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Abstract

The hyperbolic quadratic eigenvalue problem (HQEP) was shown to admit Courant—Fischer type
min—max principles in 1955 by Duffin and Cauchy type interlacing inequalities in 2010 by Veselic.
It can be regarded as the closest analog (among all kinds of quadratic eigenvalue problem) to the
standard Hermitian eigenvalue problem (among all kinds of standard eigenvalue problem). In this
paper, we conduct a systematic study on the HQEP both theoretically and numerically. On the
theoretical front, we generalize Wielandt-Lidskii type min—max principles and, as a special case,
Fan type trace min/max principles and establish Weyl type and Wielandt-Lidskii-Mirsky type
perturbation results when an HQEP is perturbed to another HQEP. On the numerical front, we
justify the natural generalization of the Rayleigh—Ritz procedure with existing principles and our
new optimization principles, and, as consequences of these principles, we extend various current
optimization approaches—steepest descent/ascent and nonlinear conjugate gradient type methods
for the Hermitian eigenvalue problem—to calculate a few extreme eigenvalues (of both positive and
negative type). A detailed convergence analysis is given for the steepest descent/ascent methods.
The analysis reveals the intrinsic quantities that control convergence rates and consequently yields
ways of constructing effective preconditioners. Numerical examples are presented to demonstrate
the proposed theory and algorithms.
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1. Introduction

It was argued in [27] that the hyperbolic quadratic eigenvalue problem (HQEP) is
the closest analog to the standard Hermitian eigenvalue problem among quadratic
eigenvalue problems (QEPs)

(MA+AB+C)x =0. (1.1)

In many ways, both problems share common properties: the eigenvalues are
all real and semisimple, and for the HQEP there is a version of the min—-max
principles [13, 1955] that are very much like the Courant-Fischer min—max
principles.

One source of QEPs (1.1) is dynamical systems with friction, where A and
C are associated with the kinetic-energy and potential-energy quadratic forms,
respectively, and B is associated with the Rayleigh dissipation function [17, 67].
When A, B, and C are Hermitian, and A and B are positive definite and C positive
semidefinite, we say that the dynamical system is overdamped if

(x"Bx)* —4(x"Ax)(x"Cx) > 0 for any nonzero vector x.

Overdamped dynamical systems are common in elevator and car braking systems
(W. Kahan, private communications, November 2013). An HQEP is slightly more
general than an overdamped QEP in that B and C are no longer required to be
positive definite or positive semidefinite, respectively. However, a suitable shift in
A can turn an HQEP into an overdamped QEP [23].

In this paper, we undertake a systematic study of the HQEP both in theory
and in numerical computation that further reinforces the belief that this class of
QERP is the closest analog to the standard Hermitian eigenvalue problem. On the
theoretical front, we will

e review existing results of Courant—Fischer type min-max principles and
Cauchy interlacing inequalities;

e cstablish Wielandt-Lidskii type min—max principles for the sums of selected
eigenvalues and, as corollaries, trace min/max type principles;

e establish perturbation results in the spectral norm, as well as general unitarily
invariant norms, on how the eigenvalues change if A, B, C are perturbed.

On the numerical front, we will

e justify a naturally extended Rayleigh—Ritz type procedure, with the existing and
newly established min—max principles, and why the procedure will produce the
best approximations to eigenvalues/eigenvectors;
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e propose extended steepest descent/ascent and conjugate gradient type methods
for computing extreme eigenpairs;

e cstablish convergence results, including the rate of convergence for the
extended steepest descent/ascent methods, which shed light on preconditioning
in what constitutes a good preconditioner and how to construct one.

In a separate paper, we will extend most of the development in this paper
to the hyperbolic polynomial eigenvalue problem. The rest of this paper is
organized as follows. Section 2 sets up our notational convention for the rest
of this paper. In Section 3, we collect some properties for hyperbolic quadratic
matrix polynomials, and in Section 4 we establish important eigen-properties of
an HQEP through its linearization. Wielandt—Lidskii type min—max principles,
among others, are given in Section 5. Eigen-perturbation analysis for an HQEP is
done in Section 6. In Section 7, we justify the use of the Rayleigh—Ritz procedure
for extracting interesting eigenvalues and their associated eigenvectors within a
given subspace. The steepest descent/ascent method and its extended variation
are studied in Section 8, where a detailed convergence analysis is performed.
Section 9 investigates the preconditioning techniques to speed up the extended
steepest descent/ascent method and explain how an effective preconditioner
should be constructed from two different perspectives. Section 10 introduces
block variations of the methods in the previous two sections. Various conjugate
gradient methods—the plain, locally optimal, and extended subspace search
versions combined with suitable preconditioners and blocking—are described
in detail in Section 11. Two numerical examples are presented in Section 12
to demonstrate the effectiveness of the locally optimal block preconditioned
conjugate gradient method in the previous section. Finally, in Section 13, we
present our concluding remarks. We use appendices A and C to take care of long
and difficult proofs for three of our theorems in Sections 6 and 8. In Appendix B,
we review the Jordan canonical form of a positive semidefinite matrix pencil
and establish a perturbation theory for a positive definite matrix pencil for use
in Section 6.

2. Notation

Throughout this paper, C"*™ is the set of all n x m complex matrices, C" =
C™!, and C = C'. R is the set of all real numbers. 1, (or simply I if its dimension
is clear from the context) is the n x n identity matrix, and e; is its jth column.
X" is the conjugate transpose of a vector or matrix. For X € C"™", o,,;,(X) is the
smallest singular value of X (X has min{m, n} singular values), || X||, and || X||r
and || X||,; are the spectral, Frobenius, and a general unitarily invariant norm of
X, and k5(X) = || X||]2]| X Y|, is the condition number of a square matrix X.
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We use A > 0 (A > 0) to mean that A is Hermitian positive (semi-)definite,
and A <0 (A <0)if —A > 0 (—A > 0). For A > 0, AY/? is the unique positive
semidefinite square root of A.

The integer triplet

(i-(H),io(H),i(H))

denotes the inertia of an Hermitian matrix H, meaning that H has i_(H)
negative, io(H) zero, and i, (H) positive eigenvalues, respectively, and A, (H)
and A, (H) are its smallest eigenvalue and its largest eigenvalue, respectively.

The generic notation eig( - ) is the set of all eigenvalues, counting algebraic
multiplicities, of a matrix or a matrix pencil, depending on its argument(s): eig(A)
is for a square matrix A, and eig(A, B) is for a square matrix pencil A — A B.

3. Hyperbolic quadratic matrix polynomial

Given A, B, C € C"™", define
Q) :=2A+AB+C, 3.1

a quadratic matrix polynomial of order n. The quadratic eigenvalue problem
(QEP) for @, and similarly below, is to find > € C and 0 # x € C” such that

Q(A)x =0.

When this equation is satisfied, A is called an eigenvalue and x the associated
eigenvector. Evidently all eigenvalues of Q(-) are the roots of det @(1) = O,
which has 2n (complex) roots (some of them may be infinite if A is singular),
counting multiplicities, assuming that det @ (1) # 0. In what follows, we will use
spec( Q) to denote the set of all 2n eigenvalues of Q(-).

DEFINITION 3.1. Q(A) is said to be Hermitian if A, B, and C are all Hermitian,
hyperbolic if it is Hermitian, A > 0, and

@"Bx)? —4(x"Ax)(x"Cx) > 0 forall0 # x € C”, (3.2)

and overdamped if it is hyperbolic and B > 0, C > 0.

The next theorem summarizes some of the relevant theoretical results on
hyperbolic quadratic polynomials. They can be found in Guo and Lancaster [23],
which is an excellent gateway to references of origins for these results. Item 3(c)
can be found in [66, (0.7)].
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THEOREM 3.1. Let Q(A) = A2A + AB + C be Hermitian with A > 0.
(1) Q) is hyperbolic if and only if there exists Ay € R such that Q(Ag) < 0.
(2) If Q1) is hyperbolic then its eigenvalues are all real and semisimple.

(3) Suppose that Q(A) is hyperbolic. Denote its eigenvalues by Aii and arrange
them in the order

A—g...g)j<}¢g...g)ﬁ, 3.3)

—_

Then
(@ Q) <O0forallx € (A, 1)),
(b) Q) > Oforall x € (—oo, A7) U (L], +00);
(c) the inertia of Q(X) is (n — k, 0, k) for . € (A, )\,:L]) or A € (A4,
Appi_p) for k = 1,...,n — 1, concluding that Q(A) is indefinite for
e P ). typ € {+. =

(d) Q) is overdamped if and only if 1. < 0.

An immediate consequence of Theorem 3.1 is a test to determine whether a
Hermitian @ (1) with A > 0 is hyperbolic or not [23]: check if its eigenvalues
are all real and, in the case that they are all real, check if Q(%y) < 0, where
ko= oy +21)/2.

The next theorem seems to be new. It gives a matrix version of the defining
property of a hyperbolic quadratic matrix polynomial.

THEOREM 3.2. Let Q(A) = A>A+AB~+C be hyperbolic. Then, for any X € C™"
satisfying XUAX = I,

(X"BX)? —4(X"CX) > 0. (3.4)

Proof. For any y € C" with ||y|, = 1, write x = Xy. We have
YIXMBX)? —4X"CX)ly
= (X"BXy)"(X"BXy) — 4(Xy)"C(Xy)

= lIylz - IX"BXyl; — 4X)"C(Xy) - y"(X"AX)y (3.5)
> YM(XMBXy)P —4(Xy)C(Xy) - (Xy)"A(Xy) (3.6)
= (x"Bx)* — 4x"Cx - xM Ax

>0, (3.7)

where we have used ||y, = 1 and X"AX = I,, for (3.5), and used the Cauchy—
Bunyakovsky—Schwarz inequality for (3.6). Therefore (X" BX)?—4(X"CX) > 0
by (3.7). O
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4. The HQEP and linearization

A common technique for solving QEP (1.1), or more generally the polynomial
eigenvalue problem, is linearization that converts a polynomial eigenvalue
problem to an equivalent generalized (linear) eigenvalue problem of a matrix
pencil [17, 25, 44].

Under the condition that A is nonsingular, QEP (1.1) is equivalent to the
generalized eigenvalue problem of the following matrix pencil,

Lo = [_OC 2} —A [i g] = o — LA, 4.1)

in the sense that spec(Q) = eig(«, %) and associated eigenvectors of one can
be recovered from those for the other. Relevant results, including the case that
0 (}) is hyperbolic, are summarized in the following theorem. These results can
be found in [1, 5, 10, 26], [27, Theorem 3.6], and [65, Theorem 5A].

THEOREM 4.1. Let Q(X) = A*A + AB + C be a quadratic matrix polynomial of
order n, and let Zy(A) be as in (4.1). Suppose that A is nonsingular.

(1) spec(Q) = eig(/, B); that is, the set of eigenvalues of Q(-) is the same as
that of the matrix pencil of — L.

(2) If A = 0 and B is Hermitian, then the inertia of % is (n, 0, n).
) If (i, x) is an eigenpair of Q (L), then (/,L, [,fx ]) is an eigenpair of £y (1).

@ If (,u, [f]) is an eigenpair of £y(1), then (., x) is an eigenpair of Q())
and y = ux.

(5) Suppose that Q(A) is Hermitian. Q(A) is hyperbolic if and only if £y (1) is
a positive definite pencil, that is, there exists a Ly € R such that £y (ro) > 0.

(6) Suppose that Q()) is hyperbolic, and adopt the notation in item 3 of
Theorem 3.1. Then Lp(X) = 0 for all » € (A, A]).

Proof. Since, for any A € C,

I 0]"[-Q0) 0] I 0] _[-C—aB—-2A] _
[—/\11][ 0 A] [—/\11]_[ —2A A }_‘ZQ(A)’ “2)

we have (—1)" det Q(1) - det A = det £ (1), and thus item (1) follows. For item
(2), A > 0 guarantees that there is a nonsingular matrix X € C"*" such that

XHAX =1,, X"BX =diag(w,, ..., w,) =: 2,
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H
X X 21,
R ] “
whose eigenvalues are the union of all the eigenvalues of

a)il .
[1 0} fori =1,2,...,n.

where w; € R. We have

But the two eigenvalues of each one of these 2 x 2 matrices are

w; —Jo? +4 w; + o +4
_ <0, ——— >0.
2 2

Therefore the last matrix in (4.3) has n positive and n negative eigenvalues, as
expected. Items (3) and (4) can be verified in a straightforward way by using (4.2).
Also, by using (4.2), we see that diag(— Q (1), A) and . (1) are congruent for all
A € R, and hence items (5) and (6) follow from items (1) and 3(a) of Theorem 3.1,
respectively. O

One consequence of Theorem 4.1 is that any hyperbolic Q(A) = A’A+AB+C
gives rise to a positive definite matrix pencil .Zp (1) as defined by (4.1) with &
having inertia (n, 0, n). There is a converse to the statement, too. The details can
be found in [39, Theorem 2.3].

In Theorems 4.2—4.5 below, we investigate the eigen-properties of @ through
the eigen-decomposition of its linearization Zy(1) in (4.1). Define, for a
hyperbolic Q (%),

g(x)_

c(x) == ["Bx)? — 4" An) (Cn)], o) = g

4.4

THEOREM 4.2. Let Q(X) = A*A + AB + C be a hyperbolic quadratic matrix
polynomial of order n, denote by )Lii its eigenvalues which are arranged as in
(3.3), and set

Ay =diagAf, ..., A0,  A_=diag(h[, ..., A,). 4.5)

n

Let Q()) be linearized to Ly(A) in (4.1). Then there exists a nonsingular

Z € C*™ 2 of the form
v, U
Z= [U+A+ UA], (4.6)
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where U, U_ € C"™" are nonsingular and

T:=U'U_ 4.7)
is unitary, such that
H _ ~H -C _ A+
M7 =7 [ A]z_[ Al (4.8a)
Z8BZ = Z* [ ; A] Z= [1" » ] . (4.8b)

Moreover; the ith column u; of U, and the jth column u; of U_ are the
eigenvectors associated with 1 and A7, respectively; that is,

o hHut =0, O )u; =0 fori,j=12,....n 4.9)
These eigenvectors are normalized in the sense that
g(uii) =1 fori=1,2,...,n.

Proof. Since Q (1) is hyperbolic, £ () in (4.1) is a positive definite pencil. By
Theorem B.1, there exists a nonsingular Z € C**?" to give (4.8). We have to
show that Z must take the form (4.6). Since each column of Z is an eigenvector
of the pencil ZQ (1), by Theorem 4.1, we conclude that the ith column of Z can

L
beexpressedas[k'i"‘ﬁ]forl <i<nor[ ]forl gj:i—nén,whereuf

]
Aj u;
and u; are the corresponding eigenvectors of Q(2) associated with A7 and Y
respectively. Hence Z takes the form (4.6) with U.. given by
1, U.= [y, uy,...,u,l (4.10)

+ o+
Uy =1[uj,uy,...,u,

Blockwise, the equations in (4.8) yield

UCU, — ALUYAUL AL = — Ay, (4.11a)
Ulcu_ —A_UMAU_A_ = A_, (4.11b)
UCU- — ALUYAU_A_ = 0, (4.11c)
UYBU, + UMAU AL + ALUYAU, = 1, (4.11d)
U"BU_ +U"AU_A_ + A_U"AU_ = —1, (4.11e)
UYBU_ +UJAU_A_ + AL UYAU_ = 0. (4.111)
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We claim that U, is nonsingular. Consider U, x = 0 for some x € C". We will
prove that x = 0, and thus U, is nonsingular. By (4.11d),

xtx = xMx = xM(UYBU, + UYAUL AL + ALUYAUL )X =0,

which implies that x = 0, as was to be shown. Similarly, U_ is nonsingular.
Next, we define

A, =U AU, A :=UAU"". (4.12)

We deduce from (4.11c) and (4.11f) the expressions for C and B in (4.13a) below,
and then use C = C" and B = B" to get (4.13b).

C=A"AA,, B=—-AA, — AYA, (4.13a)
C=A"AA, B=-AA - AA. (4.13b)

Using the second equation in (4.13a), we deduce from (4.11d) and (4.11e) that

U;NUT = B+ AAL + ATA = (A, — A )14,
U MU = —B— AA_ — A"A = A(A, — A).
SoU MU' = WU-HU-H" = UZHU-". Thus,
wy'vHvi'vo =vtuiMu'u =1,

which leads to 7" := U+‘1U_ being unitary.

It is straightforward to verify that the columns of U, are eigenvectors and
that (4.9) holds. We now prove that ¢(u;) = 1, and the case for u; can be
handled in exactly the same way. Write @; = (u;)"Au, b; = (u;"H"Bu;, and
ci = WwHHCuf. By (4.11a) and (4.11d), we have

¢ — WD ’a=—A1, b+ 2a0 =1,
which yield ¢; = —A + (A\;))?a; and b; = 1 — 2a;2;". Thus
b} —4daic; = (1 —2a;11)* — da;[—A7 + A H)a] = 1;
that is, ¢ (u;) = 1. O

Through the eigen-decomposition (4.8) of the linearization £y () of Q(1),
Theorem 4.2 defines Uy, A, and 7 (they are not independent because of (4.7)).
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Mathematically, these matrices are defined by the coefficient matrices A, B, and
C of Q()), assuming that Q is hyperbolic. In return, the next theorem says that
A, B, and C can be parameterized in terms of Uy, A1, and 7 as well.

THEOREM 4.3. Under the condition of Theorem 4.2 and the notation there, we
have the following.

(1) Q@A) admits the factorizations
O =U""\I — ADHURAU, (M — AU, (4.14a)
0\ = U "\ — ADUTAU_(MT — AU (4.14b)

2) A, B, C, and Q (L) can be expressed in terms of A+ and any two of U, U_,
and T as follows:

A=U;"eu;", (4.15a)

B=U"(I-0A, - A,O)U;", (4.15b)

C=U;"(A,0A, — ADU;', (4.15¢)

00 =U M — ADOM — Ay) + (M — AU, (4.15d)
where

O=A,—7TATH (4.15e)

Proof. For item (1), we have, by (4.13),
Q) = (O — AHAMT — Ay),  Q0) = (W — AHAQMT — A),

which, together with (4.12), yield (4.14). For item (2), write A_.yr = T A_TH;
then A, — A_. > 0 because, for x # 0,

MAy — A p)x = AT — A MY = (A — 4)xMx > 0,
which also implies that
0< (A —A_ )" =< —=2)'L (4.16)

Substitute U_ = U, Y into (4.11c) to get UNCU, — ALUY AU, A_.y = 0. Then,
by (4.11a), we have
0=UMCU; — ALUJAUL A, + A,
= A UYAULA_y — ALUMAUL AL + Al
= Al — UMAUL (A — A )] 4.17)
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Substitute U; = U_T"into (4.11¢) to get UNCU_— A .+ URAU_A_ =0, where
Ay = THA, Y. Then, by (4.11b), we have
0=U"CU. - A_U"AU_A_ — A_

= A,y UMAU_A_ — A_UPAU_A_ — A_

=—[1 —(Apr — AHURAU_ 1A _. (4.18)
We note that at least one of A, and A_ is nonsingular. If A, is nonsingular, then
(4.17) implies that

UMAUL(Ay —Ay)=1 = UJAU, = (A —A_y) " (4.19)

If A_ is nonsingular, then (4.18) implies that (A,.r — A_)UMAU_ = I which,
upon using U_ = U, 7, also implies that the second equation in (4.19) holds. So,
UYAU, =0,U!BU, = —-OA,—A_+O,and U!CU, = A_y O A,. Noticing
that

A O =—(A, —A_1)O+A,0=—-]+A,0,

we have (4.15). ]

REMARK 4.1. (1) Each of the decompositions in (4.14) does not reflect the
symmetry property in Q(A). However, using the fact that ¥ = U['U_ is
unitary, we can turn them into

QW) =U " —TATHA, —7TATH ' — AU, (4.20a)
O =U""AI = T"A. YA YT — A" AT — AU, (4.20b)

These equations are essentially the decomposition in [45, Theorem 31.24]
but with more detail.

(2) Lemma 6.1 in [22] and Problem gen_hyper?2 in [6] provide a different set
of formulas for B and C:

B=U"[-0 -rA THOIU ", (4.21a)
C=U;"[-0} -rATHe
+O0A2 —TATHO UL —TrAZTHeIU . (4.21b)

Corollary 6 in [31] provides yet another formula for C:
C=U"[-A'=TrA'rH U (4.22)

Although both (4.21) and (4.22) seem to be very different from ours for B
and C in (4.15b) and (4.15c), they are actually the same in theory (see [39]
for a proof).
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(3) The matrices //1; in (4.12) are two solutions of the matrix equation
AX*+BX+C=0. (4.23)
In fact,
AU AU +BULALUY+C = (AUL AL +BUL AL +CUL)US =0,

and similarly for A(U_A_U-")?+ B(U_A_U-")+C = 0. It can be verified
that any solution X to (4.23) gives rise to the factorization Q(A) = (AA +
AX + B)(AI — X), based on which Guo and Lancaster [23] proposed their
solvent approach for solving HQEP (1.1) of modest size. More investigations
on factorizing Hermitian quadratic matrix polynomials can be found in [32].

