy/ (Rf/Lm™ P, Lm*F)

i o]

Rf/Lm"RHomg (P, f'F) Fmom‘gy (Lm*Rf,P,Lm*F) (3.8)

(2-7)T pT

Lm’*Rf*R’HomgCX (P, f'F) e, Lm*RHqu@;(Rf*P’ F)

The arrows labelled (2.7) are isomorphisms by [HR 17, Cor 4.13]. The arrows labelled p are defined in
[FHMO3, (3.3)]; and by [FHMO3, Prop 3.2], all instances in this diagram are isomorphisms since P and
Rf.P are perfect complexes by assumption. We note that our definition of p agrees with the definition

3To see this, note that the equivalence in Proposition A.4 sends perfect objects to perfect objects—one reason is that this is an
equivalence of symmetric monoidal categories, and the perfect objects are the dualisables [Stacks, Tag OFPP]. Now apply [Stacks,
Tag 08H6] to the morphism of strictly simplicial étale topoi.

4One may check that Lipman’s discussion of the relevant commuting diagram here and in diagram (3.8) uses only formal
properties of adjoint symmetric functors as discussed in [Lip09, Sec 3.5]. The setup in [Lip09, Sec 3.5] is compatible with our
Situation 2.1 by footnote 1.
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in [Lip09, (3.5.4.5)] by [Lip09, Exercise 3.5.6(a)]. Finally, in diagram (3.8), we know that equation (3.4)
is an isomorphism; this concludes the proof. O

3.3. Example of Situation 2.5
We realise Situation 2.5 as duality for families of twisted curves on Noetherian algebraic spaces.

Example 3.11. Let p : C — T be a family of twisted curves on a quasi-separated Noetherian algebraic
space T. Let € = Dy (Cer), D = Dge(Ter), fo = Rps, and f* = Lp*. We will write p* for Lp* since p
is flat (this is justified by [HR17, (1.9)]). The projection map in equation (2.10) is an isomorphism by
Lemma 3.3.

The right adjoint p' exists by Lemma 3.6. Moreover, by [HR 17, Thm Al], the category Dy (Ciis-et) is
compactly detected by a single perfect complex. Since Rp.. preserves perfect complexes (by Lemma 3.3)
and perfect objects in D¢ (T;) are also compact, it follows from [FHMO3, Thm 8.4] and [FHMO03, Lem
7.4] that equation (2.11) is an isomorphism for all Y.

It remains to show that p'Or is invertible. This follows from Lemma 3.7 and Lemma 3.12 below.

Lemma 3.12. Let p : C — T be a family of twisted curves on a Noetherian affine scheme T. Then p'Or
is represented by a rank one locally free sheaf in degree -1.

Proof. Let g : C — T be the coarse moduli space of C, and let r : C — C be the coarse moduli map.
By [Stacks, Tag OE6P, OE6R], we know ¢'Or is invertible and supported in degree -1. In particular, it
is dualisable, so we have

p!@T = r!q!@T = r*q!@T ®r'Oc,

where the second equality uses [FHMO03, Thm 8.4] and the fact that ¢' Oy is dualisable. Hence to prove
the lemma, it suffices to show that 7O is invertible and supported in degree 0.

Let ¢ — C be a geometric point. By Lemma 3.2, we have a local description of C — C near ¢ given
by the diagram (3.1). Note that a right adjoint to pushforward exists for every horizontal map in diagram
(3.1). It follows from [Nee17, Lem 0.1] that the pullback of 7'O¢ to [V /u,] is equal to 7'@p (note that
[Neel7, Lem 0.1] applies since U — C is étale and r. preserves pseudo-coherent objects by Lemma
3.4). Since [V/u,] — C is flat, the complex r'Oc is represented by a quasi-coherent sheaf if and only
if 7'0y is; and by [Stacks, Tag05B2] (applied on strictly simplicial étale sites as in Proposition A.4),
r'Oc is invertible if and only if 7Oy is.

To compute 7'Op, set p = T o o; we observe that we have an equality

p'0y =5*1t'0y ® 0'!@[\//,,"],

so it suffices to show that p'Oy and 'Oy ., are both invertible and supported in degree 0. In Lemma
3.13 below, we prove the statement about p'Op as well as the statement that pr'Oy is a line bundle in
degree 0, where pr : u, x V — V is the projection. The statement about pr'Oy is equivalent to the
statement about o' © [V /u.] Dy an argument identical to the one used in the previous paragraph. O

Lemma 3.13. The complexes p'Oy and pr' Oy are represented by line bundles supported in degree 0.

Proof. We use the statement of finite duality in [Stacks, Tag 0AX2] and translate it to a statement
about rings using [Stacks, Tag 06Z0]. These results imply that for a morphism of affine schemes
Spec(B) — Spec(A), the image of Ospec(4) under the right adjoint to pushforward is induced by the
complex of B-modules

RHoma(B, A). (3.9)

For pr, the relevant ring map is the diagonal A — [],cc A, and B = [[ ¢ A is a free A-module so
equation (3.9), is supported in degree 0. One checks that there is an isomorphism B — RHom (B, A)
given by sending 1 to the projection to the identity factor.
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For p, let R = A, the ring of G-invariants. Lemma 3.2 lists two possibilities for A. In case (1), the
computation of equation (3.9) is similar to that for pr since in this case, A is a free R-module with basis
Lx,...,x" "' and RHomg (A, R) is generated as an A-module by projection to the x" 1 factor.

The computation in case (2) is more involved since we have to take a free resolution of A. One may
use the resolution

d d d d
...~ ROr-2 22, pelr-2 T, pel2r-1 0, 4 _, ),

with maps given as follows. If {f;, g[}{z‘ll denotes a free basis for R®>"~2 and e is the additional basis
element of R®?"~! then d; is defined by

dy: e 1 di,iodd: fivfi—tig,_; _ di, i>0even: fi > uf; +tig,_;
fir Xt gr—i P ugr—i — "' fi Zr—i P T fi+vgr—i
gy
For details, see [Web20, pp. 25-28]. O

3.4. Example of Situation 2.12

We realise Situation 2.12 for families of twisted curves on algebraic stacks. We use the dualising sheaf
and trace map (as in Situation 2.10) as a substitute for the full duality in Example 3.11 because we are
unable to show that the basechange morphism in equation (3.6) is an isomorphism in general.

Proposition 3.14. For every family C — M of twisted curves on a locally Noetherian algebraic stack
M, there is a pair (w5 (, 11 pm) with 05, = wm[1], where w g € QCoh(Ciiser) is locally free and
rpm  Rpsw'y — Onm, such that the following hold:

1. The pair is functorial in the following sense. Given a fibre square

Cy —= Cum
l l (3.10)
N L= M
there is a canonical isomorphism
m WS, — Wi (3.11)
such that the following square commutes:
Lm*Rp.w', M} On
~|27) trNT (3.12)
(3.11)

Rp.Lm"”wS, — Rp.w},

Moreover, if n : K — N is a morphism of algebraic stacks and Cxc = Cpr X K is the pullback
and n’ : Cx — Cy the projection, then the isomorphism (m' o n’)*w%, — wy is equal to the
composition n"m” w5, — n"w}, — wy..
2. If M is a quasi-separated Noetherian algebraic space, then w5, = p'O g and tr g is the counit of

the (Rp.., p') adjunction.

For a general base M, we do not know if our construction of (wS, ;, 17 r1) agrees with the right adjoint
to pushforward.
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Remark 3.15. To see that Proposition 3.14 gives an example of Situation 2.12 compatible with Example
3.11, we use the fact that Lm* : Dgc(Miiset) — Dgc(Miser) has a right adjoint even when m is not
concentrated; see [HR17, Sec 1.3].

Proof of Proposition 3.14. The idea is as follows. We will define the pair (w$, tr11) when M is an
algebraic space as required by part (2) of the proposition. When M is an algebraic stack, we will take
this as the smooth-local definition of (w$,#rr); and using the notion of a very smooth hypercover
explained in Appendix A, we will show that these local pairs ‘glue’ to a global one with the correct
properties.

We now proceed with the proof. When M is a quasi-separated Noetherian algebraic space, we define
w$ and frq as required in part (2) of the proposition (see Example 3.11). When both N and M
are quasi-separated Noetherian algebraic spaces, we define equation (3.11) to be the basechange map
in equation (3.6) (it is an isomorphism by Lemma 3.7). The commuting diagram (3.12) follows from
the definition of equation (3.6); see [Lip09, Rmk 4.4(d)]. The cocycle condition on equation (3.11) is
[Lip09, Prop 4.6.8].

Let M be a locally Noetherian algebraic stack. In this paragraph, we define wa. Let My —» M
be a very smooth hypercover (see Definition A.12), and let Cps o be its pullback to Cq (see Remark
A.13). We have associated categories of quasi-coherent sheaves QCoh (M, jis-et) and QCoh(Cpy e is-et)
as in Section A.3.2. By Remark A.14, we may assume that each M; is a disjoint union of affine schemes
(each Noetherian by [Stacks, Tag 06R6]). In particular, each M; is a disjoint union of qcqs Noetherian
schemes. For each n € Z(, we have families of twisted curves Cps,, — M,, and hence the system
of locally free sheaves wyy, (defined by applying the construction in the previous paragraph to the
Noetherian components of M,,) together with the isomorphisms in equation (3.11) defines an object
w0 0f QCoh(Chpy e lis-ct)- By Proposition A.18, the sheaf wps o corresponds to a unique quasi-coherent
sheaf wq in QCoh(Cay jis-et) Whose restriction to Cpy, is wpy, . Let w$ ;= wm[1].

In this paragraph, we define 77 r¢. By Remark A.20, the complex Rp.«w$, is represented by the
element of ch (M. jis-et) whose n’ h component is Rp.w$ M, (see also [Stacks, Tag OD9P]). We have trace
maps try, : Rp.w$ M, = Owm,, for each n, and these are compatlble with the transition maps of M, by
diagram (3.12). Now from Proposition A.18 combined with the argument in [Stacks, Tag ODL9], wi
obtain 7rp @ Rp.w$, — O (the required Ext groups vanish since Rp.w$, is a complex in degrees
[-1,0] by Lemma 3.3).

