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TRIVIAL SET-STABILIZERS IN
FINITE PERMUTATION GROUPS

DAVID GLUCK

For which permutation groups does there exist a subset of the permuted
set whose stabilizer in the group is trivial?

The permuted set has so many subsets that one might expect that
subsets with trivial stabilizer usually exist. The symmetric and alter-
nating groups are obvious exceptions to this expectation. Another, more
interesting, infinite family of exceptions are the 2-Sylow subgroups of
the symmetric groups on 2" symbols, in their natural representations on
2" points.

One of our main results, Corollary 1, sheds some light on this last
family of groups. We show that when the permutation group has odd
order, there is indeed a subset of the permuted set whose stabilizer in
the group is trivial. Corollary 1 follows easily from Theorem 1, which
completely classifies the primitive solvable permutation groups in which
every subset of the permuted set has non-trivial stabilizer. All such groups
have degree at most nine.

The proof of Theorem 1 uses Wolf’s upper bound on the order of
primitive solvable groups, as well as Suprunenko’s work on maximal
irreducible solvable linear groups of low degree.

In this paper we consider only solvable groups, but the question in the
first paragraph seems at least as interesting, though more difficult, for
nonsolvable groups. Our original interest in this question was to prove
that for solvable groups G, monomial G-modules usually contain vectors
whose centralizer in G is abelian. Corollary 2 gives a result of this type.

I would like to thank Professor 1. M. Isaacs for helpful conversations
related to this paper. I would like to thank the referee for a careful read-
ing of this paper, which led to several improvements in the presentation.

1. Primitive solvable groups. Throughout this section G will be a
primitive solvable permutation group on a finite set . We denote by M
a point stabilizer, so that M is a maximal subgroup of G. Then G has a
regular normal elementary abelian subgroup K, which is self-centralizing
in G. We have G = MK, M N\ K = 1, and M acts faithfully and irreduc-
ibly on K by conjugation. The conjugation action of M on K is permuta-
tion isomorphic to the action of M € G on Q. We may consider M as a
subgroup of GL(#n, p) where |K| = p" for a prime number 5.
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To avoid repeating the same phrase over and over, we shall say that
(G, Q) satisfies () if some subset of Q has trivial stabilizer in G. Equiva-
lently, (G, Q) satisfies (x) if and only if G has a regular orbit on P(Q),
the power set of Q.

We shall say that (G, Q) satisfies (**) if there is a subset S C Q with
IS] # |2|/2 whose stabilizer in G is trivial. Of course (x) and () are
equivalent when |Q| is odd. Since g € G stabilizes S if and only if ¢
stabilizes @ — S, the condition |S| # |2]/2 in the definition of (*x) could
be replaced by |S| < [Q]/2.

LeEmMA 1. Let g € G*. Then g fixes at most |Q|/2 points of Q and is there-
fore a product of at most 3|Q|/4 disjoint cycles on Q.

Proof. We may assume that g fixes at least one point, and then that
g € M. Since |Cx(g)| £ |K|/2, and the conjugation action of M on K is
permutation isomorphic to the action of M on @, it follows that g fixes
at most |©|/2 points of Q. The statement about cycles is clear.

LEMMA 2. If |Q] > 80, then (G, Q) satisfies (+%).

Proof. We count the number of ordered pairs (g, S) where g € G,
S C @, and g stabilizes S. By [2, Corollary 3.3], we have

|GI < 24—-1/3|Qia+1y

where 2.20 < a < 2.25. If g is the product of % disjoint cycles, then g will
stabilize precisely 2" subsets of Q. Thus Lemma 1 implies that the number
of ordered pairs (g, S) as above is at most

24—1/3 2312] /4 (Q|a+l'

Since Q has 2!% subsets we can certainly find a subset S C Q with trivial
stabilizer in G provided that

24-—1/3 23]9[/4 lQla+1 < 2|ﬂ|
or equivalently
(e + 1) log: 2] — (1/3) logs (24) < |Q|/4.

One checks easily that this holds for [2] > 80 (in fact, even for || = 75).

To prove the slightly stronger assertion that (G, Q) satisfies (**) we
may assume that 2| = 128. The number of ordered pairs (g, .S) as above
is still at most

(24)—1/3 23121 /4 ‘Q‘a-}-l.

