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Abstract

Using the theory of cohomological invariants for algebraic stacks, we compute the Brauer group of the moduli stack
of hyperelliptic curves Hg over any field of characteristic 0. In positive characteristic, we compute the part of the
Brauer group whose order is prime to the characteristic of the base field.
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1. Introduction
1.1. Brauer groups of moduli stacks

Brauer groups of fields have long been an object of study in number theory, dating back to work of
Noether and Brauer. They were later generalised by Grothendieck to schemes and more general objects,
up to the vast generality of topoi.

While Brauer groups of schemes have seen a lot of attention in modern algebraic geometry, compu-
tations of Brauer groups of moduli stacks over nonalgebraically closed fields only started appearing in
recent years.

In the 2010s, Lieblich [19] computed the Brauer group of By, over fields where g is invertible and
applied it to the period-index problem. Later, Antieau and Meier [1] computed the Brauer group of
the moduli stack M ; of elliptic curves over a variety of bases, including Z, Q and any finite field of
characteristic greater than 2. Moreover, in an unpublished draft [20], Meier computes the £-torsion of
the Brauer group of M ; over any separated, regular noetherian scheme S where ¢ is invertible.

In 2019, Shin [26] showed that over an algebraically closed field of characteristic 2, the Brauer group
of M is equal to Z/27Z.

The proofs of these results are based on standard tools in étale and flat cohomology coupled with a
very delicate analysis of various presentations of the stack of elliptic curves, their relations, the stabiliser
groups at various points and so on, which seem hard to apply to more complicated stacks.

1.2. Main results

Our goal is twofold:

1. Introducing a new toolkit for the computation of Brauer groups of moduli stacks, based on the second
author’s theory of cohomological invariants for algebraic stacks [22]

2. Computing the prime-to-char (k) part of Br (Hg), the Brauer group of the moduli stacks of hyper-
elliptic curves of genus g > 2, over a field k of characteristic different from 2 (see Main Theorem
A)j; in particular, if char(k) = 0 we obtain the full Brauer group

To simplify our statements, we introduce the following notation:

Definition. Let A be an abelian torsion group and let ¢ be a prime number or 0. We denote by “A the
subgroup of A given by elements whose order is not divisible by c. In particular, °’A = A. Given a
positive number ¢, we denote by A, the {-tosion subgroup.

Without further ado, we state our main Theorem (Theorem 8.1):

Main Theorem A. Let k be a field of characteristic ¢ # 2 and g > 1 an integer. Let ry € {0, 1} be the
remainder of g mod 2. Let £, = 2"¢ (4g +2).
Then

“Br (H,) =~ “Br(k) @ HY,, (k. (Z/6,Z)) ® Z/228(1*%)

Note that while in Antieau and Meier’s results the Brauer group is generated by the Brauer group of
the base field and cyclic algebras, in our case the Z/ 270(1+7%) component does not, painting a richer
picture. The additional copy of Z/2Z in the odd case is generated by the class of the relative Brauer—
Severi scheme P = C/t, where C is the universal curve over H, and ¢ is the hyperelliptic involution. It
is well known that this class is trivial when g is even.

As we mentioned earlier, our techniques are based on the second author’s theory of cohomological
invariants for algebraic stacks [22] and computations in Rost’s (equivariant) Chow groups with coeffi-
cients [17, 24]. We believe these techniques will be well suited to computing the Brauer groups of a
large variety of stacks admitting a ‘good’ quotient presentation, such as stacks of trigonal curves [3]
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and stacks that can be obtained as stacks of complete intersections — for example, the stacks of quasi-
polarised K3 surfaces of low degree [7].

In terms of computing cohomological invariants, our main result (combining Proposition 7.5, Theo-
rem 7.9 and Remark 7.10) is the following:

Main Theorem B. Let k be a field of characteristic ¢ # 2, and let M be an {-torsion cycle module, with

¢ 1 L. There are elements ay, . .., g1, Of degree 1,. .., g+ 1, such that
g+l
Iy =M*(k) ® a1 - M* (k)y, ® ) - M* (k)
i=2

is a submodule of Tnv® (Hg, M). If g is even, we have
Tnv® (H’;, M) = I, ® Bgur - M* (k.

If g is odd, there is an exact sequence

0 Iy ®ws - M* (k) = Inv (M4, M) — N3 (k) =0,

where wy has degree 2, Ng (k) € M*®(k), and the last map lowers degree by g + 2.

The cohomological invariants in the theorem have coeflicients in an arbitrary ¢-torsion cycle module
M, where ¢ is a positive integer not divided by c. An ¢{-torsion cycle module admits a module structure
over the cycle module Hz,»7 of twisted mod ¢ étale cohomology, which has a natural graded-commutative
ring structure given by the cup product. The elements ay, ..., @g41, Bg+2 belong to Inv® (Hg, Hz/gz),
and the product is given by the module structure. Note that an arbitrary cycle module M may not have
a ring structure. Consequently, different from our previous results, the group Inv® (#¢, M) does not in
general have a ring structure.

The Hz,/,z-module structure, as explained in Section 5, is a consequence of Voevodsky’s norm-
residue principle [29], also known as the Bloch—Kato conjecture. The norm-residue principle will be
crucial for our proof, in particular to move from coeflicients in Hz, ,z, where p is a prime different from
char(k), to coefficients in Hz;,rz. It should be explicitly noted that for the purpose of proving Main
Theorem A, we can restrict to invariants of degrees 1 and 2 and thus use the much older and simpler
Merkurjev—Suslin theorem.

Main Theorem B represents a large increase in generality compared to our previous results. In
[6, 21, 23], the foregoing result is obtained under the assumption that the base field is algebraically
closed and the coefficients are taken in twisted mod p étale cohomology, where p is a prime number
different from c. In [8], we managed to lift the condition that k£ should be algebraically closed, but still
used mod p étale cohomology as coefficients.

The technical improvement between the present result and our previous results is composed of two
steps: going from Hz,,z to Hz,,z, thus giving up the F,-vector space structure, and from Hz;,z to M,
thus giving up the ring structure. The second step is the hardest, as the modules that appear are not
very well behaved, not being free or faithful or even necessarily finitely generated. Nonetheless, as the
formula in Main Theorem B shows, they will still admit reasonable decompositions in terms of the
action of Hz,¢7.

Dealing with more general cycle modules is necessary to obtain Brauer groups, as we need to consider
twisted étale cohomology with coefficients in Z/¢Z(-1) = /JZ. Note in particular that Hﬂ; does not
have a ring structure. We could restrict ourselves to just considering the cycle modules Hp coming from
twisted étale cohomology with coefficients in a Galois module D, but extending the results to all torsion
cycle modules (and in fact, for much of the paper, to all cycle modules) requires little extra effort.

As part of our supporting results, we obtain a slight sharpening of recent results by Gille and Hirsch
[16] on classical cohomological invariants (with generalised coefficients) which might be of interest by
itself.
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1.3. Outline of the paper

In Section 2 we establish the basic results we will need for the rest of the paper on Brauer groups,
cohomological invariants and Chow groups with coefficients. In particular, in Subsection 2.3 we prove
that the cohomological Brauer group of a quotient stack is computed by cohomological invariants.

Section 3 contains a first demonstration of our techniques. We extend a computation from [22] to
compute the cohomological invariants with arbitrary coefficients of the stack of elliptic curves M ;
and use it to compute its Brauer group, partially retrieving Antieau and Meier’s result [1].

In Section 4 we compute the equivariant Chow groups with coefficients of various classifying stacks
BG, which will be used in our main computation.

Section 5 is dedicated to computing the generalised cohomological invariants of BS,, and BPGL,. We
use Gille and Hirsch’s splitting principle [16], complementing it with some equivariant computations
which show that in every case where the splitting principle applies, any normalised cohomological
invariant is of 2-torsion.

In Section 6 we describe a presentation of H, by Arsie and Vistoli [2] and restate some results on
the relation between the cohomological invariants of H, and BS;g,, from [3].

Section 7 is where we put all the results together to obtain our computation of the cohomological
invariants of Hg.

Finally, in Section 8 we specialise the computation of cohomological invariants to obtain a presen-
tation of the Brauer group, and we describe each generator.

1.4. Notation

We work over a base field k of characteristic ¢ # 2. The notation ¢ will be reserved for a positive integer,
not necessarily prime, that is not divisible by c.

Every scheme and algebraic (also known as Artin) stack is assumed to be of finite type over Spec(k).
By a Galois module over k£ we always mean a locally constant sheaf of abelian groups on the small étale
site of Spec(k).

Unless otherwise stated, by H (X, F) we always mean étale cohomology, or lisse-étale cohomology
for algebraic stacks. If R is a k-algebra, we will write H (R, F) for H(Spec(R), F). Given a graded
abelian group A, we denote by A, the ¢-torsion subgroup and by A[d] the group shifted in degree by d.

2. Preliminaries
2.1. Brauer group, cohomological Brauer group, cyclic algebras

Given a Noetherian scheme X, the Brauer group Br(X) is the group of Azumaya algebras over X —
that is, sheaves of unitary algebras which are étale locally isomorphic to the endomorphism group of a
vector bundle over X, modulo the relation that £ ~ &’ if there exist vector bundles V and V'’ such that
E®End(V) ~ & ® End(V’). This relation corresponds to Morita equivalence, and the group operation
is given by tensor product.

The rank of an Azumaya algebra is always a square n”, and algebras of rank n’ are classified by
PGL, -torsors, with the trivial ones coming from GL,,-torsors. We have an exact sequence

1-G, »-GL, - PGL,, —» 1
which induces an exact sequence
H. (X,GL,) — H}(X,PGL,) — H3(X,G,,).

The class of an Azumaya algebra always maps to a torsion element of Hét(X ,Gn), and the map is
injective, so that Br(X) C H2(X , Gpor- We call the torsion subgroup Hgt(X , Gy tor the cohomological
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Brauer group of X, denoted Br’(X). In the setting of schemes, due to results of Gabber and de Jong
[14, 4], we know that Br(X) = Br’(X) whenever X carries an ample line bundle.

The definition of the Brauer group can be vastly extended. Given an algebraic stack, one can define
the Brauer group Br(X), and if X'is quasi-compact or connected, the inclusion Br(X) C Br’(X) holds
(note that for algebraic stacks we will have to use lisse-étale cohomology).

The cohomological Brauer group is often easier to compute, and in all of our computations we will
work with it and then check a posteriori that every element we find comes from an Azumaya algebra.
One very important type of element that we know always come from the Brauer groups are those given
by cyclic algebras.

First, note that if ¢ is prime to char(k), and X is an algebraic stack, then due to the Kummer exact
sequence

1 - pue— Gy — Gy — 1,

the £-torsion of Br’(X) is the image of H2_, (X, u¢). Now, given elements

lis-ét
@ €Hl (Xu),  BeHl  (XZ/Z),

lis-ét

2

there exists a canonical Azumaya algebra A, g whose class in Hj.

(X, ue) is equal to the cup product

@ - B € Hi_ (X pe) = Br' (X

In particular, any element of Br’ that can be written in this way automatically belongs to the Brauer
group.

The equality Br(X) = Br’(X), at least for the prime-to-char(k) part, is known to hold for a large
class of Deligne-Mumford stacks: the following theorem is a combination of a result by Edidin, Hassett,
Kresch and Vistoli [11, Thm. 3.6]', which says that an element @ € Br’(X) comes from the Brauer
group if and only if the corresponding p,,-gerbe is a quotient stack, and a result by Kresch and Vistoli
[18, Thm. 2.2], which gives a criterion for a Deligne—-Mumford stack to be a quotient stack.

Theorem 2.1 (EHKY). Let X be a smooth, separated, generically tame Deligne—Mumford stack of
finite type over k, and assume that X has a quasi-projective coarse moduli space. Then we have

“Br(X) = °Br’'(X).

In particular, the hypotheses of this theorem are valid for the stacks H, of hyperelliptic curves and
for the stack M ; of elliptic curves, so we will know a priori that all the elements we produce belong
to the Brauer group. We remark that the explicit descriptions of the elements we give would also be
sufficient to show that they all belong to the Brauer group.

Finally, the following ensures that the equality Br(X) = Br’(X) holds for all smooth finite Deligne—
Mumford stacks, with no tameness requirement:

Proposition 2.2. Let X' be a Deligne—Mumford stack, finite and smooth over k. Then Br(X) = Br’'(X).