Now we check that the pair (w4, trr¢) has the properties required in part (1) of the proposition.
Suppose we have a fibre square (3.10) where A" and M are algebraic stacks. Let Ny — N and M, — M
be very smooth hypercovers with M; and N; disjoint unions of affine schemes, with a morphism N, — M,
commuting with the augmentations and m : N' — M (see Remark A.15). Let Cps.o and Cy o be the

pullbacks of M, and N, to Cq and Cyr, respectively. For each n € Z, the twisted curve C , — N, is

3.11
the pullback of Cpr,n — M,,, and we have isomorphisms m,, wyy,, g wn,,- Under the identifications

(a*m™wp)|m, = my wp, of Remark A.20, these 1somorphlsms are compatible with the transition
maps for the sheaves a*m”*waq and a*wp in QCoh(Cy e liset) because equation (3.11) satisfies the
cocycle condition. By descent, we get an isomorphism m™ w5, — wj. To check that this definition
makes diagram (3.12) commute, apply the equivalences a* and use Remark A.20 to get a collection of
commuting diagrams indexed by n € Z5. O

4. Obstruction theories via the Fundamental Theorem
4.1. Some Picard categories

Let & be a site. We recall the notion of Picard stacks from [73, Sec XVIII.1.4.5] and observe that a
Picard category is just a Picard stack on the punctual site (see also [73, Def XVII.1.4.2]).If f : P — Q
is a morphism of Picard stacks on &, we define the kernel to be the fibre product K = e X, o ¢ P, where
e is the trivial Picard stack (a constant sheaf with all its fibres equal to a single point) and ¢ : @ — Q is
the identity.
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Example 4.1. Let D(§) be the unbounded derived category of abelian sheaves on &. As in [73, Sec
XVIIIL1.4.11], we have a functor ch from the subcategory DI=1-01(8) to the category of Picard stacks
on & (in the latter category, arrows are isomorphism classes of morphisms of stacks). Suppose A is a
sheaf of rings on & and D(A) is the unbounded derived category of sheaves of A-modules. For two
complexes F € D74l (A) and G € DI~ 1-*l(A), we define

Ext” "' (F, G) = ch(t<oRHoma(F, G)) = ch(t<oRTRHom4(F,G)), .1)

where RHomy is derived global hom for D(A); we have omitted the pushforward from the derived
category of I' (&, A)-modules to the category of abelian groups. Observe that ch is applied here over the
site with one object and one morphism, so Extg/ - (F, G) is actually a Picard category (and the prestack
pch(t<gRTRHom A (F, G) of [73, Sec XVIIL.1.4.11] is actually a stack). If the ring A is clear, we will
omit it from the notation. It follows from [73, (XVIII.1.4.11.1)] that isomorphism classes of objects
of Extg/ - (F,G) are equal to Extg(F ,G) and from [73, (XVIII.1.4.11.2)] that automorphisms of the

identity element are Ext;1 (F,G).

Example 4.2. Let ¥ — ) be a representable morphism of algebraic stacks, and let / be a quasi-coherent
sheaf on X'. We recall from [O1s06, Sec 2.2, 2.12] the Picard category Eialy()( ,I) on X: objects are
square-zero extensions X < X’ of stacks over ), together with an isomorphism I — ker(Gx» — Ox)
(see [OIs06, Sec 2.2] for details, e.g., arrows).

Now suppose we have the following commuting diagram of algebraic stacks where g : X — X’ is
a square-zero extension by a quasi-coherent sheaf I, the maps f and g are representable, and we have
fixed 2-morphismy : ro f — gog:

X S Y
”’l l 4.2)
x Ltz

The morphism r induces a morphism R : Exal,,(X,I) — Exal; (X, ), and the perimeter of diagram

(4.2) defines an element of Exal ; (X, I) (i.e., a functor @ — Exal . (X, I), where e is the groupoid with
one object and one arrow). We define the Picard category Def( f) to be the fibre product

Def(f) — Exaly, (X, )

l lﬁ 4.3)

o — Exal (X,])

where the bottom arrow e — Exal . (X', I) is the section induced by diagram (4.2). We use Def(f) to
denote the set of isomorphism classes of Def( f). Explicitly, objects of Def( f) are triples (k, €, §) such
that k : X’ — Y is a 1-morphism, and € : f — kogand § : r o k — g are 2-morphisms satisfying
q*(8) or(e) = y. A morphism from (ki, €1,01) to (ko, €, 52) is a natural transformation 7 : k| — k;
such that g*(7) o €] = € and 8 = 6, o r(7) (for details see [Web20, Lem 2.4.3]).

Example 4.3. As an example of diagram (4.2), let X L V5 Zbe morphisms of algebraic stacks
with X an algebraic space, and let I € QCoh(X,). Define g : X — X"’ to be the trivial extension by /,
so we have ¢’ : X’ — X such that ¢’ o g = 1x. Now g :=r o f o ¢’ is representable, and k = f o ¢’
defines an element of Def(f).

4.2. The Fundamental Theorem

The fundamental property of the cotangent complex is that it provides a description of the Picard
category in Example 4.2 in terms of the construction in Example 4.1.
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Theorem 4.4 [O1s06]. Let X — Y be a representable morphism of algebraic stacks. Then there is an
isomorphism of Picard categories:

Exaly, (X, 1) = Exty ' (Lay. 1[1]) (4.4)

The definition of equation (4.4) is technical, and we defer it to Section B.3. For us, the key property
of equation (4.4) is that it is functorial under pullback and basechange as stated in the next two lemmas.

Lemma 4.5. Suppose we have maps Z I—> w Y, with f and g o f representable. Then given
I € QCoh(Zjiset), there is a commuting diagram of Picard categories:

Ext” " (Lzw, I[1]) —2= Ext”"(Lz/y,1[1])

(4.4)T T(4.4) 4.5

Exal,,(Z,1) ——2— Exal,,(2.1)

Here A is induced by the canonical map Lz;y — Lz, and B is induced by composition with g.

Lemma 4.5 is a special case of [Ols06, (2.33.3)], but that result is stated only for isomorphism classes
of objects. We will prove Lemma 4.5 in Appendix B. For the second functoriality lemma, suppose we
have a fibre square of algebraic stacks

z-Ltsx

l l (4.6)

W—>)

where the map W — ) is flat and X — ) is representable. Then given a quasi-coherent sheaf
I € QCoh(Xjjset), there is a morphism of Picard categories

Exaly()(, I) — Exal,,,(Z, p*I) 4.7

sending X’ — ) to the pullback Z’ := X" Xy W — W (observe that, since diagram (4.6) is fibred, we
have an induced map Z < Z’ with the desired kernel).

Lemma 4.6. Given the fibre square (4.6) and I € QCoh(Xjis.et), there is a commuting diagram of Picard
categories:

Ext”! (Layy. I[1]) —= Ext®"! (p*Layp. pI[1]) 42— Ext” ™! (Lzjw. pI[1])

(4.4)T (4.4)T (4.8

Exal,, (X, 1) £ > Exal,, (2, p*l)

Here C is induced by equation (2.5) in the context of Example B.4,° the arrow D is induced by the
canonical map of cotangent complexes (an isomorphism in this case), and E is equation (4.7).

We will prove Lemma 4.6 in Appendix B. We conclude this section with a corollary to Theorem 4.4
that may be read as a relative version of the same theorem.

Corollary 4.7. Consider a diagram (4.2) of algebraic stacks where X — X’ is a square-zero extension
with ideal sheaf I, and f and g are representable:

SExample B.4 differs from Example 3.1 because it uses general sheaves of O-modules and hence the RHom functor instead of
RHom4.
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1. There is an obstruction o(f) € Ext! (Lf*Ly,z,I) whose vanishing is necessary and sufficient for
the set Def(f) to be nonempty.
2. If o(f) =0, then there is an isomorphism Def(f) =~ EXtO/_l(Lf*Ly/Z, D).

Remark 4.8. It follows from the corollary that if o(f) = 0, we get an isomorphism of groups between
Ext™!(Lf*Ly /z) and the automorphism group of any element of Def(f). One can extract from the
proof of the corollary that Def( f) is a torsor for Ext’(L f*Ly, 12, 1).

Proof. Applying Lemma 4.5 to the maps X — Y 5Lz , we get a commuting diagram

Ext® ! (Lojp, I[1]) — Ext® (Lo, 1[1])

lN lN 4.9)

Exal,, (X, 1) L} Exal . (X, 1)

where R is the same as the map B in the lemma. When we restrict diagram (4.9) to isomorphism classes
of objects, we get the commuting square in the following diagram:

Ext!(Lajy, I) — Ext'(Lx/z, 1) =22 Ext'(Lf*Ly;z, 1)

lN N lN (4.10)

Exaly (X, 1) —%— Exalz(X,])
The top row of the diagram comes from applying Ext' (-, I) to the distinguished triangle

Lf*Ly/Z—)Lx/Z—)Lx/y. (4]])

The set Def(f) is nonempty if and only if, in diagram (4.10), the fibre of R over the element [g] €
Exalz (X, I) defined by diagram (4.2) is nonempty. From the long exact sequence for Ext’ (—, I) applied
to equation (4.11), we see that this happens if and only if the image of [g] in Ext! (Lf*Ly /2, 1) (under
the maps given in diagram (4.10)) is 0. We define

o(f) = ob(a""([g])). (4.12)

If Def( f) is not empty, then by Lemma 4.9 below, Def () is isomorphic to the kernel of the morphism
of Picard categories

R: Exaly(X, 1) — Exal . (X, 1).

It follows from diagram (4.9) and [Ols06, Lem 2.29] applied to the distinguished triangle

RHom(Lx, z. I[1]) 2> RHom(Lxy. I[1]) — RHom(Lf*Ly,z. I[1]) —

induced from equation (4.11) that this kernel is canonically isomorphic to ci((7<—1Cone(t<o8))[-1]),
where Cone denotes the mapping cone of a morphism. But we compute

(t<-1Cone(r<0P)))[~1] = (r<-1Cone(B)) [-1] = 7<oCone(B[-1]),

so we get that this kernel is isomorphic to Ext®/~! (L f*L,, 12, 1). m]

Lemma4.9. Let f : P — Q be a morphism of Picard stacks on a stack X, and let I denote the kernel.
Let q : X — Q be asection and F =P Xg 4 X the fibre product. If the set of global objects of F is not
empty, then F is noncanonically isomorphic to K.
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Proof. A global object of F defines a section o : X — F. One can check that the composition
KXy F—=PxxP LN ‘P, where u is the group operation, factors through F. We obtain a morphism

(I, o)

K——> Kxy F > F. (4.13)
On the other hand, we have the composition

D oo .plhiplg (4.14)

where pri : F — P is the canonical morphism and —o is o followed by the inverse morphism. The
composition of equation (4.14) factors through the identity ¢ : X — Q, so we get an induced map
F — K. One may check that this is inverse to equation (4.13). m

4.3. Equivalent definitions of an obstruction theory

Let Y — Z be a morphism of algebraic stacks. If ¢ : E — F is a morphism in Dgc(Mis-er), let
Hi(¢) : H(E) — H'(F) denote the induced morphism on cohomology sheaves. The following
definition generalises [BF97, Def 4.4].