The inequalities in the next theorem bounds the condition numbers of the
eigenvector matrices U, and the eigen-transformation matrix Z defined in
Theorem 4.2. They appear in the perturbation bounds for eigenvalues of an HQEP
later in Section 6.

THEOREM 4.4. Let Uy and Z be as defined in Theorem 4.2. Then

A~
Ul = U-ll2 € ==, (4.24a)
A=A
U = UMl < ||A]/2||2 M — (4.24b)
k(Uy) =xU2) < Vk(A) ,)ﬁ' (4.24¢)
and
§

1Zlls < ENULl2, 12712 < 1UZ " l2, (4.25)

AF— A

where, with &, = max{|A7], |AE[},

%':

(2 82 +8 + 6 - D+ G+ DG + 1)+ G — 1)21>”2
2

Proof. The equalities in (4.24) are consequences of U_. = U,7 and of T
being unitary. We now prove the inequality parts in (4.24) for U,. Use
(AU HR(APUL) = O to get

1A,
10l S AT PIIARY o = 1472101 < —mt
—

n
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and use (U;'A™)(U'A™YHH = 07! to get

102l < NUF' AT P AR = VIO TLIA ] < A2y 37 = 27

They give (4.24a) and (4.24b) for U, . Combine (4.24a) and (4.24b) to get (4.24c).
For the first inequality in (4.25), we have
]
%“F é* 2

[ Ul 10—l ]
U125+ 1U-128-
For the second inequality, we notice, by using U_ = U, 7, that
Z:'U+0 IT':U+0 I 0l[1r
| 0 Uy | |[ALTA_| 0O U, |lAacT||0OS|’

where S = Y A_ — ALY = —©@~!'7. This expression, after some calculations,

1Z12 <

= U4l2
2

= [U+12¢.

leads to
71 _ I -1S! I ol[u' o
0 S —Ay T 0 U/t
_[rsttrarirstifust o
o —-S'A, §-1 0o u;!
and thus
—1 -1 57 1 -1 -1
1Z77 0L < IS7 + =10 10101028,
S‘l’ 1 2
which implies the second inequality in (4.25). 0

With item (3) of Theorem 4.3, it is now only logical to expect that A, B, and C
defined by (4.15), given U, A4, and 7", should give rise to a hyperbolic quadratic
polynomial. Indeed this is the case, as stated in the following theorem.

THEOREM 4.5. Given diagonal matrices Ay as in (4.5), and any two of n X n
matrices Uy, U_, and unitary Y with the third determined by (4.7), if)»ijE can be
arranged as in (3.3), then the quadratic matrix polynomial constructed by (4.15)
is hyperbolic.

Proof. First ® is Hermitian and ® > 0 by (4.16). Obviously A, B,C in (4.15)
are Hermitian, and A > 0. Choose Ay = (A] + A)/2;then @7 > Ay — Aol >0
and ® < (A, — Aol)~!'. Thus,

US Q) Uy = (AL — DO (AL — Aol) — (A — Aol) <0,
which says that @ (%) < 0. By item (1) of Theorem 3.1, Q (1) is hyperbolic. [
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Theorem 4.5 solves one kind of inverse eigenvalue problem for HQEP. For
more general inverse problems for Hermitian quadratic matrix polynomials, the
reader is referred to [32].

5. Variational principles

Throughout this section, Q(A) = A*A + AB + C € C"™" is assumed to be
hyperbolic, and the notation used in Theorem 4.2 is kept. The scalar X is as in
item (1) of Theorem 3.1 such that Q(X¢) < O; thatis, Ao € (A, 2.

Consider the following equation in A:

fh,x) :=x"0Mx = A2(xMAx) + A" Bx) + (x"'Cx) =0, (5.D

given x # 0. Since Q (1) is hyperbolic, this equation always has two distinct real

roots (as functions of x):

—x"Bx + [(x"Bx)? — 4(x"Ax)(x"HCx)]'/?
2(xHAx) '

p(x) = (5.2)

In Duffin [13], they were called the primary and secondary functionals, but here
we shall call p, (x) the pos-type Rayleigh quotient of (L) at x, and p_(x) the
neg-type Rayleigh quotient of Q(A) at x. They were also defined in [17, Ch. 13].
It is easy to verify that, for any x # 0, pL(x) € R, and p.(ax) = p+(x) for
any nonzero « € C. By elementary knowledge of scalar quadratic polynomials,
we have
x"Bx xHCx

P+ (x) + p-(x) = AL P+ (x) - p_(x) = A

(5.3)

Both will be used later in this paper. Two other important quantities are ¢ (x) and
¢o(x), defined in (4.4). Note that

20+ (x) xMAx + x"Bx = [—xHBx + \/()cHB)c)2 — 4(xHAx)(xHCx)] + x"Bx
= £5(x),
which yields the following alternative representation:
c(x) = £[2p4(x) x"Ax + x"Bx], (5.4)

where the & sign before [- - -] is selected to make sure that the right-hand side
comes out nonnegative.
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THEOREM 5.1. We have

p+(¥) € A7, 0] p-(x) € [A7, 2], (5.5
5o(x) € [(AT = A Amin(A), (A — A7) Amax (A)]. (5.6)

Moreover;, . = p,(u}) for the eigenpair (A}, u) and p-(u;) = A; for the
eigenpair (A, u;).

Proof. By item (3) of Theorem 3.1, for any fixed nonzero x, f(A,x) < O for
e (A ,A))and f(A,x) > 0for A € (—oo, A7) U (A, +00). Thus, the larger
root of the scalar quadratic equation f (A, x) = 0 in A must lie in [A], A]], and
the smaller one in [A], A, ']. This gives us (5.5). The inclusion (5.6) is a result of
c(x) = [ps(x) — p_(x)]x" Ax. Finally, by the definition of p.(u;"), we know
that one of them is equal to A;]". But p_(u;") < A, < A by (5.5), and thus A;” =
o4 (u). Similarly, p_(u7) = A7 O

5.1. Courant-Fischer type min-max principles. Theorem 5.2 below is a
restatement of Theorems 32.10, 32.11, and Remark 32.13 in [45]. However, it
is essentially due to Duffin [13, 1955], whose proof, although for overdamped
Q, works for the general hyperbolic case. Closely related ones for more general
nonlinear eigenvalue problems (other than quadratic eigenvalue problems) can be
found in [52, 53, 68, 69]. They can be considered as generalizations of Courant—
Fischer min—max principles (see [50, page 206], [58, page 201]).

THEOREM 5.2 [13]. Let typ € {+, —}. We have, for 1 <i < n,

A = max min x), 5.7a
d XCC'  xeX P (X) (5-72)

codim X=i—1 x7#0
A = min max x). 5.7b
! XSC* xeX Pop(¥) (5.70)

dimX=i x#0

In particular,
t .
AT =min py,(x), AP = max py,(x). (5.8)
x#0 x#0

5.2. Wielandt-Lidskii type min-max principles. The min—max principles
in Theorem 5.3, which can be considered as generalizations of Amir-Moéz
type min—max principles [2], and in Theorem 5.4, which can be considered as
generalizations of the Wielandt-Lidskii min—max principles (see [41, 72] and also
[7, page 67], [58, page 199]), and the Fan type trace min/max principles [16] are
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new. For the ease of stating them, let AL € R U {d-0c0} such that
Ao <AT <A <ho <A <AF <
Such A, exist: for example, A_ = A or —oo and A, = A or co. Set intervals

[Ao, Ar] if A < 00, [A_, Aol ifA_ > —o0,
+ = I =

. _ = . (5.9
[Xo, 00) otherwise, (—00, Ag] otherwise.

The following lemma is also essentially due to Duffin [13], whose proof,
although for overdamped Q, again works for the general hyperbolic case.

LEMMA 5.1. Let typ € {+, —}. We have

AT > pyp(x)  forany x € span{ui®, uy"®, ..., u", (5.10a)
AP < pyp(x)  forany x € span{u;*, uiF,, ..., utP}, (5.10b)
where u" is the corresponding eigenvector to ¥ for j =1,...,n.

To generalize Amir-Moéz/Wielandt—Lidskii min—max principles, we introduce
the following notation. For X € C™* with rank(X) = k, X2Q(M)X is a
hyperbolic quadratic matrix polynomial of order k. Hence its eigenvalues are real
and semisimple. Denote them by Afx, and arrange them as

A£X<~--<)\,;X<)\txé~--<)\,tx. (5.11)

THEOREM 5.3. Let 1 < iy < --- < iy < nandtyp € {+, —}. For any
D Iy XX Iy > R
[
k

that is nondecreasing in each of its arguments, we have

. t t t t
min sup PO, A =2 A, (5.12a)
x1C"'ka XjEXj,jZI,...,k
dlmxj‘:l/' X=[.X]....,X](]
rank(X)=k
. t t t t
max inf @G, .. ) = oG, A%, (5.12b)
XD DXy XjExj',]:I ..... k ’
COdim:X:j:ij—l X=[x1,...,x¢]
rank(X)=k

(In (5.12a), it is not clear if the sup is attainable for any given X ; satisfying the
given assumptions, except for continuous ®. The same comment applies to the inf
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in (5.12b).) If also @ is continuous, then the sup in (5.12a) and the inf in (5.12b)
can be replaced by max and min, respectively. In particular, setting i; = j in
(5.12a) and setting i; = j + n — k in (5.12b), respectively, gives

min_ kq)(xl ) =@ A, (5.13a)
max DA, AR =T ADD). (5.13b)

Proof. The following proof actually works for any typ € {4, —} also, but for
clarity, we present it for typ = + only. We also note that the results in this
theorem for one typ € {+, —} easily lead to ones for the other. For example,
suppose that we already have proved (5.12) for typ = +. Now consider Q(A) =
A2A + A(—B) + C, whose eigenvalues are

A< <A <A< <O

where A7 = —A} ., and ):* An_j1- Apply (5.12b) for typ = + to Q1) and
—P (=&, ..., —&) to get (5 12a) for typ = —, and apply (5.12a) for typ = + to
Q(A) and —®(—&, ..., —&) to get (5.12b) for typ = —.
We now prove the theorem for typ = +. We introduce, for a matrix W = [w;,
w,),
8;w =span{wy,...,w;}, T;w:=spanfw;,...,w,} forj=1,...,p.

In particular, Sy = &, w, Tw = T1,w, and thus Sy = Ty.
First we prove (5.12b). Recall the eigenvectors u}“ introduced in Theorem 4.2.
Choose
fj = span{u;:, cout}y forj=1,2,... k. (5.14)

Then 56\1 DD ick and codim5C\j =i;—1.ByLemma5.1, p (x) > Af; for any
nonzero x € X ;- Therefore
min p, (x) = ,0+(+) = )»:

xex/

x#0

For any X = [xi,...,x] with x; € 56]- for j = 1,..., k such that rank(X) =
k, consider X" Q(A)X, which is a hyperbolic _quadratic matrix polynomial of
order k. For j =1, ..., k, noticing that T; x C X;, we have, by Theorem 5.2,

Ay = max minp,(x) = min p,(x) > min p,(x) = )ﬁ
XCTx xeX xeJjx Xexl
dim X=k—j+1 x#0 x#0 10
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Since @(-) is nondecreasing in each of its arguments,

DA ys o hiy) = @(A:, .. .,A;:),
which gives
min DA gy M) =@, A,
XjEXj.j:l,...,k ’ ’ ! k

rank(X)=k

because x; € 56\ ; for 1 < i < k are arbitrary, subject to rank(X) = k. Therefore

sup inf DAy hix) = PO, A, (5.15)
X12-0X  Fi€Xj J=lk
codim X;=i;—1  X=lx1,....x¢]
rank(X)=k

On the other hand, let X; for j = 1, ..., k be any subspaces that satisfy the
following assumptions: X; D --- D Xj and codimX; = i; — 1. Define Y; =
spanf{u, u:} Then Y; C -+ C Y; and dimY; = i;. By [2, Corollary 2.2]
(see also [38, Lemma 3.2]), there exist two A-orthonormal sets {x;, ..., x;} and
i, ..., »m}withx; € X; for1 < j <kandy; €Y, forl < j <k such that

Ty = span{xy, ..., x;} = span{y, ..., y} =: Sy,

where X = [x;,...,x] and Y = [y}, ..., y] satisfy XFAX = YHAY = I
Then Y" QL)Y is a hyperbolic quadratic matrix polynomial whose pos-type
eigenvalues are AT, < --- < A{y. Since 8y = Ty, Ajfy = AIX forj=1,... k.
By Lemma 5.1, p, (y) < )Ll.t for any nonzero y € Y;. Therefore

max p(y) = A}
yeY; J
y#0
By Theorem 5.2, and noticing that 8, y C Y;, we have, for j =1,...,k,

Ay =Xy = min maxp,(y) < max p;(y) <maxp,(y) =1/
’ ’ Yc8y yeY Yye8;y y€Y; !
dimY=j yz#0 y#0 y#0

Since @ (-) is nondecreasing in each of its arguments,
DAy Mix) SOO, ... 4,
which gives

: + + + +
inf DAy M) SPO, .o o A).
)(jExl',j:l,...,k

X=[x1,..., xx]

rank(X)=k
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Since X; are arbitrary, we conclude that

sup inf @()»lx,...,)»,ix) g@()»:,...,)»;;). (5.16)
X;o-0X;  YiEXj =1
codim X j=i;—1 X=[x1,..., xk]
rdnk(X)

Combine (5.15) and (5.16) to get

sup inf @()»I o M) =PO5, A, (5.12b")
X>-0X;  Xi€X).j=1,
codim X;=i;—1  X=lx1,..., Xk]
rank(X)=k

But the sup here is achievable by the selection in (5.14). Thus we have (5.12b).

Now we claim that the inf can be replaced by min for a continuous @. Let
X; for j = 1,...,k be given, and let them satisfy the following assumptions:
X; D -+ D X and codimX; = i; — 1. There exists a sequence of X € C"*
with rank(X®) = k and its jth column in X; such that

lm Oy, A) = inf O ). (5.17)
X [jx )}],
rdnk(X)

Without loss of generality, we may assume that X’ has A-orthonormal columns;
that is,
(XDHHAXD = I

otherwise we can perform the Gram-Schimdt A-orthogonalization on the
columns of X® from the last column backwards, and the new X® has the same
property as the old X: rank(X®”) = k and its jth column is in X;, and also
)i o remain the same. Since {X '} is a bounded set in C"*¥, it has a convergent
subsequence. Through renaming, we may assume that {X "} itself is convergent,
and let Y € C"** be the limit. It is not hard to see that Y®AY = I, which implies
that rank(Y) = k and that the jth column of Y is in X;. Since (X)* Q1) X®
goes to Y2 Q (L)Y, by the continuity of eigenvalues with respect to the coefficient
matrices we conclude that

lim Aix(,) = A for1 < j <k.
Therefore the left-hand side of (5.17) is equal to d)(kl Yoeoes )»kfy), and thus the
inf in (5.17) is attainable.
__For (5.12a), a proof similar to what we did above for (5.12b) works: choosing
X; = span{uj, ..., u,f} will lead to the left-hand side being no bigger than its
right-hand side, and choosing Y, = span{u;;, ..., u} will give the opposite. []
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Specializing Theorem 5.3 to the case where @ and ¥ are the sums of its
arguments leads to Wielandt-Lidskii type min—max principles, as summarized

in the following theorem, and Fan type trace min/max principles.

THEOREM 54. Let1 <ij < --- < iy < nandtyp € {+, —}. Then

min max E Atyp E )fyp (5.18a)
XyC- ka x;€X;
dimXj=i; X=[xi,. ’Ck] Jj=1
rank(X)
t t
max min E AR = E Ayp (5.18b)
X1DDXg x;jeX; J>
codimX;=i;—1 X=[x,. Xk] Jj=1
rank(X)

In particular, setting i; = j in (5.18a) and setting i; = j +n —k in (5.18b) gives

typ typ typ typ
rdnllg(l}fl)l k )\'] X ZA raglggig k ZAJ X ZA” —k+j- (5.19)

j=1

5.3. Cauchy type interlacing inequalities. The Cauchy type interlacing
inequalities in (5.20) were recently obtained by Veseli¢ [66]. Here we present a
simple proof, using our generalizations of Amir-Moéz type min—max principles
in Theorem 5.3.

THEOREM 5.5 (Cauchy type interlacing inequalities [66]). Suppose that X €
C™* with rank(X) = k. Denote the eigenvalues of X" Q(L)X by

puy <o Sy <py <e- <y
Let typ € {+, —}. Then

AP <A fori=1,... k. (5.20)
Proof. Let
P (ay, ..., o) = theith largest o;.

Then this @ satisfies the condition of Theorem 5.3. Making use of (5.13a) and
(5.13b) gives 1" > 277 and w;* < AP, respectively. That is (5.20). O

REMARK 5.1. The Cauchy type interlacing inequalities in Theorem 5.5 are
sharper than those possibly derived by linearization. Actually, through lineari-
zation and by item 1 of [40, Theorem 1.1] (which is, in fact, [30, Theorem 2.1]),
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we can only obtain

+ + + .

)\'l < M; <)"t+2n 2% l—l,...,k,

)‘T(n k)< Jg)‘;m k> j=1,-~-,k,

where we set A" = +oo fori > nand A; = —oo for j < 1.

6. Perturbation analysis

Throughout this section, we suppose that Hermitian matrices A, B, and C are
perturbed to Hermitian matrices A, B, and C, and set

AA=A—-A, AB=B-B, AC=C -C. 6.1)

This notational convention of placing a ~ over a symbol for the corresponding
perturbed quantity and a A before a symbol for the change in the quantity will be
generalized to all quantities that depend on A, B, and C. For example, Q() =
A2A + AB + C is perturbed to Q(X) = A2A + AB + C, as a result, and

— (M Bx) + [("Bx)? — 4(x" Ax) (xHCx)]

Ap:(x) =

2(xHAx)
—(xM"Bx) £ [("Bx)? — 4(:HAx) (xHCx) ]
2(xHAx) '

Given a shift Ay € R, define
0;, (1) :== Q(h + 1) = A*A + A(24A + B) + Q(%o) (6.2a)
=AMA+ LB, + Cy,, (6.2b)

where

By, =20A + B, Gy = Q(ho). (6.2¢)

It can be verified that (u, x) is an eigenpair of Q; (1) if and only if (1 + Ao, X)
is an eigenpair of Q()).

6.1. Asymptotical analysis. It is a common technique to perform an
asymptotical analysis in numerical analysis for at least three reasons:

(1) itis mathematically sound, provided it is known that the interesting quantities
are continuous with respect to what is being perturbed;
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(2) itis relatively easy because it is a first-order analysis; and

(3) itis powerful in revealing the intrinsic sensitivity of the interesting quantities.

Let (u, x) be a simple eigenpair of HQEP (1.1) for @ (). Since HQEP (1.1)
is equivalent to the eigenvalue problem for the regular matrix pencil % (1) in
(4.1), and since the eigenvalues of a regular matrix pencil and the eigenvectors
associated with simple eigenvalues are continuous with respect to the entries of
the involved matrices [58], @(A) has a simple eigenpair (i, X) = (u + Au,
x + Ax) such that Ay — Oand Ax — Oas AA, AB, AC — 0. Now suppose
that ||AA||, |AB]||, and ||AC]|| are sufficiently tiny, and so are Ay and ||Ax||.
Ignoring terms of order 2 or higher, and noticing that @ (u)x = 0, we have, from
O(n+ Ap) (x + Ax) =0,

Aul2pA + Blx + [W*AA 4+ wAB + ACIx + [W?A 4+ uB + ClAx ~ 0, (6.3)

where the ~ means that the equation is true after ignoring terms of order 2 or
higher. Premultiply (6.3) by x" and use x* Q(u) = 0 to get
N xH[u?AA + uAB + AC)x
xH[2uA + Blx
xH[u?AA + nAB + AC]x

_ 6.5
g(x) (6)

A (6.4)

2
=t Haar— P ARk — ! -xMACx,  (6.6)
t5(x) +s5(x) ts(x)

where the equality in (6.5) is due to (5.4). There is a clear interpretation of

(6.6): the change Ay is proportional to AA, AB, AC with multiplying factors

|u?/c ()|, |n/c(x)], and 1/|c(x)|, respectively. Our following strict bounds
reflect this interpretation.

The expression (6.4) is not new, and its derivation follows a rather standard

technique (see, for example, [63]). What is new here is the use of (5.4) to relate its

denominator xH[2,uA +B ]x to ¢ (x), a quantity that determines the hyperbolicity

of Q.

6.2. Perturbation bounds in the spectral norm. Throughout the rest of this
section, we assume that @ (1) and Q(A) are hyperbolic and that

A2 A4, < 1, (6.7)

which guarantees that A > 0. We will adopt the notation introduced in
Theorem 4.2. Our goal is to bound the norms of

AAL =diagAf —Af, .. AT —AD),  AA_ =diag(A] — A7, ..., A —A)).

n n
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Bounds on norms of the change to A = diag(A_, A, ) are easily derivable through

IAAll> = max [AAL],  [AAlle = \/IIAA+|I§ +1AA_|IZ,

IAAlw < Zmax |AAL [,

where || - ||,; denotes a general unitarily invariant norm. For the definition and
properties of unitarily invariant norms, the reader is referred to [7, 58] for details.
In this article, for convenience, any || - ||,; we use is generic to matrix sizes in the
sense that it applies to matrices of all sizes. Examples include the matrix spectral
norm || - ||, and the Frobenius norm || - ||g. Two important properties of unitarily
invariant norms are

XMz < 1 XM, 1XY Zlwi < X2 - 1Y i - 1 Z]]2 (6.8)

for any matrices X, Y, and Z of compatible sizes.

