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1. C o n s i d e r the p lane s y m m e t r i c r a n d o m walk on a 
s q u a r e l a t t i c e : a p a r t i c l e i s in i t i a l ly at the o r i g in in the 
x y - p l a n e , it m a k e s n c o n s e c u t i v e s t e p s of unit l ength , and 
e a c h s t ep i s m a d e wi th the p robab i l i t y 1/4 in e a c h one of the 
four d i r e c t i o n s p a r a l l e l to the a x e s . We ca l l the path of the 
p a r t i c l e a s p i r a l if the following cond i t ions a r e m e t : a) the 
p a r t i c l e n e v e r occup i e s the s a m e pos i t ion t w i c e , b) the path 
of the p a r t i c l e , w h e n e v e r it t u r n s , e i t h e r t u r n s a lways c lock
w i s e or a l w a y s c o u n t e r - c l o c k w i s e th roughou t the pa th , and 
c) for e v e r y m > n the given n - s t e p path can be cont inued in at 
l e a s t one way to give an m - s t e p pa th m e e t i n g the c o n d i t i o n s . 
Condi t ions a) and b) a r e n a t u r a l for s p i r a l s ; c) i s n e c e s s a r y to 
e l i m i n a t e such pa ths a s (0, 0 ) - ( l , 0 ) - ( l , 1) -{1, 2 ) - (0 , 2 ) - (0 , 1) or 
(0, 0 ) - ( l , 0 ) - ( 2 , 0 ) - ( 2 , l ) - ( l , l ) - ( 0 , l ) - ( - 1 ,1)- ( - l , 0 ) - ( - 1,-1 )-
( - 1 , - 2 ) - ( 0 , - 2 ) - ( l , - 2 ) - ( l , - 1 ) . We sha l l c a l c u l a t e the p robab i l i t y 
p tha t the pa th of the p a r t i c l e is a s p i r a l ; it wi l l t u r n out tha t 

n 
the a n s w e r i s given in t e r m s of the p a r t i t i o n function p(n) for 
u n r e s t r i c t e d p a r t i t i o n s , and that o t h e r p a r t i t i o n funct ions a l s o 
e n t e r into the p r o b l e m . 

2. The t o t a l n u m b e r of pa ths i s 4 and e a c h one of 

t h e m o c c u r s wi th the p robab i l i t y 4 . Le t us c o n s i d e r only 
the pa ths s t a r t i n g along the pos i t ive x - a x i s . O b s e r v i n g tha t 
a s p i r a l i s then e i t h e r the s t r a i g h t s e g m e n t [ 0 , n ] or it h a s 
k t u r n s , k > 1 , e i t h e r c lockwise o r c o u n t e r - c l o c k w i s e , and 
tha t any c lockwise s p i r a l i s m i r r o r e d into a c o u n t e r - c l o c k w i s e 
one by re f l ex ion in the x - a x i s , we have 
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00 

(1) p = 4 " n [ l + Z S N ( n , k ) ] 

k = l 

w h e r e N(n, k) i s the n u m b e r of d i f fe ren t n - s t e p s p i r a l s wi th 
k c o u n t e r - c l o c k w i s e t u r n s , a long wh ich the f i r s t s t e p t a k e s 
the p a r t i c l e f r o m (0 ,0 ) to ( 1 , 0 ) . We use h e r e the n a t u r a l 
convent ion tha t N(n, k) = 0 if k i s so l a r g e , r e l a t i v e to n , 
tha t t h e r e a r e no r e q u i r e d s p i r a l s a t a l l . F o r i n s t a n c e , 
N ( l , k ) = 0 if k > 1 , N(2 ,k ) = 0 if k > 2 , N(3 ,k ) = N(4 , k) = 0 
if k > 3 , and so on. U n d e r t h e s e cond i t i ons we have to count 
only the s p i r a l s for w h i c h the s u c c e s s i v e r e c t i l i n e a r d i s p l a c e m e n t s 
a r e due e a s t , n o r t h , w e s t , south , e a s t , e t c . F o r a s p i r a l w i th 
k t u r n s t h e r e m u s t be k + 1 s u c h d i s p l a c e m e n t s ; l e t t h e i r 
l eng ths be a , a . . . . , a i , a i . T h e s e n u m b e r s d e t e r m i n e 

1 2 k k+1 
the s p i r a l un ique ly , and we have 

L e m m a 1. A s e q u e n c e (a , a . . . . , a . a, ) of k + 1 
1 2 k k+1 

pos i t ive i n t e g e r s d e t e r m i n e s a s p i r a l if and only if 

k+1 
(2) 2 a. = n , a . > 1 , 

. t l k+ 1 — 
l =1 

and the f i r s t k i n t e g e r s sa t i s fy 

(3) a < a < a < . . . , a_ < a < a < . . . . 
1 3 5 2 4 6 

N(n ,k ) i s t h e r e f o r e the n u m b e r of d i s t i n c t s o l u t i o n s of (2) and 
(3). 