Definition 4.10. A morphism ¢ : E — Ly, z in Dgc(Viis-et) is an obstruction theory if H™ ' (¢) is a
surjection and H°(¢), H' (¢) are isomorphisms.

Given a morphism ¢ : E — Ly, z in Dgc(Viis-et), for every diagram (4.2), we have induced homo-
morphisms of groups (computed a priori in the lisse-étale topology)

@, : Ext'(Lf*Ly,z,I) — Ext'(Lf*E,I). (4.15)

We now present a well-known local criterion for a morphism ¢ to be an obstruction theory. Similar
criteria have appeared in [BF97, Thm 4.5], [AP19, Cor 8.5] and [Pom 15, Thm 3.5]. However, we found
the wording in these criteria to be vague in that they do not explicitly require compatibility between
various morphisms. Since proving said compatibility is a major part of the paper (it comprises the
functoriality computations in Appendix B), we give the precise statement of the local criterion and a
fully detailed proof.

Lemma 4.11. The following conditions are equivalent:

1. The morphism ¢ is an obstruction theory.
2. For every diagram (4.2) with X a scheme, the following hold:
(a) the element ®1(o(f)) € Ext'(Lf*E, I) vanishes if and only if Def(f) is nonempty.
b) if D (o(f)) =0, then ©y and ®_; are isomorphisms.
3. For every affine scheme X and smooth map X — Z, the following hold:
(a) For every ambient diagram (4.2) using X, the element ®,(o(f)) € Ext'(Lf*E,I) vanishes if
and only if Def (f) is nonempty.
(b) For every I € QCoh(Xjis.et), the maps @y and ®_; are isomorphisms.

Remark 4.12. In Lemma 4.11, conditions (2) and (3) may be computed in X.-—so in (3b), one checks
every I € QCoh(Xy) (see, e.g., [Ols16, Prop 9.2.16]).

Proof of Lemma 4.11. The proof of this lemma seems to be well-known; many parts were explained to
me by Bhargav Bhatt. Let C be the mapping cone of ¢ : E — Ly, z. Then condition (1) is equivalent to

(1) H(C)=0fori > —1.
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Assume (1°). Then H'(Lf*C) also vanish for i > —1, so a spectral sequence [Stacks, Tag 07AA] for
Ext' (-, I) implies Ext'(Lf*C,I) = 0 for i < 1 and any /. Now the long exact sequence of Ext groups
arising from the distinguished triangle

Lf*E = Lf*Ly/z — Lf*C — (4.16)

implies that @ is injective and @y and ®_; are isomorphisms. Combined with Corollary 4.7, this proves
(2) (with X an arbitrary scheme). Now (2) implies (3) using Example 4.3.

Assume (3). Condition (1’) may be checked smooth-locally on ), so let f : X — ) be a smooth
morphism from an affine scheme, and let I € QCoh(Xjjs¢¢) be arbitrary. We will show that if i > —1,
then Ext®(H'(Lf*C),I) = 0, which implies f*H'(C) = H'(Lf*C) = 0 (the first equality is [HR17,
(1.9)] and uses flatness of f).

By assumption (3b), the morphisms @y and ®_; are isomorphisms. We show that @, is injective. It
follows from Corollary 4.7 and assumption (3a) that if @ (o(f)) = 0, then o(f) = 0, so it suffices to
show that every element of Ext! (Lf *Ly,z,1) is equal to o( f) for some diagram (4.2), or equivalently
that the map ob in equation (4.12) is surjective. This follows from the long exact sequence

— Eth (Lx/z,l) ﬂ) Eth(Lf*Ly/Z,I) e Eth(Lx/y,I) —

since Ly/y = le/y [0] is a locally free sheaf in degree 0.

Since @ is injective and @y and ®_; are isomorphisms, the long exact sequence of Ext groups for
equation (4.16) shows that Ext'(Lf*C, I) = 0 for every i < 1. By [Stacks, Tag 07AA], there is a spectral
sequence whose second page is

Ext' (H/(Lf*C),I) = Ext™(Lf*(C),I).

A priori we know H(Lf*C) = 0fori > 2. By the above spectral sequence, the group Ext’(H' (Lf*C), I)
is equal to Ext™'(Lf*C, I), which vanishes for every I. This forces H'(Lf*C) to vanish. Inductively
applying the same argument to Ext’(Lf*C,I) and then Ext!(Lf*C,I) shows that HO(Lf*C) and
H™'(Lf*C) vanish as well. O

4.4. Moduli of sections

Consider a tower of algebraic stacks

ZHC&M

as in Section 1. There we defined the moduli of sections Secq(Z/C). By [HR19, Thm 1.3] and our
assumption that M is locally Noetherian, the stack Sec((Z/C) is also locally Noetherian. The stack
Secr((Z/C) has a universal curve Csec ,,(z/¢) and a universal section fsec,,(z/c) € Home (Csee(z), Z)
(we will omit the subscript on f when possible).

Now suppose we have a tower of algebraic stacks

Z—>W—>C£>M,

where Z,C and M are as before and W — M is locally finitely presented, is quasi-separated and
has affine stabilisers. To simplify the notation, let S(Z) := Seca(Z/C) and S(W) := Secp (W/C).
We have an induced map S(Z) — S(W), and over this map we have a canonical relative obstruction
theory defined as follows. We have a morphism in Dy (Cg(z)) consisting of canonical morphisms of
cotangent complexes:

Lf*LZ/W — LCG(Z)/Cew\;) ; p*Lg(z)/g(W). (417)
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Using the pair (‘”e( 2 IT&(2)) defined in Proposition 3.14, we may apply the adjunction-like morphism
a defined in Section 2.3 to equation (4.17), obtaining

ps(z)/6m)  Bezyisow) = Lezyeow). Esz)/emw) =Rp:(Lf'Lzjw ® wgz).  (4.18)

For example, when W = C, we have S (W) = M, and we obtain an obstruction theory on G (Z) relative
to M. We refer the reader to [CJW21, Appendix A] for functoriality properties of Sec (2 /C) and the
obstruction theories in equation (4.18).

The main theorem of this article is the following.

Theorem 4.13. The morphism in equation (4.18) is an obstruction theory.

4.4.1. Proof of Theorem 4.13
We prove condition (3) of Lemma 4.1 1. To begin, fix a solid commuting diagram

T — &(2)

l l (4.19)

T — (W)
with m a smooth morphism and 7 — T’ a square-zero extension of affine schemes with ideal sheaf I €

QCoh(Tjis.et)- Let Cr (respectively, Cr/) denote the pullback of the universal curve to T (respectively, T”).
We first observe that from the definition of the moduli stacks, we have a commuting diagram of algebraic

stacks:
] % T

Cr CT SN Cs(zy — Casow)
TR

Cr T —— &(2) S(W)

Tl

Claim 4.14 (Step 1). Diagram (4.20) leads to a commuting diagram of Picard categories

Def(fr) — Exal (Cr,p*I) —2— Exal,,,(Cr, p*I)

WT BOET BOET (4.21)

Def(m) — Exalg (T, 1) —— Exalg,,, (T, 1)

where the arrows B and E are as in Lemmas 4.5 and 4.6, the terms in the leftmost column are fibres of
the top and bottom horizontal maps and ¥ is an isomorphism.

Proof. The right square in the diagram follows from the bottom two (fibred) squares of diagram (4.20)
and the definitions of B and E. Moreover, the element of Exalg ) (T, I) defined by m and its horizontal
square in diagram (4.20) maps under B o E to the element of Exal,, (Cr, p*I) defined by fr and its
horizontal square. By definition (4.3) of Def, we get the left square of diagram (4.21).

To prove that ¥ is an isomorphism, it suffices to check étale-locally on T’ that is, it suffices to show
that ¥ induces an equivalence of categories Def(m) — Def(fr). For this, we construct an inverse
functor. Let (k, €, §) be an element of Def(f7). We get an arrow ks : T’ — S(Z) determined by k and
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¢, making the resulting triangle over S(W) strictly commutative. The 2-morphism € determines a 2-

k
morphism (also denoted €) from m to the composition T — 7" = S(Z2). Hence our functor sends the
object (k, €, 6) to the object (ks, €,id). We leave it to the reader to check that this is inverse to ¥. O

Claim 4.15 (Step 2). Diagram (4.20) leads to a morphism of distinguished triangles

Rp.RHom(Lf; Lz, p*l) — Rp.RHom(Lc, =z, p*I[1]) —> Rp.RHom(L¢, p, p*I[1])

T T T

RHom(Lm*Le(z)/eow), [) —> RHom(Lr g (z),1[1]) —— RHom (L /sow), I[1])
(4.22)
where the leftmost vertical arrow has the property that there exists a composition

5 % % 3 5 .
RHom(Lm*Lg(z)/s(w), 1) = Rp.RHom(Lfr Lz, p*I) - RHom(Lm™ (Rp.Lzw ®w6(3)),1)
(4.23)

equal to the map induced by ¢s(z)/s(w) : Rp«Lz/w ® wé(z) — Lg(z)/s(w)- Applying the functor
ch oty oRI to diagram (4.22) yields a commuting diagram of Picard categories

Ext” N (Lf7Lzyw, p*1) — Ext” (Lo, 2, p*I[1]) < Ext” 1 (Le, s p*I[1])

q,T Ao D_IOCT AoD_IOCT (4.24)

Ext” ! (Lm"Le (z)/8w), 1) — Ext” " (Ly e (2), I[1]) 2 Ext~! (L /g om), I11])

where the arrows A, D and C are defined as in Lemmas 4.5 and 4.6, the terms in the leftmost column
are the kernels of the top and bottom horizontal maps and, if ® is an isomorphism, then @y and ®_,
(defined in equation (4.15)) are isomorphisms.