In this subsection, we will focus on the spectral norm, and leave the case for
more generally unitarily invariant norms to the next subsection. Our main results
of this subsection are summarized in Theorem 6.1, which is reminiscent of the
well-known result of Weyl [71]. We will comment more on it after stating the
theorem.

THEOREM 6.1. Let typ € {+, —}, and

AB AC
e = 14722442, o= A8l 1ACh )
I Bl ICll»
AP = max{|AP], AP, AP = max{|AP|, [A0P]}, (6.10)
Xe = min{Go(x), S(0},  oor = max{Ait ALL). (6.11)
(1) If AA=AB =0and
2
€ < L, (6.12)
41 AlLNC
then |
[AAl2 < — [IAC],. (6.13)
Xs
) If AB = AC =0and
X2
€, <min{l, ——=——— 1, (6.14)
4| Al C ]l
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then
i 1 ap 6.15
AA < — . .
1A Al (1_%ug” I (6.15)
(3) If AA = AC =0and
2
X
€ < , (6.16)
IBIl2(I1Bll> + 24/ TAILICT,)
then icl
X t
1A Al < 222 |AB2 + ~—5— | ABJI3. (6.17)
Xs :
@) If AA=AC =0and
X2
IABl> < 2 : (6.18)
1220A + B2 + 2/ TATLTQ o) 2
where Ay € (—oo, min{A|, 5{}] U [max{A, 5»:}, +00), then
Xawe + Aol
HAAMb<4£;—£WAmu (6.19)
9

(5) In general, without assuming that two of AA, AB, and AC are zero, if

2
. x:
€ <ymnil, ————— ¢, (6.20a)
{ 4||A||2||C||2}
2
€ <y X (6.20b)
I Bll2(| Bll2 + 24/l All2IC1l2)
2
X§
€. <Y—TT"——, (6.20c)
4A21ICl2
where
X

y = <V2-1, (621
IBIZ + x2 + /UIBIE + xDUBIE +2x2)

then

[AAgpll2 < ICILIANLNIC |2 (€0 + €0)* + I BlI3 (€5 + €a) (€ + €)]

(I —e)x?

1
+ ———10uw)’1AAlL + Xaw [ ABll2 + [[ACIL]. (6.22)
(I =€) xe
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All bounds by this theorem are strict. They resemble the well-known result of
Weyl [71] for the Hermitian eigenvalue problem. Let H € C"*" be a Hermitian
matrix which is perturbed to another Hermitian matrix H e C™", and denote
their eigenvalues by w; and @, respectively, which are arranged in the ascending
order as

WSS SO, OISO < Wy

Let 2 = diag(wy, ..., w,) and Q= diag(a@y, ..., @,). The well-known result of
Weyl [71] (see also [7, page 63], [50, page 208], and [58, page 203]) says that

12 — 21, <IIH — Hll,. (6.23)

Our results in Theorem 6.1 resemble Weyl’s result (6.23) in a way that they
serve the purpose of bounding the largest possible deviations in the corresponding
eigenvalues in terms of the perturbations in the matrices involved. However, ours
here contain the quantities defined in (6.10) and (6.11), and these quantities make
our bounds look less elegant than (6.23). But we argue that for an HQEP it is in
general unavoidable because the results in Theorem 6.1 are consistent with the
asymptotic expression (6.6) after dropping terms of order 2 or higher in ¢,, €,
and €. For example, (6.22) yields

1
[AAypll2 < X—[(pr)zllAAllz + Xare[AB|l2 + | AC|2]. (6.24)
S

This inequality is rather sharp asymptotically in general, since the asymptotic
expression (6.6) is an equality up to the first order.

Weyl’s bound (6.23) is a special case of a much more general perturbation result
for the Hermitian eigenvalue problem. In fact, we have

12 — 2l < I|1H — Hllu (6.25)

for any unitarily invariant norm || - ||;. This inequality, which we will refer to
as the Wielandt-Lidskii—-Mirsky inequality (or perturbation theorem), is a direct
consequence of any one of the following: Wielandt’s min—max principle [72],
Lidskii’s theorem on the relationship among eigenvalues of two Hermitian
matrices and their sums [41], and Mirsky’s perturbation result for singular
values [46] (see also [7, page 71], [S8, page 205]).

Our proof of Theorem 6.1 is long and involves complicated computations. We
defer it to Appendix A.

6.3. Perturbation bounds in unitarily invariant norms. Our main results
of this subsection are Theorems 6.2 and 6.3. These results can be viewed as
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extensions of the Wielandt-Lidskii—Mirsky inequality (6.25) to an HQEP. The
proof of Theorem 6.2 is based on our new Wielandt-Lidskii min—max principles.
Since it is rather long, we defer it also to Appendix A.

THEOREM 6.2. Suppose that AA = AB = 0 and that (6.12) holds, and let

y=GF =2 hmin(A), 7= = A)Amin(A). (6.26)
Then
|AC ||
AALlwi € ¢ ——=, 6.27)
min{y, }'}

where the constant ¢ = 1 if AC is semidefinite and ¢ = 2 in general.

The inequality (6.27) can be considered as an extension of (6.13), but it is a
little bit less satisfying in that it does not become (6.13) after specializing the
unitarily invariant norm to the spectral norm in two aspects: (1) ¢ is not always 1,
and (2)

min go(x) =

which can be a strict inequality. It makes us wonder if the stronger version of
(6.27) upon setting ¢ = 1 always and replacing min{y, ¥} by x. holds. But how
to settle this question eludes us for now.

Recall the eigen-decomposition in Theorem 4.2 for the linearization <7 — A% of
Q(A). The next theorem is a straightforward application of Theorem B.2, where
|Z]]» and || 2||2 can be bounded, using Theorem 4.4.

THEOREM 6.3. Let o — A% = Lo(\) and o — 1B = L5 (), admitting the
eigen-decomposition in (4.8). Then

1A = Al < NZIWZ (17 — o i + EN1B — Bl (6.28)

where € = max{|At |, A= |, A5 |, A= |}, and A=

max max max max max
(6.10).

and \:  are defined by

7. Best approximations from a subspace and the Rayleigh—Ritz procedure

Two most important aspects in solving a large scale eigenvalue problem are:

(1) building subspaces to which the desired eigenvectors (or invariant subspaces)
are close; and

(2) seeking best possible approximations from the suitably built subspaces.
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In this section, we shall address the second aspect for our current problem at
hand, that is, seeking best possible approximations to a few eigenvalues of Q(X)
and their associated eigenvectors from a given subspace of C". We leave the first
aspect to the later sections when we present our computational algorithms.

The concept of best possible comes with a quantitative measure as to what
constitutes best possible. There may not be such a measure in general. In [50,
Section 11.4], Parlett uses three different ways to justify the use of the Rayleigh—
Ritz procedure for the symmetric eigenvalue problem. For the HQEP here, each
of the minimization principles in Section 5 provides a quantitative measure.

Let Q(A) = A>’A+AB+C € C™" be a hyperbolic quadratic matrix polynomial,
and let Y C C”" be a subspace of dimension m. We are seeking best possible
approximations to a few eigenvalues of Q(X) using Y. Let Y € C"*" be a basis
matrix of Y.

According to (5.7a), which says (upon substituting i = n — j + 1) that

AT . = max min x), 5.7
nejbl = Max min p+(x) (5.72)
dimX=; *#0
it is natural to approximate A, ;110 given'y C C", by
+ . :
.., = max min Xx), 7.1
Pon—js1 max min p. (x) (1.1)
dimX=j x#0

via replacing X € C" in (5.7a") by X € Y. Any nonzero x € X C Y can be written
as x = Yy for some nonzero y € C", and thus

—(MYHBYy) + [(Y"YHBYy)? — 4HYRAY y) (YR YHCY y)]'/?
2(yHYHAYYy) ’

pr(x) = p (Yy) =

Combined with (5.7a") and this expression for p,(x), (7.1) implies that
wi, ..., are the m pos-type eigenvalues of Y"Q(A)Y. What this means
is that ,u;“ for 1 < j < m provide the best approximations to the m largest AT,
given Y, in the sense of (5.7a). Of course, some approximations ,u}“ ~ )»:_m 4 are
more accurate than others.

Similarly, given Y, ,uj for 1 < j < m provide the best approximations to the m
smallest A;F in the sense of (5.7b).

Let uy,...,u, be the m neg-type eigenvalues of YHQ(A)Y. The same
argument shows that, given Y, i ; for 1 < j < m provide the best approximations
to the m largest A; in the sense of (5.7a), and the best approximations to the m
smallest 2 in the sense of (5.7b).

In summary, we have justified that the eigenvalues of YH QL)Y yield the
best approximations to some of the largest or smallest pos-type or neg-type
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Algorithm 7.1 Rayleigh—Ritz procedure

Given Y € C™ which is a basis matrix of Y < C”, this algorithm returns
approximations to k extreme eigenpairs (of pos-type or neg-type) of Q(X).

1: solve the HQEP for YR Q(L)Y to get its eigenvalues ,uf and associated
eigenvectors yji.
2: return

o (1, Yy") for 1 <i < k asapproximations to (A}, u7") for 1 <i <k, or

° (Mii, Yyii) form —k + 1 < i < m as approximations to ()»ii, uii) for
n—k+1<i<n,

depending on what kind of extreme eigenpairs are desired.

eigenvalues of Q(A) in certain respective senses. This statement may sound
confusing: how could the same set of values be the best approximations to some
of both largest and smallest eigenvalues at the same time? But we point out that
this is not what the statement is saying. The key to understanding the subtlety
is not to forget that they provide the best approximations under the mentioned
senses, and being the best approximations (under a particular sense) does not
necessarily imply that the approximations are good, just that they are the best
(under that particular sense). In practice, Y is built to approximate either the
largest or smallest eigenvalues well, as in the case of optimization methods in
Sections 8—11.

Theorems 5.3 and 5.4, generalizing Amir-Moéz’s min—max principles and
Wielandt-Lidskii min—-max principles, can also be used to justify that the
eigenvalues of YR Q(L)Y are candidates for best approximating the largest or
smallest pos-type or neg-type eigenvalues of Q(A), too. For example, according
to (5.13a) with any prechosen @, we should seek best approximations to A;" for
1<i<kby

minimizing @ (A, ..., A{y) subject to R(X) € Y and rank(X) = k. (5.13a’)

Noticing that any X € C"™* satisfying R(X) € Y and rank(X) = k can be
written as X = Y X for some X € C"** with rank(X) = k, we see that ATy are
pos-type eigenvalues of [Y XT"Q(M)[Y X] = X" YH QL)Y X. Varying X subject
to R(X) € Y and rank(X) = k is transferred to varying X e Cmxk subject to
rank(}A( ) = k. Consequently,

min @iy, ... Afy) = ng?inqﬁ(,ulf)?, ) (1.2)
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where M;r;( are pos-type eigenvalues of X" YA Q(1)Y X. Apply Theorem 5.3 to

see that the right-hand side of (7.2) is @ (i, ..., i), indicating that u; for
1 < j < k provide the best approximations to the k& smallest A;T, as expected.

The same statement can be made about /,L;r as approximations to the largest Aj,
and p; as approximations to the smallest A or as approximations to the largest
A, using other min—max principles in Theorems 5.3 and 5.4.

In summary, our discussion so far has led to a Rayleigh—Ritz type procedure
detailed in Algorithm 7.1 to compute the best approximations to the desired
eigenpairs of (1), given a prebuilt subspace Y.

8. The steepest descent/ascent method

A common approach to solve a quadratic eigenvalue problem in general, as well
as any polynomial eigenvalue problem, is through linearization, which converts
the problem into a linear generalized eigenvalue problem of a matrix pencil [25,
43, 44]. The latter can be solved either by some iterative methods for a large scale
problem or by the QZ algorithm [3, 47] for a problem of small to modest size (n
up to around a few thousands, for example). This approach is usually adopted for
general QEPs that have no favorable structure to exploit. For an HQEP, however,
it is a different story—there is much to exploit. Most recent development includes
the solvent approach [11, 21, 24, 64] for certain kinds of QEP among which the
HQEP [23] is one. Numerical evidence indicates that this solvent approach is
rather efficient for QEPs of small to modest size.

In this paper, we focus on optimization approaches based on various min—max
principles previously established and the new ones established here. They are
iterative methods and intended for solving large-scale HQEPs.

The equations in (5.8),

)Ltlyp = 1}28 Pyp (x), )\;yp = 1?728( Pryp (x) (5-8)

where typ € {4, —}, naturally suggest using some optimization techniques,
including the steepest descent/ascent or CG type methods, to compute the first
or last eigenpair (5, u>") as in the case of the standard Hermitian eigenvalue
problem [4, 15]. Block variations can also be devised to simultaneously compute
the first or last few eigenpairs (A", utjyp), again as in the case of the standard

Hermitian eigenvalue problem [4, 42].

8.1. Gradients. To apply any of optimization techniques, we need to compute
the gradients of p1 (x). To this end, we use p(x) for either p, (x) or p_(x). As x is
perturbed to x 4+ p, where p is assumed small in magnitude, p(x 4 p) is changed
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to p(x + p) = p(x) + n, where the magnitude 7 is comparable to || p||. We have,
by (5.1),

[0 )41 (x+p)AGx+p)+1p () +n] (x+p)" Blx+p)+(x+p)C(x+p) =0,
which gives, upon noticing that f(p(x), x) = 0,
[20(x) x"Ax + x"Bx1n + p"[p(x)*Ax + p(x) Bx + Cx]
+[p(x)’Ax + p(x)Bx + Cx1"p + O(llp|*) =0,
and thus

_ P"p()*Ax + p(x) Bx + Cx] + [p(x)*Ax + p(x) Bx + Cx]"p Lol
= 2p(x) xHAx + x"Bx pi:

Therefore the gradient of p(x) at x is

2[p(x)*A + p(x)B + Clx

V() = - 2p(x) xHAx + xHBx
or equivalently 2 0(pa(x)
Xx))x
Vpux) = x%, (8.1)

where we have used (5.4).
It is important to notice that the gradient Vp.(x) is parallel to the residual
vector

re(x) == [p+(x)’A + p+(x) B + Clx = Q(p+(x))x, (8.2)

whose normalized norm is commonly used to determine if the approximate
eigenpair (p+(x), x) meets a preset tolerance rtol:

Ire () .
|- OPTAX] + o< (Ol B[+ ICx]

tol. (8.3)

If (8.3) holds for (p.(x),x), then it is accepted as a converged pos-type
eigenpair, and similarly for (p_(x), x). Here which vector norm || - || to use is
usually inconsequential. More conservatively, ||Ax|| in the denominator should
be replaced by ||A|| ||x||, and likewise for || Bx|| and ||Cx|| there. For large sparse
matrices, the use of ||Ax||, || Bx]|, and ||Cx|| is more economical because of their
availability.

Beside being easily implementable, the use of (8.3) can also be rationalized
by the existing backward error analysis of approximate eigenpairs for polynomial
eigenvalue problems [25, 37, 63].
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8.2. The steepest descent/ascent method. Now the steepest descent/ascent
method for computing one of )»jf for £ € {1, n} can be readily given. For this
purpose, we fix two parameters typ and £ with varying ranges as

typ € {+, -}, £e{l,n} (8.4)

to mean that we are to compute the eigenpair ()\zyp, u‘eyp). A key step of the method
is the following line-search problem:

fopt = ArgOPt,cc Pyp(x + 1 p), (8.5)

where x is the current approximation to u}y P (thus there is no reason to let x = 0),
p is the search direction, and

in forl =1,
arg opt = argmin for 8.6)
argmax for ¢ =n.
The next approximate eigenvector is
_ {x +top p i top is. finite, 8.7)
p otherwise.

But the line-search problem (8.5) does not seem to be solvable straightforwardly
by simple calculus as for the standard symmetric eigenvalue problem (see, for
example, [4, 15, 42, 73]), given the (complicated) expressions for oy, in (5.2).
Fortunately, the theory we developed in Section 7 gives us another way to look at
it and thus solve it with ease. In fact, the problem is equivalent to finding the best
possible approximation within the subspace Y = R([x, p]). Suppose that x and p
are linearly independent (otherwise, no improvement is expected by optimizing
Pryp(x+1p) because then pyy, (x +1p) = pyp(x) for all scalar¢), and let Y = [x, p].
Solve the order-2 HQEP for Y! Q(1)Y to get its eigenvalues

my S py < p S pg (8.8)

and corresponding eigenvectors yji € C2. We then have the following table for
selecting the next approximate eigenpair, according to the parameter pair (typ, £).

’ (typ, £) chrrent approx.|next approx.
(typ, D|| (oyp(x), x) | (1}, Yy)'") (8.9)
(typ, m)|| (pyp), ) (3", Yyy"

In light of this alternative way to solve (8.5), the resulting steepest descent/ascent
method is summarized in Algorithm 8.1.
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Algorithm 8.1 Steepest descent/ascent method

Given an initial approximation x, to u;”, and a relative tolerance rtol, the

algorithm computes an approximate pair to (A", u;”) with the prescribed rtol.

I xg = xO/“xO”a Py = ptyp(xo)’ ro= rtyp(xO);
2: fori =0,1,... do

3 i rill/(p: Pl Ax N + o 1 Bxill + IICx:])) < rtol then

4: BREAK;

5:  else

6: solve the HQEP for Y Q(A)Y;, where Y; = [x,, r;] to get its eigenvalues
,uj.c as in (8.8) and corresponding eigenvectors y;t;

7: select the next approximate eigenpair (i, y) = (/L;y P Y,-y}yp ) according
to (8.9);

8: Xipr = Y/IVIs pigs = 1y Figt = Fgp(Xi11);

9: endif

10: end for

11: return (p;,x;) as an approximate eigenpair to (A", u;”).

LEMMA 8.1. For (8.5)—(8.7), pMry,(y) = 0.

Proof. 1f x and p are linearly dependent (the trivial case p = 0 included), then
p = ax and y = Bx for some scalars o and B. Thus oy, (y) = pyp(X), yp(y) =
Brip(x), and pHry,(y) = afxry,(x) = 0 by the definition of py,(x).

Suppose that x and p are linearly independent. If |#,,| = 0o, then y = p. Thus
PHryp(y) = yryp(y) = 0. Consider the case that 7,y is finite. Let 1 = fo + 5.
For tiny s, we have

2RE (s[p(y)*Ay + p(3) By + Cy1"p)
2p(y) y"Ay + Y By
where we drop the subscript typ in py,( - ) for convenience. Since min, p(y + sp)

over s € Cis attained at s = 0, it must hold that [p(y)*Ay+p(y)By+Cy]ip =0,
as was to be shown. O

+ 0(s%),

p(y +sp)=p(y) —

8.3. The extended steepest descent/ascent method. In Algorithm 8.1, the
search space is spanned by

x;, ri=Q(p)x;.

Thus it is the second-order Krylov subspace K,(Q(p,), x;) of Q(p,;) on x;.
Inspired by the inverse free Krylov subspace method [19], which seeks to improve
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the steepest descent method for the Hermitian generalized eigenvalue problem by
extending the search space to a higher-order Krylov subspace, we may improve
Algorithm 8.1 in the same way, that is, using a high-order Krylov subspace

K (Q(p,), x;) = spanf{x;, Q(p)x;, ..., [Q(p)]" 'x;} (8.10)

as the search space. Let ¥; be a basis matrix of this Krylov subspace. We then
solve the order-m HQEP for Y Q(1)Y; to get its eigenvalues

Uy <<, <pud << (8.11)

and corresponding eigenvectors ij. (Often Y; € C", but there is a possibility
that dim X, (Q(p,), x;) < m. When this occurs, ¥; will have fewer columns than
m, and the rest of the development is still valid with minor changes. This is rare,
especially in actual computations. For simplicity of presentation, we will assume
that ¥; has m columns.) We then have the following table for selecting the next
approximate eigenpair, according to the parameter pair (typ, £).

’ (typ, £) chrrentapprox. nextapprox.

(typ, || (ogp(xi), x) (7, Yiy?P) (8.12)
(typ, m)|| (Puyp(x:), X:) |(UEP, Y, yP)

We summarize the resulting method, called the Extended Steepest Descent/Ascent
method, in Algorithm 8.2.

When m = 2, Algorithm 8.2 reduces to the steepest descent/ascent method
given in Algorithm 8.1.

8.4. Convergence analysis. While our convergent results are stated for all
four possible (typ, £) € {(£, 1), (&£, n)}, our proofs will be presented mostly for
one (typ, £),

(typ, £) = (+, 1), and thus argopt = arg min in (8.6), (8.13)

to save space. Proofs for other (typ, £) can be obtained with minor changes
accordingly. For convenience, in our proofs we will drop the pos-type sign +
inr,(-), py(-),and u;r with an understanding that they are all for the pos-type,
even though, occasionally, the sign is still written out at critical places.