The number of subsets of @ of cardinality different from [Q|/2 is greater
than 2!%/-1, One checks easily that

(24)—1/323[9|/4]Qla+1 < 21a1—1
for [Q] = 128.
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LemMA 3. If |Q] = 64, then (G, Q) satisfies (#x).

Proof. Consider the action of GL(6, 2) on its natural 6-dimensional
module over GF(2). The centralizer in GL(6,2) of a hyperplane is
elementary abelian of order 32. There are 63 hyperplanes, so the number
of hyperplane-centralizing elements of GL (6, 2)¥ is precisely 63.31.

It follows from the second sentence of the preceding paragraph that
any element of G* has either 48 or at most 40 cycles on Q. Let

Go = {g € G| g has 48 cycles on @},

so that Gy is a set of involutions of G, and |G,| < 63.31.

Thus the number of subsets of Q stabilized by elements of G, is at most
(63.31) (248). Let G, = G' — G,. The number of subsets of Q stabilized
by elements of G; is at most

240'G1| < 240(24)—1/3 (64)3.25’

as in the proof of Lemma 2. Thus the number of subsets of Q stabilized
by elements of G* is at most

64 . 63 . 248 + 24—1/3 . 643.25 . 240 < 260 + 258 < 264‘

Therefore (G, 2) satisfies ().
Less than half the subsets of Q have cardinality 32. Since 260 4 258 <
263 the preceding argument shows that (G, Q) satisfies (x*) also.

LemMA 4. If |Q] = 25 or 49, then (G, Q) satisfies (x).

Proof. First suppose || = 49. By [1, Section 21, Theorem 6], we have
|M| < 144. Elements of G* have at most 28 cycles on @, so the number of
ordered pairs (g, S), where g € G*, S C @, and g stabilizes S is at most
228|GF| < 144 - 49 - 228 < 249,

Next suppose [2| = 25. By [1, Section 21, Theorem 6], M is isomorphic
to a subgroup of GL(2, 5) of order 32, 48, or 96. Let G: be the subset of
all elements of order 2 in G and define G; and G5 similarly. Any subset of
Q which is stabilized by an element of G is stabilized by an element of
G2 U G3 U Gs. Define Go* to be the set of all elements of G, which fix
exactly one point of Q and define G5~ to be the set of all elements of G,
which fix exactly five points of @. We have G: = G+ \U G,~. Clearly
[M M Gy*| £ 1 s0 |[Gst| = 25 and each element of Gs+ has exactly 13
cycles on Q. Each element of Gy~ has 15 cycles on @ and lies in exactly
5 conjugates of M. Each element of G; has 9 cycles on Q. Since M M G5
is empty, |Gs| = 24 and each element of Gs has 5 cycles on Q. Thus the
number of ordered pairs (g, S), where g € G2 \JU G3 \J G5, S C ©, and
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g stabilizes S is at most

283Gyt + 2Y9|G| + 2°(Gy| + 2°|Gs|
< 25-28 4 (1/5)-96-25- 215 + 96 -25 - 29 4 24 . 25
= 213(25 4 1920 + 150) + 768 < 2%

LEmMA 5. If |Q| = 16, 27, or 32, then (G, Q) satisfies (x*).

Proof. First we introduce some notation. For a prime power ¢ we denote
by S(g) the group of all semilinear transformations on the field GF(q).
Thus S(g) consists of all transformations x — ax’, where ¢ € GF(¢)%,
the multiplicative group of GF(g), and ¢ € Aut (GF(g)). We denote by
AS(g) the affine semilinear group consisting of all transformations on
GF(q) of the form x — ax® + b, where a and ¢ are as above, and b € GF(q).
Note that S(q) is an irreducible solvable subgroup of GL(n, p), where
g = p" and p is prime.

By [1, Section21, Theorems 2 and 6],every maximal irreducible solvable
subgroup of GL(5, 2) is conjugate in GL(5, 2) to S(32), every maximal
irreducible solvable subgroup of GL (4, 2) is conjugate in GL(4, 2) either
to S(16) or to the wreath product GL(2, 2) ! Z., and every maximal
irreducible solvable subgroup of GL(3, 3) is conjugate in GL(3, 3) either
to S(27) or to the monomial group GF(3)% } S;.