Proof. There is a morphism of distinguished triangles (see [Web20, Lem 2.2.12])

Lepyw ——— Lepjz ———— LffLzwll] ———

l l l

P'Lrisowy — p'Lriszy — p'LmLgzysom [1] —

(note that the vertical arrows are only defined in the derived category). Applying Rp.RHom(—, p*I1[1])
to this diagram and composing with the morphism in equation (2.5) yields diagram (4.22), but with
RHom% in place of RHom. Now Lemma 2.14 (applied in the context of Example 3.1) produces the
composition in equation (4.23) that is isomorphic to the map induced by ¢g(z)/s(w), but still with
RHom% in place of RHom. To replace RHom9® with RHom, we observe that all stacks in in diagram
(4.20) are locally Noetherian and all morphisms are locally of finite type; so by [Stacks, Tag 08PZ],
all cotangent complexes are pseudo-coherent (in fact, in the derived category D, of the appropriate
topos), and we may make the replacement by [Stacks, Tag 0A6H] (recall that we are working on an affine
scheme T'). Now diagram (4.24) is produced by applying ch o T<o o RI" and using [Stacks, Tag 08J6],
and arguing as at the end of the proof of Corollary 4.7. The map ® being an isomorphism implies @
(respectively, @_1) is an isomorphism by restricting @ to isomorphism classes of objects (respectively,
automorphisms of the identity). O

Claim 4.16 (Step 3). Condition (3) in Lemma 4.11 holds.
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Proof. We study the commuting cube formed by mapping the right square of diagram (4.24) (on the
top floor) to the right square of diagram (4.21) (on the ground) via equation (4.4) (vertical maps):

Ext” ™! (Ley 2. pUI[1]) ————— Ext"! (Le, yw. p*I[1])
Ext” " (Ly g (2), I[1]) ——— Ext” "' (Lygom). I[1]) l

Exale(Z) (T,1) > Exale(w) (1,1

(4.25)
This cube commutes by Lemmas 4.5 and 4.6. We note that Theorem 4.4 applies because the maps
Cr — Z and C; — W are representable: for example, representability of C; — Z follows from the
fact that m’ is representable and [Stacks, Tag 04Y5].
To prove (3a), restrict diagram (4.25) to isomorphism classes of objects. As in diagram (4.10), we
extend this diagram by the obstruction maps, obtaining a commutative diagram

* (4.4 5 % %
Exaly (Cr, p*I) —— Extl(LCT/W,p 1) o—b) Extl(LfTLg/W,p 1)

o] 1 o

(4.4) .
Exalgw) (T, I) <—— Ext'(Ly/sow), 1) —2% 5 Ext!(Lm Le(z)/sw), 1)

where the left square is a side of our cube and the right square is obtained by applying the derived global
sections functor RI" to diagram (4.22) and then taking cohomology. By the definition of B o E and
commutativity of the diagram, the map labelled ® sends o(m) to o( fr). By equation (4.23), the map
@/ is quasi-isomorphic to ®;, where @, is defined as in Lemma 4.11. By Corollary 4.7, the element
o(fr) (respectively, o(m)) vanishes if and only if Def( fr) (respectively, Def(m)) is nonempty. Since
the map ¥ : Def(m) — Def( fr) from diagram (4.21) is an isomorphism, we see that (3a) holds.

To prove (3b), we may assume that diagram (4.25) was formed from the trivial example of diagram
(4.19) (see Example 4.3). In this case, the terms in the left column of diagram (4.21) are kernels (not just
fibres) of the horizontal maps, so diagram (4.25) induces the following commuting square of kernels:

Ext”/ "' (LfyLzw, p*1) —=— Def(fr)

o q

Ext” ! (Lm*Le(z)/e(w), I) ——> Def(m)

The horizontal maps are induced by the instances of equation (4.4) in diagram (4.25), and they are iso-
morphisms because equation (4.4) is an isomorphism. Since ¥ is an isomorphism, ® is an isomorphism
as well. O

A. Descent theorems for lisse-étale sheaves on algebraic stacks

In this section, we recall the unbounded cohomological descent theorem in [LOO0S, Ex 2.2.5] for quasi-
coherent sheaves in the lisse-étale site of an algebraic stack (Proposition A.4), and then we use it to
prove a new descent theorem (Propositions A.18) that is needed in this paper. In this section, if X is
an algebraic stack, we use Le(X) to denote the lisse-étale site, and if U is an algebraic space, we use
Et(U) to denote its small étale site ([Stacks, Tag 03ED]).
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A.l1. Morphisms from étale to lisse-étale sites

If U is an algebraic space and m : U — X is a smooth morphism, there is an induced functor of sites
Et(U) — Le(X) (also denoted m) that sends a scheme V with an étale map V — U to the composition
VoU-—>AX.

Remark A.1. We make the following observations about the functor m:

1. The functor m : Et(U) — Le(X) is cocontinuous and hence induces a morphism of topoi m : Ugy —
Ais-et by [Stacks, Tag 00XT]. The functor m™': Xiset = Uet is just restriction.

2. Since m~! is restriction, we have m~'0 = Oy and m~' F = m* F when F is a sheaf of ©y-modules.

3. The functor m : Et(U) — Le(X) is also continuous, and hence m~! has a left adjoint by [Stacks,
Tag 04BG]. Since m commutes with fibre products and equalisers, the left adjoint is exact by [Stacks,
Tag 04BH]. In particular, m~! preserves injectives.

Suppose we have the following commuting diagram of algebraic stacks where V and U are algebraic
spaces and m is smooth:

v L5 u
m’ m
x L5 x

4. If f is representable and V = U Xy X, then for F € Xijjse, we have a canonical identification
fim'™'\F = m™ fF, where f/ : Voo — U (respectively, f. : Xiicer = Riier) is the usual
pushforward of étale (respectively, lisse-étale) sheaves induced by a continuous functor of sites.
(Note that f. may not have an exact left adjoint.) Indeed, if W is a scheme and W — U is étale, then
we have

(fim" " F)(W) = F(W xy V) (m™ £ F)(W) = F(W Xx X)

but there is a natural identification of algebraic spaces W Xy V =~ W Xy X.

5. If f is smooth, then f; has an exact left adjoint, and we let f* : Mod(Ox, ) — Mod(Ox,, ) be the
induced pullback of O-modules. In this case, f"*m"™*F = m* f*F for F € QCoh(Xjs.et). Indeed, by
part (2) above (since f is representable), the functors m* and m” f* are just restriction, but f”* is the
pullback functor from QCoh(Ug) to QCoh(Ux ). Hence the desired equality holds by the Cartesian
property of F.

A.2. The first descent theorem

In this section, we recall Lazslow-Olsson’s theorem for unbounded cohomological descent for lisse-étale
sheaves on an algebraic stack (Proposition A.4). To begin, we recall the following general construction
(which will be used multiple times in this appendix).

Construction A.2. Let I be a category, and let C be a functor from I to the 2-category of categories (see
[Stacks, Tag 003N]); that is, for each i € I, we have a category C;, and for each morphism ¢ : i — j in
I, we have a functor ¢7, : C; — Cj, and these are compatible with compositions. We define a category
of systems Cyorq1 whose objects are tuples F .= (F;, F(¢)) with F; € C; and F (@) : ¢, F; — Fj, such

that the following diagrams commute:
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* g F(gog)
¢C$C‘F€ > J,

7 n
¢LF (%) %@
G5 Fm

A morphism from (F;, F(¢)) to (Gi, G(P)) in Crorar is a collection of morphisms a; : F; — G;
compatible with the F (¢) and G(¢). The category of Cartesian systems Cs2"", is the full subcategory of
Ciotal Wwhose objects have the property that every F (@) is an isomorphism.

Remark A.3. Suppose we are given two functors C,D from [ to the 2-category of categories, and

suppose we have functors A; : C; — D; such that the squares

Ci i)pi

e Lo
A

C; — D;

2-commute and the 2-morphisms respect (vertical) compositions of squares. Then we have a functor
A Crotal = Diorar given by the rule A(F;, F(¢)) = (Ai(Fo), Aj(F(9))).

Let X be an algebraic stack, and let U — X’ be a smooth cover by an algebraic space. Let U, be the
simplicial algebraic space that is equal to the 0-coskeleton of U — X’. We apply Construction A.2 to the
category I := A", where A" is the subcategory of the simplicial category A with the same objects but
only the injective morphisms. Fori € A*, we set C; 1= U oi; and for ¢ : i — j, welet ¢* : Ui ot = Uj et
be the usual inverse image functor for this morphism of topoi. The resulting category of systems is
called the strictly simplicial topos in [Ols07, Sec 2.1] and [LOOS, Ex 2.1.5], and we notate it U:,et- The
structure sheaves Oy, define a distinguished ring object Oy in U; .. A quasi-coherent sheaf in U] . is an
Oyz-module (F;, F(¢)) such that each F; is in QCoh(U; ) and the morphism ¢* F; ®g+ 0y, Ou; — F;j
induced by F(¢) is an isomorphism. Observe that the category of quasi-coherent sheaves QCoh(U; )
is equal to the category of Cartesian systems with C; = QCoh(U; ¢) and ¢ equal to the usual pullback
of quasi-coherent sheaves.

There is a functor @* : Mod(Ox,,.,) — Mod(Op; ) given as follows: for F € Xjiser, set (@ F); =

ml.’]]-' ®m;1@X Oy,, where ml.’] : Xis-et = Ui et is defined using the projection U; — X and Remark
A.1.1, and let F(¢) be the identity for each ¢. Note that @™ is exact and sends quasi-coherent sheaves
to quasi-coherent sheaves. The following proposition is due to Laszo-Olsson.

Proposition A.4 (Laszlo-Olsson). The morphism w* : QCoh(Xjs.et) — QCoh(U} ) is an exact
equivalence of categories. We use @, to denote the quasi-inverse. Moreover, w* : Dgc(Xiset) —
Dqc(U; ) is an equivalence, and we use Rw, to denote the quasi-inverse.

Remark A.5. The equivalence of categories of quasi-coherent sheaves is proved in [Ols16, Prop 9.2.13].
The equivalence of unbounded derived categories is proved in [LO08, Ex 2.2.5] (using [Ols07, Thm
6.14]) under the assumption that X" is quasi-separated (a standing assumption for both [Ols07] and
[LOO08]). This assumption is not needed for Proposition A.4. Indeed, [LOOS8, Thm 2.2.3] appears
as [Stacks, Tag OD7V] without the quasi-separated hypothesis, and one may check directly that the
necessary portions of [OIs07] (namely Proposition 4.4, Lemma 4.5 and Lemma 4.8) do not use this
hypothesis.

Remark A.6. The equivalences (w*, @,) are functorial as follows. Let X — X be a smooth morphism
of algebraic stacks (inducing a morphism of lisse-étale topoi), let V. — X be a smooth surjective
morphism from a scheme V, and let V. — U be a morphism commuting with maps to X. It follows from
Remark A.1.5 that there is an identification f;  @" ~ @ f* (where [, is given by f;" at level i), and

%

since @™ is an equivalence, we also have @, f; ., = f*@..
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A.3. The second descent theorem: hypercovers

In this section, we prove an unbounded cohomological descent theorem in the lisse-étale topology for
very smooth hypercovers of algebraic stacks (Proposition A.18).

A.3.1. Very smooth hypercovers
Recall that if /f — X and V — X are representable morphisms of algebraic stacks, then the category
Homy (U4, V) is isomorphic to a set.

Definition A.7. The enlarged smooth site Es(X) of X is the category with objects given by morphisms
f U — X, where U is an algebraic stack and f is smooth and representable, and with arrows from
U — XtoV — X given by the set Homyx (U, V). A covering is a set of smooth maps {U; — U};er that
are jointly surjective.