By Theorem 4.2, Q (1) has n linearly independent pos-type eigenvectors u}“ for
1 < j < nand n linearly independent neg-type eigenvectors u; for 1 < j < n.
Define for each (pos-type/neg-type) eigenvalue p its corresponding eigenspace

U, = {x € C"| Q(w)x =0} = EP span{u"}.

typ__
)L[ =u
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Algorithm 8.2 Extended steepest descent/ascent method

Given an initial approximation x to u;’*, a relative tolerance rto1, and the
search space dimension m, the algorithm computes an approximate pair to
(A", u®) with the prescribed rtol.

11 xo = Xo/[[x0ll, Po = Pryp(X0), Fo = Fiyp(X0)3
2: fori =0,1,... do

3 i Irill/(p Pl Ax:Il + 1o ] | Bxill + ICx; ) < rtol then

4: BREAK;

5:  else

6: compute a basis matrix Y; for the Krylov subspace X,,(Q(p,), x;) in
(8.10);

7: solve the HQEP for Y Q (L)Y, to get its eigenvalues Mf asin (8.11) and
corresponding eigenvectors yj-‘;

) . . . _ typ typ :

8: select the next approximate eigenpair (i, y) = (ij , Yy jy ) according
to (8.12);

9: X1 =Y/IIVI, iy = My Fig1 = rp(Xig1)s

10:  endif

11: end for

12: return (p,, x;) as an approximate eigenpair to (A", u;”).

We will use the angle 6(x;, U,) from x; to an eigenspace U,,,

|ux; |
cosf(x;,U,) := min ————,
0uell, || x; |2]ull2

to measure the convergence of x; toward U,. Note that 0 < 0(x;, U,) < 7/2.

For the sake of our convergence analysis, it is convenient for us to execute
Algorithms 8.1 and 8.2 without their Lines 3 and 4 so that x;, r;, and p, are
defined for all i > 0. But without the two lines, we need to be clear about the
case when r; = 0 for some i. When it occurs, X,,(Q(p;), x;) = span{x;} for
any m > 2. For Algorithm 8.2, all subsequent x;, p i and r; for j > i are well
defined. In fact, we will have

pi:pi+l:”" xi:xi-ﬁ-l:"" ri:rH—l:"':O‘ (814)

But, for Algorithm 8.1, all we have to do is to modify its Line 6 to ¥; = x; if
ri =0, and then x;, p;, and r; for j > i are again well defined and they again
satisfy (8.14).

THEOREM 8.1. Let the sequences {p;},{r:},{x;} be produced by
Algorithm 8.1/8.2.
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(1) Only one of the following two mutually exclusive situations can occur:

(a) for some i, (8.14) holds, and (p;, x;) is an eigenpair of Q(L);

(b) p, is strictly monotonically decreasing for (typ, £) € {(£, 1)} or strictly
monotonically increasing for (typ, £) € {(£,n)}, r; # 0 for all i, and
no two x; are linearly dependent.

2) xfr;, =0, rf'r;; =0, xMr, .y = 0 for Algorithm 8.1.

(3) xM'r; =0, Yr,1 = 0 for Algorithm 8.2.

1

(4) In the case of 1(b),

(@) p, — p €A’ APlasi — oo,

() r; #O0foralli butr; — O0asi — oo,

(¢) p is an eigenvalue of Q(X\), and any limit point x of {x;} is a
corresponding eigenvector, that is, Q(p)X = 0,

d) 6(x;,U;) > 0asi — oo.

Proof. As we remarked at the beginning of this subsection, we will prove the
claims only for (typ, £) = (+, 1).

There are only two possibilities: either r; = 0 for some i or r; # O for all i. If
r; = 0 for some i, then p, = p,,, and x; = x;;; because p(x; + tr;) = p(x;).
Consequently r;; = 0, and the equations in (8.14) hold. Consider now r; # 0
for all i. Note that r; # 0 implies that Vp, # 0, and so p(x; —sVp,;) < p(x;) for
some s with sufficiently tiny |s|. This in turn implies that p(x; +tr;) < p(x;) for
some ¢ with sufficiently tiny |¢|, and thus

piyi = Infp(x; +1r;) < p(x;).

Therefore p; is strictly monotonically decreasing. No two x; are linearly
dependent because linearly dependent x; and x; produce p; = p;. This proves
item (1).

For item (2), x¥'r; = x" Q(p,)x; = 0. Since p(x;;1) = min, p(x; + tr;), by
Lemma 8.1, ri'r;; = 0. We now prove that x/'r,; = 0.If r; = 0, thenallr; =0
for j > i, and thus no proof is necessary. Consider r; # 0. Then p,;, < p,. Note
that x;; is a linear combination of x; and r;; so we write x; |, = o;x; + B;r;
for some scalars ¢; and B;. We know that 8; # 0; otherwise x;,; = «;x; to yield
P;+1 = p;, which contradicts p;,, < p,. Therefore

Pivy = pri + (a;/B)x;) = irtlf,o(r,» +1x;).

Apply Lemma 8.1 with x = r; and p = x; to get x{'r;; = 0.
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For item (3), again x'r; = x" Q(p;)x; = 0. Let x,;; = Y;y. Then, for each
column z of Y;, we have

pin = p(Yiy) =infp(Yiy +12).

Apply Lemma 8.1 with x = ¥;y and p = z to get z"'r;;; = 0. Since z is any
column of ¥;, we conclude that Y'r;,; = 0.

Now for item 4(a), since p; is strictly monotonically decreasing and bounded
from below since p;, > A, it is convergent, and p; — p € [A], A]], because
p; = p(x;) € [A], A]] for all i by Theorem 5.1.

For item 4(b), we have |Ir;|| = |(Ap; + Bp; +C)x;ll < AN+ 1B 1A+
IC|| since ||x;|| = 1; so both {r;} and {x;} are bounded sequences. It suffices to
show that any limit point of {r;} is the zero vector. Assume, to the contrary, that
{ri} has a nonzero limit point 7; that is, r;, — 7, where {r; } is a subsequence
of {r;}. Since {x;} is bounded, it has a convergent subsequence. Without loss
of generality, we may assume that x;, itself is convergent and that x;, — X as
j — o0o. We have 7% = 0 and ||| = 1 because rfl‘_x,«‘/. =0and |x; || = 1. Now
consider the quadratic eigenvalue problem for

X QO)x;, x! Q(/\)ri_,}

8.15
QM i QG o

Q0,0 =Y QWY = [

where Y;, = [x;,, r;]. Since rf.']‘_x,»j = 0, rank(Y;;) = 2, and thus Qi/_()L) is
hyperbolic. Denote by ,uf « its eigenvalues. It can be seen that

MoK Hay S Mg SA <A S gy S, <A (8.16)

Then (for Algorithm 8.1, p; ., = p]. ) A7 < ;41 < 1, Let

00, = lim 0, ().

whose eigenvalues are denoted by ,&f. By the continuity of the eigenvalues with
respect to the entries of coefficient matrices of a quadratic polynomial with a
nonsingular leading coefficient matrix, we know that x5, — ;" as j — oo, and
thus
AMS AT <Ay <A <At <At <At <AT. (8.17)
1S MK S My S A 1 SH S My S A

Notice that, by (8.16) and (8.17),

M<pya<ih = A <A <A<AL (8.18)
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On the other hand, by (8.16), we have

0() = lim 0, (p,)) = lim o iy o
p) = m Pi;) = =

P el rB Qe ), | TP QAN
which is indefinite because 77 > 0. But, by (8.18) and Theorem 3.1, @(/3) <0,
a contradiction. So 7 = 0, as was to be shown.

For item 4(c), since ||x;|| = 1, {x;} has at least one limit point. Let X be any
limit point of x;; that is, x;, — x. Take limits on both sides of Q(pi/_)xij =r; to
get Q(p)x = 0; that is, (0, X) is an eigenpair. '

For item 4(d), write §; = 6 (x;, U,) for convenience and write (without loss of

generality, we may assume that || - ||, is used in the algorithms) x; = #; cos 6; +
v; sin6;, where i1; € U;, 0; € u; (the orthogonal complement of U;), and ||i; ||, =
I0; |l = 1. Then

= Q(p)x; = (p, — P)[(p; + P)A + Blit; cos 0; + Q(p;)V; sin6;.  (8.19)
We claim that Q(p,)?; sin6; — 0. To see this, we notice that
1(o; + ) A + Blly < 2max{|A]|, [A, [} |All2 + | Bll2,

r; — 0,and p, — p — 0. Thus Q(p,)?; sin6; — 0 by (8.19). The null space of
0(p) is U;. Since Q(p) is Hermitian,

1Q(H)vll> = yllvl, forany v e Uz,

where y = min |£| taken over all nonzero & € eig( Q(p)). Therefore || Q(0)0; |, >
y. Because p, — p, for sufficiently large i we have || Q(p;)?;|l, = ¥ /2, and thus

1 Q)i sin6;ll, > (y/2)sinb;,
implying that sin6; — 0, which leads to 6; — 0, because 0 < 6; < /2. OJ

Theorem 8.1 ensures us the global convergence of Algorithm 8.1/8.2, but gives
no indication as how fast the convergence may be. For that, we turn to our next
theorem—Theorem 8.2—which provides an asymptotic rate of the sequences {p; }
generated by the algorithms. These theorems are reminiscent of [19, Theorem
3.2] and [19, Theorem 3.4], respectively. But Theorem 8.2 about the rate of
convergence is much more difficult to prove than [19, Theorem 3.4]. Because
of that, we defer its proof to Appendix C.

We introduce some new notation: for any x # 0,
xHAx x"Bx xHCx

a b)) =—F— )=

xHy xHx

alx) = (8.20)

xHy
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Also recall that @, () := Q(A + Ao) in (6.2a) for a given shift 4. Accordingly,

"B H2xA + B He Ho
bo(x) _ X Hon — X ( 0A + )x, Co(x) — X H)Lox — X Q]E O)x. (821)
XX XTX XX

xHx

THEOREM 8.2. Suppose that 1\° < py < A3 if € = 1 0r A°, < py < AVP if
£ = n, and let the sequences {p,}, {r;}, {x;} be produced by Algorithm 8.2. Given
a shift Ly > A}, define B,,, C;, by (6.2a).

(1) Asi — oo, p, monotonically converges to p = A", and x; converges to u}*
in direction; that is, 0 (x;, u;*) — 0.

(2) The eigenvalues (their dependency upon i is suppressed for clarity) w; of the
matrix Q(p;) can be ordered as

w>0>w, > 2w, iftyp,£) €{(+,1),(—,n)}, or (8.22a)
<<, iftyp, 0 € {(+,n), (-, D} (8.22b)

w <0< w

Denote by v, the eigenvector of Q(p;) associated with its eigenvalue w,. If
p; is sufficiently close to A", then

i = 21 < e ilo; = 271+ (L= &5 Denn)lp; — 2712

+0(p; — 1", (8.23)
where
e = min  max 8 (8.24)
gePu1.8@N20 il |g(wy)]’
1 A 1 ||B 1 |C

Il = | B, ll2 e = 1Cy 2 (8.25)

|w2|a(v1) |w2| bo(vy)’ |602| co(v1)

1/2
pw) = 30 4 o Go)?e” 4+ 2a)e@) @+ oo

So(v1)?

and P,,_, is the set of polynomials of degree no higher than m — 1.

(3) Denote ( Q()»zyp) is singular and, by Theorem 3.1, negative semidefinite if
(typ, £) € {(+, 1), (—, n)} or positive semidefinite if (typ, £) € {(+, n), (—,
1)}) by y and I" the smallest and largest positive eigenvalue of the matrix

—Q(") for (typ, ) € {(+, ), (=, m)},
QG for (typ, O) € {(+,n), (=, D}.
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If p; is sufficiently close to \,", then
i1 =271 < &1 = 1T I+ (1 —eDen| o, =2 P+ 0(1p, =171, (8.27)

where

B \/E—}—l m—1 \/E—i—l —(m—1) -1 B r
8—2|:<ﬁ_1> +<\/E—1> , K—;, (8.28)

_ L 3 ||A||2+2b0(u)2 | Bi, Il2
a(u) So(w)*\ bo(u)

awew (1Al | [ic,ls
8.29
Sow)? ( a(u)+\/ o) )} (829
141 1515+ 41A NGl
< 3 2 , 8.30
\/|y|[ atw) b(u)2—4a(u>c<u>} (®30

and u = u;” for short.

9. Preconditioned steepest descent/ascent method

9.1. Preconditioning. We will explain the idea of preconditioning for
computing (A}, u}) only, via two different points of view. The same argument
can be made for other extreme positive and negative eigenpairs.

It is well known that, when the contours of the objective function near its
optimum are extremely elongated, at each step of the conventional steepest
descent/ascent method, following the search direction which is the opposite of
the gradient gets closer to the optimum on the line for a very short while and then
starts to get away because the direction does not point ‘toward the optimum’,
resulting in a long zigzag path of a large number of steps. The ideal search
direction p is therefore the one such that, with its starting point at x, p points
to the optimum; that is, the optimum is on the line {x +tp : t € C}. Specifically,
expand x as a linear combination of uj

n n
— + . + — +
x = E oju; =toquy +v, V= E oju 9.1
j=2

j=1
Then the ideal search direction is
p=oaul + pv

for some scalars o« and 8 #% O such that «; 8 — o % 0 (otherwise p = Bx). Of
course, this is impractical because we do not know uT and v. But we can construct
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one that is close to it. One such p is

p=1Q@)] " ry(x) =[Q)] " Q(p,)x,

where p, = p,(x) and (we reasonably assume also that o # )»7 for all j, too) o
is some shift near A} but not equal to p, . Let us analyze this p. By (4.14a), we
have

[Q(@)] ' Q(p,) =Ui(al — A" (U"AU) (0] — AL)™
x (p. 1 — ADUMAU. (p 1 — AU

Suppose now that both o and p__ are near A;. Then
(ol —A) ' (p I —A)=1+(p,—0)ol—A )"~

Therefore [Q(0)]™' Q(p,) ~ U, (ol — Ay) '(p, I — Ay)US ', and thus

)Lf_lh—
-
kj —0

p=10@)]"' Qo )x ~ ) wauf, p;:= 9.2)

j=1
Now if AT < p, < A7 and if the gap A7 — 1] is reasonably modest, then
w;~1 forj>1

to give a p ~ au/ + v, resulting in fast convergence. This rough but intuitive
analysis suggests that K = [Q(o)]~' with a suitably chosen shift o can be
used to serve as a good preconditioner to improve the steepest descent/ascent
method—Algorithm 8.1—by simply modifying Y; = [x;, r;] at Line 6 there to
Y; = [x;, Kr;]. We caution the reader that implementing K r; amounts to solving a
linear system. This is usually done approximately by, for example, some iterative
methods such as the linear conjugate gradient method or MINRES [12, 18, 20].

The second viewpoint is similar to the one proposed by Golub and Ye [19]
for the generalized linear eigenvalue problem. Theorem 8.2 reveals that the
rates of convergence for Algorithms 8.1 and 8.2 depend on the distribution of
the eigenvalues w; of Q(p;), not the eigenvalues of Q(A). In particular, if all
w, =--- = w,, then ¢, = 0 for m > 2, and thus

Pi1 — )‘T =O0(lp; — )\Hz)v

suggesting quadratic convergence. Such an extreme case, though highly welcome,
is unlikely to happen in practice, but it gives us an idea that if somehow
we could transform an eigenvalue problem toward such an extreme case, the
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transformed problem would be easier to solve. Specifically we should seek
equivalent transformations that change the eigenvalues of the matrix Q(p;) as
much as possible to

one isolated eigenvalue w;, and the rest w; (2 < j < n) tightly

clustered, ©.3)

but leave the eigenvalues of @ (X) unchanged.

We would like to equivalently transform the HQEP for Q(X) to one for
L~' Q1) L~" by some nonsingular L (whose inverse or any linear system with L
is easy to solve) so that the eigenvalues of L~' Q(p;) L~ distribute more or less
like (9.3). Then apply one step of Algorithm 8.1 or 8.2 to the pencil L~' Q (1)L~ !
to find the next approximation p,, ;. The process repeats: that is, find a new
L to transform the problem and apply one step of Algorithm 8.1 or 8.2 to the
transformed problem.

Such an L may be constructed using the LDL" decomposition of Q(p;)
[18, page 139] if the decomposition exists: Q(p;) = LDL", where L is lower
triangular and D = diag(&1). Then L' Q(p,)L~" = D has the ideal eigenvalue
distribution that gives €,, = O for any m > 2. Unfortunately, this simple solution
is impractical in practice for the following reasons.

(1) The decomposition may not exist at all. In theory, the decomposition exists
if all the leading principle submatrices of Q(p;) are nonsingular.

(2) If the decomposition does exist, it may not be numerically stable to compute,
especially when p; comes closer and closer to A}

(3) The sparsity in Q(p;) is most likely destroyed, leaving L significantly denser
than Q(p,). This makes all ensuing computations much more expensive.

A more practical solution is, however, through an incomplete L D L factorization
(see [54, Ch. 10]), to get
Q(p,) ~ LDL",

where ~ includes not only the usual ‘approximately equal’, but also the case when
Q(p;) —LDL" is approximately a low rank matrix, and D = diag(#1). Suchan L
changes from one step of the algorithm to another. In practice, often we may use
one fixed preconditioner for all or a number of consecutive iterative steps. Using a
constant preconditioner is certainly not optimal: it likely does not give the best rate
of convergence per step and thus it increases the number of total iterative steps, but
it may reduce overall cost because it saves work in preconditioner constructions
and thus it reduces the cost per step. The basic idea of using a step-independent
preconditioner is to find a o that is close to A}, perform an incomplete LDL"
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decomposition
Q(o) ~ LDL",

and transform Q(A) accordingly before applying Algorithm 8.1 or 8.2. Now the
rate of convergence is determined by the eigenvalues of

L'Q)L " =L Q@)L ™" + (o, — )L Q@)L + O(lp, — o),

which would have a better spectral distribution so long as the last two terms are
small relative to L' Q(p,)L™". When A, < 0 < A, —Q(0) > 0, and the
incomplete LDL" factorization becomes incomplete Cholesky factorization.

9.2. Preconditioned steepest descent/ascent method. We have insisted
so far on applying Algorithm 8.1 or 8.2 straightforwardly to the transformed
problem. There is another way, perhaps a better one: only symbolically applying
Algorithm 8.1 or 8.2 to the transformed problem as a derivation tool for a
preconditioned method that always projects the original pencil Q(A) directly
every step. The only difference is that now the projecting subspaces are
preconditioned. Again we will explain it for the case of computing the first
pos-type eigenpair (A}, u}).

Suppose that Q(X) is transformed to_ Q(A) = L 'Q()L~Y. Consider a
typical step of Algorithm 8.2 applied to Q(A) For the purpose of distinguishing
notational symbols, we will put hats on all those for Q(A). The typical step of
Algorithm 8.2 on Q is

computing the smallest pos-type eigenvalue  and corresponding
eigenvector v of ZH Q(A)Z where Z € C™™ is a basis matrix of 9.4)
Krylov subspace JCm(Q(p) X).

Notice that [ Q(p)]'% = LE[(LL")~1 Q(p)) (L~ %) to see that

L%, (Q(8), %) = K, (K Q(p), x),

where x = L~ H% and K = (LL")"". So Z = L~1Z is a basis matrix of Krylov
subspace K, ( K Q(p), x). Since also

Z"QZ = L)L),
P =ps(X) = pi(x) =p,
the typical step (9.4) can be reformulated equivalently to

computing the smallest pos-type eigenvalue p and corresponding
eigenvector v of ZHQ(X)Z, where Z € C™™ is a basis matrix of | (9.5)
Krylov subspace K,,( K Q(p), x), where K = (LL™)~".
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Algorithm 9.1 Preconditioned extended steepest descent/ascent method

Given an initial approximation x, to u,", a relative tolerance rt o1, and the
search space dimension m, the algorithm computes an approximate pair to
(A", u®) with the prescribed rtol.

1: xo = Xo/l[x0ll, Po = Pryp(X0), Fo = Fiyp(X0)3
2: fori =0,1,... do

3 i rill/(p PIlAx N + o 1 Bxill + [ICx;])) < rtol then

4: BREAK;

5:  else

6: construct a preconditioner K;;

7: compute a basis matrix Y; for the Krylov subspace X, (K; Q(p,), x;);

8: solve HQEP for YH Q(1)Y; to get its eigenvalues uf as in (8.11) and
eigenvectors yji;

9: select the next approximate eigenpair (i, y) = (//v‘[/.yp , Yy}yp ) according
to (8.12);

10: Xip1 = Y/IVIs pipr = 1y Pt = Fyp(Xi11);

11:  endif

12: end for

13: return (p,, x;) as an approximate eigenpair to (A", u;”).

