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METRIZABILITY OF M-SPACES
HAROLD W. MARTIN

An unsolved problem in metrization theory is whether every Hausdorff
M-space with a Gs-diagonal is metrizable. There are several recent results
which have a bearing upon this question. In [9], P. Zenor showed that an
M-space is metrizable if and only if it has a regular G;-diagonal; in [1], Borges
showed that a regular meta-Lindel6f M-space is metrizable if and only if it
has a G;-diagonal. In [5], T. Ishii introduced the notion of a wM-space, which
generalizes M-spaces, and in [6] showed that a wM-space is metrizable if
and only if it has a G5(2)-diagonal and that a normal wM-space is metrizable
if and only if it has a G;(1)-diagonal. In [8], T. Shiraki showed that a Hausdorff
wM-space is metrizable if and only if it is a of-space. In view of Theorems 1
and 2 and the implications G;(2)-diagonal = regular G;-diagonal = G;-diago-
nal = G;(1)-diagonal, for regular spaces all five of the foregoing metrization
theorems are special cases of Corollary 5 below.

A c-semi-stratification for a topological space X is a system {g,(x):x € X;
n =1,2,...} of open subsets of X which satisfies the following conditions:

(1) x € g, (x);

(38) if A is a closed compact subset of X and x € X — 4, then there exists
n such that x ¢ g,(a) for every a € 4.

A space X is said to be c-semi-stratifiable if X has a c-semi-stratification. If
{g,(x)} is a c-semi-stratification for X and S C X, then we let

2.(S) = U {g.(x):x € S}.

A c-semi-stratification {g,(x)} is, of course, a semi-stratification if
F=N{g.(F)n=1,2, ...} for every closed subset F of X [3]. A study of
c-semi-stratifiable spaces and, in particular, proofs of Theorems 1 and 2, may
be found in [7].

TueorEM 1. Any space with a G;(1)-diagonal is c-semi-stratifiable.

THEOREM 2. Every of-space is c-semi-stratifiable.

A topological space X is a f-space provided that X has a system
{go(x):ix € X; n=1,2, ...} of open subsets such that x € g,(x) for all
x € X and all # and if x € g,(x,) for some x € X and a sequence {x,} in X,
then {x,} has a cluster point. The notion of a 8-space is due to R. Hodel [4],
who proved that a space X is semi-stratifiable if and only if it is both a 8-space
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and a of-space. In the presence of regularity, Hodel’s factorization theorem
remains true when of-spaces are replaced by c-semi-stratifiable spaces.

THEOREM 3. A regular space is semi-stratifiable if and only if it is a c-semi-
stratifiable B-space.

Proof. Let X be a regular ¢-semi-stratifiable 8-space. X has a c-semi-stratifi-
cation {g,(x):x € X; n =1, 2, ...} such that cl(gy1(x)) C g.(x) for all
x € X and all # and such thatifa € g,(,) forn = 1,2, ..., then the sequence
{b,} has a cluster point. Let %, x, € X such thatx € g,(x,) forn =1,2,...;
we shall show that x, — x, thereby showing that {g,(x)} is a semi-stratifica-
tion and completing the proof.

The sequence {x,} has at least one cluster point; moreover, it is easy to show
that every subsequence of {x,} also has at least one cluster point. Suppose y is
a cluster point of {x,} and that y # x. Choose a subsequence {x,;} of {x,}
withx,; € g;(y)for7z =1,2,...and x £ x,, for all <. Since cl(g;11(y)) C g:(v),
¥ is the only possible cluster point of {x,,}. Since every subsequence of {x,;} has
a cluster point, it follows that x,; — ¥ so that the set S = {y} U {x,,:17 = 1,
2, ...} is compact. There exists m such that x ¢ g,(S); choose & > m such
that x; € S;then x € g, (xx) D gx(xy), which is a contradiction. It follows that
x is the only cluster point of {x,}; since every subsequence of {x,} has a cluster
point, necessarily x, — %, completing the proof.

CoRrOLLARY 4. A regular space is developable if and only if it is a c-sems-
stratifiable wA-space.

Proof. Let X be a regular, c-semi-stratifiable wA-space. Any wA-space is a
B-space so that X is semi-stratifiable, hence a of-space. Burke has shown that
any regular, of, wA-space is developable [2].

COoROLLARY 5. A regular space is metrizable if and only if it is a c-semi-
stratifiable wM-space.

Proof. Let X be a regular ¢c-semi-stratifiable wM-space. Every wM-space is
a f-space so that X is semi-stratifiable, hence a o*-space. Shiraki has shown
that every regular, of, wlM-space is metrizable [8], completing the proof.
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