Remark A.8. The site Es(X’) contains id : X — X as the final object.
Remark A.9. The morphisms in Es(X) are all representable.
Definition A.10. A smooth hypercover of X is a simplicial object X, in Es(X) such that

1. Xo — X is surjective (note that it will also be smooth).
2. Xpt1 — (cosky, sk, Xe)n+1 is smooth and surjective for n > 0.

Remark A.11. A smooth hypercover of X is a hypercover of the final object in Es(X") in the sense of
[Stacks, Tag 01G5]. Moreover, if X' is an algebraic space, then a smooth hypercover of &’ is also an fppf
hypercover in the sense of [Stacks, Tag 0DH4].

Definition A.12. A very smooth hypercover of X is a smooth hypercover Xo such that every degeneracy
and face map X; — X is smooth.

If X, is a smooth hypercover of X and f : ) — A& is a morphism of algebraic stacks, we can pullback
X, to a simplicial object Y, in Es()): define ¥; = X; Xy ).

Remark A.13. If Y — X is a morphism of algebraic stacks and X, is a (very) smooth hypercover of
X, then Y, is a (very) smooth hypercover of ). This follows from [Stacks, Tag ODAZ].

Remark A.14. From [Stacks, Tag ODEQ] and the proof of [Stacks, Tag ODAV], it follows that if X is
an algebraic stack, then a very smooth hypercover of X" exists. In fact, we may take X; to be a disjoint
union of affine schemes.

Remark A.15. Let X — ) be a morphism of algebraic stacks. Then we can find very smooth hypercov-
ers X, — X and Y, — ) with X; and Y; disjoint unions of affine schemes, with a morphism X, — Y,
commuting with the augmentations and the given morphism X — ). This follows from analysing the
construction of X, and Y, in [Stacks, ODAV], using the fact that the functors cosk,, are finite limits and
hence commute with pullback (see the proof of [Stacks, Tag 0DAZ]).

A.3.2. The lisse-etale topos of a very smooth hypercover

Recall that if X — ) is a smooth morphism of algebraic stacks, then there is a morphism of sites
Le X — Le) (see, e.g., [Stacks, Tag 00X1] and [OlsO7, Sec 3.3]) and in fact a morphism of ringed
topoi (Aliset, Ox) = (Viis-et, Oy). We follow [Stacks, Tag 09WB] by defining the category of sites to be
the category whose objects are sites and whose morphisms are morphisms of sites. If C, is a simplicial
object in this category, then for each morphism ¢ : [i] — [j] of the simplicial category A, we have a
morphism of sites f,, : C; — C;.

Definition A.16. Let X, be a very smooth hypercover of X. We construct an associated site Le(X.)
as follows: let Cq be the simplicial object in the category of sites with C; := Le(X;) and f, equal to
the given morphism of sites (it is important that all the face and degeneracy maps are smooth). Define
Le(X.) to be the site Ctorq1 in [Stacks, Tag 09WC], and use X, Jiset 1o denote the corresponding topos.
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Remark A.17. By [Stacks, Tag 09WF], a sheaf on Le(X,) is given by a system (F;, F(¢)), where F;
is a sheaf on Le(X;) and F(¢) : f, 'Fi > F 7 are compatible morphisms.

Using Remark A.17, define a sheaf Oy, ;... on X, jis-et to be the sheaf equal to O; on X; with transition
maps induced by the morphisms of ringed topoi already given. This makes X, jiser @ ringed site. An
Ox, .. -module F on X, jiset is quasi-coherent if for each i the sheaf F; is a quasicoherent Ox,-module

and if for each ¢ : [i] — [j] the induced maps

fo' Fi ®f-10y, Ox; = F;

are isomorphisms.

A.3.3. The descent theorem
For X, a very smooth hypercover of &, let a; : X; — X denote the given (smooth) morphism of
algebraic stacks.

The morphism Xy — X induces an augmentation of Le(X,) towards Le(X') in the sense of [Stacks,
Tag 0D6Z]. By [Stacks, Tag 0D70], we get a morphism of topoi

a: X liset — Xis-et (A.1)

such that ¢~! F is given by the system with (a~!F); := ai‘l]-" and the natural transition maps (they are
all isomorphisms), and a..G is given by the equaliser of the two maps ap.Gy — a1.G;.

Using the maps alTl@X — Oy,, we get a morphism a !0y — Ox, ;s.. that makes a a morphism of
ringed topoi. Define a* : Mod(Ox) — Mod(0Ox, ;,..) by

s ._ -1
aF=a F®u 0, Ox, o

It is clear that a* is exact and sends QCoh(Xjis-et) to QCoh(Xe jis-et)-

Proposition A.18. Let X, — X be a very smooth hypercover. Then
a*: QCOh(Xlis—et) - QCOh(XO,lis»et) (A2)

is an equivalence of categories with quasi-inverse a.. Moreover, the functors Ra. and a* are inverse
equivalences of Dgc(Xis-er) and Dyc (X jis-et)-

Proof. We first show that a* is an equivalence of categories of quasi-coherent sheaves with quasi-
inverse a.. Let U — X" be a smooth map from an algebraic space U, and let U], be the strictly
simplicial étale topos defined in Section A.2. We apply Construction A.2 to the category I = A X A*.
For (i, j) € A x A*, we set C;,; = QCoh ((X; Xx Uj)et) (observe that the fibre product is an algebraic
space), and we let ¢* : (X; Xx Uj)et = (Xix Xx Ur)ee be the usual pullback of quasi-coherent sheaves.
Let QCoh((Xe Xx Uf)e;) denote the resulting category of Cartesian systems.

Let Ux, = X; Xx U. By viewing QCoh(X, jis-et) and QCoh((X. Xx U] )et) both as categories of
systems with I = A, we define functors

@
QCOh(Xo,lis—et) wﬁ QCOh((X. Xx U:)et)
induced via Remark A.3 by the inverse equivalences
-
QCoh(Xi jiser) T—= QCoh(Uy )

of Proposition A.4. The rules w, and w. . are indeed functors of categories of systems by Remark A.6,
and one checks that they are inverse equivalences.
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Similarly, let Xy, « be the pullback of the hypercover X, — X to U; as in Remark A.13. By viewing
U; o and QCoh((Xe Xx UJ)er) as categories of systems with [ = A*, we define functors

QCoh(U ) T QCoh((Xa Xx Uf))

induced via Remark A.3 by the functors

QCoh(Us ) T2 QCoh (X 0.0 (A3)

defined in analogy with equation (A.1) above. The functors a. and a* in equation (A.3) are inverse
equivalences by [Stacks, Tag ODHD].
We have constructed a diagram

QCoh(Xa jivet) 7= QCoh((Xa X U

a*/lla* “{H/a‘v*

QCoh(Xiyer) ===t QCoh(U? )

where three of the four pairs of morphisms are known to be inverse equivalences. It follows from Remark
A.l.5 that wia* = a,w™, so a” is an equivalence with inverse @.a. .@,. Using Remark A.1.5 and the
fact that @™ is exact, one can check that a, @, = @w*a., so a. = w.da. .w,. This shows that a* and a.
are inverse equivalences of quasi-coherent sheaves.

To finish the proof of the Proposition, we use [Stacks, Tag 0D7V]. To do so, we must verify its five
hypotheses. The category QCoh(X. jise) is a weak Serre subcategory of Mod(0Ox, ;, ..), and conditions
(1), (4), and (5) of [Stacks, Tag OD7V] hold as in the proof of [Stacks, Tag ODHF]. Condition (2) is the
inverse equivalence of a* and a., that we just proved. The final condition, number (3), is the statement that
for F € QCoh(Xjiset), the unit 7 — Ra.a*F is an isomorphism. Since we already know F — a.a*F
is an isomorphism, it suffices to show R"a.a*F = 0 for n > 0.

For any smooth map m : U — X from a scheme U, let U, — U be the very smooth hypercover
equal to the pullback of X,. We have a diagram of morphisms of topoi

M lis-et
U-,et — U-,lis—et 4 Xo,lis—et

[ P

Miis-et
Y] . \ .
Uet S Uhs—et 7 /Yhs—et

where the site U, ¢ is constructed with [Stacks, Tag 09WC] and @’ and a’ are defined as in equation (A.1).
The top horizontal morphisms come from [Stacks, Tag ODHO]. It follows from [73, V.5.1(1)], [Ols07,
Lem 3.5] and Lemma A.19 that R"a.a™ F is the sheafification of the presheaf that associates to an smooth
map m : U — X from a scheme U the group H" (U, lis-et, m:’llis_eta*]-' ). Since restriction to the étale site
is exact and preserves injectives, this is equal to H' (U, e, mia* F), where mq : U ef — X jis-et is defined
as in Remark A.1. Finally, by Remark A.1.5 (since F is quasi-coherent), this equals H" (U, ¢, as*m* F).

On the other hand, it follows from [73, V.5.1(1)] and Lemma A.19 that R"ars.ar*(m*F) is the
sheafification of the presheaf that associates to an étale map f : V — U from a scheme V the group
H"™ (Vi o1, arr*m* F). This group is equal to H' (V, e, arry, (mo f)*F), where ary : Voo — Ve is the
usual morphism in equation (A.1). It follows that if m : U — X is a smooth cover by a scheme, the
étale sheaves m*(R"a.a*F) and R"arr.ar*(m* F) are the sheafification of the same presheaf, hence
isomorphic. But it follows from [Stacks, Tag ODHE] that R"ars.ar* (m*F) = 0. O
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Lemma A.19. Consider a fibre square of algebraic stacks

Ux — X

Lo

U L) y
such that U is an algebraic space.

1. If m and b are smooth and representable and U is the sheaf represented by U on X, then b~'U is
represented by Uy.

2. If Y is representable, m is étale, and b is representable, and if U is the sheaf represented by U on
X, then the étale sheaf b='U is represented by Ux.