Now M, considered as a subgroup of the appropriate general linear
group, is conjugate to a subgroup of one of the five groups listed in the
previous paragraph, so we may assume that M is one of those five groups.
First assume that M is one of the three semilinear groups. Then the action
of G on Q is permutation isomorphic to the action of 4S5(q) on GF(q).

Suppose that G = AS(16) and @ = GF(16). Let Tr be the trace map
from GF(16) to GF(4). Then Tr is a GF(4)-linear map which is sur-
jective and has kernel GF(4). Choose elements x and y in GF(16)-GF(4)
such that Tr(x) ¢ Tr(y). Define S C GF(16) to be GF(4) U {x, y}.
We will show that S has trivial stabilizer in 45(16).

Let gbeanarbitrary element of 45(16). Letzg = az’ 4 bforz € GF(16).
To show that g does not stabilize S unless g = 1, we may and will assume
that ¢ has order 2. Otherwise g has order divisible by 4 and so g2, which
sends z € GF(16) to a,z°> + b,, for some a, and b,, would also be a non-
identity element of the stabilizer in G of S. Since g sends at least 2 elements
of GF(4) into GF(4), subtracting equations shows that ¢ and b are in
GF(4). Thus g stabilizes GF(4) and {x, y}.

We now suppose, to get a contradiction, that the automorphism ¢ has
order 2. If ax® + b = y and ay° + b = x we add these two equations and
apply Tr, obtaining aTr(x + y) = Tr(x + v). Since we are assuming
Tr(x + y) # 0, we have a = 1. We apply Tr to the equation x° + b = y
and obtain Tr(x) = Tr(y), a contradiction. If ax” + b = x and ay® + b
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= y we add these equations and as before obtain ¢ = 1. Then x° + «
=b =19 4+ yso Tr(x) = Tr(y), again a contradiction.

Therefore ¢ = 1. Asin the preceding paragraph, we easily obtaina = 1.
Ifx +b =y, then Tr(x) = Tr(y), which is not the case. Thus x + b = x,
sob=0and g = 1.

Now suppose G = AS(27) and @ = GF(27). Let Tr be the trace map
from GF(27) to GF(3). Let x be an element of GF(27) such that Tr(x) #
OandletS = GF(3) U {x}. We will show that S has trivial stabilizer in G.
Suppose g € G stabilizes S. Write zg = az® + b for z € GF(27). As before
we have a, b € GF(3). Thus g stabilizes GF(3) and fixes x. We apply Tr
to the equation ax® + b = x and obtain aTr(x) = Tr(x),soa = 1. If
c# 1land b = =*1, thenx* = x &= 1 and

Tr(x) =x+x4+x*=x+ (x+1)+ (x+2) or
x4+ (x — 1) + (x — 2),

so Tr(x) = 0, a contradiction. If ¢ # 1 and b = 0, then x° = x, which is
not the case. Thus¢ = landx + b = x,s0b = 0and g = 1.

Next suppose G = AS5(32) and @ = GF(32). Let S be any 3-element
subset of Q. G is transitive on €, so after replacing S by another 3-element
set in the same G orbit, we may assume that 0 € S. Since every element
of the stabilizer of S must fix every element of S, the stabilizer of S lies
in S(32). But S(32) is Frobenius on GF(32)%, so the stabilizer of Sin G
is trivial. This shows, by the way, that G acts regularly on the 3-element
subsets of Q.

The next case to consider is |@| = 16 and M = GL(2, 2) ! Z,. Let
F = {1, 2, 3, 4}. Then the action of G on Q is permutation isomorphic to
the product action of S; { Z; on the Cartesian product F X F. By the
definition of product action, the base group Sy X S, acts component-wise
on F X F, while Z, permutes the coordinates. Let .S be the subset
{(1,1),Q,2),@1,3),(2,2), (2,4), (3,1)} of FX F. Since three different
numbers appear as first coordinates of elements of S and four different
numbers appear as second coordinates of elements of .S, any g € G which
stabilizes .S must lie in the base group Sy X Si.. We write g = (g1, £2)
€ Sy X Ssi No two elements of F appear the same number of times as
first coordinates of elements of S, so g; = 1. Similarly g, must stabilize
{1, 2} so there are four possibilities for g.. One checks that none of the
four resulting possibilities for (1, g;) stabilizes S. Thus S has trivial
stabilizer in G.