We are now ready to state a version of the preconditioned extended steepest
descent/ascent method. To make it inclusive, in Algorithm 9.1 we use K; to denote
the preconditioner at the ith iterative step. Once again, they may all be the same or
they may vary from one iterative step to another. Although the derivation of this
algorithm was for the preconditioners obtained from the second viewpoint above,
its final form includes the preconditioners from the first viewpoint.

9.3. Convergence analysis. If K; > 0, the ith iterative step of Algorithm 9.1
is just one step of the extended steepest descent/ascent method applied to
Kil/ ZQ(X)Kil/ ®. Therefore Theorem 8.2 implies the following theorem for
Algorithm 9.1.

THEOREM 9.1. Suppose that A" < py < A if € = 1 or 1%, < p, < ADP
if £ = n, and let the sequences {p;}, {r;}, {x;} be produced by Algorithm 9.1.
Suppose that K; > 0.

(1) Asi — oo, p, monotonically converges to p = A", and x; converges to u}"
in direction; that is, 0 (x;, u;*) — 0.
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(2) The eigenvalues (their dependency upon i is suppressed for clarity) w; of
K; Q(p;) can be ordered as

o >0>w 220, if(yp,£) € {(+, 1), (=.m}, or (9.62)
<<, iftyp, £) € {(+,n), (=, D). (9.6b)

If p, is sufficiently close to \,", then
i1 = 2T < &p 110, = 2714 O el = 112 + 10, = F1), (97)
where ¢,,_; is defined as in (8.24).

(3) Denote (it is worth emphasizing that K; Q()»t[yp) is singular and, by
Theorem 3.1, Kil/2 Q()»zyp)KiI/2 is negative semidefinite if (typ, £) € {(+, 1),
(—, n)} and positive semidefinite if (typ, £) € {(4+,n), (—, 1)}) by y and I
the smallest and largest positive eigenvalue of the matrix

—K; Q™) for (typ, ) € {(+, 1), (=, n)},
K: Q™) for (typ, £) € {(+,n), (—, D}.

If p; is sufficiently close to )»zyp, then
i1 = 21 < E2p; = A"L+ OCelp; = P2 +1p, = "1, (98)
where ¢ is defined as in (8.28).

There is a convergence rate estimate, essentially due to Samokish [55, 1958],
for the preconditioned steepest descent/ascent method in the case of the standard
Hermitian eigenvalue problem. The reader is referred to [29, 49] for details.
Theorem 9.2 below is an extension of Samokish’s result for an HQEP.

THEOREM 9.2. Suppose that K > 0. Let £ € {1, n} and typ, typ’ € {4+, —} such
that typ and typ’ are opposite, and denote by y and I' the smallest and largest
positive eigenvalue of the matrix

—K Q") for (typ, ©) € {(+, 1), (—, n)},
KQM®)  for (typ, £) € {(+,n), (=, D},

and

https://doi.org/10.1017/fms.2015.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2015.14

The hyperbolic quadratic eigenvalue problem 45
Let arg opt be as given in (8.6), and let

Topt = arg opt, ¢ ptyp(x + tKrtyp(x))a y=x+ toptKrtyp(x)a

X + tKri(x) for (typ7 Z) € {(+a 1)7 (_7 n)}y
x —tKry(x) for (typ, £) € {(+,n), (=, D}.

We have

1op () = AP < [ oyp(2) — A2

2
_ 1 e\ I" = Py ()| + TV/T 6y
125" = pyy (2)] 1= (VT +8)

X | ryp () — A7, 9.9)

provided that T(v/T'8, + 82) < 1, where

81 = /1oy () = A1 K P { Al pyp(x) + 2771+ BIAT'25,

8 = IK AK 2] oy (x) = 227 - 23 — pyy (o)L,

8 = / IA12K {Alpyp(x) + 2"+ BYA12 |5 | pyp (x) = 23"

Proof. We will prove the case when (typ, £) = (4, 1) only. The other cases can
be handled in the same way.

Note that z = x + TKr (x) = x + 7K Q(p,(x)) x. We have A] < p,(y) <
p+(2), and thus p, (y) — A} < po(z) — A{. So it remains to show that p, (z) — A}
is no bigger than the right-hand side of (9.9).

Let M = —Q(A]) > 0. For any vector w, we have
lwl}, = —w" Q@ )w
= [ps(w) — ATIAT — p—(w)]wll3, (9.10)
I+ tKQOD)wlly = Il — tKMlw|y
<ellwlly. 9.11)
Write

2=+ 1K Q0N — tK[QG]) — Qo) (0))]x
— [T + tK Q) + tlpy (x) — AT TK[Ao: () + A}) + Blx.
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Without loss of generality, we may assume that ||x ||, = 1. We have

Izl = \/[m(Z) =M1 = p-@]lizlla, by (9.10)

Izl < I+ 7K QG))xIm
+ 7lp+(x) = A MK Ao+ (x) +27) + Blx|lu

<ellxlly + tlo (x) — AT IVT [A(ps (x) + AT) + Blxllx

< ey/lp4 () = 21104 — p_ ()]
+7lps () = AIWT 1K P[A s (0) +21) + BIAT,

= [e,/xf—p(x)Jru/Fal],/m(x) — A7, (9.12)

lzlla = llxlla = Tl Kre(x))la
=1 —=7[|[Kri(x)|a,
IKr:(0)lla = 1K QG)x — KIQ() — Qo+ (x))]xll4
S IHK QDxlla + [+ (x) = ATTIK[ACo4 (x) + A7) + Blxlla

<
SVIKZAKY2 0 (1x )l

+ (o4 () = AT A2 K [A(py (x) +27) + BIA™ 2|21 x]|4

= VT8, + 82, (9.13)
Finally, use
2113, 2113,
p+(z) — AT = <
! D @Iz T I = - @1 11— T K ()l
and (9.12) and (9.13) to complete the proof. ]

10. Block preconditioned steepest descent/ascent method

The convergence of any of the previous steepest descent/ascent methods can
be very slow if A}" ~ AJ" or AP, ~ AYP. This is reflected by w; ~ w, in
Theorems 8.2 and 9.1. Often in practice, there are needs to compute the first few
extreme eigenpairs, not just the first one. For that purpose, block variations of the
methods become particularly attractive for at least the following reasons:

(1) they can simultaneously compute the first k extreme eigenpairs ()\_t/-yp , u_[/-yp );
(2) they run more efficiently on modern computer architecture because more
computations can be organized into the matrix—matrix multiplication type;
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(3) they have better rates of convergence to the desired eigenpairs and save
overall cost by using a block size that is slightly bigger than the number
of asked eigenpairs.

In summary, the benefits of using a block variation are similar to those of using
the simultaneous subspace iteration versus the power method [57].

In what follows, we will explain a block steepest descent/ascent method for
computing the first few (A7, u}“). The same reasoning applies to other extreme
eigenpairs.

Any block variation starts with a given X, € C"*" with rank(X,) = n,, instead
of just one vector xo € C" previously for the single-vector steepest descent type
methods. Here either the jth column of X| is already an approximation to u;r, or
the subspace R(X,) contains a good approximation to the subspace spanned by
uj for 1 < j <k, or the canonical angles from R([uy, ..., u;]) to R(X,) are
nontrivial, where k < n,, is the number of desired eigenpairs. In the latter two
cases, a preprocessing is needed to turn the case into the first case:

(1) solve the HQEP for X{f (1) X, to get its pos-type eigenpairs (o5, , ¥;);
(2) reset X := Xo[yy, ...,y

So we will assume henceforth that the jth column of the given X, is an
approximation to uT Now consider generalizing the steepest descent method to
a block version. Its typical ith iterative step may well look like the following.
Suppose that we have already computed

Xi = [xi§17 xi;zv e ey xi:ﬂb] E Cnxnb?
whose jth column x;,; approximates u;.r, and
— + o+ +
2; = diag(p; ), Pigs s Piy,)>

whose jth diagonal entry pffj = p4+(x;:;) approximates }\f Define the residual
matrix

Ri = [ri(xi:1), re(xi2), - oo, 7o (Xisn, )] = AXiQ,'z + BX;$2; + CX;.
The next set of approximations is computed as follows.
(1) Compute a basis matrix Z of R([X;, R;]) by, for example, MGS.

(2) Solve the HQEP for Z" Q(1)Z to get its pos-type eigenpairs (p;,.;, ¥},
and let 2,41 = diag(0i, 1.1> 05120 - -+ Pirin,)-

(3) Set Xy = Z[y1+’ ’y:l?;]
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In the same way as we explained before, this block steepest descent method
can be improved in two directions—extending the search space is one and
incorporating preconditioners is the other.

Note that r,.(x;.;) = Q(p;:;)x;.;, and thus

R(X:, RY) =Y R(lxi.j. Qo7 )xi:;])

Jj=1

= chz(Q(P,Tj)’ Xi;j)-

j=1

So it is natural to extend the search space R([X,, R,]) through extending each
Krylov subspace fK2(Q(pif i) Xgj) to high-order one, and of course different
Krylov subspaces can be extended to different orders. For simplicity, we will
extend each to the mth order. The new extended search subspace now is

> K (Qpi)), xi:))- (10.1)

j=1
Define the linear operator
R X eC™™ — K (X)=AXR}+ BXR2; +CX e C™™,
Then the subspace in (10.1) can be compactly written as
K (%;, X;) = span{X;, % (X,), ..., Z" (X))}, (10.2)
where %)f (+) is understood as successively applying the operator %; j times; for
example, #*(X) = % (% (X)).

As to incorporate suitable preconditioners, in light of our extensive discussions
in Section 9.1, the search subspace should be modified to

np
Y Kn(Ki; Q07 ), X)), (10.3)
j=1
where K. ; are the preconditioners, one for each approximate eigenpair (pfjj, Xij)
for 1 < j < n, in the ith iterative step. As before, K;,; can be constructed in one
of the following two ways.

e K;.; is an approximate inverse of Q(f)lfj) for some /51+ ; different from ;o,+ I
ideally closer to )\;r than to any other eigenvalue of Q(A). But this requirement
on i)ifj is impractical because the eigenvalue Aj of Q()) is unknown. A
compromise would be to make i):’ ; closer but not equal to pf ; than to any
other p’ ;.
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e Perform an incomplete LDIL! factorization (see [54, Ch. 10]) Q(i);f j) ~
L;.;D;. le‘f ;» Where ~ includes not only the usual “approximately equal’, but
also the case when Q(,T):j) —L;; Di;_/Lffj is approximately a low rank matrix,

and D;.; = diag(+1). Finally, set K,.; = L,-;leH;j.

Algorithm 10.1 is the general framework of a Block Preconditioned Extended
Steepest Descent method (BPeSD) which embeds four methods into one:

(1) Block Steepest Descent method: m = 2 and all preconditioners K;.; = I;
(2) Block Preconditioned Steepest Descent method: m = 2 and nontrivial K. ;;

(3) Block Extended Steepest Descent method: m > 2 and all preconditioners
K =1,

(4) Block Preconditioned Extended Steepest Descent method: m > 2 and
nontrivial K;. ;.

There are two important implementation issues to worry about in turning this
general framework into a piece of working code.

(1) In (10.3), a different preconditioner is used for each and every approximate
eigenpair (pifj, x;;;) for 1 < j < n,. While, conceivably, doing so will speed
up convergence for each approximate eigenpair because each preconditioner can
be constructed to make that approximate eigenpair converge faster, the cost in
constructing these preconditioners may likely be too heavy to bear. A more
practical approach would be to use one preconditioner K; for all K;.; aiming at
speeding up the convergence of (,o;;r 1» Xi;1) (or the first few approximate eigenpairs
for tightly clustered eigenvalues). Once it (or the first few in the case of a tightly
cluster) is determined to be sufficiently accurate, the converged eigenpairs are
locked up and deflated, and a new preconditioner is computed to aim at the next
nonconverged eigenpairs, and the process continues.

(2) Consider implementing Line 5, that is, generating a basis matrix for the
subspace (10.4). In the most general case, Z can be gotten by packing the basis
matrices of all

Kn(Ki.j Q(07), x:5) for 1 < j<my

together. There could be two problems with this: (1) such Z could be ill
conditioned, that is, the columns of Z may not be sufficiently numerically
linearly independent, and (2) the arithmetic operations in building a basis for
each X, (K;,; Q(pl.fj),x,-; ;) are mostly matrix—vector multiplications, straying
from one of the purposes: performing most arithmetic operations through
matrix—matrix multiplications in order to achieve high performance on modern
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Algorithm 10.1 Block preconditioned extended steepest descent/ascent method

Given an initial approximation X, € C"** with rank(X,) = n,, and an integer

m > 2, the algorithm computes approximate eigenpairs to (A", u") for j € J,

where J = {1 < j < n,} for computing the few smallest eigenpairs of the given
type or {n —n, + 1 < j < n} for computing the few largest eigenpairs of the

given type.

solve the HQEP for X{! Q (1) X to get its eigenpairs (pf)yfj’», y;yp);

L Xo=XoDyP LT = {1 < <mphs

:fori=0,1,... do .

construct preconditioners K;,; for j € J;

compute a basis matrix Z of the subspace

—

D K (Kisj @015, xic), (10.4)

jel

and let n; be its dimension and J = {1 < j < n,} for computing the
few smallest eigenpairs of the given type or {n; — n, + 1 < j < nz} for
computing the few largest eigenpairs of the given type;

6:  compute the n, eigenpairs of ZHQ(1)Z: (pfyfl;j, y;.yp) for j € J and let
£2;,, = diag(..., p?yfl; IE .) whose diagonal entries are those for j € 7 ;

7. Xiy1 = ZW, where W = [. ..,y;.yp,...] whose columns are those for

j € i ;
end for
: return approximate eigenpairs to (A", 1) for j € J.

o o

computers. To address these two problems, we may do a tradeoff by using
K;.; = K; for all j. This may likely degrade the effectiveness of the preconditioner
per step in terms of rates of convergence for all approximate eigenpairs (plfj,
x;;;) but may achieve overall gain in using less time because then the code
will run much faster in matrix—-matrix operations, not to mention the saving in
constructing just one preconditioner K; instead of n, different preconditioners
K. ;. To simplify our discussion below, we will drop the subscript i for readability.
Since K;.; = K for all j, (10.4) is the same as

K (KR, X) = span{X, KZ(X), ..., [KZ]" " (X)}, (10.5)
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where [KZ]/(-) is understood as successively applying the operator K% j
times; for example, [KZ1*(X) = KZ%,(KZ(X)). A basis matrix

Z = [217221"'72111]

can be computed by the following block Arnoldi-like process.

1: Z,\T =X (MGS);
2: fori =2tomdo
3 Y = K(AZ,’,]QZ + BZ,’,IQ + CZ,‘,]);
4. forj=1toi —1do

5 T=Z$‘Y;Y=Y—ZjT;

6: endfor

7 Z; T =Y (MGS);

8: end for

There is a possibility that at Line 7 Y is numerically not of full column rank. If it
happens, it poses no difficulty at all. In running MGS on Y’s columns, anytime if
a column is deemed linearly dependent on previous columns, that column should
be deleted, along with the corresponding pjf from §2 to shrink its size by 1 as well.
At the completion of MGS, Z; will have fewer columns than Y, and the size of £2
is shrunk accordingly. Ultimately, at the end, the columns of Z are orthonormal;
that is, ZHZ = I (of apt size), which may fail to an unacceptable level due to
roundoff; so some form of reorthogonalization should be incorporated.

11. Conjugate gradient method

Again because of the equations in (5.8), the nonlinear CG type method [48, 61]
and its variations are natural candidates for computing the first or last eigenpair
()fjy P utjy Py, and their block variations can also be devised to simultaneously
compute the first or last few eigenpairs (177, u"). Since much of the machinery
including gradients and preconditioning has already been built up, what remain
are more or less simple adaptations of CG type methods [36] for the generalized

Hermitian eigenvalue problem to the current case.

11.1. Preconditioned conjugate gradient method. Single-vector CG type
methods heavily rely on the line-search problem (8.5)—(8.7) which was solved
by projecting the original order-n HQEP for @Q(A) to an order-2 HQEP for
Y" QW)Y without actually computing the optimal parameter oy, and thus the
next approximation y as in (8.7) for the steepest descent/ascent method and
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Algorithm 11.1 Preconditioned conjugate gradient method

Given an initial approximation x, to u;’*, a (positive definite) preconditioner K,
and a relative tolerance rtol, the algorithm computes an approximate pair to
(A", u®) with the prescribed rtol.

I xo = Xo/lIXoll2, » Po = Piyp(X0), Fo = ryp(X0), Xo = —Kro;
2: fori =0,1,... do

3 i lIrilla/(pi Pl Ax | + o] | Bxill + [Cx; ) < rtol then

4: BREAK;

5:  else

6: solve the HQEP for Yl.H Q((A\)Y;, where Y; = [x;, x;] to get its eigenvalues
,u}t as in (8.8) and eigenvectors yji;

7 select the next approximate eigenpair (u, Y;v) according to the table
(8.9);

8: compute o; = foy as in (11.2) and then y as in (8.7) with x = x; and
P =Xi;

9: Xivt = Y/Nyll2s

10: set 0,1 = Pyp(Xiy1), Fig1 = Fyp(Xig1), X1 = —Kriy + Bix;, where
B; is commonly given by either one of

ril Kr; i K(rig, —r;
either B; = :;Tr“ or = —t! rglg; ); (11.1)
11:  endif
12: end for

13: return (p;, x;) as an approximate eigenpair to (A", u;").

its variations. The outcome of it is that the computed next approximation is a
(complex) scalar multiple of y in (8.7). This is good enough for the steepest
descent/ascent method, but not for the CG method, for which y in (8.7) needs to
be computed. We now show how this y can be recovered from the approximation
given in table (8.9). Let (i, Yv) be selected according to the table, and write
v=1[v,n]Tand y = Yv = v;x + v, p. Thus

ot = V2/v1 if v; # 0, and oo otherwise. (11.2)

With this, set y as in (8.7).

Our discussions on selecting a good preconditioner in Section 9.1 should
be followed. Algorithm 11.1 presents the framework for the single-vector
preconditioned conjugate gradient method for Q(1).
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Algorithm 11.2 Locally optimal block preconditioned extended conjugate
gradient method

Given an initial approximation X, € C"** with rank(X,) = n,, and an integer

m > 2, the algorithm computes approximate eigenpairs to ()»tjyp , utjy Py for j € J,

where J = {1 < j < n,} for computing the few smallest eigenpairs of the given
type or {n —n, + 1 < j < n} for computing the few largest eigenpairs of the

given type.

solve the HQEP for X{' @(1) X to get its eigenpairs (g, ¥;);

: Xo = Xoly o L X = 0,0 = {1 < j <mphs

:fori =0,1,... do

construct preconditioners K;.; for j I;

compute a basis matrix Z of the subspace

—

> K (Kij Q(py. ). Xij) + R(Xiy), (11.3)

jel

and let n, be its dimension and J = {1 < Jj < n,} for computing the
few smallest eigenpairs of the given type or {n; — n, + 1 < j < nz} for
computing the few largest eigenpairs of the given type;

6:  compute the n, eigenpairs of ZHQ(1)Z: (P;yflzjs )’;-yp) for j € J and let
£2;,, = diag(..., p?fl;j, ...) whose diagonal entries are those for j € I;

7. Xjy = ZW, where W = [. ..,y}yp,...] whose columns are those for
j € j ;

8: end for

9: return approximate eigenpairs to (A", u°") for j € J.

11.2. Locally optimal block preconditioned extended conjugate gradient
method. When it comes to eigenvalue computations by CG type methods,
CG’s locally optimal variations [51, 62] combined with preconditioning and
blocking are more preferable than the usual single-vector CG method as in
Algorithm 11.1 [4, 28, 36]. In Algorithm 11.2, we present a framework of the
so-called Locally Optimal Block Preconditioned Extended Conjugate Gradient
Method (LOBPeCG), whose different implementation choice gives rise to a list
of CG type methods which we will not elaborate.

The two important implementation issues we discussed for Algorithm 10.1
(Block Preconditioned Extended Steepest Descent method) after its introduction
essentially apply here, except that some changes are needed in the computation
of Z at Line 5 here.
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First X;_; can be replaced by something else. Specifically, we modify Lines 2,
6, and 8 of Algorithm 11.2 to

2 Xo=XoW,and ¥, = 0,J = {1 < j <mp);
5: compute a basis matrix Z of the subspace

Y Kn(Ki; Qb)) Xij) + R(Y:), (11.4)

jej

such that R(Z.1.,,)) = R(X;). Let n be its dimension and J= {1 <
Jj < n,} for computing the few smallest eigenpairs of the given type or
{ny; —ny,+1 < j < nz}for computing the few largest eigenpairs of the
given type;

7: X, 1=ZW,where W=[. . ., y;yp, ... ] whose columns are those for j € J,
Yi+1 = Z(:,nb+1:(m+1)nb)W(nb+1:(m+1)nb,:);

Next we will compute a basis matrix for the subspace (11.3) or (11.4). For better
performance (by using more matrix—matrix multiplications), we will assume that
K;.; = K, for all j for simplification. Dropping the subscript i for readability, we
see that (11.4) is the same as

K (KR, X) +R(Y) =span{X, KZ(X), ..., [KZ]" " (X)} + R(Y). (11.5)

We will first compute a basis matrix [Z,, Z,, ..., Z,] for X, (KZ, X) by the
block Arnoldi-like process outlined at the end of Section 10. In particular,
R(Z)) = R(X). Then orthogonalize Y against [Z,, Z,, ..., Z,] to get Z,
satisfying Z!! | Z,,.1 = I. Finally, take Z = [Z,, Zs, ..., Z,11].

