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Abstract

In this paper we study the existence and uniqueness of positive solutions of boundary value problems
for continuous semilinear perturbations, say f : [0, 1) x (0, 00) — (0, 00), of a class of quasilinear
operators which represent, for instance, the radial form of the Dirichlet problem on the unit ball of RY
for the operators: p-Laplacian (1 < p < o0) and k-Hessian (1 < k < N). As a key feature, f (r, u)
is possibly singular at r = 1 or u = 0. Our approach exploits fixed point arguments and the Shooting
Method.
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1. Introduction

We study the existence and uniqueness of solutions for the class of quasilinear problems

~(r*|lw)Pw) = r'f(r,u) in (0, 1),

(1.1)
u>0 in (0,1), u(l)=u(0)=0,

where «, 8, y are given real numbers, f : [0, 1) x (0, 00) — (0, o0) is continuous
and ¥’ = du/dr. The main feature here is that f is possibly singular at r = 1 or
u = 0. The study of (1.1) is motivated by the search of radial solutions for several
classes of quasilinear problems. In fact, denoting by B the unit ball of RY, if f is
x-radially symmetric, (1.1) is the radial form of

-Aju=f(x,u)in B, u>0in B, u=0 on 3B,
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where A, (1 < p < 00) stands for the p-Laplace operator, provideda =y = N — 1
and 8 = p — 2, and is further the radial form of

(—l)kSk(Vzu) =f(x,u)in B, u>0in B, u=0 on 9B,
where S (V?u) (1 < k < N) is the k-Hessian operator,
S(Viy = ) Ay

1<i<--<ix<N

A, denoting the eigenvalues of the Hessian of u, namely V2u = (8%u/ dx;0x;) where,
in the present case, « = N —k,y = N — 1 and 8 = k — 1. We also remark that
S1(V2u) = A, (the Laplacian), and SN(VZu) is the Monge-Ampére operator. We
refer the reader to Tso [20, 19] and its references for properties of the k-Hessian. It is
worth recalling that singular problems are also motivated by questions in the physical
sciences. The reader is referred to Nachman and Callegari {2] for the problem

N

k
—M Y =T i D), W) = k(1) =0,

with k € (0, 1), which appears in the theory of pseudoplastic fluids and Fulks and
Maybee [11] for singular equations driven by questions in the theory of heat conduction
in electrically conducting materials.

In the present article we shall exploit the following conditions:

(1.2) B>—-1, y>max{—1,a— 1},
(1.3) f (r,-) is locally Lipschitz continuous in (0, 00),
uniformly with respect to r € [0, 1),
1.4) fs(;;f) is decreasing in s, for each r,
(1.5) lim f-%f—) =0, uniformlyin r.
§~»00 §

Our main result is

THEOREM 1.1. Assume (1.2)<(1.5) hold. Thenthereisu € C*((0, 1))NC'([0, 1))N
C([0, 1]) solution of (1.1) provided either

(1.62) 0<0 and m2"E — oo uniformiyinr
50 gh+l
or
(1.6b) a>0 and f(r,s)=ns(r), O0<r<1/2, s<3§,

for some 8§ > 0 and n; € C((0, 1/2)) with n; > 0. Moreover, u € C*([0, 1)) if and
only if B < y — o and further u is uniquely determined if f (r, -) is nonincreasing for
each r.
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REMARK. Condition (1.6b) holds if f (r, s) =5 oo uniformly with respect to
rel0,1/2).

A few examples of terms f (r, 5) to which Theorem 1.1 applies are,

(r+ 1)*(r — 1)%77,
sin(r)s™ 4 cos(r)s?, 0 <qg<pB+1,

1
[2+sin<1 )](s"’-}-s"), 0<g<pB+1,
—_r

provided either p > Oand ¢ > Oorp > —1 — B and @« < 0. Moreover, by our
theorem, (1.1) is uniquely solvable in the case of the first example, provided p > 0.

Theorem 1.1 improves the main result of Hai and Oppenheimer [12] on equations
like

(1.7) ~(pMe@)) =p)f (rnu) in (O, 1),

where ¢ : R — R is an increasing homeomorphism with concave inverse ¢!, for
instance, ¢(r) = |r|fr with 8 > 0 and the main result in Wong [22].

Concerning singular problems, we would like to refer to Crandall, Rabinowitz and
Tartar [8], Taliaferro [18], Kuzano and Swanson [17], Chabrowski [3], Choi, Lazer
and McKenna [5], Lair and Shaker [15], Choi and Kim [4], Zhang [23], Wong [21]
and their references.

For problems involving the operator in (1.7) or (r*|«'|?«’)’, but with nonsingu-
lar term f (r, u), see Hai, Schmitt and Shivaji [14, 13], Clement, Figueiredo and
Mitidieri [6], Clement, Manasevich and Mitidieri {7], Figueiredo, Goncalves and
Miyagaki [10].