Proof. We first sketch the proof of (1). The sheaf b~ is the sheafification of the presheaf that assigns
to a scheme T with a smooth map g : T — X the set colim Homy (W, U), where the colimit is taken
over schemes W fitting into diagrams

T2y x
l b (A4)
smooth
W—DY
Composition induces a map
colim Homy, (W, U) — Homy (T, U), (A5)

which is an isomorphism since 7 — Y is smooth and hence defines the final object in the category over
which we take the colimit. Finally, we note that Homy (7', U) = Homy (T, Ux). For (2), the map T — X
is now étale, and the colimit is over diagrams (A.4) with W — ) étale, so T — ) is not an object of the
colimit category. However, the map in equation (A.5) is still surjective. It is injective as well because
an element of Homy, (W, U) must be étale, so if we have elements of Homy, (W, U) and Homy, (W, U)
that yield the same map 7' — U, we may compare them via the étale U-scheme W| Xy W,. O

Remark A.20. Let X, — X and Y, — ) be very smooth hypercovers of algebraic stacks X and ), and
suppose we are given a morphism f, : X, — Y, of simplicial algebraic stacks and f : X — ) such that
these maps commute with the augmentations. Then for F € Dgc(is-et), We have

(@*Lf* Flx, = Lfy (@ F)lx,,
and if f is concentrated and G € Dgc(Xjis-er), then
(a@"Rf9)ly, = Rfnc(@* Gy,

where the functor Lf,; (respectively, Rf,.) is the usual pullback functor (respectively, direct image)
between Dyc(Yy tis-et) and Dgc (X lis-et). Indeed, the functor (a*—)l|x, is just aj(-), so the desired
equalities are equivalent to

aLf*F=Lf;a,F  and ayRf.G = Rfp.a,,G.

These follow from the naturality of derived pullback and [HR 17, Cor 4.13], respectively.

B. Functoriality of the Fundamental Theorem

In this section, we prove Lemmas 4.5 and 4.6.
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B.1. Categories of algebra extensions
In this section, & is a site with A — B a morphism of sheaves of rings on &, and [ is a sheaf of

B-modules.

B.1.1. Categories

The Picard category Exal,(B,I) was defined in [I1I71, Sec III.1.1.2.3]: an object is a surjective
A-algebra map E — B whose kernel is (1) square-zero as an ideal of E, and (2) isomorphic to /
as a B-module. We write these objects as short exact sequences of abelian sheaves

0—-1I—>E—>B—0. (B.1)

A morphism in Exal , (B, I) is a commuting diagram

0

~

1

0 > 1 >

,
e
L
o
L
o

oQ

&1

> B > 0
where f is a morphism of B-modules and g, & are morphisms of A-algebras.
B.1.2. Functors

If I — I’ is a morphism of B-modules, B’ — B is a morphism of A-algebras and A” — A is a morphism
of rings, then we have natural functors

Exal (B, I) — Exal (B, I’) (B.2)
Exal,(B,I) — Exal ,(B’, Ip) (B.3)
Exal ,(B,I) — Exal,, (B, 1) (B.4)

defined in [I1171, Equ III.1.1.5.2], [11171, Equ III.1.1.5.3] and [11171, Equ ITI.1.1.5.4], respectively. Here,
Ip: denotes the sheaf / considered as a B’-module. Let ' — & be a continuous morphism of sites
inducing a morphism of topoi (p~', p.). Then we have an induced morphism

Exal, (B, 1) — Exal A(p7'B,p7'D) (B.5)

sending equation (B.1) to its image under p~!. We are using that p~! is an exact functor.
Lemma B.1. The morphisms in equations (B.2), (B.3), (B.4) and (B.5) commute pairwise.

Proof. The most involved pair to check is equations (B.2) and (B.3). We work it out in detail and offer
a few words about the remaining pairs at the end of the proof. When we say equations (B.2) and (B.3)
commute, we mean if B — B is a morphism of rings and / — [’ is a morphism of B-modules; then
the diagram

Exal (B, 1) ——2 Exal (B’ Iz

l(B‘Z) \L(B.Z) (B.6)

B3
Exal , (B, I) ~=2 Exal ,(B', I},))
commutes up to a natural transformation.
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Given an element (B.1) of Exal , (B, I), we have a diagram

<y p

T LET \\\\(O’b)
b 3
7

0 N N,

B

N
(a,0) g

B/

J LN

. 0 (B.7)

where P = I’ @7 E and F = E Xp B’: as abelian groups, P and F are the colimit and limit of the usual
diagrams, while the ring structures are described in [GD67, Opy.18.2.8] and [GD67, Opy.18.1.5]. Set
Q=I®; Fand G = P Xg B’. Then

0—-1I'"—->Q0—B -0

is the image of equation (B.1) under the composition ~ | in diagram (B.6), and likewise G defines the
image under the composition | _,. An arrow from Q to G in the groupoid Exal , (B’, I’) is given by four
dashed arrows so that this diagram commutes:

[ —> 1 -——-3 P

\ \><: \ (B.8)

Fl--5Bp —38B

(To check commutativity, it suffices to check that the quadrilaterals I’/ F P and I’I F B’ and the perimeter
commute.) The required collection of dotted arrows is givenby a’ : I’ —» P,0: 1’ — B’,tg o pg :
F— P,andb’ : F —> B’.

To show that the resulting arrows in Exal , (B’, I’) define a natural transformation (in this groupoid),
suppose we are given an arrow

in Exal, (B, I). Let fp : P — Py and fr : F| — F, be the maps induced by f, where P; and F; are
defined as in equation (B.7). Likewise let Q; and G; be the images of E; in Exal , (B’, I’) under the maps
in diagram (B.6). We must compare two maps from Q to G in Exal , (B’, I). Such maps are given by
diagrams of the form in diagram (B.8), with F replaced by F; and P replaced by P;. In the situation at
hand, one of the maps from Q; to G is given by the diagram

fpo
I"<zzz----- e i
0 =~ - _ -
JcPoLE\ P,\f”-(‘ -
F :_:______Z’_______::% B’
1

https://doi.org/10.1017/fms.2022.61 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.61

36 Rachel Webb

and the other is given by the diagram

These are easily seen to consist of the same morphisms.

This completes the proof that equations (B.3) and (B.2) commute. Of the remaining pairs, most of
the checks are trivial (in particular, the analogue of diagram (B.6) is strictly commutative). Only the
pairs (equations (B.2), (B.5)) and (equations (B.3), (B.5)) are nontrivial. For these, one uses that p‘1 is
exact and hence preserves finite limits and colimits. O

B.2. Illusie’s theorem

B.2.1. Statement
In this section, & is a site with A — B a morphism of sheaves of rings on &, and / is a sheaf of B-modules.

Theorem B.2 [Ols06, Thm A.7], [11171, Sec I11.1.2.2]. There is a canonical isomorphism
B : Exal, (B, 1) — Exty (L, I1]), (B.9)

where the right-hand side was defined in equation (4.1).

Proof. Since the isomophism in [Ols06, Thm A.7] is defined on groupoid fibres, we may use the same
definition for our morphism in equation (B.9) (written out in the proof of Lemma B.5), and the argument
in [Ols06, Thm A.7] shows that it is an isomorphism. Note that when & has a final object S, the map in
equation (B.9) is the value on S of the isomorphism in [Ols06, Thm A.7]. O

B.2.2. Functoriality
We will show that equation (B.9) is compatible with the functors defined in Section B.1.2. We will use
the following instances of Situation 2.1.

Example B.3. The following is an example of Situation 2.1. Let & be a site and B a sheaf of rings on

&. Then D(B) is a closed symmetric monoidal category with product é) p and internal hom RHomp. If
B’ — B is a flat morphism of sheaves of rings, then extension of scalars — ®3- B : B’~mod — B—mod
is strong monoidal and exact, with an exact right adjoint (—)p- given by restriction of scalars.

Let € = D(B’), and let 2 = D(B). By [Stacks, Tag 0DVC], the functors —®p- and (—)p extend to an
adjoint pair for D(B’) and D(B), and by [Stacks, Tags 07A4, 0816], the functor —®pg' B : D(B’) — D(B)
is still strong monoidal.

In addition, it follows from [Stacks, Tags 08]9, 0A90, 0ASY] that if M* is K-flat and N*® is injective,

L
the counit RHomp (M, N) ®p M — N is given in degree n by a product over p + g +r = n of the sheaf
maps

Hompg (M P ,N9) ®p M" — N",

where this map is equal to the usual evaluation map if ¢ = n and it is zero otherwise. We will give an
explicit description of equation (2.4) in the proof of Lemma B.6.

Example B4. If p : (€,0%) — (2D, 0g) is a flat morphism of ringed topoi given by an adjoint pair
(p~', p+), then p* is exact and hence defines a strong monoidal functor D(0g) — D(0Og) with a right
adjoint Rp... We will give an explicit description of equation (2.5) in the proof of Lemma B.7.
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Lemma B.5. The isomorphism in (B.9) is functorial as follows:

1. Let A — B be a map of sheaves of rings on §. If I — J is a morphism of B-modules, there is a
commuting diagram

Exal , (B, 1) —2— Ext% ™" (L, I[1])

b

Exal , (B, J) —2— Bxt? ™" (Lp/a, J[1])

2. If there is a commuting square of rings with B’ — B flat

Al—— A
.
B —— B

L
then the canonical map Lp o ®p B — Lpa induces a commuting square

B

Exal ,(B,I) > EXt?g/_l(LB/A, 1[1])

las.s)o(m l (B.10)

_ 23 _
Exal ,,(B’, Ip’) SLEN EXt% "(Lgjars Ip [1]) BLEIN EXt%/ "(Lgja ®p B, I[1])

where equation (2.3) is defined in the context of Example B.3.

3. Let (8,05) — (S§’, Osr) be a continuous morphism of ringed sites inducing a flat morphism of topoi
(p~', p.). Let A and B = Og be sheaves of rings on §. Then if I is a sheaf of B-modules, there is a
commuting diagram

Exal ,(B, ) > EXt%/_l(LB/A, 1[1])

\L(B.S) l(z.S) (B.11)

_ _ B - _ _ (2.3) - « «
Exal, 4 (p~'B,p~'1) 5 BxC) (p7'Lgya, p71[1]) = Ex) (p"Laya. p*I11])

where the horizontal instance of equation (2.5) is defined in the context of Example B.3 and the
vertical instance of equation (2.5) is defined in the context of Example B.4, and we have suppressed
an isomorphism induced by L ,-15/,-14 = p’lLB/A.

Proof. We summarise the definition of §; see [Ols06, Thm A.7] for more details. Let P, be the simplicial
A-algebra given by the standard free resolution of the A-algebra B [Stacks, Tag 08SR]. The morphism
B is defined to be the composition

Exal ,(B.1) 25 Exal ,(Po, ) 2 Ext(Qp. 0. 1) 25 Ext(Qp.ja ® B. 1) 25 Ext® (L, 1[1])

Here, Ext(Q., /) denotes the Picard category of simplicial Oc-module extensions of Q, by I (viewed as
a simplicial module); see [Ols06, Sec A.1]. The map B, is given by the map in equation (B.3) applied
to the augmentation P, — B, the morphism f3, is given by taking differentials, 83 is given by tensoring
with B, and (3, is the functorial isomorphism in [Ols06, Prop A.3].
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Proof of (1). The desired functoriality follows from a commuting diagram

Exal,(B.1) 25 Exal, (Po. 1) 25 Ext(Qp,ja D) 25 Ext(Qp, s @ B.1) 25 Ext~ (L. 1[1])

o | I i

Exal, (B.J) 2% Exal, (P..]) 2 Ext(Qp.a.7) 23 Ext(Qp, 4 ® B.J) 2% Ext® 1 (Lgya, J[1])

The square with 8; commutes by Lemma B.1. The square with 8, commutes because differentials
commute with colimits [Stacks, Tag 031G]. The square with S3 commutes because the tensor product
is a left adjoint and so commutes with colimits, and the square with §4 commutes by the naturality in
[Ol1s06, Prop A.3].