Proof. By [14, Ch.II, Lemma 4], given a surjective, finite and locally free map ¥ L X, if « € Br'(X)
and f*a € Br(Y), then @ € Br(X). The result is proven in the setting of strictly ringed topoi, so in
particular it holds for Deligne-Mumford stacks.

Then we can just apply this to X — X, where X is an affine scheme and the map X — X'is an étale
covering, and use the fact that for zero-dimensional schemes it is always true that Br = Br’. m}

IThe theorem is stated for Noetherian schemes, but the key lemmas needed for the proof, in Section 2, are all formulated in terms
of Deligne-Mumford stacks, and the proof of the theorem carries word by word for a separated Noetherian Deligne-Mumford
stack.
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2.2. Generalised cohomological invariants

Classically, cohomological invariants are defined as natural transformations from the functor

Tg : (Field/k) — (Set), T (F) def {G-torsors over F/iso},

which sends a field F to the isomorphism classes of G-torsors over F, to the twisted cohomology functor

Hp : (Field/k) — (Set),  Hi,(F) < eHL (F, D(i)),
where D is a torsion Galois module. This is the definition in Garibaldi, Merkurjev and Serre’s book [15].

In [22], the second author extended the notion of cohomological invariants to a theory of invariants
for algebraic stacks, retrieving the classical theory when the stack is equal to the classying stack of
G-torsors BG.

In both the classical case and the more general version of cohomological invariants that we use in this
paper, one can take a more general approach regarding coefficients and define cohomological invariants
as natural transformations to any of Rost’s cyle modules, as defined in [24].

These kind of generalised invariants were considered by both Guillot [17, Sec. 6] and the second
author [22, Sec. 6], but as recently pointed out by Gille and Hirsch [16, Sec. 3], both approaches work
only for cycle modules defined over every extension of the base field k, such as Galois cohomology and
Milnor’s K-theory, while in general a cycle module M is defined only over finitely generated extensions
of k.

In their paper, Gille and Hirsch rework the foundations of the theory in this more general case, and
prove a splitting formula for finite reflection groups. Following their approach, in this section we give
a corrected definition of generalised cohomological invariants of algebraic stacks and show that the
usual properties apply. In Section 5, we will use equivariant techniques to obtain a sharpening of their
splitting formula.

Let us recall the construction of Rost’s cycle modules [24]. Given a field F, denote by T(F*) the
tensor ring ®;>o(F*)®?'. Milnor’s K-theory ring K3y (F) is given by

K (F) = T(F")/{a®b |a,be F*, a+b=1}.

For a field extension ¢ : FF — F’ there is a map ¢* : K}, (F) — K3, (F’) given by restriction of
scalars. If the extension is finite, we have a map ¢. : K3, (F') — K}, (F) given by the norm map.
These maps are functorial and compatible with each other. Moreover, we have a projection formula

¢.0¢" = [F': F]ldk: (F).
If the extension F’/F is purely inseparable, we moreover have the opposite equality,
¢* o ¢ =[F : Flldks (-

We call a discreet valuation ring (DVR) (R, v) geometric if R is a k-algebra and the transcendence
degree of the quotient field F is 1 higher than the transcendence degree of the residue field F, . In this
case we have a boundary map

8y : Ky (FR) = Ky (Fy).

In degree 1, this map is just the valuation v. Finally, let (R, v) be as before and let 7 be a uniformiser for
v. We define a map

57 Ky (Fr) = Ky (Fy), sT(x) =0y (7 - x).
If 9, (x) = 0, the map does not depend on the choice of 7 and we just denote it s,,.

https://doi.org/10.1017/fms.2021.55 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.55

Forum of Mathematics, Sigma 7

Milnor’s K-theory is the basic, and most important, cycle module. In general, denote by & the
subcategory of (Field/k) given by finitely generated extensions. A cycle module M is a contravariant
functor? from {Ggp to the category of graded abelian groups, equipped with four operations ¢.., ¢*, d,, s7.
This collection of data has to satisfy a long list of properties, which in particular imply that M*® (F) has
tobea KI.VI(F )-module for all F, the operations have to be compatible with those on Ky;; and with each
other and they have to satisfy the projection formula already given [24, Sec. 1-2].

The key examples of cycle modules other than Milnor’s K-theory are given by the twisted Galois
cohomology cycle modules Hp. Note that by Voevodsky’s norm-residue isomorphism [29, Thm. 6.1]
or by the Merkurjev—Suslin theorem in degree 2 or lower, we have the equality

def
Kwmit/(£) = Hzyez = Ke.

Given a geometric DVR (R, v), Rost defines a group M*(v) (not to be confused with M*®(F,)) with
amap p : M*(Fgr) — M*(v). The group sits in the exact sequence

05 M*(F,) 5 M (v) S M*(F,) >0,

and the composition d o p is equal to d,,.

When working with Galois cohomology, the group H}, (v) is equal to H}, (Fgn), where (Rh, v) is the
Henselisation of (R, v) [15, Eq. (7.10)]. The definition of cohomological invariants of an algebraic stack
[22, Def. 2.2] includes a continuity condition which can be rephrased as stating that for a Henselian DVR
R", the value of p (a (Fgn)) should be equal to i (a(F,)). This suggests the following general definition:

Definition 2.3. Let X'be an algebraic stack. A cohomological invariant with coefficients in M is a natural
transformation

a:Pty—M
such that for any geometric DVR (R, v) and any map from the spectrum of R to X’ we have
p(a(Fg)) =i(a(Fy)) e M*(v).

The cohomological invariants with coefficients in M of X form a graded M* (k)-module Inv® (X, M).
Given a morphism f : )Y — X, we define a pullback f* : Inv®*(X,M) — Inv*(), M) by setting
[ (a(q) = a(f(q)).

Throughout the paper, every decomposition of a group of cohomological invariants will be a decom-
position of M* (k)-modules, unless specified otherwise.

Note that this definition differs from the one in [22, Sec. 6], as it requires the continuity condition
on geometric DVRs rather than Henselian ones. This has the advantage that it applies to more general
cycle modules, as in general a cycle module is only defined on finitely generated extensions of the base
field. As will be evident in the rest of the section, the theory we obtain with this definition is exactly the
same as what we obtained in [22].

Definition 2.4. The group Inv®(Spec(k), M) is equal to M*(k). Consider a stack X N Spec(k). Its
invariants coming from the pullback of Inv®(Spec(k), M) = M*(k) are called constant. The value of
these invariants at a point g : Spec(F) — X depends only on the field F.

The group of normalised cohomological invariants of X'is

Inv* (X, M) = Inv*(X) /7" Inv® (k, M).
2We choose to see cycle modules as contravariant functors from the opposite category, contrary to what Rost does, so that the
pullback/push-forward notation agrees with that for Chow groups with coefficients.
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If X = BG, the group of normalised invariants is equal to the subgroup of Inv*(BG, M) given by
invariants which are zero on the trivial torsor.

Remark 2.5. In our notation, we call Invi(BG,M) the group denoted by Invi(G,M) in [16], and
Inv' (BG, Hp) the group denoted by Inv' (G, D) in [15].

Remark 2.6. Given an étale extension (R’,v’) of (R, v) with the same residue field F,, = F = F,/,
we have an isomorphism M*(v) ~ M*(v’) and the continuity condition for (R’, v’) is equivalent to the
continuity condition for (R, v).

In other words, we can check the continuity condition on any Nisnevich neighbourhood of the closed
point of Spec(R).

Moreover, if M is defined on all extensions of k, we can restrict to checking the condition on the
Henselisation R".

Recall that a smooth Nisnevich morphism [22, Def. 3.2] is a representable smooth morphism f :
Y — X of algebraic stacks such that for any field extension F/k and any point p : Spec(F) — X, we

have a lifting
Tl

Spec(F) L x

A smooth ¢-Nisnevich morphism [22, Def. 3.4] is a representable smooth morphism f : J — X of
algebraic stacks such that for any point p : Spec(F) — X, we have a commutative square

Spec(A) L Yy

L)

Spec(F) AN X,

where A = F; X --- X F,, the extension F;/F is finite and separable for each i and
([F1:F],...,[F:F],0)=1.

Given an algebraic stack X’ we define the smooth Nisevich and smooth £-Nisnevich sites of A" as
the sites (Spc/X)sm-Nis and (Spc/X)sm ¢-Nis Where the objects are representable maps to X, morphisms
are commutative squares over the identity of X and coverings are respectively smooth Nisnevich and
smooth £-Nisnevich morphisms [22, Def. 3.9].

Let A be as before. Then the fibred product Spec(A) Xspec(r) Spec(A) is a disjoint union Spec(E1) U
--+ U Spec(E,), where each of the E; is a finite separable extension of F. There are two pullbacks
Pri,Pr; : &M (F;) — &;M (E;). We have a sequence

Pr{—Pr}
0—- M(F) » &;M(F;)) — &;M (EJ) ,

which is always left exact when M is £-torsion. We say that M has the property (S¢) if M is £-torsion and
the foregoing sequence is exact for any F € i and A as before. This is true in particular for M = Hp,
where D is an {-torsion Galois module [22, Lm. 3.7].

Theorem 2.7. The functor Inv®(—, M) is a smooth Nisnevich sheaf.
If M is £-torsion, then the pullback of Inv® (—, M) through a smooth €-Nisnevich covering is injective.
If, moreover, M has the property (S¢), then Inv®(—, M) is a smooth €-Nisnevich sheaf.

Proof. The proof is very similar to the proof of [22, Thm. 3.8]. Let 7 : )V — X be a smooth Nisnevich
covering. We define an invariant « by setting @(p) = a(p’) for any lifting p’ of p. This is clearly well
defined and functorial, thanks to the sheaf condition.
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Now let (R,v) be a geometric DVR and let f : Spec(R) — X be a morphism. Let R" be the
Henselisation of R. The morphism J'x x Spec (R") — Spec (R") always has a section. This implies that
we can find some finite extension (R’, v’) of R with the same residue field F,, and a commutative square

Spec(R’) L) Yy

Lo L

Spec(R) L) X.

The continuity condition for (R’, v") implies the continuity condition for (R, v), so we have proven our
claim in the smoothNisnevich case.

Injectivity in the smooth £-Nisnevich case is trivial, because given an extension F € F; X -+ X F,
as before, the map

G7 XX g7 MU(F) = M (F) @ - & M'(F,)

is injective. If condition (Sy) holds, then we can proceed exactly as before to show that cohomological
invariants form a smooth ¢-Nisnevich sheaf. O

Remark 2.8. The typical example of smooth Nisnevich covering that will appear in the following is a
quotient X — [X/G], where G is a smooth and affine algebraic group over k that is special in the sense
that every G-torsor is Zariski locally trivial. In this case, the inverse image of a point Spec(F) — [X/G]
is a G-torsor over Spec(F), which is necessarily trivial and thus has a point, showing that X — [X/G]
is smooth Nisnevich.

As a direct consequence of the continuity condition, we see that given a geometric DVR R, the value
of a cohomological invariant being 0 at the quotient field implies the same for the residue field. Then it
is easy to prove by induction that this property propagates to regular local rings and regular schemes of
finite type.

Lemma 2.9. Let X be a regular, connected scheme of finite type over k, with generic point &. Then for
any a € Inv* (X, M), we have

a(é)=0=>a=0.

Proof. This is proven exactly as in [16, Cor. 3.6] or [22, Lm. 4.5]. O

Given a smooth, irreducible scheme X over k, the O-codimensional Chow group with coefficients
A%(X, M) is the subgroup of M(k(X)) of elements such that d,,a = 0 whenever (R, v) is the local ring
of a point x € X1 —that is, a point of codimension 1 in X.

The following theorem shows that on smooth schemes, this group is equal to the group of cohomo-
logical invariants, and consequently in general the functor of cohomological invariants is a sheafification
of A°(—, M) in the smooth Nisnevich (or smooth £-Nisnevich) topology. The properties of Chow groups
with coefficients will be discussed in depth in Subsection 2.4.

Theorem 2.10. Let X be a scheme, smooth over k. Then
Inv® (X, M) = A°(X, M).

Let X be an algebraic stack, smooth over k. Then the functor Inv®(—, M) is the smooth Nisnevich
sheafification of A°(—, M).