2. Auxiliary results

One basic tool in the proof of Theorem 1.1 is the shooting method. Consider the
following family of initial value problems,

2.1)

r—0

u(0) =a, rlu'@)Ff —0,

{—(r"lu’lpu’)’=r"f(r, u) in (0, 1);

where a > 0 is the shooting parameter. We point out that solving (2.1) is equivalent
to solve the integral equation,

1/(8+1)
] ds

2.2 u(ry=a-— /" [s“' /‘ t'f (t, u(t)) dt
o

0
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and that a solution « of (2.1) has zero derivative at r = 0. Letting

r s 1/(8+1)
2.3) Fu(r) =a- f [s—"’/ ' f (¢, u(r)) dt] ds
0 0

it follows that the eventual solutions of (2.2) are the fixed points of & in a suitable
function space. We state next a crucial result on (2.1).

THEOREM 2.1. Assume (1.2) — (1.4) hold. Then for each a > 0 there is some
T(a) € (0, 1] and a unique solution u(-, a) € C*((0, T(a))) N C'([0, T(a))) of (2.1)
satisfying:

2.4) u(r,a) > 0 asr — T(a) provided T(a) < 1;
(2.5) u(-,a) € CX([0, T(a))) ifandonlyif B<y —a.

The proof of Theorem 2.1 uses Banach’s Fixed Point Theorem. The technical
lemmas below will be used in the proof of Theorem 1.1. In order to state the first
lemma we establish some notations. Given T € (0, 1) and & > 0 set

X = {w e C'([0, T | w > h, r*|w ()P 23 0}.

If w,, w, € X let H : [0, T] — R be a continuous function defined by

13T ’
(w;/om)) ' (w;/(ﬂﬂ)) wz—(ﬂ+1)/(ﬂ+2)

H(ry=r*" [
_ ,(wll/(tm))’lﬂ (wll/(ﬂ+2))’wl—(ﬁ+l)/(ﬂ+2):] (w; — wa)(r),

for r € (0, T] and H(0) = 0. The first lemma is

LEMMA 2.2. If w, w, € X, then

T n8 A\
H(T) 5/ [(ru (w;/(ﬂ+2))| (w;/(ﬂ+2))) wz—(ﬂ+l)/(ﬁ+2)
0
ve\ ® (L ue\\ . e
— (r" (w, ) | (w1 )) w, P+1/ (6 (w; — wy)dr.

Now, the second lemma

LEMMA 2.3. Assume a < b and let u(-, a), u(-, b) be the corresponding solutions
given by Theorem 2.1. Then u(-, a) < u(-, b) in[0, T(a)) and moreover T(a) < T(b).

The third one is
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LEMMA 2.4. Assume (1.2)~(1.4) hold. Let {a,)} be a sequence in (0, 00) such that
a, /' aora, \ aforsomea > 0andlet u(-, a,), u(-, a) be the solutions given by
Theorem 2.1. If K € (0, min{T (a), sup, T(a,)}) then

n— 00

Nu(, an) — uC, @)l cory — 0 and U (r,a,) 22 W(r,a), relo,K].

3. Proof of Theorem 2.1

Let a > 0. By (1.3) there is some I, > 1 such that f (r, -) is Lipschitz continuous
on [a/1,, a] uniformly for r € [0, ). Let € € (0, 1) small, set
Xae={ue C(0,€]) | u0) =a, a/l, <u(r) <a, re[0,e]}

and notice that (X, ., || - ||«) is 2a complete metric space. We claim that
G () FXu) CXge () [ F ) — F W)l < klluy — 2l

for some € > 0 small enough, for all u,, u, € X, and for some & € (0, 1).
We present the proof of (3.1) in Appendix. Assuming it has been done, % has an
only fixed point u € X, and so (2.1) has a unique local solution. Setting

T(a) = sup{r € (0, 1) | (2.1) has an only solution in [0, r]}
and letting u(-,a) : [0, T(a)) — R be the solution of (2.1), notice that by (2.2),
u(-, a) € C([0, T(a))) and, in fact,

r 1/(8+1)
3.2) u(r,a) = — I:r“'f t'f (¢, u(t, a)) dt] , 0<r<T(a).
0

Consider the functions

. _ . fx) . _ f@,x)
(3.3) @) m(s,x)=(}151,1;15 prrrmt (i) M(s,x)=glslg prIY

where 0 < s < 1and 0 < x < 0o. Taking T < T(a), estimating in (3.2) with the use
of (3.3) (ii) and (1.4) we have,

S uTa)

4 B+1 p+1_~a
(3.4) W (r,a)i”™ <a*'r /(; t AT o)
A+l
< M(T, u(T,a))r’™"', 0<r<T

“rv+1
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so that by (3.4), u(-, a) € C'([0, T]) and as a consequence, v = lim,_,7 ¥/ (r, a) is
defined and v € (—o0, 0). Now, consider the initial value problem