Proof of (2). The desired functoriality follows from two commuting diagrams. First we have

Exal ,(B.1) —"— Exal,(Pe,]) —2— Ext(Qp,ja. 1) —2— Ext(Qp.ja ® B.1)

l | l l

Exal,, (B’, Ip’) SN Exal ,, (P;, Ip) SN Ext(Qp; 4, Ip;) SN Ext(Q2p; 4 ® B', Ip’)
(B.12)

which we claim commutes. Here P, is the simplicial A’-algebra that is the standard resolution of B’. The
two left vertical arrows are given by equations (B.4) and (B.3); the next two vertical arrows are given by
the analogue of equation (B.3) for the Ext categories. The first square commutes by Lemma B.1. The
commutativity of the squares with 8, and 83 may be checked with the same type of computation used
in Lemma B.1, and we will be brief here.

For the square with §8,,if0 — I — E, — P, — 0 is an object of Exal , (P, ), then the natural
transformation is given on this object by the (iso)morphism

Qi xp, Pija = QE, A XQp, 4 QP4

induced by the commuting cube

For the square with 83, if 0 — I — E. — Qp,j4 — 0 is an object of Ext,, (Qp,/a,1), then the
natural transformation is given on this object by the (iso)morphism of B’-modules

(Ee Xap, 4 Qp;/a7) ®p, B — (X ®p B) Xq,, 40p,B (2p;ja ®p; B)

induced by the natural map of P,-modules
Ee Xap, 0 Qp;jar — (Eo ®p, B) Xap, 10p, B (Qpy/a ®p; B').
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The second diagram comprising diagram (B.10) is as follows:

Ext,(Qpa®B.1) —2— Ext) ™ (Lgya, I[1])

€Lp/a
\L) \L( 2.4) \

Exty, (Qp./a ® B)s, ) 25 BxC (Liya)s I [1]) == ExtY ™ ((Ls/a)p ®5 B, I[1])

o | !

(2.3)
Exty, (Q(p.yja ® B, 1) Py Ex O Ly, Ip [1]) === Ext)/ '(Lg;a ®p B, 1[1])

The arrow labelled p sends an extension of B-modules to the extension of B’-modules obtained by
restriction of scalars (an exact functor). One may check directly that the composition of the left vertical
arrows is equal to the right vertical arrow in diagram (B.12). The map labelled equation (2.4) is in the
context of Example B.3, and the triangle commutes by definition, while the top-left square commutes by
Lemma B.6 below. The unlabelled vertical maps are induced by the canonical map (Lg/a)p — Lp//a’
so the bottom squares commute by functoriality of 84 and equation (2.3).

Proof of (3). Let A’ = p~'A, let B” = p~'B, and let P, denote the standard resolution of B’ as an
A’-algebra. The desired commuting square comes from two commuting diagrams. First, we have

Exal (B, 1) —2— Exal, (Pu.]) ——5 Ext(Qp.ja. 1) —2— Ext(Qp.ja ® B.1)
b i ! !
Exal, (B,a™'1) 2% Exal, (P, p~'1) & Ext(Qpa,p™'1) 25 Ext(Qpya @ B/ p7'D)
(B.13)

The first square commutes by Lemma B. 1. The third vertical map is induced by p~! and the isomorphism
p’IQp./A =~ Q,-1p,/p-14 ([Stacks, Tag 08TQ]), the fourth is induced by p~! and the isomorphism
p! (Qp,ja®B) = Q,1p 1,14 ® p~'B ([Stacks, Tag 03EL]), and the squares commute by functoriality
of the same isomorphisms. Second, we have

Ext(Qp./a ® B, 1) — 2 Ext” ™ (L a. I[1])

lﬂ“ l(2-5> %

Ext(p™ (Qp.ja ® B), p~' 1) — ExC 0 (07 Ly, p7 11D =23 BXOL (0L, p71(1])

- B. 0/-1 -
Ext(Qpya ® B, p~' 1) = p.Ext5y (Lipyyar p~' 111])

The composition of the left vertical arrows is equal to the right vertical arrow in diagram (B.13).
The middle horizontal arrow comprises 84 and an isomorphism (see Lemma B.7), and the top-left
square commutes by Lemma B.7. The bottom square commutes by functoriality of 84, and the triangle
commutes by functoriality of equation (2.5) in the functors. O

Lemma B.6. Let (S, Og) be a ringed site, let Q4 be a simplicial Qs-module, and let I be an Qg-module.
Let O — Og be a flat morphism of rings. There is a commuting diagram
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Ext, (Q..]) > Exty ' (N(Q.), I[1])

lp l(“ ) (B.14)

Exty, ((Qu)o;. Ie,) =2 Bxt)” (N((Q)e,). (D [11) = Extg)” (N(Qa))oy (D [11)

where N(Q.) is the normalisation of the Moore complex associated to Q (see [Stacks, Tag 0194]),
B4 is the isomorphism of [Ols07, Prop A.3], p applies restriction of scalars to an exact sequence, and
equation (2.4) is in the context of Example B.3.

Proof. By [Stacks, Tag 05NI, 05T7], there is a quasi-isomorphism N — N(€,) from a complex
N € DI==01(@y) of flat Os-modules. We enlarge diagram (B.14) on its right side by composing with
the square induced by N — N(Q,) and show that the perimeter of the new diagram commutes. From
the definition of B4, we may assume / is injective. To simplify notation, let B = O and B’ = 0.

Most of the work is to describe equation (2.4) explicitly. To this end, we first recall the definition of
equation (2.3): in the notation of Section 2.1, it is the image of the composition

, r(edy) S
FHom(X, f.Y) ® X Z r(Hom(X, £.Y) ® X) — 25 frry 2y (B.15)

under the (®, Hom) adjunction and then the (f*, f.) adjunction. One sees using the description of €®
in Example B.3 that with M € D=-%1(B’) a complex of flat B’-modules and I as in the previous

L
paragraph, the morphism (RHomp (M, (I)p/[1]) ®p B) ® g (M ®p' B) — I[1] of equation (B.15) is
given by a product over p + r = 0 of the canonical sheaf maps

(HomB/(M_”, (Ip') ®p' B) ®p (Mr ®p B) — I.

We are using the fact that (—)g’ preserves injectives (since it has an exact left adjoint) and hence (7)p
is injective. We see that morphism (2.3), a morphism RHompg (M, (I)g[1]) — (RHomp(M ®p
B, I[1]))p is given in degree n by the canonical sheaf map

Homp (M, (Dp) = (Hompg(M "' ®p B,1))p,
To compute equation (2.4), given N as at the beginning of this proof, we note that (N)g € DI~

is a complex of flat B’-modules by [Stacks, Tag O0HC], so our previous description of equation (2.3)
applies with M = (N)p. From the definition of

(24) : (RHomp(N,I[1]))p = RHomp ((N)p, (I)p'[1]), (B.16)
we see that it is given in degree n by the usual sheaf map
Homp(N™""', 1) = Homp (N" g, (D).

We are interested in the cases n = 0 and n = —1. Given U € & and a section f : N*"!|;; — I|y of the
left-hand side—that is, a morphism of B-modules—this map sends f to the corresponding morphism
of B’-modules. (One may verify this claim by unwinding the definitions and ultimately appealing
to Example 2.2.) Now applying RI" to equation (B.16) is straightforward since both complexes are
complexes of injectives by [Stacks, Tag 0A96].

This gives a completely explicit description of the morphism labelled (2.4) in diagram (B.14). With
this in hand, it is easy to check that diagram (B.14) commutes. O
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Lemma B.7. Let (8, Os) be a ringed site, let Qq be a simplicial Qs-module, and let I be an Q g-module.
Let (8,05) — (8, 05:) be a continuous morphism of ringed sites inducing a flat morphism of topoi
(p~', ps) such that p~'Og = Og:. Then there is a commuting diagram

Ba

Ext,, (Qu, 1) > Exty ' (N(Q.), 1[1])

| b

Exty,, (™ (@) p™ (1)) =25 Extg (N(p71Qu).p1[1]) = Exty), ! (p7'N(Qu).p'1[1])
(B.17)

where N (Q,) is the normalisation of the simplical module, By is the isomorphism of [Ols07, Prop A.3],
equation (2.5) is in the context of Example B.4, and the left vertical arrow applies p~' to an exact
sequence.

Proof. By [Stacks, Tag 05NI, 05T7], there is a quasi-isomorphism N — N(Q,) from a complex
N € DI==01(@) of flat Gs-modules. We enlarge diagram (B.17) on its right side by composing with
the square induced by N — N(Q,) and show that the perimeter of the new diagram commutes. From
the definition of B4, we may assume / is injective. To simplify notation, let B = O5 and B” = 0.

Most of the work is to describe equation (2.5) explicitly. To this end, we first note that (in the notation
of Section 2.1) equation (2.5) is equal to the image of the composition

. £
F Hom(X,Y) ® X 2 £*(Hom(X, V) ® X) =20 fy (B.18)

under the (®, Hom) adjunction and the (f*, f.) adjunction. (To see this, use equation (B.15) and the

triangle identity e}p :Y of *r]{j =1 £+y-) One sees using the description of €® in Example B.3 that with N

L
and I as in the previous paragraph, the morphism in equation (B.18), p"'RHomp (N, I[1])®p p~'N —
p~'I[1], is given by the product over r € Z of the usual sheaf maps

p~ " Homp(N", 1) ®@p p~'N" — p~'I.

To compute the (®, Hom) adjunction, we must take an injective resolution p~'I[1] — J of p~'I[1].
Given this, one checks that

(2.5) : RHompg(N,I[1]) — Rp.RHomp (p~'N,J) (B.19)
is given in degree n by the composition of the usual sheaf maps
Homp(N™""'. 1) = p.Homy(p™' N, p~'I) = p.Homp (p~' N1, J7h).

We have used [Stacks, Tag 0A96] to conclude that RHomp (p~'N, J) is a complex of injectives so its
pushforward can be computed termwise. We are interested in the cases n = 0, —1. Given U € & and a
section f : N™""!|;; — Iy of the left-hand side, this map sends f to p~' f : p”'N7* "y — p~ |y —
J7 'y (it is an exercise to check that the ‘usual sheaf map’ does this). Now applying RI" to equation
(B.19) is straightforward since both complexes are complexes of injectives by [Stacks, Tag 0730, 0A96].