Proof. The second statement is an obvious consequence of the first and Theorem 2.7.
To prove the first statement, let X be a smooth, connected scheme over k with generic point £. Note that
given an invariant e, the value a(¢) is unramified at all points x € XV, so a(¢) € A°(X, M). This map
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is injective by the Lemma 2.9. On the other hand, an element 8 € A°(X, M) defines a cohomological
invariant by pullback (see [24, p. 360, after Cor. 6.5]), and the two maps are inverse to each other. O

Remark 2.11. When M = Hp,, by the Bloch—-Ogus—Gabber exact sequence we have
Inv*(X,Hp) = A°(X,Hp) = HY, (X,H"(-, D)).
That is, on smooth schemes, cohomological invariants are the Zariski sheafification of the twisted
cohomology functor H*(—, D).
Corollary 2.12. Let f : Y — X be a map of smooth algebraic stacks over k. If f is either

o an affine bundle or
o an open immersion whose complement has codimension at least 2,

then the pullback f* is an isomorphism.

Proof. This is an easy consequence of the same properties being true for A°(X, M) ([24, Sec. 9] for the
first statement, and the second one by definition) and the sheaf conditions. O

Finally, the following proposition shows that when working with an £-torsion cycle module, we can
always reduce to ¢ being a prime power:

Proposition 2.13. Assume that € = rs, with (r,s) = 1, and let M be an {-torsion cycle module. Then
the following hold:

1. M, and M are both cycle modules.

2. We have M = M,. X M, and if M has a product pairing, the product respects the ring structure.

3. We have Inv®* (X, M) = Inv* (X, M,) & Inv* (X, Mj).

Proof. The four operations ¢*, ¢, 0, s7 all send M, to itself. Verifying that the requlrements 1n [24,
Sec. 1-2] areall satlsﬁed is aroutine exercise, proving (1). Moreover, we have maps M SN M,, M N M;.

The resulting map M N M, x My is clearly an isomorphism, proving (2). Finally, the map p induces
a map at the level of cohomological invariants, which again is easily shown to be an isomorphism,
proving (3). O

2.3. Cohomological invariants and the cohomological Brauer group

In this subsection we restate some results from the last section of [22] connecting cohomological
invariants and the cohomological Brauer group, and we extend them to quotient stacks. Recall that ¢ is
a positive number not divisible by char(k).

Lemma 2.14. Let X be an algebraic space, quasi-separated and smooth over k. Then
Inv? (X, Hﬂz) = Br'(X),.

Proof. This is the content of [22, Lem. 7.6]. O

The proof of this statement does not extend to algebraic stacks, but as for cohomological invariants,
any theory that is invariant by the operations of removing closed subsets of high codimension and of
passing to vector bundles admits an extension to quotient stacks through standard equivariant techniques.
The following lemma tells us exactly that:

Lemma 2.15. Let X be an algebraic stack smooth over k. Then the following are true:

o IfV — Xis a vector bundle, we have Br'(X), = Br’ (V),.
o IfU C X is an open subset whose complement has codimension > 2, we have Br’(X), = Br’'(U),.
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Proof. This is proven in [12, Prop. 1.3, 1.4]. O

Now we can use equivariant approximation to reduce the problem of computing the cohomological
Brauer group to algebraic spaces. The following ideas will be vastly expanded on in Section 4.

Lemma 2.16. Let G /k be an affine, smooth algebraic group, and i a positive integer. Then there exists
a representation 'V with an open subset U such that G acts freely on U and the codimension of the
complement of U is at least i.

Proof. We embed G into GL,,, which can always be done for a smooth affine algebraic group over k.
Now consider the action of GL,, on n X n + i matrices through left multiplication. The action is free on
the open subset of matrices of maximal rank, whose complement has codimension i. This is contained
in [10, Lemma 9]. m]

Proposition 2.17. Let X be an algebraic space, quasi-separated and smooth over k, being acted upon
by an affine smooth group scheme G [k. Then

Inv? ([X/G] JH,, ) - Br'([X/G]).

v
4

Proof. Let U be as in Lemma 2.16, with i = 2. Then (U X X)/G is a smooth algebraic space, as the
action is free. As the map (U X X)/G — [X/G] is the composition of a vector bundle and an open
immersion whose complement has codimension 2 or higher, it has the same cohomological Brauer
group and cohomological invariants as [X/G]. Lemma 2.14 allows us to conclude. O

Finally, the following lemmas will be useful in detecting cyclic algebras among elements of the
Brauer groups.

Lemma 2.18. Let X /k be a smooth and separated algebraic space over k, being acted upon properly
by an affine smooth group scheme G [k. Then

Inv! ([X/G],Ke) = H'([X/G], ue).

Proof. Recall that K, &f Kwmil/(€) = Hzz. Note that by purity we can remove closed subsets of
codimension > 2 without affecting the first cohomology groups. By the process already described, it is
then sufficient to prove the statement for a smooth separated algebraic space X.

Moreover, by [27, Tag 0ADD] we know that up to a closed subset of codimension at most 2, X is a
scheme, so we can reduce to a smooth scheme X.

Consider the morphism of sites

(i*7i*) : Xét - XZar

given by restriction and pullback. The composition with the global sections functor I'" induces a
Grothendieck spectral sequence

HP (X,R9i.F) = HL™(X,F).
Picking F = ¢, the low-degree-terms exact sequence reads
0 — Hy, (X, pe) — HL (X, pe) — Inv! (X, Ke) — HZ, (X, pe).

Now observe that on the small Zariski site of X, the sheaf u, is constant, and thus flasque. Then its
Zariski cohomology is trivial and the result follows immediately. O

Lemma 2.19. Let X be an algebraic stack over k. Any element of Br’(X) coming from the cup product
H' (X, ue) @ H (X, Z/Z) — H2(X, u¢) is represented by a cyclic algebra.

Proof. This is proven in [1, 2.10, 3.7]. O
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2.4. Chow groups with coefficients

As our main tool for computations, we need to establish the main properties of the theory of Chow
groups with coefficients. Rost’s original paper [24] develops the theory for arbitrary cycle modules, but
it notably lacks a theory of Chern classes, which was later developed in [21, 2.3-2.5].

A cycle with coefficients @ € C;(X, M) is a formal finite sum of elements in the form (V, ), where
V is an irreducible subscheme of X of dimension i and 7 € M*(k(V)). The groups C;(X,M) form a
complex

0 = Ciimx)(X,M) — --- = C1(X,M) — Co(X,M) — 0.

If V is a normal irreducible subscheme, the differential d is defined on an element (V, 7) by

AV, 7) = @,y (7.04,7).

where the sum runs over points of codimension 1 and the valuation v, is defined by the DVR Oy ,.
There is some extra subtlety involved in the general definition when the subscheme V is not assumed to
be normal.

The axioms of cycle modules ensure that the sum is finite and that d o d = 0. The groups A; (X, M)
are defined as the homology of this complex.

When X is equidimensional, which will always be the case in the following, we can define C? (X, M)
as the group of cycles of codimension i, and switch to the codimension notation

AT (X, M) = Agin(x)-i (X, M),
which is better suited for our purposes. We denote
dim(X)

A* (X, M) = @ AL(X, M).
i=0

The group A*(X, M) has two different gradations, one given by codimension and one by the gradation
on M. We will always refer to the former by codimension and the latter by degree.
We recall the main properties we are interested in:

Proposition 2.20. Let X and Y be equidimensional, quasi-projective schemes of finite type over k. Let
M and N be €-torsion cycle modules. Then we have the following properties:

1. Proper push-forward: every proper morphism f : X — Y induces a homomorphism of groups
f* : AZ(X’M) — Al(Y’M)

which preserves the cohomological degree.
2. Flat pullback: every flat morphism f : X — Y of relative constant dimension induces a homomor-
phism of groups

f* ALY, M) — AL(X, M)

which preserves the cohomological degree.

Lo . i . J
3. Localisation exact sequence: given a closed subscheme Z — X whose open complement isU < X,
there exists a long exact sequence

s A D A UM S AL (Z M) D AL (X M) o
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The boundary homomorphism 0 has cohomological degree —1, whereas the other homomorphisms
have cohomological degree .
4. Compatibility: given a Cartesian square of schemes

where the vertical morphisms are closed emebeddings and the horizontal ones are proper, we get a
commutative square

”

A(Y\ Y, M) — s A (X7 \ X, M)

I I

A1 (Y, M) —— Ap_1 (X, M),

where i" is the restriction of i’ to Y’ \ Y.
5. Homotopy invariance: if m : E — X is a finite-rank vector bundle, then we have an isomorphism

a* AYX, M) =~ AY(E,M)

which preserves the cohomological degrees.
6. Pullback along regular embeddings: every regular embedding i : X — Y induces a pullback
morphism

i AN(Y, M) — AL (X, M)

which satisfies the usual functorial properties.
7. Pullback from smooth targets: every morphism f : X — Y with smooth target Y induces a pullback
morphism

£ ANY, M) — A(X, M)

which satisfies the usual functorial properties. Whenever f is flat of relative constant dimension,
this pullback coincides with the flat pullback introduced before.

8. Ring structure: if X is smooth and M is a cycle module with a pairing, then A*(X, M) inherits the
structure of a graded commutative ring, where the graded commutativity should be understood in
the following sense: if a has codimension i and degree d, and B has codimension j and degree e,
then a - B = (=1)%°B - @, and the product has codimension i + j and degree d + e.

9. Module structure: If Y is smooth and we have pairings NXN — N and NxM — M, then A*(Y,M)
inherits the structure of an A*(Y,N)-module.

For every morphism f : X — Y and every a in A*(Y,N) and B in A*(X, M), we have

fa-p)=fa B
For every proper morphism f : X — Y, the following projection formula holds:

fula - f*B) = fua - B.
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10. Chern classes: For a vector bundle E — X of finite rank r, we have well-defined Chern class
homomorphisms

ck(E)(-) 1 AL(X, M) — A™F (X, M)

which satisfy the usual standard properties.
In particular, if i : X — E denotes the zero-section embedding, we have

i"i.(a) = ¢, (E)(a).

11. Projective bundle formula: For a projective bundle n : P(E) — X whose fibres have dimension r,
we have

AY(P(E),M) ~ jéocl((f)(l))f (" AT (X, M))

for 0 < i < r. Moreover, we have

r

c1(O()™* (=) = - Z c1(O() (7" ¢ra1-i(E)(-)) -

i=0

Sketch of Proof. The proofs of (1)—(4) are the content of [24, Sec. 4], (5) is [24, Prop. 8.6], (6) is [24,
Prop. 12.3], (7) is [24, Thm. 12.1 and Prop. 12.2] and (8) and (9) are [24, Thm. 14.6]. The theory behind
(10) and (11) is developed in [21, Sec. 2.1]. O

Proposition 2.21. Let E be a vector bundle over a smooth variety X, and let M be an {-torsion cycle
module. Let a be an element of A*(X,M).

The class c;(E)(a) € A*(X,M) is equal to the image of ¢;(E)(1) ® a through the multiplication
map A* (X,Hzez) ® A*(X,M) — A*(X,M).

Proof. Let m : E — X be a line bundle with zero section i : X — E, so that ¢;(E)(a) = i*i.a. We
claim that

fio(a - B) =iti,a - B, (2.1)

where « is an element of A* (X,Hz/,z) and 8 is an element of A*(X,M). Observe that i* = (7*)~!:
we will show that the pullback along 7 of the two sides of equation (2.1) coincide. The pullback of the
right-hand hand side is

o ((Fl.a - B) = 7't - B =i - B
The pullback of the left-hand side is
7 i (- B) =ila-B) =ia-i"1"B) =i.a - 1B,

where in the last equality we have used the projection formula (see Proposition 2.20(9)).
By taking @ = 1 we obtain a proof of the proposition in the case of line bundles. The general case can
be deduced from this one by applying the splitting principle and the Whitney summation formula. O

Lemma 2.22. Let X be a scheme and write G, = Spec (k [t, ! ] ). Let M be an €-torsion cycle module.
Then

A" (X X G, M) = A" (X, M) & {t}A" (X, M),
where {t} is seen as an element of H' (k(t), t¢) = k(£)*/(k(t)*)¢.
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Proof. Consider the localisation long exact sequence induced by the open embedding X xG,,, ¢ X xA!,
which is

e A (XxA\.‘,M) 5 AN(X X Gy M) — AL(X x {0}, M) — Ai+! (XxAl,M) S

We have A’ (X x A',M) =~ A’(X x {0}, M) = A’(X, M). With this identification, the last morphism in
the sequence coincides with multiplication by ¢ (Ox) = 0; hence for every i we have

0— A(X,M) - AY(X X G,,,, M) = A (X,M) — 0.