To p r o v e the l e m m a we o b s e r v e tha t (2) m u s t obv ious ly 
hold s ince the length of a s p i r a l i s the s u m of the l e n g t h s of 
s u c c e s s i v e d i s p l a c e m e n t s , and the l eng th of the t a i l (= the l a s t 
d i s p l a c e m e n t ) c an be any pos i t i ve i n t e g e r . (3) m u s t hold s ince 
by the cond i t ions a ) , b) and c ) , excep t for the t a i l , e a c h d i s p l a c e 
m e n t p a r a l l e l to the x - a x i s m u s t be l onge r than the p r e v i o u s one , 
and the s a m e is t r u e for the d i s p l a c e m e n t s p a r a l l e l to the y - a x i s . 

3. To c a l c u l a t e N(n, k) we i n t r o d u c e two c o m b i n a t o r i a l 
func t ions : Q(m, j) - the n u m b e r of d i s t i n c t r e p r e s e n t a t i o n s of 
m a s a s u m of j i n c r e a s i n g pos i t i ve i n t e g e r s , and Q ( m , j , s ) , 
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which i s def ined in the s a m e way , sub jec t to the condi t ion tha t 
the s m a l l e s t i n t e g e r i s s . We have 

Q ( m , j , s ) =0 if m < sj + j ( j - l ) / 2 

(4) 
Q ( m , j ) = 0 if m < j ( j + l ) / 2 

00 

(5) Q ( m , j ) = S Q ( m , j , s ) . 
s=l 

We obta in next a r e c u r s i o n fo rmu la for Q(m, j ) . C o n s i d e r any 
r e p r e s e n t a t i o n 

(6) m = s + m j + rn + . . . + m . t 

1 2 j - 1 

of m a s a sum of j pos i t ive i n t e g e r s which a r e i n c r e a s i n g 
and s t a r t wi th s . Sub t r ac t i ng sj f r om each side we have 

(7) m - sj = (m - s) + (m - s) + . . . + (m. - s) , 
1 2 j - 1 

which i s a r e p r e s e n t a t i o n of m - sj a s a sum of j - 1 
i n c r e a s i n g i n t e g e r s . C o n v e r s e l y , f r o m any r e p r e s e n t a t i o n of 
the type (7) we get a r e p r e s e n t a t i o n of the type (6). T h e r e f o r e 

(8) Q ( m - j s f j - 1 ) = Q ( m , j , s ) . 

E l i m i n a t i o n of Q(m, j , s) f r o m (5) and (8) g ives 

oo 
Q ( m , j ) = 2 Q ( m - j s , j - 1 ) 

s=l 

or 
00 

(9) Q(m, j+1) = S Q ( m - ( j + l ) s , j) . 
s=l 

By a s i m p l e ca l cu l a t i on we have 

(10) Q ( m , l ) = l for m > 1 , Q(m, 2) = - 1 + m / 2 for even 
m > 4 . Q ( m , 2 ) = ( m - l ) / 2 for odd m > 3 . 
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In t roduce the g e n e r a t i n g funct ion 

oo 
f.(x) = 2 Q ( m , j ) x m , 

J m = l 

then f r o m (10) 

f (x) = x / ( l - x) , f (x) = x 3 / ( l - x)( l - x ) 
1 2 

The r e c u r r e n c e r e l a t i o n (9) i s equ iva l en t to 

f (x) = f . ^ x ^ / U - x J + 1 ) ; 

th i s a l l ows us to d e t e r m i n e f.(x): 

( i i ) f.(x) = ^ ( j + 1 ) / 2 / n ( i - x1) . 
J i = i 

The above f o r m u l a shows tha t Q ( m , j ) , a s could be e x p e c t e d , 
i s r e l a t e d to s o m e p a r t i t i o n func t ions , and we r e m a r k f u r t h e r 
tha t by a t h e o r e m of E u l e r , [ l ] p . 275 , we have 

1 + 2 Z Q ( m , j ) x m zJ = n (1 -!- z x n ) . 
j =1 m = l n = l 

4 . We p r o c e e d now to the eva lua t i on of N(n, k). 
Suppose f i r s t tha t k = 2p i s even , tha t the l eng th of the t a i l 
i s t , and tha t 

(12) a + a . + . . . + a = A 
1 3 2 p - l 

so tha t 

(13) a^ + a + . . . + a ^ = n - t - A . 
2 4 2p 

By L e m m a 1 N(n, k) i s the n u m b e r of d i s t i n c t so lu t ions of 
(2) and (3). In the t e r m i n o l o g y of the p r e v i o u s s e c t i o n the 
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n u m b e r s of d i s t i nc t so lu t ions of (12) and (13) a r e Q(A, p) and 
Q ( n - t - A , p ) r e s p e c t i v e l y . T h e r e f o r e the n u m b e r of d i s t i nc t 
so lu t ions of (12) and (13) t o g e t h e r is Q(A, p) Q ( n - t - A , p). 
Since t > 1 is a r b i t r a r y , we get 