The last case to consider is |[@] = 27 and M = GF(3)*X } S;. Let
T = {1, 2, 3}. Then the action of G on © is permutation isomorphic to
the product action of S; { Szon 7" X 7" X T. Let

S=1{(1,1,3),1,21),1,23),(222), 223} T XTXT.

As above, one shows easily that an element of G which stabilizes S must
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lie in the base group, and then that each of its components must be 1.
Thus S has trivial stabilizer in G.

LEMMA 6. Suppose |Q| is a prime number p. Then (G, Q) fails to satisfy
(x) if and only if || = 3, 5, or 7 and G is a Frobenius group of order
6, 10, 20, or 42.

Proof. Clearly G is Frobenius with complement M and kernel K. Every
subset of © whose stabilizer in G is nontrivial is stabilized by a subgroup
whose order is a prime divisor of p — 1. Each such subgroup lies in exactly
one of the p conjugates of M, so we have at most p ), 2(P-D/(®)+1 gyhsets
of @ with nontrivial stabilizer, where the index of summation ¢ ranges over
the prime divisors of p — 1.

We first show that this number is less than 2? for p = 11. If p = 11,
the sum is 11(8 4+ 64) = 792 < 2'. For p > 11, we observe that the
number of prime divisors of p — 1 is less than log; p, so the sum is less
than p(logs p)2®+V /2 which is less than 27 for p = 13.

On the other hand, if p = 7 and |G| = 42, then we have (Z) = (;)
= 35 for all 7 between 0 and 7. Thus G has no regular orbit on P(Q), so
(G, @) does not satisfy (x). If p = 7 and |G| = 21, then any 2-element
subset of © has trivial stabilizer, so (G, Q) satisfies (). If p = 7 and |G|
= 14, each of the 7 involutions in G stabilizes exactly 3 subsets of order 3
in . Thus 21 of the 35 subsets of order 3 in © have nontrivial stabilizers,
and the remaining 14 form a regular G-orbit. Thus (G, Q) satisfies (*).
If p = 5and |G| = 10, then each of the 5 involutions in G stabilizes two
2-element subsets of Q. It follows that every 2-element subset of @ has
nontrivial stabilizer in G, so (G, 2) does not satisfy (x).

The rest of the lemma is clear.

We now discuss the remaining cases, where |2 = 4, 8, or 9.
If |Q| = 4, then G is isomorphic to A4 or Sy, and in either case (G, @)
does not satisfy (x).

If |2 = 8, then by [1, Section 21, Theorem 6], M is conjugate in
GL(3, 2) to a subgroup of S(8). If M = .5(8), then (G, ?) does not satisfy

(*) because |G| = 168 > <81) for all 7 between 0 and 8, so G has no

regular orbit on P(Q). If |M| < 21, then |M| = 7, G is a Frobenius group,
and (G, Q) satisfies (*x).

If || = 9, then M is isomorphic to an irreducible subgroup of GL (2, 3).
Note that GL(2, 3) is solvable of order 48. If (M| > 14, then (*) fails for
(G, @) because |G| > (2) for all 7 between 0 and 9. We claim that | M|
cannot be 12. If | M| were 12 and O3;(M) > 1, then M could not act
faithfully and irreducibly on Z; X Z;. If |M| were 12 and O3(M) = 1,
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then M would be isomorphic to 44, and so
0:(M) € M' C GL(2,38)" = SL(2, 3),

so M C SL(2, 3). This is impossible because SL (2, 3) has no subgroup of
order 12. Thus | M| # 12. Also |[M| # 6 and | M| # 3.

Thus we may assume M is a 2-subgroup of GL(2, 3) of order £8.
If M = Dgand T is a 2-Sylow of GL(2, 3) containing M, then T is semi-
dihedral and so every involution of T liesin M, so every involution of the
semidirect product 7(Z; X Z;) liesin M(Z; X Z3) = G, so every element
of prime order in T(Z3; X Z3) lies in G. Thus (*) fails for (G, @) because
(*) fails for (T'(Z; X Z3), Q).

In the remaining cases we will show that (G, Q) satisfies (). Since M
acts irreducibly, |M| = 4 and M contains an element of order 4. The
square of any element of order 4 in GL(2, 3) is the central involution 2z
of GL(2, 3). From the structure of the semidihedral group of order 16,
we conclude that z is the unique involution in M. It suffices to show that
the number of subsets of © fixed by an element of order 2 or 3 in G is less
than 2° = 512. Since z is the unique involution of M, G is a Frobenius
group with complement M. Thus G has 9 involutions and 8 elements of
order 3. The involutions have 5 cycles on @ and the elements of order 3
have 3 cycles on Q. Thus the elements of prime order in G stabilize at most
925 4 8-2% = 352 sets.