Let ¢ be the element in Inv*® (X ,Hz /gz) which sends a morphism Spec(F) — X X G,, to the equivalence
class in H' (F, pg) = F*/(F*)¢ of the element in F* defined by Spec(F) — X X G,,, — G,,,.

We can use the invariant 7, regarded as an element of A® (X X Gy, Hz/¢z) to define a morphism
i1 A'(X,M) — A" (X XG,,,M) by setting i(y) = t-pr}y (we are using here the fact that A*(X X G,,, M)
is an A* (X X Gy, Hz/¢z)-module).

It is easy to check that i provides a splitting for the short exact sequence given, thus concluding the
proof. O

Proposition 2.23. Let M be an {-torsion cycle module. If f : X — Y is a universal homeomorphism, it
induces an isomorphism f, : A*(X,M) — A*(Y,M).

Proof. Let f : X — Y be a universal homeomorphism. Given a point y € Y, its fibre x is a point of X
and the map f : x — y is a purely inseparable field extension.
The two formulas

() ((fe) @) = [k(x) k(W] a, (S ((fx):B) = [k(x) : k(»)] B,

together with the fact that ¢ is not divisible by the characteristic of k, imply that both (f,)* and (fx).
are isomorphisms.
Then f, induces an isomorphism on cycle level, proving our claim. O

3. The Brauer group of M,

The tools we developed up to this point are enough for a first demonstration of how our methods work.

The Brauer group of M ; has been explored in depth by Antieau and Meier in [1, 20], including in
mixed characteristic, which is beyond the reach of our tools. Our proof has some independent interest
though, as it is much simpler than the techniques used in those papers.

Theorem 3.1. Assume that the characteristic of k is different from 2 or 3, and let M be an {-torsion
cycle module. Then the cohomological invariants of M| with coefficients in M are given by

Inv® (M1, M) = M*(k) @ {27x* + 4y°} - M* (k)1
Proof. Consider the standard presentation of M as the quotient [(A?\ V) /G,,], where V is the

curve 27x” + 4y® = 0 and G,, acts by (x,y) > (xt6, yt4). The curve V is universally homeomorphic to
Al so we have an exact sequence

0 — M*(k) - A°(A%\ V,M) — M*(k) — 0.

The boundary of the element {27x? + 4y*} € H'(k(x,y), u¢) at V is 1, and it is unramified every-
where else, so it belongs to A° (A2 \V,Hz /[Z). In particular, the submodule {27)(2 + 4y3} -M?* (k) maps
bijectively to M* (k) = A°(V, M), splitting the exact sequence. Thus

A° (A2 \V, M) = M*(k) ® {27x2 + 4y} - M* (k).
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We have to understand which of these elements glue to invariants of M ;. This is equivalent to
checking whether the two pullbacks through

pry,m: (A2 \ v) X Gy = (A2 \ v) Xy (A2 \ v) = A2\ V
coincide, where m denotes the multiplication map. By Lemma 2.22 we have
A0 ((A2 \ v) xGm,M) = A° (A2 \ V,M) @1 A (A2 \V,M)

and m* {27)c2 + 4y3} = 12{t} + {27x2 + 4y3}. Then an element {27x2 + 4y3} - is unramified if and
only if @ € M*(k)p». O

Corollary 3.2. Assume that the characteristic of k is different from 2,3. We have
“Br(Mi,) =~ °Br(k) @ H' (k, Z/12Z).

Moreover, the group is generated by constant elements (i.e., pullbacks from “Br(k)) and cyclic algebras.

Proof. The formula for the cohomological Brauer group follows immediately by applying Theorem 3.1
toM=H,v for increasing £. Then Lemmas 2.18 and 2.19 allow us to conclude immediately. O

4. Some equivariant computations

We begin by briefly recalling the Edidin-Graham-Totaro equivariant approximation construction. After
that, we will explicitly compute some equivariant Chow groups with coefficients: these computations
will be frequently used in the remainder of the paper.

Consider an algebraic space X being acted upon by an affine, smooth algebraic group G/k. By
Lemma 2.16 we know that for any i there is a representation V; such that G acts freely on an open subset
U; whose complement has codimension at least i. Because the action of G on X X U; is free, the quotient
[X x U;/G] is an algebraic space.

Now, the map [X X U;/G] — [X/G] is the composition of a vector bundle and an open immersion
whose complement has codimension at least i. Consider a collection of functors F/ from the category
of algebraic stacks over k (or a subcategory, e.g., smooth stacks) to the category of groups such that the
following are true:

o If E — Y is a vector bundle, then F/ (Y) = F/(E).
o If U — Y is an open immersion whose complement has codimension > 7, then F/(Y) = F/(U) for
every j <.

Then we have F/([X/G]) = F/([X x U;/G]) for some sufficiently large i. If we see F*(X) = ®;F/(X)
as a graded group, then F*(X) = &;F/([X x U;/G]). An example of such a graded functor is étale
cohomology, or singular cohomology when everything is defined over C.

We can also go the other way around: if the theory F is defined only for algebraic spaces, and it has the
properties just described, then there is only one possible extension to quotient stacks that still satisfies
the same properties — that is, we must have F/ ([X/G]) = F/([X x U;/G]) for some large enough i.

A simple double fibration argument shows that this does not depend on the choice of the representation
of G, and moreover this can be proven to be independent of the presentation as well, so it gives a well-
defined extension of the graded functor F* to quotient stacks [X/G].

This construction, which already existed in the context of equivariant homology, was first used by
Totaro [28] to compute the Chow rings of some classifying stacks BG, and was later extended by Edidin
and Graham to general quotient stacks [ 10].
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The construction carries over immediately to Chow groups with coefficients. Given an algebraic
group G acting on a scheme X, we will denote the G-equivariant Chow groups with coefficients of X by

@ AL(X,M) = AL (X, M).

i20

This was first done by Guillot [17]. Note that contrary to the case of schemes, there is no maximum
bound for the codimension of a nonzero element.

These groups enjoy all the same properties as the ordinary Chow groups with coefficients. Sometimes
we will refer to the equivariant cycle groups C"G (X, M); by this we will always mean the cycles on an
appropriate equivariant approximation.

Cohomological invariants turn out to be equal to the 0-codimensional Chow group with coefficents
for algebraic spaces, hence we can compute them on quotient stacks by using equivariant Chow groups
with coefficients.

Proposition 4.1. Let X be a smooth quasi-separated algebraic space over k, being acted upon by a
smooth affine group G |k. Then

Inv*([X/G], M) = AL (X, M).

Proof. This is the content of [22, Thm. 4.16] in the case where the coefficients are in étale cohomology.
The general case can be obtained in the exact same way, as an immediate consequence of Theorem 2.10
and Corollary 2.12. O

In the rest of this section we will perform some explicit computations of equivariant Chow groups
with coefficients. These results will be frequently used in the remainder of the paper.

Proposition 4.2. We have
AaLm(Spec(k), M) = CH*GLm(Spec(k)) ®M* (k).

Proof. Let V be a finite-dimensional vector space and let Gr,,, (V) be the Grassmannian of m-subspaces
of V. We are going to prove that

CH!(Gr,,(V)) @ M* (k) ~ A'(Gr,,(V), M)

for every i > 0 and 0 < m < dim(V). This will readily imply the proposition, because of the
isomorphisms

CH'(Gr,(V)) = CHg;_(Spec(k)), A'(Grp(V),M) = AG; (Spec(k), M),

for vector spaces V of sufficiently high dimension (the proof in [10, Subsec. 3.2] for classical Chow
rings holds verbatim).

Let Fl,,, (V) be the scheme of complete flags of length m in V. Observe that Fl,,, (V) can be constructed
as a tower of projective bundles both over Spec(k) and Gr,, (V).

If the Chow ring of a smooth scheme X is generated by Chern classes of vector bundles, thanks to
Proposition 2.21 there is a well-defined multiplication morphism

CH'(X) @ M* (k) — A'(X,M).

Moreover, if f : Y — X is a flat morphism of relative constant dimension from a smooth scheme whose
Chow ring is also generated by Chern classes, it is easy to check that the pullback of a product is equal
to the product of pullbacks.
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Applying this to the morphism Fl,,,(V) — Gr,,(V), we obtain the following commutative diagram:

CH!(Gr,,(V)) ® M*(k) — CH(Fl,,(V)) ® M*(k) 4.1)

AN (Gr, (V),M) ——— A (F1,,,(V), M).

The fact that Fl,,,(V) is a tower of projective bundles over a point, combined with an iterated application
of [21, Prop. 2.4], shows that the right vertical morphism in the diagram is an isomorphism.

Define a splitting s of the bottom horizontal arrow of diagram (4.1) as follows: at each level of
the tower of projective bundles Fl,,,(V) — Gr,,(V), multiply r times with the appropriate hyperplane
section (here r is the dimension of the fibre at that level) and then take the push-forward to the level
below. In the same way, we can construct a splitting s” at the level of Chow groups.

The pullback f* : CH*(Gr,,(V)) — CH"(Fl,,(V)) is then split injective, and from this it is easy to
deduce that the top horizontal arrow in diagram (4.1) is injective, and hence the left vertical arrow must
be injective as well.

To show surjectivity, observe that if « is an element in A*(Gr,,(V), M), we have

a=s(f@)=s (D& Bi)= Y5 &) B

for some &; in CH* (F1,,,(V)) and B; in M* (k). Therefore the left vertical morphism of equation (4.1) is
surjective and this concludes the proof. O

Proposition 4.3. We have

A, (Spec(k),M) = (Z [s] /ts) @ M* (k) @ s"a - M*(k),,

where s has codimension 1 and cohomological degree 0 and a has codimension O and cohomological
degree 1. In particular, if M is {-torsion,

A, (Spec(k),M) ~ Ay, (Spec(k), Hz/rz) ® M* (k).

Proof. We have By = [(A!\ {0}) /G, |, where the action is defined as A - x = A’x.
The localisation long exact sequence for the G,,,-equivariant embedding {0} < A! reads as follows:

S (AI,M) — AL (Al \ {0},M) — AL ({01, M) - AL (AI,M) .
By Proposition 4.2, we have
AL (A',M) ~ AL ({0}, M) =~ M*(k)s".
Moreover by Proposition 221 the push-forward i, : AL ({0},M) — AZL! (A, M) corresponds to

multiplication by [{0}] = €s.
Proposition 4.2 assures us that multiplying by s defines an injective morphism, hence we deduce

ker(i) = M*(k)¢ - s',  im(iy) = M"(k) - 5™,
It follows that for every i > 0 we have the following short exact sequence:

0 (Z[s] /6s) ® M* (k) = AL (A1 {0}, M) = M*(k); - s' > 0.
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Recall from Lemma 2.22 that there is a splitting
AT({0}, M) > 4T (A1) {0}, M)

given by multiplication by the element {¢} € A® (A" \ {0},K},).

If we consider {¢} - 7, where T € M*(k) is an {-torsion element, this element is invariant for the G,,,-
action, as the action sends {t} to {1t} = ¢{A}+{t}. Thus it glues to an element y € A%m (AT {0}, M),
splitting the exact sequence for i = 0.

Combining this splitting with multiplication by s, we obtain a splitting for every codimension i,
proving our claim. O

Proposition 4.4. Let M be a torsion cycle module, and let ue act trivially on a scheme X. Then
A;[(X, M) = (Z[s] /ts) ® A (X, M) @50 s"aA*(X,M),.
In particular,
AD, (X, M) = A%(X, M) ® «A"(X,M),.

Proof. Note that if G,, acts trivially on X, then AL (X, M) = A" (X x P}, M) for some r > i, showing
that

AL (X,M) = A*(X,M) [s] = CH,_(Spec(k)) ® A*(X, M).