00 00 

(14) N(n ,k) = 2 2 Q(A, k /2 ) Q ( n - t - A , k /2 ) . 
t = l A = l 

When k i s odd an e n t i r e l y s i m i l a r p r o c e d u r e g ives 

oo oo 

(15) N(n ,k ) = 2 2 Q(A, (k+ l ) / 2 ) Q ( n - t - A , ( k -1 ) / 2 ) . 
t = l A = l 

We obtain now the g e n e r a t i n g function of N(n, k) . 
C o n s i d e r the convolut ion 

oo 
C(u , j ) = 2 Q(q , j ) Q ( u - q , j ) . 

q = l 

I ts g e n e r a t i n g function i s obta ined by s q u a r i n g f.(x) in (11): 

oo j 

(16) f 2 ( x ) = 2 C ( u , j ) x U = ^ ( J + 1 ) / n ( 1 - x 1 ) 2 . 
J u = l i = l 

The i n n e r sum in (14) is C ( n - t , k / 2 ) and 

00 

N(n ,k ) = 2 C ( n - t , k / 2 ) ; 
t = l 

m u l t i p ly ing (16) by x / ( l - x ) and put t ing j = k / 2 we get the 
g e n e r a t i n g function of N(n, k) for k even: 

oo k 

(17) S N ( n , 2 k ) x n = x k ( k + 1 ) + 1 / ( l - x ) H ( 1 - x 1 ) 2 . 
n = l i = l 

To get the gene ra t i ng function of N(n, k) for k odd we 
c o n s i d e r f i r s t the convolut ion 
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00 

D(u,k) = 2 Q(q,(k+l)/2) Q(u-q,(k-l)/2) . 

q = l 

Its generating function is obtained by multiplying f and 
oo ( k-f 1 ) / <£ 

V i l / ! ' V l ) / 3 < X , V l ) / 2 ( X | = u ^ D l t t ' k , X ° = 

x ( k + l , 2 / 4 / ( i _ x(k+l)/2)<*-n l)/2 ( 1 _ x i ) 2 _ 

i = l 

Since the inner sum in (15) is D(n-t,k), multiplying the 

above formula by x/(l-x) we get the generating function of 

N(n,k) for k odd: 

oo 2 k - 1 

(18) 2 N(n,2k-l)x n = x + 1 / ( l -x ) ( l -x ) n (1-x1) . 

n = 1 i = l 

oo 

To obtain the generating function for 2 N(n, k) we simply 

k = l 

add the generating functions in (17) and (18): 

oo oo oo 2 k 

(19) 2 [ S N(n,k)] x11 - x/(l - x) S xk / n (1 - x1)2 . 

n=l k=l k=l i=l 

5. Recalling (1) we get from (19) the generating function 
of p 

oo oo 2 k 

(20) 2 p xn = 4x [1 4- 2 2 4 k xk / n (41 - x1)2]/(4 - x) . 

n = 1 k = l i = l 

We develop now the connection between p and the unrestricted 
n 

partition function p(n) . The generating function of p(n) is 

oo oo 

F(x) = 1 + 2 p(n) xn = n (1 - x1)"1 ; 

n =1 i = 1 

2 3 6 
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by a theorem of Euler , [1] p. 278, 

co 2 oo 

F(x) = 1 + 2 x k / n (1 - x1)2 . 
k=l i= l 

Comparing this with (19) we have 

co 
2 p x n = 8x [F(x/4) - 1/21/(4 - x) 

A n 

n = 1 

and therefore 
1 n " 1 

(21) p = 4 ~ n [ l + 2 2 p(i)] , 
i= l 

(22) p(n) = 2 2 n " 3 ( 4 p . - p ) . 
n+1 n 

Formula (22) suggests a theoret ical possibility of 
calculating p(n) by a Monte-Carlo type of a method. We 
imagine that our plane random walk is simulated on an 
automatic computer and run off N t imes for n steps, 
and also N t imes for n + 1 steps. Let f and f be 

n n+1 
the frequencies of the occurence of spirals in these two runs . 
Then as N -» °o , we have 

2 2 n " 3 (4f - f ) - p ( n ) 
n+1 n 

with probability 1. However, the required number N of runs 
for a close approximation is by far too large for any pract ical 
application, even for only moderately large n . 

REFERENCE 

1. G. H. Hardy and E. M, Wright, The Theory of Number s, 
2nd edition, Oxford 1945. 

McGill University 

237 

https://doi.org/10.4153/CMB-1963-021-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-021-3