THEOREM 1. Let G, M and Q be as in the first paragraph of this section.
Then (G, Q) satisfies (x) except in the following cases. If (G, Q) satisfies (*)
and |Q| # 2, then (G, Q) satisfies (xx).

) 1] =3, |M| =2

@) |2 = 4, M| = 30r6

3) |2 =5,|M| =20r4

)19l = 7,1M] = 6

)19 =8, |M| = 21

6) |2 =9, | M| = 16, 24, or 48, or M = Ds.

Proof. This is clear from Lemmas 1-6 and the discussion preceding the
statement of this theorem.

2. Imprimitive solvable groups. The phrase (G, Q) satisfies (*)”
will have the same meaning as in the previous section, even though we are
no longer assuming that G is primitive.

THEOREM 2. Let G be a transitive solvable permutation group on a finite
set Q. Let H C G be a point stabilizer. Suppose there exists a chain H = H,
< Hy < ...< H, = G of subgroups, each maximal in the next, such that

(1) |Hi: Hioa| # 2fori £ 12 .
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(2) The primitive permutation group induced by the action of H; on the
cosets of H_,in H, satisfies (x) for1 £1 < n.
Then (G, Q) satisfies (x).

Proof. If n = 1 there is nothing to prove. Otherwise identify Q with the
set of right cosets Hx of H in G. The distinct right cosets of H; constitute
a partition of @ into blocks of imprimitivity By, ..., B,. Let G; be the
stabilizer in G of By, for 1 < j < ¢, so that each G, is conjugate in G to H;,
each |B,l = |H,: H| # 2, and G, acts on B, like H; acts on the cosets of
H in Hl.

By condition (2) above each B; contains a subset.S; whose stabilizer in
G, fixes every point in B,. Let G, denote the primitive permutation group
induced by the action of G;on Bj,. Since (G,, B;) satisfies (**) by Theorem
1, we may assume that |S;| < |B,|/2. By induction on 7 there is a subset
& of {By, ..., B,} such that any element of G which stabilizes . fixes
every block. Now let

Sl = U Sj)
Bi€¥
let
Se= U (Bx — Sh),
Bk¢ &

and let S = S; U S,. Since no |S,| equals any |B; — S|, any element
g € G which stabilizes S must stabilize ., so g must stabilize every block.
Therefore g stabilizes S;for 1 < j < ¢, so g fixes every point in every block,
sog = 1.

CoROLLARY 1. If G is a permutation group on @ and |G| is odd, then
(G, Q) satisfies (*).

Proof. We may assume G is transitive. The result then follows from
the solvability of groups of odd order and Theorems 1 and 2.

Our next proposition shows that condition (1) in the statement of
Theorem 2 is not superfluous.

PROPOSITION 1. Let n = 2. Letm = 2". Let @ = {1, 2, ..., m} and let G

be a 2-Sylow subgroup of S,,. Then (G, Q) does not satisfy (x).

Proof. G is an iterated wreath product of order 21, so |G| > (7;:)
for all k£ between 0 and m, so G has no regular orbit on P ().

Our final result concerns centralizers of vectors in monomial G-modules.

COROLLARY 2. Let F be a field. Let G be a finite group. Let H be a sub-
group of G and let L = coreqg(H). Suppose |G : L| s odd. Let V be a
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faithful right F|G]-module. Suppose V = W for some one-dimensional
F[H]-module W. Then there is a vector v € V such that C4(v) 1s abelian.

Proof. Let {gi1, . . ., g} be a set of right coset representatives for H in
G. Then G transitively permutes the one-dimensional subspaces W ® g;
of v. The kernel of this action is L. By Corollary 1 there is a subset .S of
{1,2,...,n} such that the stabilizer in Gof {W ® g,/ 7 € S} is L. Letw be
a nonzero vector in W. Letv = D ;csw ® g,. Then C(v) € L. Since Vis
a direct sum of one-dimensional subspaces invariant under L, the faith-
fulness of V implies that L is abelian.
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