Using this, we can just repeat the proof of the previous Proposition 4.3 using the £-twisted action of
Gy, on X X Gy, and the compatibility of the pullback

Aam (X, M) — A(gm (X X Gy, M)
with the long exact sequence. O

Proposition 4.5. Let M be an odd torsion cycle module. Then
Apgr, (Spec(k), M) = CHpg, , (Spec(k)) @ M* (k).

The strategy of proof is the following: we first compute A*(O,(Spec(k)),M) for n = 1,2,3, and
after that we exploit the isomorphism PGL, ~ SOj3 to conclude our computation.

The proof is borrowed almost verbatim from [23, Cor. 1.10], although we have to deal here with a
generic torsion cycle module M, which in particular may not possess a pairing.

Lemma 4.6. Let V be an n-dimensional vector space endowed with a nondegenerate quadratic form q.
Set O, = O(V, q). Let M be an odd torsion cycle module. Then we have the following:

o Agl (Spec(k),M) = M* (k).
o A (Spec(k), M) = M*(k)[c2] ~ CHy, (Spec(k)) ® M* (k).
o Ag, (Spec(k), M) = M*(k)[c2] = CHy, (Spec(k)) ® M* (k).

Proof. Let M be an odd torsion cycle module. Using the description of Aj, (Spec(k), M) given by
Proposition 4.3, we see that every element of codimension > 0 is of both 2-torsion and ¢-torsion, hence
0. We deduce

Ap, (Spec(k), M) = A, (Spec(k),M) = M* (k). 4.2)

Define C c V \ {0} as the vanishing locus of g. Let B be the complement of C in V' \ {0}. All these
schemes are O -invariant.
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We can compute Aj) (B, M) as follows: consider the morphism B — G, induced by g and form the
Cartesian square
B B
G

m — Gy,

—_—

where the bottom morphism is the square map. We have B =~ Q X G,,, where Q C B is the fibre over
the unit in G,,,, and moreover both horizontal arrows are u,-torsors. Therefore

Ap, i, (@ X G, M) = Ag (B, M). (4.3)

Let £ be the (O, X up)-equivariant line bundle over Q such that the equivariant G,,,-torsor Q X G,,, — Q
is the complement in £ of the zero section. The associated localisation exact sequence is

C———— AL (X G M) —— AL (L,M) j
(4.4)

b

Via the identification A7 (L,M) ~

OpXu2
by ¢, K1),
The action of Oy, X u» on Q is transitive: its stabiliser is O,—1 X p, hence [Q/O,] =~ B(Oy-1 X u2) and

(O.M) — AGL (O X Gy, M) —— -+

0 X2 Onxp2

Ao, . (Q, M), we see that the last map is given by multiplication

A*onsz(Q’M) ~ Agn_lxm(Spec(k),M) = Ag,_, (Spec(k), M), 4.5)

where the last isomorphism is a consequence of the triviality of Ay, (Spec(k), M).
By Proposition 2.21, we have

(L) (@) = VF(L)(1) -

for every @ in A7 (O, M), where c; Onxpiz (L) is regarded as an element inside AO . (0, Hz¢z).

OnXpz
Observe that from formula (4.5), it follows that the part of AO w4t (Q, Hz/[z) of cohomological

degree Oisequal to Z/€Z-c1 /{2 - c1) = 0. Therefore, from sequence (4.4) we deduce the exact sequence

0— Al

(O ><,112(Q’ M) - Al

O, xm(Q x Gm’M) — A

o, ><M(Q,M) — 0.

Combining this with the content of formulas (4.5) and (4.3), we get
A, (B,M) = Ag  (Spec(k),M) ® A, (Spec(k),M) - B (4.6)

as HY, / 7 (k)-modules, where f has codimension 0 and cohomological degree 1.

Next we compute A’(k)n (C,M), where C is the vanishing locus of ¢ in V' \ {0}. The action of O, on C
is transitive: the stabiliser is given by the semidirect product of O,_, with a subgroup H of the group
of affine transformations of a vector space W. More precisely, the group H is isomorphic to W via the

natural projection of Aff(V) on translations. It follows from [23, Lemma 1.7] that
Ap, (C.M) = A,y (Spec(k),M) = A, (Spec(k), M). 4.7
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Next we compute A(*)2 (Spec(k), M). First observe that O = {id} and O; =~ u;. Consider the push-
forward morphism

i1 AS (C.M) = M* (k) — AGH(V\ {0}, M).

The isomorphism on the left side comes from formula (4.7). By the projection formula, i.a@ = a - i.(1),
and i, (1) is in degree 0 and codimension 1. We have A(I)Z(V \ {0}, M) ~ A(I)Z(V, M), which is in turn
isomorphic to A(l)2 (Spec(k), M).

The piece of the latter group of cohomological degree O turns out to be equal to CH(l)2 (Spec(k)) ®

MPO(k), which vanishes because it is of both 2-torsion and ¢-torsion. We deduce that i, = 0.
This last remark, applied to the localisation exact sequence for C C V' \ {0}, implies that the following
short sequence is exact:

0 — Ay (V\ {0}, M) — A} (B,M) — A (C.M) — 0. (4.8)

By formula (4.7), the group on the right is equal to M*(k) in codimension O and is O in higher
codimension. By formula (4.6), the group in the middle is equal to A;, (Spec(k), M)® A}, (Spec(k), M)-
B in codimension 0 and vanishes in higher codimension, where 8 has cohomological degree 1.

From formula (4.2) we know that Ay, (Spec(k), M) is trivial, hence the short exact sequence (4.8)
implies

Ap, (VA {0}, M) = M* (k). 4.9)
Now consider the localisation exact sequence
> AL (V.M) — AL (V\{01LM) — AG ({01 M) — AG (V. M) — - (4.10)

induced by the open embedding V \ {0} < V.
Observe that A%Z(V, M) ~ AgZ(V \ {0}) because the codimension of {0} in V is > 1. Moreover,

from formula (4.9) we know that ABZ(V \ {0},M) = 0 for i > 0. Observe also that the push-forward

induced by the closed embedding {0} < V coincides with multiplication by c?z (V) = cy.
Hence from the long exact sequence (4.10) we readily deduce the following:

o A%Z(V, M) =~ M* (k).

o A’OZ(V, M) = 0 for i odd.

o AGH(V,M) = c2- Ay, (V,M).
Therefore

Ag, (Spec(k),M) =~ M*(k)[c2] = CHg, (Spec(k)) ® M* (k). (4.11)

Next we prove that the same result holds for O3. As before, we start by computing AZ‘)3 (V\ {0}, M).
The triviality of A, (Spec(k), M) together with formula (4.7) implies that Ag3 (C,M) =~ M*(k). The
same argument used for O, shows that the push-forward morphism i, : Ag3 (C,M) —» Ag3 (V\{0},M)
is zero.
Plugging this information into the localisation exact sequence induced by the open embedding
B — V \ {0}, we deduce that ABS(V \ {0}, M) =~ A63 (B,M) for i > 0 and that the following is exact:

0 — AL (V\ {0}, M) — A (B,M) — A{ (C,M) =~ M*(k) — 0.
By formula (4.6) together with formula (4.11), we have
Ao, (B,.M) =~ M*(k)[c2] & M* (k) [c2] - B,
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with 8 of codimension 0 and cohomological degree 1. We deduce that
Ao, (V{01 M) = M* (k) [c2] @ M* (k) [c2] -,

where y has codimension 2 and cohomological degree 1.

Observe that the push-forward morphism A63 ({0}, M) — Agf (V,M) coincides with multiplication
by c3(1), which is both a 2-torsion and an ¢-torsion element, hence zero.

Consider now the open embedding V \ {0} < V. By what we have just proved, the following short
sequences are exact for every i:

0— Ap (V.M) — AL (V\ {0}, M) > AG>({0},M) — 0.

We immediately deduce the following:

° A%}(V, M) =~ M*(k).
o Alo3(v’ M) = 0 for i odd.
o Aé"}(v, M) = M* (k) - cb.

Therefore
Ap,(Spec(k), M) ~ M* (k) [c2] = CHg, (Spec(k)) ® M*(k), (4.12)
which concludes the proof of the lemma. O

Proof of Proposition 4.5. Observe that PGL, =~ SOz and O3 =~ SO3 X u». The result is then a direct
consequence of Proposition 4.4 and Lemma 4.6. O

5. Generalised cohomological invariants of some classical groups

We begin this section by discussing the relations between the cycle modules Hz/,z = K¢ as € varies,
and showing that the ¢-torsion Inv® (X, M), has a natural Inv®(X, K¢) module structure. This will be
crucial in the rest of the paper. Using these ideas, we will extend some results on classical cohomological
invariants from [ 15] to work with coefficients in an arbitrary cycle module; in particular, we will compute
the generalised invariants of S, and PGL,, which will be necessary later on.

For the remainder of this section, by  we will always mean a positive integer not divisible by char (k).
Consider the exact sequence

0—>2Z/nz - Z/tnZ — Z]/Z — 0.
We can twist it to get exact sequences
0 —> Z/nz(i) > Z/tnZ(i) — Z/€Z(i) — O.

In particular, when i = 1 we retrieve the exact sequence

0— uy = peny = pe — 0.
Consequently, for each i we have an exact sequence

H' (=, Z/nZ(i)) — H'(=, Z/tnZ(i)) — H' (=, Z/Z(D));

these maps form an exact sequence of cycle modules

Hz/yz — Hz/epz — Hzjez.

https://doi.org/10.1017/fms.2021.55 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.55

Forum of Mathematics, Sigma 23

Using Voevodsky’s norm-residue isomorphism [29, Thm. 6.1], we conclude that this is just the exact
sequence

Ky = Kye = Ke — 0.

In particular, the last map is surjective, and the kernel is just the image of the kernel of Ky — K¢ —
that is, the ideal ().

Lemma 5.1. Let X/k be a smooth scheme, and set @« € Kp(k(X)). Let @’ be an inverse image
of a in K} (k(X)) (resp., Kz,n(k(X))). If « is unramified, then o' - x is unramified for any x €
A%(X, Knmi)e (resp., AV (X, Kg,,)f). Moreover, the class o’ - x does not depend on the choice of a’.

Proof. By the compatibility of the morphism of cycle modules with the boundary map, the ramification
of @’ at any point x of codimension 1 has to belong to the kernel of K}, (k(x)) — K} (k(x)), which
means it is a multiple of £, so @’ - x is unramified as d,, (¢’ - x) = 9, (@’) - x = 0. By the same reasoning,
note that if @” is another inverse image of «, the difference @’ — @'’ has to be a multiple of ¢, concluding
the proof. O

Using this, we can define a multiplicative action of the invariants with coefficients in K, on the
{-torsion of the invariants with coefficients in any cycle module.

Lemma 5.2. Let X/k be a smooth scheme endowed with a G-action. There is a well-defined multipli-
cation

AL(X,Kp) ® AL (X, M) — AL (X, M),

which for any G-equivariant morphism f : X — Y of smooth G-schemes satisfies the formula f*(«-B) =
fra-f'B.

Proof. For the sake of simplicity, we give a proof in the nonequivariant setting. The general case can
be deduced in the same way using equivariant approximation.

Let @ be an element of A°(X,K,) c K7 (k(X)) and let B be an element of AOG (X,M),. For every
inverse image o’ of @ in K}, (k(X)), we have a well-defined product @’ - 8 in M*®(k(X)): this product
is unramified on X because the ramification of @’ at any point of codimension 1 is a multiple of ¢, just
as in the proof of the Lemma 5.1.

By the same reasoning, the definition of the product does not depend on the choice of an inverse image
a’. The compatibility with the pullback follows from the compatibility of the product A°(X, Kyy) ®
AY(X, M) — A%(X,M). o

This allows us to easily describe the cohomological invariants of u}:
Lemma 5.3. The cohomological invariants of B (,u;) with coefficients in M are given by

Inv® (B (u)) , M) =~ M*(k) & ® -M* (k)¢ |,
nv* (B (7). M) (k) Jed }CVJ (k)¢

.....

where a;y is the pullback of the identity invariant through the projection
Prj @y, — e,
and if J = {j1,....jm} then ay = ayjy - ag,)-
In particular, if M has no ¢-torsion, the normalised invariants of ;12 with coeflicients in M are trivial.