(3.5) {—(’“lv’l" VY =rf(r,v) in (T, 1),
wW(T) =u(T,a), V(T)=v,

whose solutions are the fixed points of

r s 1/(B+1)
{s"’ [T"|u|f’+‘ + f ' f (1, v(1)) dt]] ds.
T

By the standard fixed point argument again, one infers the existence of a unique

solution of (3.5) on some interval [T, T + €) showing that u(-, a) is uniquely deter-

mined. We also have from the arguments above that u(7T (a), a) = lim,_, 1, u(r, a),

u(-,a) € C([0, T(a))) and further u(T(a), a) = 0 when T(a) < 1. This shows (2.4).
Next we shall prove (2.5). From (3.2),

Fo(r) = (T, a) - f

T

(3.6) u'(r,a) = —

]

r'=®h(r, a) [

—B/(B+1)
7 ]

r-® /r tf(t,u(t,a))de

0
where

h(r, a) = f (r, u(r, a)) — ar~*" fr ' f (¢, u(t, a)) dt

0

and from (3.2) and (3.6), u = u(-, a) € C*((0, T(a))) N C'([0, T(a))). Moreover,

G.7) hna) =23 L%V o0 o
y +1
and using (3.3) (i)—(ii) and (1.4),
3.8) u(r, a)’*'m(r,a) < f (r, u(r, @)) < aP*'M(r, u(r, a))

for r > 0. Consider the two cases below:
Case 1: —1 < B < 0. Integrating from O to r in (3.8) we have,

B+1 -B/(B+1) r —B/(B+1)
[Mm(r, a)r"“] < (f 7F @ u, a))dt)
0

y+1
2P —B/(B+1)
< M(r,u(r,a r"“] .
< [V 1 (r, u(r, a))
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Hence,

m(r, a)
y+1

r —B/B+1)
<rre (r“”/ P f (¢, u(t, a)) dt)
0

aﬂ+1 —B/(B+1)
= [ M (r, u(r, a))] yy—a=p)/(B+1)
y+1

—B/(B+1)
u(r, a)ﬂ+l] r(Y—a*ﬂ)/(ﬂ‘H)

(3.9) [

From (3.6), (3.7) and (3.9) it follows that lim,_,o u” (r, a) existsifand only if 8 < y —cr.
Case 2: 8 > 0. Again, from (3.8), we obtain

aﬁ-ﬂ -B/(B+1) r —B/(B+1)
[J/ M(r, u(r, a))r"“:] < (f tYf(t, u(p)) dt)
0

+1
B+l -B/B+1)
=< [ﬁg—)l_ m(r, a)r"“} ,
Y

and thus,

abt! =B/ B+1)
(3.10) [ =3 M(r, u(r, a)} Fr—a=py/ B+

4

’ —B/(B+1)
<rre (r’“/ ' f (¢, u(e, a))dt)
0

g1 ~B/(B+1)
< u(r, a) m(r, a) For—a=p)/ B+
y+1

Therefore, it follows from (3.6), (3.7) and (3.10) that lim,_ ¢ u”(r, a) exists if and
onlyif § <y —a.

4. Proofs of the lemmas

PROOF OF LEMMA 2.2. We will adapt arguments by Diaz and Saa [9] related to
Brézis and Oswald [1]. Consider the functional J : L'([0, T]) — R U {00} defined
by

B+2
dr, welX,;

1 T @ @B+2y
J(w) = ﬁ+2/o 7" | e)]

00, w¢X.

1t is straightforward to check that X and J are both convex. Now, letting w,, w, € X,
n=w —w,p =p+2, remarking that w, + tp, wy —tp € X, (0 <t < 1), and
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denoting by (J'(w;), n) the directional derivative of J at w; in the direction n, we

claim that
1 "np— P
@4.1) (J'(wy), —n) = —;T“l(w}/”(r)) P~ ()’ (T)) wi " (TYn(T)
1 T (r«‘(wl/!’)rr‘z(w]/li)r)’
and
l 7 -_— ! -
(4.2) (I (wa), ) = ;T“I(w;/”(r)) P (wy” (T)) w§ =" (T)n(T)

T (.« p\i|P=2,. 1/
— _1./ (r I(w2 )I (w, )) n(r)dr.
0

p wép—l)/p
We will show (4.1) next. Notice that,

e [l«wl )| - |<w3"’"'p] dr.