This gives a completely explicit description of equation (2.5) in diagram (B.17). With this in hand,
one may check directly that diagram (B.17) commutes. O

B.3. Description of equation (4.4)

To define equation (4.4), we use another example of Situation 2.1.
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Example B.8. Let X be an algebraic stack, and let X — X be a smooth cover by an algebraic space X. By
Proposition A.4, the morphism @* : Dgc(Xjjs-et) — ch(Uf’et) is an equivalence of categories. In fact,
it follows from the construction of @™ that it is a strong monoidal equivalence of symmetric monoidal
categories. A standard argument shows that the inverse equivalence Rw. is also strong monoidal.

Let f : X — ) be a representable morphism of algebraic stacks. Let Y — ) be a smooth cover by
a scheme with Y} — ) the associated strictly simplicial algebraic space and @ : X — X its pullback
to X. We will use @w* and Rw., to denote the functors in Example B.8. We recall that the cotangent
complex LLy,y is defined to be the object in Dgc(Ajjs-er) corresponding, under the equivalence Rw. of
Example B.8, to the cotangent complex of the morphism of topoi X ., — Y7,

Definition B.9 [O1s06]. Let I € QCoh(Xjiser). The isomorphism in equation (4.4) is defined to be the
following composition of morphisms of Picard categories on Xii.et:

Exaly, (X, 1) = Exal; \, (Ox:, @) B (L o I[1]) & Ext¥ (L jy, 1[1).

The objects and maps in this composition are defined as follows:

e ct*
o The map « is the composition of [Ols006, (2.8.1), (2.20.1)]: it sends an extension X — X’ by I to the
exact sequence of f~! Oy+-modules

o The Picard category Exalf_1@Y+ (Ox+,w*1) is defined as in Section B.2 on the site X

0— @[ — Oy — Ox+ — 0.

It is an isomorphism by [Ols06, Prop 2.9, Lem 2.21].

o The map B was defined in equation (B.9).

o The arrow vy is induced by applying ch o 1< o RI to equation (2.5) in the context of Example B.8. It
is an isomorphism since @” is fully faithful (in fact, an equivalence of categories).

Remark B.10. The proof of Lemma 4.5 shows that equation (4.4) is independent of the choice of cover
Y - ).

B.4. Proofs of Lemmas 4.5 and 4.6

We describe an amalgamation diagram (B.20) of the three diagrams in Lemma B.5 that will be used to
prove both functoriality lemmas. Let (8, Og) — (S§”’, Os/) be a continuous morphism of ringed sites
inducing a flat morphism of topoi (p~!, p.). Let A and B := O be sheaves of rings on &, let I be a sheaf
of B-modules, and let A’ be a sheaf of rings on & such that there is a commuting diagram as follows
(note that p*B = Oy-):

p—lA s A’

L]

p’lB — P'B
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Then we obtain the following commuting diagram:

0/-1 0/-1 * * 0/-1 *
Exty ' (Lp/a, 1 [1]) ——————> ExO/4 (p"Lya, p*111]) < Ex(\. g (L yars ' TT1])
0/-1 - - 0/-1 - *
B Ext’ 7 (p'Lya. p7 1) —> ExtT (07 L. (P11 o1 5) B

ﬁT BT
Exal, (B,1) — Exal -1 ,(p™'B, p™' 1) —————> Exal -1, (p™'B, (p"I) ,-15) < Exaly (p*B,p*I)
(B.20)

Here, the left square is Lemma B.5 (3) and the right square is Lemma B.5 (2). The middle square is
Lemma B.5 (1), using the unit p~'7 — (p*I)p-1p of the (® Hom) adjunction. The triangle commutes
by definition of the maps involved.

Proof of Lemma 4.5. Construct a diagram

Uu———>v

Lo

Z— WxyY —> Y

I

Z > W > Y

where U,V, Z, and Y are algebraic spaces with Y — ) and V. — W Xy, Y smooth and surjective and
all squares are fibred. Let g denote the map Z — Y, and let @’ = @ o p, and use the same letters to
denote induced morphisms of (simplicial) topoi. Then commutativity of equation (4.5) is equivalent to
commutativity of the following diagram:

EXtO/_l(]LZ/W, [[1]) A > EXtO/—l(LZ/y, I[l])

| I

Ext” 'Ly jvs. @™ I[1]) — Ext” (0" Lz vy, @™ I[1]) $— Ext” (L vy, @ I[1])

Al T al (B.21)

Exal, -4, (Ouz @"1) — Exal g, (p7' Oz, @"™I) <— Exal 14, (07, @°1)

7 7

Exal,, (Z,1) B > Bxal ,(Z,1)

In the triangle, all of the maps are equal to equation (2.5), and the triangle commutes by the functoriality
of equation (2.5) in the adjoint pair. The arrow

Ext” " (p*Lzejye, @™ I[1]) « Ext” ' (Lze v+, @*1[1])

is an equivalence (as claimed in the diagram) because p* : Dgc(Z] ) — Dgc (U5 ) is fully faithful. The
trapezoid commutes by definition of the canonical map L.z,y — Lz (one can produce an explicit
description for y by the same argument as was used in the proof of Lemma B.7). The commutativity of
the middle square is diagram (B.20), reflected left-to-right, with p = p, A = q‘I@Y.+, A= r‘I@V; and
B =0z:.
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It remains to check that the bottom square commutes. We do this by direct computation. Leti : Z —
Z’ be an element of Exal, (Z,I). We have the following commuting diagram, where all squares are

fibred:
Uu——Uu >V
P lp’ \L
Z 7 — 3 WxyY —> Y (B.22)
° [
zZ—= 2z > W > Y
The map @ sends i : Z < Z’ to the extension
0—- @15 i 0y — Oys — 0
of r~! Oy+-modules, and the maps in equations (B.4) and (B.3) send this to the extension
ey (M0) -y -1 -1
0> @l — i Oy Xe, p~ Ozz > p~ Oz >0 (B.23)

of p~! ¢~ Gy+-modules.
On the other hand, the map B sends i : Z — Z’ to the same extension, now as an element of
Exaly,(Z, I). The image of this under ploais

0—-plw*l - p’li’lﬁz/t N p’I@Z: — 0,
an extension of p~!¢~! Gy.-modules. Here 7 is part of the data of the morphism of ringed topoi associated
toi: Z — Z’. Finally, the map in equation (B.2) sends this extension to

0 " > ol & g, O 6. 0 B.24
o~ lwl P 1 7zt T P zr — U, (B.24)

also an extension of p‘lq_léy;-modules.
A morphism from equation (B.24) to equation (B.23) in the groupoid Exalp,lq,lﬁw (p7'0Oz, @)

is given by a collection of dotted arrows, making the following diagram commute:

\ T \ (B.25)
AR

p i Ozis —==3 p7 Oz —— Ouy:
We choose arrows as follows (note that they are compatible with restriction)

m:w™*l — i 'Oy n:plittOys — p7'0,

0:a@"— p' Oy k:plitOz —i'oyn,

where k is equal to i~! applied to the canonical morphism p~'0z+ — Op:. Commutativity of the
resulting diagram follows from commutativity of diagram (B.22).

We claim that this morphism is natural for arrows coming from Exal,,,(Z,I). If we are given
an arrow f from i; : Z — Zjtoip : Z — 2, inducing maps fy : iTl@Uﬁ. — i;l@U{’. and
fz + p7lij 0Oz — p7li7' Oz, then this naturality is equivalent to the fact that the maps in the
following two criss-cross diagrafns coincide:
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Proof of Lemma 4.6. Construct a fibre diagram

Z — Xxy Z — X
oo I
W—YXxXyW —7Y
where Y — Y is a smooth cover by a scheme, X =Y Xy X, and W — Y Xy W is a smooth cover

by a scheme. Use p to denote the map Z — X. Then commutativity of diagram (4.8) is equivalent to
commutativity of the diagram below:

Ext”™ (Lzyw. I11]) —55— Ext” ™ (p"Lajy. p'1[1]) ¢—=2—— Ext” ™ (Lzjw. p'I[1])

yl~ (2% y lN

0/-1 * 25) 0/-1 # % ~ 0/-1 .o
Exty ! (L v @ 111]) = Ext) (pLug v p'a ' I[1]) 4= Exty” (L wye. @ p'I11])

A i

Exal ,]@Y:_ (@X:r’w*]) ) EXa]r,lﬁw:_ (@Z:r,w'*p*[)
aT T
Exal,, (X, 1) E > Exal,,(Z,p*])
(B.26)

The vertical instance of equation (2.5) is an isomorphism since @™ is fully faithful. This implies that
the unnamed arrow in the top-right square of diagram (B.26) is an isomorphism (it is already labelled
as such) since the other three maps in the square are. The commutativity of the top-left square uses
the functoriality of equation (2.5) in the adjoint functors. The top right square commutes by definition
of the canonical map of cotangent complexes. The middle rectangle is diagram (B.20) with p the map
Z—- X, A= q_l@y.+, B =0x+,and A’ = r‘l@W;. ‘We have suppressed various squares commuting the
maps p and @.

It remains to check that the bottom square of diagram (B.26) commutes. This we do by direct
computation, using diagram (B.20) to factor the map

Exalq_I@Y: (Ox:,@*1) — Exalr_lﬁw: (Ozs, @ p*I).

Leti: X < X" be an element of Exal,,(X, I). Then we have a commuting diagram

> Z' > W

\/\Z

g
V4

Y/

%

I
3
Z

W —— N
4

I
4
w

SpRle
1
il
T
Iv
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where the front, bottom and back squares are fibred (six squares in all). The map p~' o « sends
i: X — X’ to the extension

0—-p o'l — p‘li_lﬁxzt — p_I@x; -0
of p~lg~! Oy+-algebras, and the map in equation (B.2) sends this extension to the extension
0— p*@*l = p'w*l &, 145 p i Oxs — p~'Oxs — 0. (B.27)
On the other hand, the map E sendsi : X < X’ to Z < Z’, which under @ corresponds to the extension
0—- @ p'l > i_lﬁzzr — Oz: — 0

of r~! Oy, +-algebras. After applying @* p* = p*w* and the morphisms in equations (B.4) and (B.3), this
becomes the extension

0 p'w" =i 'Ozp: Xo,, p"'Ox; = p'Ox; >0 (B.28)

of p‘lq‘I@y;-algebraS. As in the proof of Lemma 4.5, one can write down a functorial (necessarily
iso)morphism between equations (B.27) and (B.28) and check that it is compatible with restrictions. O
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