Proof. Consider the 2-dimensional u,-representation V given by diagonal matrices. The representation
is free outside of 0, so V//u, is an equivariant approximation of B(u¢), and V'/uj is an equivariant
approximation of B (u}).
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Our claim is true for r = 1 by Proposition 4.3. Assume by induction that it is true for r — 1; then it
follows immediately by applying Proposition 4.4 to V"~!/ ,u;‘l. O

The following simple principle will be the key to extending many known computations of cohomo-
logical invariants with coefficients in K, to arbitrary cycle modules:

Lemma 5.4. Let X be a smooth algebraic stack, and let ¢ : Buj, — X be a morphism (e.g., the morphism
Buj, — BG induced by a morphism pj, — G of group schemes). Let G be a finite group acting on
{1,...,r}. Assume the pullback ¢* gives us an injection

Inv* (X, M) C Tnv* (1, M)

for every M, and consequently an injection on normalised invariants. Then the following are equivalent:

o Inv* (X, M) = Inv* (15, M)€ for all M.
o Inv*(X,K¢) = Inv*® (u, K[)G

Proof. Obviously the first point implies the second. We claim that the converse is also true. We have a
commutative square

Inv® (X, K¢) @ M(k)e, ——— Inv* (X, M),

J J

Inv® (B}, Ke) ¥ ® M(k)e —— Inv* (B, M)

.
The left-hand vertical map is surjective by hypothesis. The bottom horizontal map is surjective as

well; it can be easily seen from the structure of Inv*® (B y; s M) that the G-invariant elements are generated
by those in the form

aytag )+t 00),

where {J, g1(J), ..., gm(J)} is the orbit of the subset J C {1, ...,r}, and these elements belong to the
image of the bottom horizontal map. Then the right-hand vertical map is injective (by hypothesis) and
surjective. This implies that the map on nonnormalised cohomological invariants is surjective as well,
proving our claim. O

Now, let U,, ¢ GL,, be the subscheme of symmetric matrices. Consider the commutative diagram

Gl ——— U,

|

By —— BO,.

The vertical maps are given, respectively, by the quotient by GJ;, acting on itself with weight 2 and
the quotient by GL,, acting by (A, §) — ATSA. In particular, we can see the action of G”, on itself as the
subgroup of diagonal matrices of GL,, acting on G}}, C U,,. The bottom map comes from the inclusion
of the diagonal matrices with coefficients +1 into O,. Note that both vertical maps are quotients by
special groups and thus smooth Nisnevich.

It is a well-known fact that in characteristic different from 2, every symmetric matrix is equivalent
to a diagonal matrix under the action of GL,,. The map U,, — BO,, is smooth Nisnevich because GL,,
is special. This shows that given any point p € BO,, there is a lifting of p to GJ;, — that is, the map
G}, — BO,, is smooth Nisnevich. Consequently, the map from By to BO,, must be smooth Nisnevich
as well.
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Proposition 5.5. Any normalised cohomological invariant of Oy, is of 2-torsion. We have
Inv*(BO,,M) =M*(k) ®a; -M* (k& - ® a, - M*(k)2,

where a; is the ith symmetric function in a1y, ..., a(,) € Inv® (,ug’, Kz).

Proof. The fact that all normalised invariants are of 2-torsion is an obvious consequence of the inclusion
Inv®(BO,, M) c Inv® (B,ug’, M). Note that moreover, we have Inv* (BO,, M) c Inv* (Bu;’, M)S" , by the

Sa

gluing conditions, and Inv* (Bug, M) is exactly the group in our formula. The description of the
cohomological invariants with coefficients in a K, is obtained in [15, Sec. 23]; the description for an
arbitrary cycle module then follows by Lemma 5.4 as S, acts on u by permuting the components. O

Remark 5.6. In [17, Sec. 6], Guillot claims that there are no Stiefel-Whitney classes with coefficients
in Ky, but he is only computing the degree 1 component. An example of such a class in degree 2 is

ai{-1} € Inv*(BO,,, Kmi1)

when k does not contain a square root of —1.

Theorem 5.7 (Gille and Hirsch). Let (V, b) be a finite-dimensional, regular symmetric bilinear space
over k and let W ¢ O(V, b) be a finite subgroup. Assume that S(V)W is a polynomial ring over k. Let
G1,...,G, be a set of representatives, up to conjugation, of the maximal abelian subgroups of W that
are generated by reflections. Then the pullback

Inv* (B(W), M) — [ [ Inv* (B(G), M) (G

is injective.
Proof. This is a combination of [16, Thm. 7, Cor. 8]. O

Remark 5.8. Gille and Hirsch additionally prove the splitting principle for invariants with coefficients
in Witt groups, which do not form a cycle module but have strong enough properties that the (classical)
theory of cohomological invariants still works.

Corollary 5.9. Let W be as before. Than any normalised cohomological invariant of BW is of
2-torsion — that is,

2 - (Inv®(B(W), M)/M*(k)) = 0.

Proof. This is immediate from Lemma 5.3. m]
We now extend the computations of the invariants of some classical groups to arbitrary cycle modules.
Proposition 5.10. We have the following:

1. Inv*(BS,,M) =M*(k) ® a1 -M*(k)y ® - -- ® a[n2] - M* (k).
2. When n is odd, Inv® (BSO,,M) = M*(k) @<, azj - M* (k).
3. Inv*(BPGL,,M) = M* (k) ® wy - M*(k)».

In particular, all normalised invariants are of 2-torsion.

Proof. We start by proving (1). Let H =~ (Z/2Z)*™ be the subgroup of S,, generated by the transpositions
(1,2),(3,4),...,(n—1,n) fornevenandby (1, 2),. .., (n—2,n-1) fornodd. Observe thatif m = |n/2],
the normaliser of H is a copy of Sy, which acts on H by permuting its generators. By Theorem 5.7, the
pullback of invariants along the morphism BH — BS,, induces an injective morphism

Inv*(BS,,, M) — Inv*(BH, M)5»
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for all M. Then by Lemma 5.4 we only need to prove the case of M = K. This is done in in [15, Thm.
25.6.(1)].

To prove (2), note that for n odd, we have SO,, = O, X . Then we can combine Proposition 4.3
with Proposition 5.5 to conclude that

Inv* (BSO,,,M) = Inv*(BO,,, M)/a; - Inv*(BO,,, M),

where the multiplication is given by seeing ) as an element of Inv®(BO,, K;). The multiplicative
structure of Inv®(BOy, K3) (see [15, Remark 17.4]) immediately shows that the resulting submodule is
generated by the odd-degree Stiefel-Whitney classes. Our claim follows.

To prove the last statement, we just note that in characteristic different from 2 we have an isomorphism
PGL2 =~ SO3. O

When 7 is even, computing the cohomological invariants of BSO,, is more complicated. The case
M = Hz/,z is done in [15, Sec. 20], as well as in [17, Prop 3.4.1] with methods that are closer to ours.
While it is probably not too hard to extend the computation to arbitrary cycle modules, it would be
beyond the scope of this paper.

As an application of Proposition 5.10, we compute the Brauer groups of BS,, and BPGL;:

Corollary 5.11. We have
“Br(BS,) = °Br(k) ® H(k,Z/2Z) ® Z/2Z, “Br(BPGL;) = “Br(k) & Z/2Z.

Proof. The formulas for the cohomological Brauer group are immediate from the description of the
generalised cohomological invariants given in Proposition 5.10.

For BS,,, we know that the Brauer group is equal to the cohomological Brauer group thanks to
Proposition 2.2.

For BPGL,, note that the universal conic C = [P!/PGL,| induces a nonzero element {C} in the
Brauer group which is trivial when pulled back to the base field. This implies that {C} = w, + @, where
a belongs to Br(k), showing that Br(BPGL,) = Br’(BPGL,). O

6. The moduli stacks of hyperelliptic curves

We briefly review Arsie and Vistoli’s presentation of the moduli stack H, and recall some results from
[8] and that will be needed later. Let n be an even positive integer, and consider the affine space A™*!,
seen as the space of binary forms of degree n. There are two different natural actions on this space:

o an action of GL; given by

A~ fxo.x1) = det(A)"7L £ (47 (o) )

o an action of PGL; X G, given by

([AL,0) - f(x0,x1) = det(4)"272 (£ (A7 (vo, ).

n+l

The open subset of square-free forms inside A™*! is G-invariant. We will denote it by A”*!.

Theorem 6.1. When g > 2 is even, we have an isomorphism [Agﬁ”/ GLz] = H,.

When g > 3 is odd, we have an isomorphism [A§r§+3/ (PGL;, % Gm)] = H,.

Proof. This is proven in [2, 4.7]. O
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When no confusion is possible, we will write G for either GL, or PGL; X G,,,. Our computation will
be for the most part done on the projectivisations

P = (471 {0}) /Gy

with the induced action of G.

The following G-invariant stratification will be crucial. Let A c P" be the closed subscheme of P"
whose points are forms of degree n which are divisible by the square of a form of degree at least i, with
the reduced subscheme structure. Then

PPOAY DDA,
is a G-invariant stratification of P".

We define A’[’i] as the subscheme of forms of degree n divisible by the square of a form of degree i but
not higher — that is, A'[‘” = A7\ A" | —and similarly, given j > i we define A'[’l.’j] =AM\ A;PH. Finally,
in keeping with this notation, we define the open subsets P}, = P?O] = P"\ A and P?O = P\ AY,.

There is a natural map P"~2"x P" — A’ givenby (f, g) — fg>. Checking that the map is equivariant
with respect to the action of G is easy. Note that if we restrict the map to PZ';>" x P, the image is exactly
AT .

[r]

Proposition 6.2. The map P',%" x P" — A’[’rl is an equivariant universal homeomorphism.
Proof. Thisis [21, Prop. 3.3]. O

Consider the map (Pl)" — P" given by (I1,...,1,) » [ ---1,. If we restrict the map to P}, it
becomes an Sy-torsor, thus inducing a map Pl,, — BS,,.

Another way of seeing this is the following: consider the stack ét, of étale algebras of degree n.
There is a natural equivalence ét, ~ BS,,. Given a point f : § — P, we get an étale algebra by taking
the zero locus of the form f over P;. One can easily check that these two maps coincide.

Now, the stack [P;?m/ G] parametrises families of conics C’/S (trivial families if G = GL;) equipped
with a line bundle L of vertical degree n/2 and a subscheme W+ of codimension 1, étale on the base,
whose associated divisor is in the linear series of L®?.

Taking the subscheme W¢- /S, we get a map to ét,, = BS,,. It is easy to check that this map provides
a factorisation to the maps alread mentioned, and that moreover it extends to AZt! and [AZ!/G].
When we take the stack H,, this map is precisely the map that sends a hyperelliptic curve over S to its
Weierstrass divisor, seen as an S-scheme.

We want to show that the map A%*! — BS,, is smooth Nisnevich. This in turn will imply that given
a smooth stack X'and a map f : X — BS,, with a factorisation

AMl 5 X 5 BS,,

the map f is smooth Nisnevich as well. To do so, it suffices to show that the image contains a versal
torsor. Write a form f = aox;j + - - - + anx|. The restriction of the map Py, — BS, to the complement
of the hyperplane ag = 0 comes from the generically free S, -representation on A" given by permuting
the coordinates. As the torsor induced by the generic point of a generically free representation is always
versal, we conclude that the map A”*! — BS, is smooth Nisnevich. This immediately implies the
following:

Proposition 6.3. Let n be an even positive integer. The pullback map Inv®(BS,,,M) — Inv*(X, M),
where X is either A, [AF/G] or [P, /G|, is injective.

m

Proof. This is a combination of [8, Prop. 3.1- Cor. 3.2]. O
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7. The generalised cohomological invariants of 7,

We are ready to compute the cohomological invariants of H, with coefficients in an arbitrary ¢-torsion
cycle module M. The specialisation of this computation to degree 2 invariants with coefficients in H !
will give us the result on the Brauer groups.

From now on, the cycle module M will be always assumed to be {-torsion.

Itis worth noting that computing only the degree 2 invariants does not seem any easier than computing
(almost) the full group in this case (the highest-degree generator needs some extra effort, as one can see
from the proof of Theorem 7.9 and Remark 7.10), but in more general situations it might be possible to
obtain the result in low degrees even if the higher degrees seem too hard to approach.