Our understanding for precise convergence behaviors of these CG type methods
is very limited, despite overwhelming numerical evidence that CG type methods
are superior to steepest descent/ascent type methods. This is an area that needs
further research, even in the case of using similar CG type methods in the
linear eigenvalue problem [36]. But we point out that per step Algorithm 11.2
produces better approximations than Algorithm 10.1 does because the former
uses a search subspace that contains the one used by the latter. In view of this, the
convergence estimates in Theorems 8.2, 9.1, and 9.2 are mathematically correct
for locally optimal preconditioned extended conjugate gradient method, that is,
Algorithm 11.2 with n, = 1. Nonetheless, we believe that the actual convergence
rate should be much better than these estimates suggest.
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12. Numerical examples

In this section, we will present a couple of examples to demonstrate the
numerical behavior of Algorithm 11.2, which often performs much better than
the steepest descent/ascent type methods. In presenting numerical results, we will
use the normalized residuals

I Q(ui)xill>
(IAl 17 + 1Bl + ICTO Nx 1l

to show the convergence progress for approximations (u;, x;) to a particular
eigenpair versus the iteration index, where the matrix ¢, operator norms || A,
I|B]l1, and ||C]|; are used, more for computational convenience than anything else,
as any other norm would serve the same purpose just as well.

EXAMPLE 12.1. This is the problem Wiresawl1 in the collection [6]. It is actually
a gyroscopic QEP arising in the vibration analysis of a wiresaw [70], but it leads
to an HQEP. Here

1 2 _ )2
A= -1, C = u diag(12,22"”,n2),
2 2
4
- v ifi 4 jis odd,
B =1 (bt/) with b” = 12 —
0 otherwise,

where « = 4/—1 is the imaginary unit and v is a real nonnegative parameter
corresponding to the speed of the wire. For 0 < v < 1, @(0) = C is negative
definite, and thus Q (1) = A>A+AB+C is hyperbolic by Theorem 3.1. Moreover

A7 <0<a7 foralli, ).

Therefore it is rather natural to use K = —C~! as a preconditioner when it
comes to computing the few smallest )»j or largest A, , or for testing purposes
some approximations to C~! such as those corresponding to the linear conjugate
gradient methods.

We ran Algorithm 11.2 with n, = 10, m = 2 and random X, = randn(n, n,)
on this example for » = 1000 and v = 0.8 without or with preconditioners

[Q(£6.0-10%)]"" for largest A] or smallest A,

~ . » N ! (12.1)
—[QO)] " =-C for smallest A7 or largest A7,
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implemented through the linear conjugate gradient method with stopping criteria
of normalized residuals for the involved linear systems being no bigger than 107!
or reaching the maximum number of CG steps, which is 10. We have already
explained the use of —C~! or its approximations as possible preconditioners.
After running Algorithm 11.2 without any preconditioner, we noticed that all Af
lie in (—6.0- 10, 6.0 - 10%), which leads to the use of [ @(£6.0-10°)]7"in (12.1).

Figure 12.1 plots the residual history for computing the largest or smallest
few AP, where the left column is for without any preconditioner while the
right column is for with the preconditioners as given in (12.1). We notice that
without using any preconditioner Algorithm 11.2 performed poorly for computing
smallest )J or largest A, but reasonably well for largest k;“ or smallest A;. The
effectiveness of the preconditioners as in (12.1) is rather evident by comparing
the plots in the two columns.

EXAMPLE 12.2. This is [23, Example 5], where A = [,

20 —10 15 =5
—10 30 —10 -515 =5

B=¢ . C=

—10 30 —10 -515 -5
—10 20 =515
and & is a parameter. We take n = 1000 and & = 1.1. This is a pathological
example in the sense that most eigenvalues are close to one another—they share
about three significant decimal digits with their neighbors, except A and 1],
which has a gap from the rest. When running Algorithm 11.2 with m = 2
and various different n,, we noticed that the algorithm really had a hard time
computing all extreme A" even with some preconditioner K = +[Q(u)]™" with
w e (A, A)or > At or u < Ay purposely selected, except for A and A7,
which are rather easy to compute, actually. Figure 12.2 plots the residual history
for computing A and A, where the left plot is for without any preconditioner
while the right plot is for with a preconditioner K ~ [Q(—8.0)]"" implemented
through the linear conjugate gradient method with the same stopping criteria as
in the previous example.

13. Concluding remarks
We have performed a systematic study of the hyperbolic quadratic eigenvalue

problem Q(A) = A>A + AB + C. Such a problem usually arises from dynamical
systems with heavy friction. Such a system appears, for example, in an elevator
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Figure 12.1. Residual history for running Algorithm 11.2 on Example 12.1.
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+ + + +
for ?»1 and )‘2 for ?L1 and k2
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Figure 12.2. Residual history for running Algorithm 11.2 on Example 12.2 for
computing A and A .

or car braking system. It shares many characteristics with the standard Hermitian
eigenvalue problem in the category of usual standard linear eigenvalue problems,
and it has attracted considerable attention in the past. Most of the results were
collected in [17, 45, 67].

Our contributions in this paper lie on two fronts. Theoretically, we have
established Amir-Moéz/Wielandt-Lidskii type min—max principles for the sums
of selected eigenvalues and, as corollaries, Fan trace min/max type principles, and
also perturbation results in the spectral norm, as well as general unitarily invariant
norms on how the eigenvalues will change if A, B, C are perturbed. Numerically,
we have justified a naturally extended Rayleigh—Ritz type procedure, with the
existing and newly established min—-max principles, and why the procedure
will produce the best approximations to eigenvalues/eigenvectors. We proposed
steepest descent/ascent and CG type methods for computing extreme eigenpairs,
and established convergence results, including the rate of convergence for the
steepest descent/ascent methods, which shed light on preconditioning in what
constitutes a good preconditioner and how to construct one.

Block steepest descent/ascent type methods often perform much better in
practice than their single-vector counterparts. But their exact rates of convergence
are hard to establish. Experience shows that their corresponding locally optimal
CG type methods perform even better, but then again we do not know the
exact rates of convergence for locally optimal CG type methods, either. It is
recommended that locally optimal CG type methods should be preferred to their
corresponding steepest descent/ascent type methods.

Despite the many successes we have had in this study in extending the
important results (both theoretically and numerically) for the standard Hermitian
eigenvalue problem, there is more work to be done. We list a few here for further
work.
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e We established perturbation bounds for eigenvalues, but did not do so for
eigenvectors/eigenspaces. The latter is worth investigating, too. We expect that
min, ¢y(x) will play a role.

e Many results in this paper should be extensible to hyperbolic matrix
polynomials of degrees higher than 2 [45]. We are working on this, and
results will be detailed in a separate paper.

e Higham et al. [26] expanded hyperbolic quadratic matrix polynomials to
include the case when A is positive semidefinite, calling them definite matrix
polynomials. Conceivably, many results in this paper may be extensible to
quadratic definite matrix polynomials in the sense of [26], but care must be
taken to deal with infinite eigenvalues.
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Appendix A. Proof of Theorems 6.1 and 6.2

Besides A > 0, the other key condition for Q(1) = A*’A + AB + C to be
hyperbolic is

[c())? = "Bx)? —4(x"Ax)(xCx) > 0 forall 0 # x € C". (3.2)

We first establish a condition in Lemma A.1 under which a condition like (3.2) is
weakly satisfied for all convex combination (1 — ) Q(X) + ¢ Q(X) in the sense
that

g(t) == (M[B +tABlx)* — 4(x"[A + tAAlX)(XM[C +1tACIx) =20 (A1)
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for all 0 < ¢ < 1. To this end, we define
o (x) := MABx)? —4(x"AAx) (P ACK), (A.2)
U(x) = @"Bx)(x"ABx) — 2" Ax) (P ACx) — 2(:HCx) (P AAx), (A3)

and define ¢ (x) and v/ (x) in the same way, except by swapping the positions of
A, B, and C with those of A, B, and C. It can be verified that

p(x) =d(x), Y(x) =—Yx)—Px).
Correspondingly,
(1) = Bt ABIx)2—4(M[A -1t AAlx) H[C =t ACIx) = g(1—1). (A4)

By definition, if A > 0, then @ (%) is hyperbolic if and only if g(0) > 0 for any
nonzero x € C", and if A > 0, then Q(A) is hyperbolic if and only if g(1) > 0
for any nonzero x € C".

LEMMA A.1. Suppose that min{g(0), g(1)} > 0. Then g(¢t) > 0 forall0 <t < 1
and nonzero x € C" if and only if

min{¢ (x), =¥ (x), =¥ (x), Y () —p(x)s(x)’} <0 forallx #0. (AS)

Proof. The condition (A.5) is equivalent to that, for any nonzero x, at least one of

p(x) <0, Y(x) =20, Y@ =—-¢Y@)—¢x) =20, Yx)’—¢dx)scx)* <0
(A.6)
holds. Note that g(0) > 0 and g(1) > 0 by assumption.
We first prove that (A.5) implies that g(#) > 0 for all 0 < ¢ < 1 and for any
nonzero x € C". To this end, we expand g(¢) in (A.1) and g(¢) in (A.4) to get
g(1) = g(x)* + 29 (x)1 + ¢ (x)17, (A.7a)
g(1) = S + 2y (1)1 + p ()17, (A.7b)
andlet0 <t <land0 #x € C".

(1) If ¢(x) <0, then, by (A.7a), g(t) is concave, and thus g(t) > (1 —)g(0) +
tg(1) > 0.

(2) If ¥ (x) = 0, then, by (A.7a),
g(t) = ¢(x)” + 2 (x)1* + P (x)’

= (1 —1)g(0) +17g(1)
= 0.
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(3) If Y(x) > 0, then, similarly by (A.7b), 3(r) > (1 — t2)3(0) + £2g(1) > 0.

(4) Consider the case when ¥ (x)? — ¢ (x) ¢ (x)? < 0. Suppose that ¢ (x) > 0 (the
case when ¢ (x) < 0 has already been dealt with). Then g(¢) is a nontrivial
quadratic function and it has at most one zero in R. Then g(z) > 0 for all
0<r< 1.

Next, for the necessity of (A.5), suppose there were an x 7% 0 that violated all
inequalities in (A.6); that is,

pX) >0, Yx) <0, —P@)=9y)+¢x) >0, Y’ —px)g(x)*>0.

Then ) 5
min gty — - VO = 9WS@?
‘ é(x)
and min, g(¢) is attained at t,;, = —y¥(x)/¢p(x) € (0, 1), contradicting the
assumption that g(r) > 0for0 < ¢ < 1. O

LEMMA A.2. Suppose that QM) is hyperbolic, and adopt the notation
introduced in Theorem 4.2.

(1) If 2o € (X, A)), then diag(—C;,, A) = diag(— Q (%), A) > 0.
(2) If Ao € [AF, +00), then Q,,(A) is overdamped; that is, B, > 0 and C,, > 0.

n’

Moreover,

—(h, + A —2X0)A < B,
A, — 2N — ) A = G,

—OF + A = 200)A, (A.8)
(A7 —2)AT —r)A.  (A9)

IATA

3) IF|A2PAAA?||, < 1, then A > 0.

Proof. Ttem (1) is a consequence of Theorem 3.1 and (6.2c). For (A.8) of item
(2), we have, for any nonzero x,

xHB,\Ox = 2xoxTAx + x"Bx
H
q x"Bx
=x Ax |21+
< 0 xHAx)

= x"Ax(2x0 — [p1(x) + p_(0)]),

which, together with (5.5), yields (A.8). For (A.9), we have, for any nonzero x,

x"Cipx = x"Q(ho)x = x"Ax[ho — p () 1[ho — p—(X)],

https://doi.org/10.1017/fms.2015.14 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2015.14

X. Liang and R.-C. Li 62

which, together witIL(S .5), yields (A.9). For item (3), we notice that the smallest
eigenvalue of A~/2A A~/ satisfies

Amin(ATPAAT) = 1 4 Ain(AT2PAAAT2) > 1 — || AT 2AAA72)|, > 0,
provided that |A~'2AAA7Y?||, < 1. O

Each of many expressions below is in its compact form for two. For example,
(A.10) includes two displayed equations: one for Ap, and one for Ap,, with all
= selected as either + or —, accordingly.

LEMMA A.3. If (A.5) and (6.7) hold, then for any x # O there exists 0 < & < 1

such that
xHAx
Aps(x) = 85(x, §) i=i[53(x,§)——~32i(X)] (A.10)
xHAx
where
5(x) = 01 ()2 AAX) + oo (X)) (xHABx) + xHACx’ (Alla)
s (x)
2 _ 2
53(x. £) = _ S(x) P (x) — Y(x) ’ (A.11b)
4(xMAX)[5 (X)* + 29 (x)§ + P (x)E2]/2
and ¢ (x) and W (x) are defined in (A.2) and (A.3). In addition, we have
H
! <A ! (A.12)

L+ [[A-12AAA-2|, ~ xHAx 1 —||[A-12AAA-2|,’
max{|AF]%, |AFHIAA L + max{|AE], (A} AB, + [IAC],

minx;éo So ()C)

185(x0)| <

(A.13)

Proof. According to how the difference operator A is defined at the beginning of
Section 6, we have

TAp:(x) =

Ac(x) FxHABx §(x):|:xH§xA 1
2(xHAx) 2 xHAx

) =:€1+6. (A.14)

The rest of this proof is to calculate €; and €. By Lemma A.1,

f@x) = [s(x)* +2¢ ()1 + P ()] (A.15)
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is well defined and differentiable for 0 < ¢ < 1. By the Taylor expansion, there
exists 0 < & < 1 such that

1
S) = fl;x) = f(0;x) + f'(0; x) + Ef”(%;x)

V) e — Px)?
= . A.16
SOt o T T AP (8.16)

This & depends on x. Now we are ready to calculate €, and €,. We have

x"ABx 1 Y(x) | c(x)’P(x) — ¥(x)?
= F2man 2<xHAx>(g(x> ITIGE )
_ xHABx "Bx)(x"ABx) xMACx  xMCx xMAAx
TTGmA0 T 20 AN o) o) xiAx
S ()% (x) — ¥ (x)?
4xHAX)[f (& 0P
+c(x) — (x"Bx) xHABx  xHACx xHCx xHAAx
T 20fA) s () g0 afAx
c(x)’¢(x) — ¥ (x)*
4xHAX)[f (& 2P
_ p=(0)("ABx)  xMACx  x"Cx x"AAx
B s c(x)  c(x) xMAx
xMAx ¢(x)p(x) — ¥ (x)?
XTAX 4 AX)f (€ 0P
oo (x)2(xHAAx)  xHCx xHAAx  xHA

x
() c(x) xHAx +x“Ax83(x’$)’

€]

+

+

=-& )+

and

_ 600 FA"Bx]6MAAY) _ Fh(x) (M AAY)

€) = ~
2(xHAx)(xHAxX) xHAx
2 () £ Aps ()] —2AX
= — X X .
P+ P+ THAx
Noticing that
xHCx xACx  —xUBx £ c(x)
+ p:l:(x) = + H
¢c(x) s(x) 2(xHAx)
26" AX) (M Cx) F x"Bxo(x) + g (x)?
- 2¢(x)(xHAx)
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_ (M"Bx)’ — ¢ (x)’ F 20" Bx)g (x) + 25 (x)?

4g (x)(xHAx)
C'BxF )P pe(x)*(x"Ax)
C 4c()(xMAx) s (x)
we have
N *HAx xHAAx
TApL(x) = €1+ € = =385 (x) + 33()6 §) — [£Ap+(X)]———,

xHAx
solving which for +=Ap. (x) leads to A,oi(x) = §*(x, £) as given by (A.10). [
LEMMA A.4. Suppose that (A.5) and (6.7) hold. Let 8 b (%), 8 b(X), 6 L (x), and
Bi(x) be functions satisfying
() < 8% (x, &) <850,  Sp(x) <5 (x, &) <55 () (A.17)

for all nonzero x € C", & € [0, 1], where §%(x, £) is defined in Lemma A.3. Write

Voo = max( (0. 55001y = max{=5 ). 50,

Vo = max{=8, (), 8, (0} iy = max{=8, (x), 8, ().

Then
AALlL = max |ALS| < min{yg, %5 Vies Vo )- (A.18)

I<i<n

Proof. We only consider the 4 case below; the — case is similar. In fact simply
replacing + with — gives a proof for the — case.
By Lemma A.3,

Si(x) < Apy(x) = 8% (x. ) < 85x).

Let 8 = span{uf,...,u;},T; = span{u;,...,u}}, and similarly define S,
and T;. By Theorem 5.1, the Courant-Fischer type min—-max principles in
Theorem 5.2, and Lemma 5.10,

AF = min max X) = max x) = po(u;

i s zO;éxef)Cp+( ) = Onrs; P+ (x) = py(u; .

A= min max pi(x) = max f.(x) = p,(uh),

dim X=i 0#xeX 0#£x€S;

AFf= max  min X) = min x) = py(u;
codim X=i—1 0#xeX ,0+( ) 0 ,0+( ) ,O+( )

AT = max  min X) = min x) = p. ().

DT odim i1 0reX P4 (x) oniect: P+ (x) P+( i )
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Therefore,

2 = min max X max o, (x
! dim X=i 0#£xeX ,0+( ) 0#£x€e8; p+( )

N

max [p(x) +85,0)]

< max p,(x)+ max 6 L (x)
0#£x€S; 0#x€e

AF 4+ max 8 (x),
O;EXES,'

WV

At= max min p,.(x) > min p,(x)
! codim X=i—1 0#xeX 0#£x€T;

min [p.(0) +83(0)]

>mm x+m1n8x
oI p+(x) o (x)

WV

=7+ min & (x).
0#x€T;

They give (A.19a) below, and (A.19b) as well upon switching the roles of Q and

0:
min &) (x) < A — A7 < max §f(x), (A.192)
04xeT; 0#£xeS;
min & (x) < A7 — A5 < max 8} (x). (A.19b)
O;éxe‘.T 0#£x€8;

It follows from (A.19) that

|ALT| < max{ max §F(x), max 5 (x)}
0#£x€e8; 0#£x€8;
< 11’123({5;1;()6), 8;)()()} - yuu’
|AAS| < max {— min & (x), — min § (X)}
0#xeT; O;ﬁxE‘TI
< 1}323({-%()6), =85 ()} =y,
AL < — ) ) }
|ALF| < max ;réme%l ), Jax b ()
< 1}(123({—8&()6), S ()} =7
|AAS| < max {— min & (x), max 8 (X)}
0#xeT; 0#xe8;

< m;ix{ 3 L(x), 5:;3(35)} = Vlu-

This completes the proof of (A.18) for the + case. O
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Proof of Theorem 6.1. We only prove the perturbation results for A, . The case
for A_ can be turned into one for A, by considering the pos-type eigenvalues of

Q(—2) and Q(—2).

For any o > 0, x # 0, we have

€. <a = |[¥MTAAx] < axMAx, (A.20a)

: S (x)?

€ <a——=—r" = [TAAx| <a—=1——, (A.20b)
4 All21IC 1l 4|x"Cx|
2 2
X H s(x)

€, <a—— = |y ACx| <« ,  (A.20¢)

4 Al2NIC 1l 4xHAx

2

€ < Xs = |[x"ABx| < «[x"Bx|, (A.20d)

I Bll2(IIBll2 + 2/ All2IC1l2)
where (A.20a) and (A.20b) hold because

xHAAx
xHAx

xHA1/2(A—l/2AAA—l/2)Al/2x

CHALZ A2y <NATPAAAT |, = €,

and (A.20d) holds because its left inequality implies that

2

xHABx| < & () =« (IxHBxl — \/4(xHAx)|xHCx|) .
[xHBx| + /4(xHAx)|xHCx|

(A.21)

For item (1), we have AA = AB = 0, ¢(x) = (ﬁ(x) =0, ¥y(x) =
—2(xHAx)(x"ACx), and (6.7). Under assumption (6.12), (A.20c) holds with
a = 1. Thus g(1) = ¢(x)* +2¢¥(x) + ¢(x) > 0, or equivalently the perturbed
quadratic polynomial is still hyperbolic. Note that (A.5) holds for ¢ (x) = 0. Thus
83(x, &) < 0and 8;(x, £) < 0. We can take, in (A.17),

5 () = =81 (1) = — AT s o iy = SACE A
xX)=—=46(x)=— ) wlX) = —0, (X) = — :
v : s (x) ¥ ? E(x)
to give
IAC]) 1AC])

18 (0)] < 18,0 <

min, 4o Go(x)’ min, .o Go(x)
Using (A.18), we have ||[AA, ||, < y,f, and thus (6.13).