First we need a few more lemmas from [21, 23]. Recall that

CHg, (P") = Z[t, 21, 2] [ (Ru(t, 1, 22)),

where A, A, are the Chern classes of the standard representation of GLj, ¢ is the first Chern class of
Opn(-1) and R, (¢, 11, A2) is a polynomial of degree n. We also have

CHpgp,x,, (P") = Z (1,5, 2, 3] [(Tu(t, 2, ¢3), 2¢3),

where 7 is the first Chern class of Opn(—1), s is the first Chern class of the standard representation
of Gy, and ¢y, c3 are the second and third Chern classes of the 3-dimensional representation of PGL;
coming from the isomorphism PGL;, =~ SOs3.

We should also note that if G, acts trivially on X, then Aém (X,M) = A*(X,M)®Z[s]. In particular,
for our computations we can often consider G = PGL; rather than PGL; X G,,,.

L(emmz; 7.1. The class of A} in CHéL2 (P") is 2(n = 1)(t + ndy). The class of A} in CHll,GLz(P") is
2(n— 1)t

Proof. For G = GL,, the statement is proved in [21, Prop. 4.3]. For G = PGL,, see [5, Prop. 5.2], albeit
there is a mistake in the statement of the result, where 4(n — 2)h,, should be replaced by (4n — 2)h,
(note that the n in the statement of [5, Prop. 5.2] would be 1/2 in our lemma’s notation). O

We begin by dealing with the case of odd torsion, which is easy due to the following lemmas.
Lemma 7.2. Consider the natural action of PGL, on P'. We have
Ajor, (PLM) = 43 (Spec(k), M) = Z[1] & M* (k).
Proof. We have
AL (Pl,M) ~ A% (Spec(k), M),

where H is the stabiliser of a point in P!, which is isomorphic to a semidirect product G,, < G,. Then
by [23, 8] we have

A} (Spec(k),M) =~ A&m (Spec(k), M),
which allows us to conclude immediately. O

Lemma 7.3. Let € be odd. Then the pullback map A, (P2, M) — AL (P2 x P! x P!, M) is surjective.

We postpone the proof this lemma, as it involves an argument similar to the one used in the next
lemma and in the proposition after it.

Lemma 7.4. Suppose € = p", with p a prime number different from 2. Then A((); (AT, M) = M* (k).
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Proof. As AOG (AT, M) is isomorphic to A((); (A’[‘l 21 M) (because Ag‘ has codimension 2 in Aq’), we can

compute it using the following exact sequence:

0 A% (A% 5. M) = A (a7 . M) S 4y, (a7

[ [ [21’M)~

We want to prove that the kernel of 9 is equal to M*® (k). This will then imply that the image of

AL (A’[ll’z],M) must be equal to M*(k), thus showing that AL, (A?l,z]’M) =M*(k).

The map P?o_ %] x Pl 5 A’[’l 2] yields the following commutative diagram with exact columns:

0 -2 1 T 0
A9 (P’fou X P M) LNV} (A’[’LZJ,M)

0 -1 1 T 0
A, (Protx PLM) s 4, (a7 M)

0 d

0 -2 1 T 0
A (A2 x PLM) —"—— 4%, (A%, M).

The second horizontal map is an isomorphism by Proposition 2.23, because 7 is a universal homeo-
morphism when restricted to A’[‘]] (Proposition 6.2).

The kernel of ; is M*(k), because AOG (P?o_%] x Pl M) = M*(k), as we have A((); (P2 x P, M) =
M?* (k) by the projective bundle formula and Ag‘Q X P" has codimension 2.

We claim that the third horizontal map is injective, implying that the kernel of d must be equal to
M?* (k) as well.

Let ¢ be the map from P’[’O‘]4 x P! x P! to P'[‘O‘]4 x P? sending (f,g,h) to (f,gh). We have a
commutative diagram:

Pt x P! x P! ———— A2 x P!

y Jﬂ
n—4 2 m n
Pioy > P Al

where 7, and 7, are defined respectively by (f, g, h) — (fgz, h) and (f,g) — (fgz). The maps 7y
and 7, are universal homeomorphisms, so the push-forward maps (7)., (72). are isomorphisms. Then
if we prove that .. is injective, m. will be injective too. Consider this last diagram:

PrAx plx p!

[0]
P4 % p? pz—> prn—4

(o] (or-

The pullbacks along p; and p, are both surjective, the first due to Lemma 7.3 and the second due to the
projection formula, implying that the pullback along ¢ is surjective. We have y.. (¥ *@) = deg(y)a by
the projection formula. Then, as the degree of ¢ is 2, .. is injective. m}
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The Lemma 7.4 tells us that when M is of odd torsion, the group A(c); (P, M) must fit in the following

sm?
exact sequence:

0 — M*(k) = AL(P", M) — AL (P

sm?

M) — M*(k) = AL (AT, M) — A;(P",M).

So, roughly speaking, it can contain, other than the submodule M* (k) of constant invariants, at most
an additional copy of the invariants of the base field, shifted in degree by 1. This is of course imprecise
at this point, as the sequence may not split.

In the next proposition we compute the kernel of the last map, and moreover we will show that the
group A((’; (P2, M) splits as a direct sum of a copy of the elements coming from A% (P",M) and the
kernel. This will allow us to easily compute the cohomological invariants of H, with coeflicients in M.

Proposition 7.5. Assume € is odd. Let £’ be the greatest common divisor of € and 2g + 1. Then
Inv® (Hg, M) = M*(k) & M* (k)¢ [1].

In particular, if € is coprime with 2g+1, the normalised cohomological invariants of Hg with coefficients
in M are trivial.

Proof. We begin by computing the invariants of [P?,‘%Jrz/ G].
First consider the case of M = K. Consider the exact sequence

0 ———— AL (P%*2,7/p"7) —— AL (P?f;’,*z,Z/p"Z) j

[» A% (Afg”,z/p"Z) — AG (P2,2/p"Z) — Ag (P?é”,Z/p"Z).

We have A, (A fg”, K[) = K3 (k), and the push-forward map is just multiplication by {A?g”}. Assume

first that £ divides 2g + 1, so that the image of {A%g”} is zero. Then if we pick an inverse image y of 1,
the submodule y - K7 (k) maps isomorphically to A% (Al,n, Kg), splitting the exact sequence.

Now let ¢ be arbitrary and let £’ be the greatest common divisor of £ and 2g + 1. Let y €
AL (Pff;’lﬂ, K[/) be as before.

Then for any x € K3 (k) the element y - x belongs to A° (P§§1+2, K[), and moreover the boundary

map sends y - K (k) to K7 (k) C A° (A?g”, Kg), which is exactly the kernel, splitting the exact
sequence.
For an arbitrary £-torsion cycle module M, take y as before. We have an inclusion y - M*(k), C

AOG (Pfffz,M), as these elements are clearly unramified. On the other hand, using the fact that

AOG (A?gﬂ, K[) = M*(k), it is easy to see that we must have A% (Pfflﬂ, M) =y -M*(k)y.

The next step consists of verifying that the G,,-torsor H, — [Pféiﬂ/ G] does not generate any new

invariant. This can be done as in the proof of Theorem 7.9. It is equivalent to proving that the first Chern
class of the associated line bundle £ does not annihilate any element of AOG (P3§1+2, M); as the class is

injective on the copy of M* (k) coming from the base field, we only have to check it on the submodule
v - M* (k). This is done exactly as in the proof of Theorem 7.9, by taking the boundary of the elements
and verifying that it is nonzero. O

Proof of Lemma 7.3. First note that if G is GL, or in the nonequivariant case, the statement is obvious
by the projective bundle formula.
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Now consider the case where G = PGL,. We have
A% (Pg'm x P! x Pl,M) ~ A?, (Pgm X Pl,M) ,

where H is the stabiliser of a point in P!, which is isomorphic to a semidirect product G,,, x G,. As H
is a special group, the pullback

AY (P x PLM) - 4% (Pl x P M) = 47 (P, M)

has to be injective. We claim that the pullback A% (P2, M) — A (P2 M) is surjective, which would
allow us to conclude immediately.

One can use the same techniques used to prove Lemma 7.4 to easily show that when p # 2, the
nonequivariant group A° (A’f, M) is equal to M® (k), and thus Al (P2, M) eitheris M* (k) or is generated
by 1 and an element in degree 1 corresponding to the equation for A", multiplied by the submodule of
M?* (k) which annihilates the class of A in AL(P", M).

In the latter case, consider the following commutative diagram induced by the pullback from equiv-
ariant to nonequivariant Chow groups with coefficients:

0 0
A% (P",M) ——— A°(P",M)

(P, M) ——— A (P2, M)

sm>
7] 17}

A" M) ——— A" (A", M
1 1

AL (P, M) ———— AL(P",M).

Both the top and the bottom horizontal map are isomorphisms, as one can see using the fact that the
groups on the top row are M (k) and the groups on the bottom row are given by c? (Opn(-1)) -M*(k).

Moreover, A° (P, M) is generated as by 1-M* (k) and an element & - M* (k), where « is an element
such that d(e) = 1 in A%, (A}, M), with no additional relations.

The third horizontal map maps 1 € AL (A7, M) to 1 € A® (A", M), which shows that an element 7
of degree 0 maps to 0 in the equivariant group Ag (P",M) if and only if it maps to 0 in A'(P", M).
Then there must be an element

a’ € AL (P2 M)
e e n» M) is surjective. This
concludes the proof. O

which maps to @ € A (Pl%,, M), and thus the pullback A%, (P2, M) — A° (P2

The even case is much more complicated. We first compute the invariants with coefficients in Kor of
[Pi%ﬁ /G ] . Our computation is based on the fact that we already know that the cohomological invariants

of S, inject into those of [Pff;’fz / G]. Using this, we inductively show that ‘there is no more room’ and

we have found all the invariants. This is done for » = 1 in [8].
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Lemma 7.6. We have the following:

o If g is even, then
. 2g+2
Inv ([ /G] Kgr) ~ Inv® (BSygs0. Kor ) .
o If g is odd, then
Inv'([ 2g+2/G] Kzr) ~ Inv® (BSage2. Kor) ® K3 (k) [2]

where the copy of K3, (k)2 [2] comes from the cohomological invariants of PGL;.

Proof. Consider the exact sequence

AL (P",Kyr) — AL (P2

sm?

Kor) 5 A% (A7, Ka) € AL (P?[;Q XPI’Kzf)-

First consider the case r = 1. We will proceed by induction on n. If we assume the result for n — 2,
we have that A% (P12 x P, Kor) = Inv®*(BS,—2,K»). Note that if G = PGL,, the invariant w, in
A (P32 x P!, Kyr) is killed by the P'. The cokernel of the first is surjective on the normalised
invariants of S,. Thus we have a map

Inv' (BS,,, Kz)/Ka(k) - II‘lV. (Bsn_g, K2)2

which lowers degree by 1. Comparing the generators of the image with the generators of
A((); (P;’I;2 x P!, K»r) degree by degree shows that the map is surjective, and in particular there cannot
be any additional element in A%, (P%,.K>), yielding the result.

Now pick r > 1. We will proceed by induction on n even. If we assume the result for n — 2, we have
that A2, (P22 x P!, Kyr) = Inv®(BS,,—2). Note that if G = PGL,, the invariant w, is killed by the P'.
Moreover, note that as the image of [A l,n] is divisible by 2 but not by 4, the intersection of the kernel of
A% (A 1.0, Kor Z ) — A é; (P", Kyr) and the subring of constant invariants of S,,_; is exactly the 2-torsion.

On the other hand, the cokernel of the inclusion of A% (P",K,) into the group A% (P, Kyr) is
isomorphic to the group of normalised invariants of S;. Thus we have a map

Inv*® (BS,, Kor) /K3, (k) — Inv® (BS,—2, Kor ),
which lowers degree by 1. We claim this map is surjective. Let
a=1+a17T + -+ Ap-1Tn/2-1,

with 70,...,7,2-1 € KS5,(k) elements of Inv®(BS,-2,Kor). Let {1,...,{, be elements of
AL (PR Ky) suchthata(gl)_l L 0(Ln) = oy
Then by Lemma 5.1 the element

{=0ito+ + LnppTaja

belongs to A0 (P2, Kor ). Now note that by the compatibility of the boundary map with the morphism

of cycle modules Kyr — Kb, the restriction modulo 2 of d(¢;) is equal to @;—;. But then a;—; — d({;) is
a multiple of 2, proving that d(¢) = @. This concludes the proof. O

Corollary 7.7. Assume that € is a power of 2. If g is even, the cohomological invariants with coefficients

in M of [ 2‘ngz/G] are isomorphic to the cohomological invariants of Syg42.
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If g is odd, the cohomological invariants with coefficients in D of [P2g+2 / G] are a direct sum of the
cohomological invariants of Sg42 and a copy of M*(k), [2] coming from PGL,.