For item (2), we have AB = AC = 0, ¢(x) = (f)(x) =0, and Y (x) =
—2(x"Cx)(x"AAx). Under assumption (6.14), (6.7) holds, and (A.20a) and
(A.20b) hold with @ = 1. Thus g(1) = ¢ (x)>+2v (x) +¢(x) > 0, or equivalently
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the perturbed quadratic polynomial is still hyperbolic. Note that (A.5) holds for
¢(x) = 0. Thus §5(x, &) < 0 and §5(x, &) < 0. We can take, in (A.17),

Sup(x) = oA 5 (x) = _XMAx pp(0)* (1 AAY)
xHAx HAx )

b () = A 5 (x) = XAx By () (" AAx)
xHAx THAx 0

along with (A.12), to give

+ )2 T+ )2
550 < —— G A4 = ) 1 4 ¢ Lmn) 1AAT
1 — €, min,y go(x) min, o Go(x)
Using (A.18), we have |[AAL |, <y, and thus (6.15).
For item (3), we have AA = AC = 0, ¢(x) = ¢(x) = (x"Bx)(x"ABx),
¥ (x) = (x*ABx)?2, and (6.7). Under assumption (6.16), (A.20d) and (A.21) hold
with @ = 1. By (A.21), we see that

V4xHAX)|xHCx| < [x"Bx| — |x"ABx| < [x"Bx + x" ABx]|.

Thus
g() =) +2¢(x) + ¢ (x)
= (x"ABx)? + 2(x"ABx)(x"Bx) + (x"Bx)* — 4(x"Ax)(x"Cx)

> [xHABx + x"Bx — \/4(xHAx)|xHCx|]
X [xHABx + x"Bx + \/4(xHAx)|xHCx|]

> 0,
or equivalently the perturbed quadratic polynomial is still hyperbolic. By (A.20d),
we have | (x)| = |xHBx| > [xHABx| = ¢ (x). Thus (A.5) holds. Notice that
()’ (x) — ¥ (x)* = c(x)*(x"ABx)* — [(x" Bx)(x" ABx)]’
= —4(x"Ax)(x"Cx)(x" ABx)?
to get
(xHCx)(xHABx)?
FACTED)
where f(&; x) = [¢(x)* + 29 (x)§ + ¢ (x)§°]"/?. Since

min f(§; x) = min{f(0), f(1)} = min{g(x), S(x)}, (A.23)

0<E<1

83()(:, S) = -
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we can take, in (A.17),

5 (1) = =8 (1) + |xHCx||xHABx|? __,0+(x)(xHABx) |xHCx||x"ABx|?

min{g (x), c(x)} s (x) min{g (x), S(x)}*’
glfb(x) _ —S;(x) n |x?{Cx||xH%Bx|z _ ,5+(x)ExHABx) |x.HCx||xH%Bx|j
min{g(x), ¢ (x)} S (x) min{g (x), ¢ (x)}
to give
)“$ax ” ”2
84 (0)] < ——=——[|AB|» + | AB3,
min, o Go(x) Xg
I ICll>
|50y ()| < ——=%—— ||AB|, + | ABJ}3.
min, o So(X) X;

(For the quadratic function h(t) = a(t — ¢)* + b witha > 0, if |c| > 1, that is, c,
the minimal point of /(¢) for ¢t € R, is not in the interval (0, 1), then the minimal
point of /(¢) on [0, 1] must be either O or 1. For the case here, ¢ = ¥ (x)/¢(x).)
Using (A.18), we have || AA, ||, < y,F, and thus (6.17).

For item (4), we have AA = AC = 0. Consider the shifted @, (1) as defined
in (6.2). By item (2) of Lemma A.2, Q, (1) and ’Qko (1) are overdamped for

Ao € (—oo, min{A7, A7 }] U [max{r}, AF}, 4+00).

In particular, B,, > 0, C,, = 0, EXO > 0, ao > 0. Note that ¢;,(x) = ¢(x),
G (¥) = §(x). Under assumption (6.18) (we will use the same symbols as those
for Q but with the subscript A to represent the corresponding quantities for @, ),
[¥3,(X)] > @3, (x). Thus (A.5) for @, () and @, (1) holds. Just as in item (3)
(note that AB,, = AB since AA = 0),

G0 (X) 7, (X) — ¥, (0)* = —4(x"Ax) (x" C, ) (x" ABx)* < 0,
which yields 8.3, (x, §) < 0, and thus we can take, in (A.17),

P (¥) (M AB)

ub ko(x) B;AO(X) = - g(x)
< 54150 () (X" ABx)
Buaving () = =83, (1) = R x§(i) -
to give
+ T+

At Y
8t < — DN NAB|,, |8t < — % AB|,.
|8 ub:2o ()1 im0 co(x) IABll2, (8., ()] mins 20 (%) IAB],

Using (A.18), we have ||AA ;2 < yuu 70> and thus (6.19).
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For item (5), under assumption (6.20), we have €, < ¥y < 1, and (A.20) holds
with @ = y. Then (6.7) holds, and
[ (x)] < |x"Bx||x"ABx| + 2(x"Ax) |x"ACx| + 2|x"Cx||x" AAx|

2 2
(X) SO 4 s) y

H
< |x"Bx
| Py + 5

= [|x"Bx|* + g(x) ly,
10 ()| < [XMABx|? + 4x"AAx||xMACK|

c(x)?y

< |x"Bx|*y? + IxHAA |
xHAx

< |x"Bxy? + c(x)?y
= [Ix"Bx” + ¢ (0)°1y?,
which gives
g(1) = ¢(x)* + 29 (x) + ¢ (x)
> c(0)*(1 =2y —y?) — X"BxPQy +y?)
> (M) ()2 =2y —y?) = IIBI;Q2y +v))]
= (") [x2 — (B3 + xDQ2y +v))]
=0;
that is, the perturbed quadratic polynomial is still hyperbolic. By the same

reasoning we had for items (1)—(3), (A.5) holds and, at the same time, we have
(A.23). Note that

c()’p(x) — Y (x)* = —4[(x"Ax)(x"ACx) — (xHCx)(xHAAx)]2
—4[(x"Ax)(x"ABx) — (x"Bx)(x" AAx)]
X [(xHCx)(xHABx) — (xHBx)(xHACx)],
and similarly
EPP() — P () = —4[— (A (M ACK) + ) (HaAn)]
— 4~ (M A M ABx) + (MBx)(xTAAX)]
X [—(xHEx)(xHABx) + (xHEx)(xHACx)]
= c(x)’p(x) — Y (x)*.
Now take

x:éxsj(x) n |H§~(X)2¢-(X) — W(ic)zl ’
Ax (xHAx) min{¢(x), ¢(x)}?

SLE(x) = —
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xMAx s ()2 (x) — ¥ (x)?]
a2 T Ay minfe (). 200)7

in (A.17). Noting that |[x®AAx/x"Ax| < ¢,, we have

5hx) =—

5P (x) — ¥ (x)*| < 4" AX)*|CI3le, + €1
+4 AN BIGIClales + €lle + €]

Using (A.18), we have |[AAL |, < y,f, and thus (6.22). ]

The rest of this appendix is devoted to the proof of Theorem 6.2.

LEMMA A.5. Suppose that AA = AB = 0 and that (6.12) holds. Let €; < €; <
- < €, be the eigenvalues of AC, and let y and ¥ be given by (6.26).

(1) Given X € C™* with rank(X) = k, denote the eigenvalues of X" Q (L)X by
My < <Ay <)‘T,X<'“<)‘Z:X’

and the eigenvalues of X! Q(A)X by iji y arranged in the same way. Then

k k i
Z max{0, 61} + €n14i < Z Ak Z min{0, —€,} + Ei, (A.24a)
14
) i=1

) k

min{0, —¢, € max{0, —e¢ €1t
{ I+ < Z Ahrs < Z { 1)+ €1y .

1 Y i=1 i=1 Y

i

M~ T

) Forany 1 <iy <---<i, <n,

k

k k
max{0, —€;} + €,11-; min{0, —¢,} + ¢

< AXS , (A.25a)
Z] 7 Z Z y

2

>~

max{0, —€} + €41
5 .

M-
M-

min{0, —¢,} + ¢; _

Il
—_
I
—_

(A.25b)

Proof. Assumption (6.12) guarantees that Q(A) is still hyperbolic. Without loss
of generality, we may assume that X has orthonormal columns; otherwise, we
consider VEQ(1)V instead, where V is from a QR decomposition X = VR of

X, ViV = I, and R € C***_ Evidently X" Q(1)X and V* Q(1)V have the same
eigenvalues.
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Recall the linearization (4.1) for @ (). We linearize
0, = X"Q(W)X = AxA” + Bxh + Cx

in the same way to get

_|-Cx O By Ax|
e[ T [B ]

Next we apply Theorem 4.2 to Q,(A) to obtain the associated eigen-
decomposition, and denote the corresponding quantities by the same symbols as
those for @ (X) but with the subscript X to indicate them being for Q4 (). In
particular, we will have

— [t + T + 9+ +
Ux =uiy,...,uixl, Ay x=diagAyy, Ay, -5 A0 %),

where u;, are the eigenvectors of Q (1), sx(u/y) = 1, and

U
SX == |:UxAX+,xi| ) S?%sz - Ik.
Also S %y Sy = I, since By = By. Note that Uy € C* is nonsingular. By
Theorems 4.1 and [38, Corollary 2.1],

k
inf trace(Z . Z) = At = trace(SH. ot Sy).
N By Z=1, ( xZ) ; iX (SyAx Sx)

Let €, x < --- < €.x be the eigenvalues of ACx = X"ACX. Since X has
orthonormal columns, we have €; < €, x < €,_44; by the Cauchy interlacing
theorem, and thus

k k k

ZEi < Zfi,x < ZenJr]—i-

i=1 i=1 i=1
For the sake of presentation, we will drop the superscript + in ujfx in the rest of
this proof. We have

k
Zifxz inf  trace(Z".a/y Z)
i=1

IR By Z=I;
< trace(SH.7y Sy)  (since S %y Sy = I;)
= trace(SY./x Sx) + trace(Sy Ay Sx)

k
=Y Afy — trace(Uy ACxUy). (A.26)
i=1
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Let u = min{0, —e,} < 0. For any scalar 7y € (0, 1), set 7> = iJy = 17 (A —
)\';))"min(A)a and

Ex = —uU}Uy, Dx = U (U U — 1)Uy,
T 2(ACx 4+ pul) 0 2 X2k 10 2k x 2k
%X = |: 0 Ey eC , @X =1lo Dy eC .

Note that, by (4.15a), (4.15¢), and (4.16),
UyAxUx = Wy =20 T = =)',
which yields
Uy BU = =2 ) Ax > =2 ) Amin(Ax) T > AT —=A ) Amin (A =y 1 > 71

Thus, Dy > 0, and so Zx > 0. Hence the matrix pencil €y — A%y has 2k finite
eigenvalues v; (i = 1, ..., 2k). By the choice of u, ACx + ul <0and Ex > 0.
Therefore these v; can be ordered as

V< Sy <0<y <o Sy,

where v; fori = 1, ..., k are the eigenvalues of T 2(ACx + ul) and v; for i =
k + 1,...,2k are the generalized eigenvalues of Ex — ADy. By the Courant—
Fischer min—max principle, we have, fori =1, ...k,

. xM(ACx + ul)x
V; = min max
dim X=i 0#xeX 2xHx

1 . xTACyx
= —|(u+ mmn max ————
72 dim X=i 0#xex  xHy

1 1 1
= Slntexl 2 Zluteal=—F—lnt+el
T T Y

By the arbitrary choice of 75 € (0, 1), v; > (u + €;)/y. For the matrix Ty :=
[ TUx ], we have

T8 DxTx = T*URUx + Dy =1,
Ty 6xTx = 1°t *UY(ACx + ul)Ux + Ex = Uy ACxUy.

Therefore

k
trace(U)I({ACXUX) = trace(T)?(fXTX) > min trace(Z"%6y2) = Z V;.
MNPy Z=1 —
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Thus, (A.26) becomes
k

k k .
Yar <= < —Z”;:E" =—me{0’ I RN

i=1 i=1 i=1 i=1 4

Think of Q as obtained from perturbing Q, and apply (A.27) to get

k k.
— AL, < — min{0, —(—€1)} + (—€,-14:) A2
Z Z 5 , (A.28)
which, combined with (A.27), leads to (A.24a). Apply (A.24a) to Q(—A) and
Q( A) to get (A.24D).

Now we prove (A.25). With all sup being taken over X; C --- C X; and
codimX; =i; — 1, and all inf over x; € X;, X =[x, ..., x¢], and rank(X) =k,
we have, by Theorem 5.3,

k k
Z A= supinfz My
j=1 j=1

< supinf |:Z Al Z min{0, En} + 61:| (by (A.27))

=~

k

0 n 1
:supian)»kf Z min{0, —€,} + &
j=1

k ko
07 —Cn i
<Z)~I_me{ 6}-}-6' (A.29)
=1 i=1 Y
Similarly,
k

k k .
g Os -\ T Cn—1+4i
Z)‘:;<Z)‘:;_me{ ( 61);}4‘( € 1+). (A30)

j=1 j=1

i=1

The inequalities in (A.25a) are consequences of (A.29) and (A.30). Apply (A.25a)

to Q(—A) and Q(—1) to get (A.25b). O
LEMMA A.6. Suppose that AA = AB = 0 and that (6.12) holds. We have, for
1<j<n,
AP<AT and A =2 A; ifAC =0, (A3la)
kjf > )\j and 1; <A; ifAC <0. (A.31b)
Consequentlyy <y if AC > 0,andy > y if AC <0
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Proof. Assumption (6.12) guarantees that Q(A) is still hyperbolic. By (5.2), we

see that
p+(x) < p+(x) and p_(x) = p_(x) if AC =0,
p+(x) = pr(x) and p_(x) < p-(x) if AC 0.
Now use Theorem 5.2 to get (A.31). ]

Proof of Theorem 6.2. Assumption (6.12) guarantees that Q(A) is still
hyperbolic.

Asin Lemma A.5,lete; < €; < --- < ¢, be the eigenvalues of AC.

Consider first the case when AC > 0. Then 0 < €. Also A)»,-+ < O for all i by
Lemma A.6. Therefore the leftmost inequality in (A.25a) gives

k

k
Yjan <y o
i=l1

x 14
i=1
for any 1 < iy < --- < i; < n. As a result of [58, Theorem I1.3.6 and
Theorem I1.3.17], we have
IAC ||ui
[AAL ]l < 5 (A.32)
Similarly, use the rightmost inequality in (A.25b) to get
AC ui
AA_ |l < | ~” . (A.33)
14

Now we turn to the case when AC < 0. Then ¢, < 0. Also A)»,.J“ > 0 for all i by
Lemma A.6. Therefore the rightmost inequality in (A.25a) gives

k k

€;
Slan <y
i=1 i 7
forany 1 < i; < --- < iy < n. Again as a result of [58, Theorem I1.3.6 and
Theorem I1.3.17], we have
AC||u
AAL i < 14T, ) (A.34)
14

Similarly, use the leftmost inequality in (A.25b) to get

AC ui
[AA_[l < 14CT: (A.35)
14

The inequalities (A.32)—(A.33) together give (6.27) for the case when AC is
semidefinite.
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For the general case when AC is indefinite, we can decompose into AC =
AC, — AC_, where AC. > 0 and

eig(AC,) = {max{0, ¢}, 1 <i <n}, eig(AC_) = {max{0, —¢}, 1 <i <n}.

In particular, | ACs [l < [|AC |y Let € = C— AC_ and Q(3) = A*>A+AB+C.
We claim that Q(2) is hyperbolic. This is because C = C + AC, — AC_ =
C — AC_ = C, and thus, for any x # 0,

0 < (x"Bx)? — 4(x"Ax)(x"Cx) < "Bx)* — 4(x"Ax)(x"Cx),

where the first inequality holds because Q(A) is hyperbolic. Apply what we just
proved to @ and Q to get

1AC i _ NAC]i

A — Aslly < <
Y 14

(A.36)

where A, are similarly defined for @ to A, for Q. Notice that C=C+ AC,,
and apply what we just proved to @ and Q to get

[AC i _ [|AC]|ui

1A+ — Asllu < < (A.37)
Finally,
~ o~ ~ | AC |
lA: — Asllyi < | Ax — Axll + 1A — Apfl €2 ———=-,
min{y, y}
as was to be shown. O

Appendix B. Positive semidefinite matrix pencil
Let A — AB be a matrix pencil of order n; thatis, A, B € C"".

DEFINITION B.1 [40]. A — AB is said to be Hermitian if both A, B are
Hermitian, or positive (semi)definite if it is Hermitian and there exists 4y € R
suchthat A — AgB = 0 (A — AyB = 0).

The concept of a positive semidefinite pencil is closely related to that of the so-
called definite pencil in the past literature [56, 59, 60]. The latter only requires that
some linear combination (with possibly complex coefficients) is positive definite
and thus is necessarily a regular pencil; that is, det(A — AB) £ 0. Definition B.1
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uses more restrictive linear combinations, and also a positive semidefinite pencil
of this definition may possibly be singular; that is, possibly det(A — AB) = 0.

To include, possibly, the case in which A — A B is a singular pencil, we say that
W # o0 is a finite eigenvalue of A — AB if

rank(A — uB) < rilagrank(A — AB), (B.1)
€
and that x € C”" is a corresponding eigenvector if 0 # x & N(A) N N(B) satisfies

Ax = uBx, (B.2)

or, equivalently, 0 # x € N(A — uB)\(N(A) N N(B)), where N(-) is the null
space of a matrix.

In the rest of this subsection, A — LB is assumed to be a positive semidefinite
pencil. Let the inertia of B be (i_(B), io(B), i (B)), meaning that B has i_(B)
negative, ij(B) zero, and i, (B) positive eigenvalues, respectively, and set

n_:=i_(B), ny:=i,(B), r:=rank(B)=n,+n_.

Given 0 <k, <npand 0 < k_ < n_,set

Jr = |:Ik+ _I, :|

We proved the following theorem in [40, Lemma 3.8], but later found out that
it had been obtained in [14, Theorem 4.1] for the regular pencil case and in [65,
Theorem A1] for the positive definite Hermitian pencil case with nonsingular B.

THEOREM B.1 [14, 40, 65]. Let A — LB be a positive semidefinite Hermitian
pencil of order n, and suppose that 1y € R such that A — AyB > 0.

(1) There exists a nonsingular W € C"*" such that

ny remp o on-r ny r-ny n—r
n | Ay n | £24
WHAW = o A() S WHBW = ron QO , (B3)
n—r Aw n—r 0

where

(a) Ay = diag(s1oq, ..., Sy, Q,), §21 = diag(sy, ..., s,,), s; = £1, and
Al — )\,091 > O,'
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(b) Ag=diag(Ag1, ..., Aomim,) and 2o = diag(£20.1, - - -, $20.m+m,) With
Api = tirg, 20, =t;, =1 forl <i<m,
AOJZ[)E)O)»]O}, Qo’i=|:(1)(1)i| form +1<i <m+m.

There is no such pair (Ag, §2¢) if A — AgB > 0. Evidently m + 2my =
r—n.
() Ay =diag(a, 41, ..., 0,) = 0witha; € {1,0} forr +1<i <n.

The representations in (B.3) are uniquely determined by A — LB, up to a
simultaneous permutation of the corresponding 1 x 1 and 2 x 2 diagonal
block pairs (s;a;, s;) for 1 < i < ny, (Ao, $20;) for 1 <i < m+ mg, and
(o;, 0) forr +1 <i < n.

(2) A — AB has n, + n_ finite eigenvalues, all of which are real. Denote these

finite eigenvalues by \F, and arrange them as (this ordering is different

from the one we used in [38, 40] for the neg-type eigenvalues, in order to
be consistent with what we are using in this paper for hyperbolic matrix
polynomials; see Theorem 3.1)

AT KA AT KA (B.4)
B){yeRIA—-yB >0} =[A,, A1, Moreover, if A — AB is regular, then
A — AB is a positive definite pencil if and only if A, < Af, in which case
{yeRIA—yB >0} =(x, ,A]).

The next perturbation theorem for positive definite pencils seems to be new.
It resembles the Wielandt-Lidskii—-Mirsky inequality (6.25) and many others in
[9, 33, 34, 56, 59].

THEOREM B.2. Let A — AB and A — \B be two positive definite Hermitian
pencils of order n with nonsingular B and B, admitting the following eigen-
decompositions (such decompositions are guaranteed by Theorem B.1):

WHAW =JA, WHBW =, (B.5a)
WHAW = JA, WHBW =17, (B.5b)
where A is diagonal with diagonal entries consisting of eigenvalues of A —AB in

the ascending order, J = diag(—1,_(p), I;, (g)), and similarly for A and J. Then,
for any unitarily invariant norm || - ||y,

1A = Al < IW W [2(1A — Alli + £ B — Bllw), (B.6)
where & = max{|| All, || All»}.
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Proof. We have

AWWEB — BWWHA =0,
AWWHB — BWWHA = AWWHB — BWWHA — (AWWYB — BWWHA)
= (A— AWW"B — (B — B)WW"A. (B.7)

Premultiply and postmultiply (B.7) by JWH" and WJ, and plug the
decompositions in (B.5) into (B.7) to get

AWT'W =W 'WA =TWHA — AW — TWB — B)W A. (B.8)
Switching the roles of A — AB and A— MNR, we conclude from (B.8) that
AWT'W — W 'WA = JWHA — AH)W — JWH(B — B)WA. (B.9)
It follows from (B.8) and (B.9) that
IAW ='W — W' WALy < Wl WIL(IA — Al + &1 B — Bllw), (B.10a)
1AW= W — W W ALy < Wl WIL(IA — Alli + &1 B — Bllw). (B.10b)

Let W-'W = UXVH be the SVD of W-'W, and set C = VHAV and C =
UM AU, both of which are Hermitian. It can be verified that

AW™'W — W 'WA=UCX — XC)VH,
AW W — W 'WA=Vv(CXZ "' - 3 'O)U.
Theorem 2.1 of [8] yields

IC—ClI3 <ICE - ZClulCE™" = £7'Clui (B.11)

Mirsky’s theorem [58, page 204] says that
1A= Al < 1€ = Cllui (B.12)
The main result, (B.6), is now a consequence of (B.10)—(B.12). O

In Theorem B.2, the upper bound by (B.6) contains ||W||, and || W |l2. They can
be bounded, too, in terms of extreme pos-type and neg-type eigenvalues.

THEOREM B.3. Let A — AB be a positive definite Hermitian pencil of order n
with nonsingular B and with eigenvalues given by and ordered as in (B.4), and
let its eigen-decomposition be given by (B.5a). Then, for any Ay € (A, , X)),

Wi < \/max{)»,,ﬁ — ho, Ao — A HI(A = 2o B) 7' l2, (B.13a)
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1
W, < \/min{/\+ e =] A — AoB|>. (B.13b)
1 = N0 A0 T Ay

In particular, taking Ao = (A, + A)/2 gives

Wiz < \/(?uf,; = ADIA =2 B) 2, (B.14a)

2
IW="l> < \/ﬁHA — AoB|2. (B.14b)
-

n_

Proof. For Ay € (A, , 1), A—XAyB = 0. Wehave A — AoB > Apin(A — XoB)1,,
and thus

Amin(A—AoB) WIW < WH(A—igB)W = J(A—2ol) < max{}, —ho, ho—A]} 1,
which gives (B.13a). We also have
WHA = MB)W = J(A — Aol) > min{A| — Ao, ko — A, }

to give

wHw < !
~ min{A] — Ao, ko — A}

which yields (B.13b). (|

(A —2B),

Appendix C. Proof of Theorem 8.2
We recall (5.4) to see that

c(x) = [(x"Bx)? — 4P Ax)(xHCx))?
= +x"[2p.(x)A + Blx

= 2" Q' (e (0))x, (C.1)
and ¢y(x) = ¢(x)/||lx||3. For a perturbation E € C"™" which is assumed
Hermitian, we define

Q,(0)=QAN+E=)A+\1B+C+E. (C.2)

When Q(A) is also hyperbolic, the pos-type and neg-type Rayleigh quotients,
denoted by pr.+, can be defined for Q(A). Accordingly, we will define ¢ and
GE:0, t00. Specifically,

—(x"Bx) £ {(x"Bx)? — 4(x"Ax)(x"[C + E]x)}'/?
2(xHAx) ’

pE£(x) = (C3)
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and
cr(x) : = {(x"Bx)* — 4" Ax) (M [C + Elx)}'/? (C.4a)
= £x"[2pp.+(x) A + Blx,
S = £, (C.4b)
llx 113

LEMMA C.1. Suppose that Q ()) in (C.2) is also hyperbolic.

(1) Let (A, u) and (uT, v") be the smallest eigenpair (by the smallest (largest)
pos-type/neg-type eigenpair, we mean that the eigenvalue in question is the
smallest (largest) of that given type. The same naming is used for the usual
linear eigenpair, too) of the pos-type of Q(L) and Q ;(}), respectively. Then

AnE) o (B
ouh M TS 0w (©)

(2) Let (Af, u)) and (', v)) be the largest eigenpair of the pos-type of Q (%)

n’>=n

and Q (1), respectively. Then

dnE) o ()
oD <M TR S (€0

(3) Let (Ay,uy) and (i, vy ) be the smallest eigenpair of the neg-type of Q())
and Qg ()), respectively. Then

mm(E) - _ )\7 < A‘l’IlZi.X(E‘) . (C_7)

) SHTTRS

(4) Let (A, u,) and (u, , v, ) be the largest eigenpair of the neg-type of Q(X)
and Qg (}), respectively. Then

mll‘l(E) - _ )\‘_ < A‘1’118.)((E‘) . (CS)

) SH TS

Proof. As in the proof of Lemma A.4, we have
i = min pp () < prs (1) < oy () + 85D = AT + 85,0,

which gives
W= A <o, A — b <), (C9)
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where the second inequality is actually obtained from the first one by switching
the roles of Q(X) and Q@ (1). Now use (A.22) in the proof of Theorem 6.1 for
AA =AB =0and AC = E to getitem (1).

Similarly, we have

A= max py(x) > 04 (v)) 2 prs () = 850 = ) = 85,0,
which gives _
W= A< ShD. A — ik < 5L, (C.10)

where the second inequality is also obtained from switching the roles of Q(A)
and Q;(A). Now use (A.22) in the proof of Theorem 6.1 for AA = AB = (0 and
AC = E to getitem (2).

Items (3) and (4) are corollaries of items (2) and (1) applied to Q(—2X) and
Q;(—2). O

LEMMA C.2. Q,(}) with E = —o I is hyperbolic if
()"T - k;)z)‘min(A)

C.11
o> 1 (C.11)
Proof. For any vector x # 0, we have
x"Bx)? — 4(xMAx)(M[C — o 1]x)
= (x"Bx)* — 4(x"Ax)(x"Cx) + 4o (x" Ax) (x"x)
= [p1(x) — p- ()P (" Ax)* + 4o (x" Ax) (x"'x)
HA
> (M Ax) (xx) [(,\j YT s 40}
xHx
> (MAD)CIOIAT = 1) Ain(A) + 4o]
>0,
where the last inequality holds because of (C.11). 0
So ¢r and ¢ are well defined for any £ = —o/ satisfying (C.11). To
emphasize such special E = —o I, we introduce the notation
So(x) 1= cp(V),  Goi0(V) := Gpyo(v) for E=—ol. (C.12)
For p € (Atlyp, AYP) it follows from Theorem 3.1 that the largest eigenvalue,
denoted by w;, of the matrix Q(p) is nonnegative, and thus this ¢ = w,

automatically satisfies (C.11). But the smallest eigenvalue, denoted also by w,
of Q(p) is nonpositive, and (C.11) may fail for o0 = w, unless |w,| is sufficiently
tiny.
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LEMMA C.3. Given Atlyp < p < AP, let (wy, vy) be the largest eigenpair of the
matrix Q(p) if (typ, £) € {(+, 1), (—, n)} or the smallest eigenpair of the matrix
0(p) if (typ, £) € {(+, n), (—, D}. If (C.11) holds with 0 = w, then

+
WD) b g <P <pat foryp O =D, (C13a)
gwl;()(vl) gwl;O(vl)
+ _
So0Whn) G gy T <ot p for(typ.6) = (+.n),  (C.13b)
So(v1) So(v1)
Senoll) sy« ZOL <o a7 for(yp )= (= 1), (C.130)
So(vr) So(vy)
) Gy < <ar—p for(yp. ) = (—n).  (C.13d)
gwl;O(vl) §w1:0(v1)
Moreover, for p sufficiently close to A},
P A+ 0o =) for(typ. O =(+ 1),  (C.l4a)
5‘@1;0(”1)
O A=+ O —pP) foryp.O) = (+.n),  (C.14b)
So(vr)
O A+ O0p =M foryp. ) = (= 1),  (C.ldo)
So(vr)
O =40 —pP) for(yp. O =(—m).  (C.l4d)
§w1;0(U1)

Proof. Consider the case when (typ,¢) = (+,1). We have w; > 0
and [Q(p) —wIlv; = 0. Since w; is the largest eigenvalue of Q(p),
Q(p) — wy I =< 0. Thus, (p, v;) is the smallest pos-type eigenpair of Q. ())
with £ = —w,I. By Lemma C.1,

wq w1

<p—A < ——,
SE0(v1) Solur)
which gives (C.13a). To prove (C.14a), we denote by «(¢) the largest eigenvalue
of Q(t) neart = 1. Then «(A) = 0 and @(p) = w,. Note that
Q(pvi =wivy = v Qv =wwv, = V[Q(p) —wllvy =0;

that is, p is a Rayleigh quotient of Q(A) with E = —w;I. Therefore

Q' (ov v QL (p)vy

vily, vy

o' (p)

= §w|;0(vl)v
where the first equality is due to [58, page 183], and the third equality is due to

(C.1). Finally, a(A7) = a(p) + Gu.0(v)) (AT — p) + O(|A] — p|?), which leads to
(C.14a). ]
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REMARK C.1. There is a different proof of Lemma C.3, without using
Lemma C.1. For the case when (typ, £) = (4, 1), (p, vy) is the smallest pos-type
eigenpair of Q (1) = A*A + AB + C — w,I. By direct calculations

WO (p)u ull Au
o= = PO -+ A e (Casa)
ullu, ulu,
OO Hv vl Av
o= OB e —ah = SN sk
v Uy U1 (5]
(In fact,

WAy (p — 4% + sun)(p — 1))
= ullAu[p* = 2pA7 + WD?] + @Al Auy 4w Buy)(p — 1)
= p*utAu, + pul'Bu, — (A1) ul' Auy — A ut' Bu,
= u' Q(p)u; — uf Q1)
= ”?Q(P)Ml,
oAV (o — 1D — ¢, () (o — 1)
= vi'Avi[p* — 2pAT + (A))?] — 2pvi'Av; + v B (p — A))
= (WD) Av; + Aj v By, — p*v}'Av; — pv}' By,
= v Q(A))vy — v} Q (),
= v Qv — ol
They lead to the equations in (C.15) right away.) Along with Q(p) — w,I < 0,
Q(.}) < 0, they yield
P cpoarg
Soo(V1) PirS So(ur)’

and then
W) < = <t
gwl:O(vl) gwl:O(vl)

which is (C.13a).
While Lemmas C.4 and C.5 below are stated for any g € P,,_; with the specified

conditions satisfied, in their eventual application, it will be taken to be the one that
minimizes &,.

LEMMA C4. Given x € C", assign p, = p+(x) and Per = p+(8(Q(p))x) for

any g € P,,_1. Suppose that 1{" < p., < AT if £ =10r 1) < py, < AP
if € = n, and let the eigenvalues of the matrix Q(p,y,) be w; for 1 < j < n, which
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can be arranged as

2 >wn l.f(typve) € {(+71)’(_7n)}’ or,
o <0<w < <o, iftyp,d) € {(+,n), (-, D}
Denote by v, the eigenvector of Q(p.y,) associated with its eigenvalue w,. Then,
fora g € P, such that g(w,) # 0 and
£, 1= max —Ig(a),-)l <1, (C.16)
il [g(w)]
we have
o | | |

1Puyp — Peyy| AV 1P1yp — Pyl a(V1)

h(gg’ a)l)v

(C.17)

typ typ
|pg;typ_)”8 |< |ptyp_)“£ |_

where typ' is the opposite type of typ, and
I—e LAl

2’ TA = .
(1 + 8g|w1 |1/2‘[‘;/2) |z | a(vy)

h(gg, wp) =1 — (C.18)

Proof. Consider the case when (typ, £) = (+, 1), and write p = p_ . Without loss
of generality, we may assume that ||v||, = 1. Let the eigenvalue decomposition

of Q(p) be
Q) =VXVi V=, ...,v] 2=dagw,..., o),

where w; > 0> w, > -+ > w, and VAV = [,. Set

&1 0
. om & o &
x=Vix=|.|, xa=x—-¥§&e=|.
£, £,
Then
0=x"Q(p)x =2"Zf =w &+ ) wil&l (C.19)
i#1

Note that, for any vector z, " Q(A)z = " Az [A — p,(2)][A — p_(z)]. Substitute
A= pandz = g(Q(p))x to get

1 xM"g(2(p)" Q(p)g(Q(p))x
p—p,_  xMg(Q(p)"Ag(Q(p))x

1 gD Eg(D)k
PPy RMg(D)MAg(D)E

po— A =p—Af -

=p— A} — (C.20)
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where A = VHAV and P, = Pg.- We need to estimate the right-hand side of
(C.20). For that, we have

(DM Dg(D)% = wilg(@) P& + Y wilg@)l&]

i#l
> w1g(@)’1E ] + e2lg(@) Y wil&]?
i#l
= wi|g(@)P|& 1 — e2lg(@)Porl&l*  (by (C.19))
= (1 — eDwnlg (@) l& 2, (€221)

Mg (DMA(D)F = g(D)xN%
= llg(@)Erer + g(D)iall%
< llg@)! & ] llerllz + g (22151
< lg@)! & llerllz + elg (@l 151

1272
< |:|g(w1)| &1l llerllz + &glg (@)l <||A||2 €1 ) }
(C.22)
1272
2 w;  ||All
A , (C.23
= |g(@)Plé P!l Av, [ & (_M ko (C.23)
where the inequality sign at (C.22) holds because
. ~ Doia wil&i
%205 < NAl2lI%l5 = IVEAV ], Z &1 < ||A||2#lw— = ||A||2 |€1|
i#1 2
by (C.19). Thus, from (C.20), (C.21), and (C.23),
1—¢&?
pg—kfgp—kf— - H : 2’ (C24)
(o = Py )y Avy o Al )"
e ()
which gives (C.17) for the case when (typ, £) = (+, 1). ]

LEMMA C.5. Under the conditions of Lemma C.4, we have

|w1| 2
1P ggp — 2" | < &
siwp £ So(v1) ¢ go(vr)

(3r 25080 + 0@,  (C.25)
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provided that
glon|?max{ty txi} < 1. da(uplw| < go(v1)’, (C.26)

where T4, T, and tc are defined in (8.25),

bo(v1)2ty? + 2a(v)co(w) () + 7%
x= So(v1)? ' (€27)
¢ =4+ 65,071y +deloTp + el 1} (C.28)

and the shift Ay > A} in defining by(-) and co(-) in (8.21). Alternatively,
10gp — M7 < Ellpyp — 271+ (1= D) BTy + 2512 1oy, — 27712
+0(lpy, — 2P, (C29)

provided that

I
1y — A%P] < max | S0 . (C.30)

4a(v)’ Go(v)e2 max{ta, £2x2)

Proof. Consider the case when (typ, £) = (+, 1), and write p = p_ . Without loss
of generality, we may assume that ||Jv; ||, = 1. Write x, = g(Q(p))x, and

v ="t forM=A,B,C,
a=a(v), b=>bw), c=c(v),
by = by(v1), ¢o = co(vyr).

By Lemma C.4, p, < p (see (C.24)) and

P, — AT <8+ 81+ 8+, (C.3D)
where
0<8=p—A ——— = 0(p—1P) = 0@, (C32)
ga)l;O(vl)
w1 w1
81 - - )
§w,;0(U1) (pg - pg;f)a
wq w1
8 = - ,
(P, —pg)a  (p—p,_)a
w1
8 = —h(8g7 wy).
(p—p,)a

The rest of the proof is mainly to estimate §;, &5, and §3.
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For §,, we have

a)l p_pg <CL)1 p—)\,?—

a (p,— P )Pp—pg) a(p,—p, )(Pp—p,_)

(C.33)

06 =

where we have used (C.14a).
Consider 8. If 4aw, < b* — 4ac, which holds for sufficiently tiny w,, then

1 1 1 |:1 2a Lol 2)}
— = — W () .
Su@) VB —da(c—w) VB —dacl b —dac !
(C.34)
By item (2) of Lemma A.2, any shift 1o > A, makes @, (1) overdamped; that is,
B;, > 0 and C,, > 0. It can be verified that

by — 4acy = b*> — 4ac = [¢c(v)]*.
We get, similarly to (C.23),

xMAx, < alg(@)Pls P+ egta)’,
X B x, < bolg (@) P16 P(1 + e4tp)%,
HCh0x, < colg (@) PIENP (1 + egtc)’.

alg(@)PIE (1 = 2e,14) <
bolg (@) *1&*(1 — 2e,15) <
) S

colg(@D)PIE1P(1 = 2¢4tc) < x; Cryx,

Note that p, — Ao (recalling that p, is the shorthand for p,..) and p,._ — A, are
two distinct roots of x;' Ax,A> 4 x}' By x,A + x;'C;,x, = 0in A. So

1 x?Axg

by =pp)a 4 \/(XHB,\Oxg)Z — 4(x1Ax,) (G, x,)

1 — 28,14
\/bz(l Fegtp)t — daco(l — 2e,00)(1 — 26,10)
_ 1 —2¢,14
\/b — dacy + 4&, (bitp + 2acots + 2acote) + 282(3b0tB Bacotatc) + 4s§bﬁt§ + egbf)tg
1 —2¢g,t4

\/(b — dacy) (1 + 4,101 + 262 x001) + 436203 + o2 b23

1
= \/zj(l —2e,0, "1/ = 2e, 10,7 + €2(6x] — D@1 + -] (C.35)
b() — 4aC0

1
= ——J1— 28g(rl/2 + X1,

Vb — dac

24 e26x7 — xo + 47 ) + 0], (C.36)
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where

. bétg/z + 2acy(ty” + /%) . 3byts — 8acot, 7’

b* — dac C = b* — 4dac

X1

In obtaining (C.35), we need &, x1,” < 1, where § = 4+ 6¢,t5 +42t} + €213,
For the expansion in (C.35), it is needed that

4e3b313 e*bots
1/2 2 g 0'B g7 0B
4eg)(1a)l/ + 28, X201 + —

< 1.
b* —4dac  b* —4dac

However,
262 o001 + 4e3byt5 /(b” — 4ac) + eibity /(b” — 4ac)
4sgxla)}/2
295242 32,3 47324
< 2¢,3byty +4::Z(2)b:1:3 + &bty _ %(6 + degty + £517).
Using (C.36), we have, for §,,
5, w W

" Guro(v1) B (0, — pg._)a

2
S [1— = w1+0(wf)]
Vb —4dac b° —4dac

w
——— [1 - 28g(7::\/2 + Xl)a)]l/2 + 85,(6)(12 — X2 +4TJ;/2X1)0)1

Vb* — dac

+ 0(0}%)]

5 12 3/2
157 e VTS (C.37)

Vb* — dac

Now we turn to 3. If ,¢4 < 1, then
h(gg, 1) =1 — (1 —e)(1 +g14)"°
=1— (1 —e)(1 — gty + 26512 — 3313 +--+)

= 8; + (1 - ez)(egt — 2€§ti +-0)
=&, +e,(1 —e)ta + O(t3)

=l +e,(1— &)’ 1t + O(w),
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h(gg, ) =1 — (1 —e))(1 +148,) >

>1—(1—¢)
= 8§ > 0.
Therefore
5 O e, wy)
—h(e,, 0
T -pga
€2 + g, (1 — 2oy’ 1,
= Te T 2N 0(w?). (C.38)
(o —p,)a

We have finished estimating §; fori = 0, 1, 2, 3. Now, combine (C.31), (C.32),
(C.33), (C.37), and (C.38) to get

32 172
< 28g(TA + )(l)a)g/2 N w18§ +&,(1 — 2)60 )/

P Vb* — 4ac (0 —py)a
2 (12 [ — g2 1,1/2
. g o, ( (T4 +X1)+( ) 3/2+0( 2)

B (P - pg;—)a vV b —4dac (p pg:—)

+ O(w})

which, along with
1 1 5 1 12
= = [1-2g,(7)/ “Fxnw P 14+0 ),
(p - pg;—)a (pg - pg;—)a w b2 —4dac

yields (C.25). Use (C.34) to see that

! ! [1 + ? + O« 2)}
= w ) S
oW1 Supo(v1) b — dac | !

substituting it and (C.14a) into (C.25) to get (C.29). ]

We are now ready to prove Theorem 8.2.

Proof of Theorem 8.2. Ttem (1) is a direct consequence of item (4) of
Theorem 8.1.

Item (2) is a consequence of Lemma C.5 upon letting g be the minimizer that
gives the minimal &,,_; and using |,o,+l YYARS lp, — AP

For item (3), again let g be the minimizer that gives the minimal ¢,,_;. As
i — oo in item (2), we have w; — 0, w, — ¥, and v; — u}” in direction, and
thus

(bo(v1))*74), + 2a(co(w) (T, + 7¢)

+2 =1,
So(vy)?

11m n(vy) = hm 311/2
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as given by (8.29). Now let

g(n:%_]( (“’”“"2))/9 < ) p=2z o
w, — Wy wy, — Wy

where 7,,_,(¢) is the (m — 1)th Chebyshev polynomial of the first kind. Then [35,

Section 2]
= m—1 = —(m—1)
1+ 1+ V&
en <£p < max g0 =2|(—~=) + - ,
wy<t<w, 1 — \/E 1— \/;
which goes to ¢ as i — 0o because Kk — «. O
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