Proof. Consider the exact sequence
AL(P"M) > AL (P M) S A4 (A1 M) © A (Pi2 x P M) .

As in the Lemma 7.6, we proceed by induction on even n. If the result is true for n — 2, we reduce to
showing that the map

0:ap M (k@ - ®ap M (ko > M (k@ @y -M* (k)

is surjective. This is done exactly as in the Lemma 7.6, using the structure of an A% (P2, K¢)-module
of AL (P, M). o
Lemma 7.8. Consider the line bundle L associated to the G,,-torsor
My — [ p2e+2 / G]
The first Chern class c1(L) is equal to:
o gAy —tifgiseven.
o t—2sifgisodd.
Proof. The first formula is proven in [9, Lemma 3.2] and the second in [13, Eq. 3.2]. O

Theorem 7.9. Let ¢ be a power of 2. For all g, there is a submodule Ng (k) of M*(k), such that the
following are true:

1. If g is even, there is an exact sequence
0 — Inv*(BS,, M) — Inv® (Hg, M) — N (k) — 0

such that the inverse image of a nonzero element in N (k) has degree at least g + 2.
2. If g is odd, let

Ip=ar M*(k) @+ ®a, - M*(k), c Inv*(BS,,, M).
There is an exact sequence
0> M (koM (k)[l]®I; ®M* (k) [2] — Inv® (Hg,M) — N;,(k) -0

such that the inverse image of a nonzero element in N (k) has degree at least g +2. The M*® (k)4 [1]
is equal to a| - M*(k)4, where a| is a square root of ;.

Proof. The map H, — [ 2g+2/ G] is a Gy, -torsor. In particular, it is smooth Nisnevich, so the pullback

on cohomological invariants is injective. We have to check whether there are invariants defined on H,
that do not come from the base.
Let L — P?ﬁ;fz /G| be aline bundle determined to the G,-torsor: its equivariant Chow groups with

coeflicients are isomorphic to those of [ 2‘5+2/ G] The inclusion of the zero section of £ gives us the
following long exact sequence:

c1(L
O—>A0 ( 2g+2’M) — Inv® (Hg,M) AO ( 2g+2’M) 1(£) Al ( 2g+2’M)'
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Our goal is to understand the kernel of ¢ (£). We will do the computation in the odd-genus case. The
even case is much easier and follows from the same reasoning.

In this case, we have ¢ (£) = r—2s. The submodule of A 1G (Pff;’fz, M) generated by ¢t and s multiplied

by M* (k) has the single relation (4g+2)t = 0. Note that the relation implies that the submodule ¢-M* (k)
is of 27 torsion and of 4g + 2 torsion. As 2g + 1 is odd, we get that the submodule 7 - M® (k) is isomorphic
to M*(k)/2M* (k).

On the other hand, the submodule s - M*®(k) has no additional relation, so the annihilator of 2s is
exactly M*® (k),. Finally, it is easy to see that if (¢ — 2s) - 7 = 0 for some 7 in M*(k), then both ¢ - 7 =0
and 2s - 7 = 0. This implies that any such 7 must belong to both the 2-torsion of M*(k) and 2M* (k) —
that is, 7 is in 2 - M* (k).

Now let us pick M = K4. The kernel of ¢ (L), restricted to the elements of cohomological degree 0,

is generated by 2. Given an inverse image of 2 through 9, we want to understand its relationship with

the elements coming from [Pfﬁfz / G]. We have Inv! (H,, Ks) = H' (H,, p4). The latter has to surject

onto Pic (Hg), = Z/4Z. Comparing the two formulas, we conclude that up to elements coming from
the base field, there must be an element a/i e Inv! (’Hg, K4) such that 2@1 = a and aa; =2.
For M an arbitrary 2"-torsion cycle module, we can consider the submodule af - M*(k);. It is
immediate that the map 9 sends it surjectively to 2 - M*® (k)4 with kernel given exactly by a; - M* (k).
Now consider an element

2g+2
a=70+a1~rl+--.+a/ng+w20'€A% (Psff ,M).

We want to show that if ¢ (£)a = 0, then we must have 7; = --- = 7, = 0 = 0. Note that the highest-
degree element a4 does not appear in the formula. Recall also that every 7; is of 2-torsion for i > 0.
If c;(L)a =0 € A]G (P2,,M), then the pullback of this element to the nonequivariant group
Al (P2,,M) must be 0 as well. The pullback of ¢(£) is equal to #, and wy goes to 0, so we get
t(ro+armi +- - +agte) =0.
For every n > 4 even, consider the morphism

-1

®, : A (P, M) S A% (A1) M) T A° (P2 x PLM) = A° (P22, M),

where 7 : P1-2 x P! — A1y,n» maps (f,g) to f g2 and the last isomorphism is due to the projective
bundle formula. By construction, we know that d(a;) = a;—; + B8, where B8 belongs to the submodule

generated by @;_p, ..., a1, l. In particular,
(D2g+2(ta') =t (O/l + a'g—ng) ’

where @’ is a combination of multiples of 1, ..., ag_>. After repeating this process g — 1 times, we
eventually end up with t7, = 0. As the image of Al (A L M) in A'(P",M) is generated by the push-
forward of 1, which is an even multiple of ¢, there are no additional relations in the submodule tM*® (k),.
This implies that 7, = 0, thus 7 (7o + @171 + ++ + + @g_1Tg—1) =0 in AIG (P2, M).

Applying the same argument several times, we deduce 7; = 0 for i > 0 and t7p = 0, from which we
also deduce that 1y = 276. In other terms, we have proved that @ = 79 + ow», hence

0=(1—2s)(19 +wo0) = (=25 + )19 + twr0.

Note that the submodule #(w, - M®(k);) has no additional relations and is independent from tM*® (k),
and sM* (k) due to the projection formula and the description of the cohomological invariants of PGL,.
Consequently, we need for (¢ — 2s)1y and tw,0 to be separately zero. We already know that the first
requirement is equivalent to 79 € 2M®(k )4, and the second implies o = 0.
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Finally, consider an element
¥=T70+aT1 + -+ QgTg + W20 + Qg1 Tg+1-

We may assume it is of homogeneous cohomological degree. If ¢;(L)a = 0, either 7441 = 0, in which
case @ = 19 € 2M*(k)4, or 7441 # 0. Then we can consider the map Inv® (”Hg,M) — M°*(k), given
by composing d with the map sending @ € A((); (P, M) to Tg41. The kernel of this map is exactly
M*(k)®M*(k)s[1] @1, ®M*(k)>[2], and the inverse image of a nonzero element in M* (k), has degree
at least g + 2. This concludes the proof. m}

Remark 7.10. Using the same techniques as in [8, Section 2.3], we can conclude that when g is even,
the module Ng (k) is equal to M*®(k), and explicitly describe the module structure:

Inv® (He, M) = a1 - M®(k)ag2 @ I, @ M® (k)2 [g +2],

where the last component is given by the element S, defined in [8, Section 2] and the Inv* (Hg, K[)—
module structure can be easily deduced from the multiplicative structure described in [8, Thm. 3.1].

When g is odd, as explained in [8, Section 4], we can reach similar conclusions but only when & is
algebraically closed.

Remark 7.11. Let ﬂg be the compactification of H, by means of stable hyperelliptic curves. Then,
following [8, Appendix A], we can easily conclude that the normalised cohomological invariants

Inv® |'Hg, M| are trivial whenever M is torsion.

8. The Brauer group of H,

We are finally ready to describe the Brauer group of H,. The following descriptions are immediate
consequences of the description of Inv® (4, M) when M = H#X‘ Let ¢ = char(k) be the characteristic
of the base field, and let r, be the remainder of g mod 2. Define £, = £,(c) as the largest divisor of
2"s (4g + 2) which is not divisible by c.

Theorem 8.1. We have

“Br (M) = “Br(k) @ H' (k,Z/(,Z) ® Z2/2Z"*'=.

Proof. From the description of Inv*® (’Hg, H ) ) , it is clear that the cohomological Brauer group of H,,

or its prime-to- char(k) part in positive characteristic, is of {-torsion. Then the formula for “Br’ follows
immediately by taking n = £, and Theorem 2.1 assures us that every element comes from the Brauer
group. O

Now we want to explicitly describe the generators of “Br (H,). By the description in Theorem 8.1,
an element in “Br (H,) must decompose as a sum of:

o elements coming from the base field;

o elements coming from the cup product of the cohomology of the base field and the degree 1
cohomological invariant, which by Lemmas 2.18 and 2.19 are all represented by cyclic algebras; and

o the (one or two) copies of Z/2Z coming from BS¢.> and BPGL,.

Differently from the case of M i, there are nonconstant elements which do not come from the the
cup product

H' (Mg e, ) © H' (M, Z/6,Z) — Br (Hy),
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namely the copies of Z/27Z. One way to see this is to note that when k is algebraically closed these
generators are still nonzero, but

H' (Mg e, ) = H' (Mo Z1,7) = 20,7,

and the cup product H! (’Hg,,ugg) -H! (Hq,Z/,Z) is 0, as given a generator y of Inv! (Hq.Z/€,Z),
we have y -y = {1}y =0.

We now proceed to give a more detailed depiction of the elements in “Br (H g) that come from neither
the base field nor the cup product.

Start by considering the symmetric group Ssg4>. From the work of Schur [25] we know that there
exists a group §2g+2 which is a nonsplit extension of Sy4.» by uy — that is, there is a nonsplit exact
sequence of groups

1 — U — SA2g+2 —> SZg+2 — 1.

The induced morphism of classifying stacks makes B§2g+2 into a gerbe over BSy.42, banded by u5.
This gerbe cannot be a trivial u>-gerbe, as otherwise there would exist a homomorphism Syg.0 — §2g+2
splitting the short exact sequence given. In particular, B§2g+2 is not trivial over any algebraically closed
field.

The cohomology group H? (BS2g+2, t2) is isomorphic to the group of gerbes on BSy4., banded by
(2. This, together with Theorem 2.1, lets us regard [B§2g+2] as a nontrivial element of the Brauer group
of BS¢42. It easily follows from Proposition 5.10 that “Br (BSzg+2) ~ 7 /27, hence [B§2g+2] is actually
a generator of this Brauer group. Moreover, [B§2g+2] , this time regarded as an Azumaya algebra, cannot
be a cyclic algebra, as otherwise the gerbe B§2g+2 should be trivial over an algebraically closed field

Let 7215 be the u»-gerbe on H, obtained by pulling back B§2g+2 along the classifying morphism
Hg — BSag42. Then the computation contained in Theorem 8.1 implies that [#L, | induces a generator
of Z/2Z? complementary to [BSag42] in “Br (Hy).

Here is an alternative description of this generator as an equivalence class of a Severi-Brauer variety:
by [25] there exists a projective representation P(V) of S»4.4 which does not lift to a linear representation
V. Then the equivalence class of the Severi-Brauer variety [P(V)/Sag+2| over BS;g.» is a nontrivial
element of “Br (BSzg42) ~ Z/2Z, hence a generator.

Again by Theorem 8.1, this implies that the Severi-Brauer variety over H, defined as H, Xgs,, .,
[P(V)/Szg+2] generates a copy of Z/2Z in “Br (H,).

We now turn to the second copy of Z/2Z in “Br (H), which appears only when g is odd. Regarding
“Br (M) as the group of equivalence classes of Severi—Brauer varieties, it is immediate to check that
a generator for the copy of Z/27Z is given by the universal conic C — H,, which is the quotient of the
universal hyperelliptic curve by the universal hyperelliptic involution.

Indeed, the universal conic induces the classifying morphism H, — BPGL,, which we use to pull
back the degree 2 cohomological invariant w, of BPGL,.

Observe that such a universal conic exists also when g is even, but in this case it is the projectivisation
of a vector bundle, hence its class is O in the Brauer group.
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