1
(J'(wy), —n) = — lim -

p!—»O 0

By computing we find

T = t/p\ _ 1/p~\s
(4.3) (.Il(w]), _n) — hn&f ralerlp—ze' [((wl tn) p) (wl ) ]dr
=0Jo

t

where min {((w; — )7y, (w,”Y} < 6, < max {((w; — )Y, (w}")'}. Now,
estimating and applying Lebesgue’s Theorem to (4.3) we infer that

! 1 T o /! _2 I - 7
(' (wn). =) = = f | Y (wiPY (wi PPy dr,
0

and computing the integral we get (4.1). The verification of (4.2) follows by the same
arguments. From (4.1) and (4.2),

1 1 T a 1/(B+2)y/ |8 1/(B4+2)\1\/
w1 — (T, n)=;H(T)__/ [(r |y P2y | (wy/¢*?y)
0

1 2
P WP D/BD
B+ (1B . 1/(B+2) sV
_(’a|(w1 )/| (wl“g )') d
 FHOIB+D) (Wi —wy) dr.
1

Since J is convex, (J'(w;) — J'(w3), w; — w,) > 0 and Lemma 2.2 follows. ]

PROOF OF LEMMA 2.3. Assume, by the contrary, there is some T > 0 such that
both u(r, a) < u(r, b) for r € [0, T) and u(T, a) = u(T, b). Setting w, = u(-, a)?**
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and w;, = u(-, b)?*?, notice that w,, w, € X, where h in the definition of X is given
here by h = u(T, a)?*2. Notice that

f TG @Pw G @) WG B)PWC, b)Y
0 u(-, a)f+! u(-, b)s+1
- " [f (r,u(.B) £ (rut, @)
0

u(-, b)ﬂ"’] u(-, a)f"*‘1

] (u(, @)’ — u(, by’ dr

:| (u(-, a) — u(-, b)) dr.

Now, since H(T) = 0, by Lemma 2.2 the first integral just above is nonpositive,
while by (1.4), the second one is strictly positive, a contradiction. This proves
Lemma 2.3, O

PROOF OF LEMMA 2.4. Assume a, " a, take K € (0, sup, T(a,)) and an integer
ng > 1such that T'(a,,) > K. By Lemma 2.3 and taking n > ny,

T(an) < T(a,) < T(a) and u(,a,) <u(,a,) <u(,a) <a.

We claim that {u(-, a,)};2, is equibounded and equicontinuous in C([0, K']). Indeed,
estimating as in (3.4) and using (3.3) (ii) we find

abf+!
| (r, @) P+ <

T MK, u(K, a, )K" =K.

Hence there is 6, € (0, K) such that
lu(r, az) — u(t, a,)| = |t/ 65, an)|lr — 1] < K74*V|r — ¢,

It follows that {u(-, a,)}32, is equibounded as well. So by the Arzéla-Ascoli Theorem

thereis v € C([0, K]) such that u(-, a,) — v uniformly in [0, K], up to a subsequence.
Next we remark, by letting g,(¢) = ¢’ f (¢, u(t, a,)), 0 < t < K, that both

B+1
lg.(1)] < [—z—k—%—)] ' f(t,u(t,a,)) = h(r), where he L'[0, K]
1) y Qny

and g,(2) — t"f(t,v(?)) = g, t € (0,K]. So by Lebesgue’s Theorem, for
r €0, K],

/ ’ t'f (¢, u(t, ay)) dt — f ' f(t, () dt.
0 0

Hence,

lu'(r, a))|Pu/ (r, a,) — —r'“/ vf(t,v(t))de
' 0

https://doi.org/10.1017/51446788700008740 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700008740

134 J. V. Goncalves and C. A. P. Santos [10]

and so ¥'(r, a,) = w(r), where w(r) = —(r== [ £ f (1, v(1)) dt)l/(ﬂm. By Lebes-
gue’s Theorem again

/u’(t,a,,)dt—»/ w(s)dte,
[ 0

and as a matter of fact, v(r) —a = for w(t) dt. Since v/ = w we get,

WY (r) = —r fr tf (1, v(t)) dt.
0

Hence v is a solution of (2.1) and by uniqueness provided by Theorem 2.1 it follows
that v = u(-, a). We have shown that,

u(-,a,) —> u(-,a) in C([0, K)),
W (-, a,) > u'(,a) pointwiselyin [0, K].

The case a, \, a follows by similar arguments. Lemma 2.4 is proved. O

5. Proof of Theorem 1.1

Setting & = {a > 0| T(a) = 1} we claim that & # ¢. Indeed, if & = ¢ then
r—>T(a)

u(r,, a) = a/2 for some r, € (0, T(a)), since u(r,a) —> 0 by (2.4). Using (2.2)
and estimating as in (3.4) we get

a a\ /@B+h 1 1/(8+1) 1
(5.1) > <aM(r,3) — Ip
2 2 y+1 9

where = (y —a + B+ 2)/(f + 1), and thus

1 - f(t,,,a/2) 1/(8+1) 1 1/(8+1) 1
2 = | (a/2)p+ y +1 ]

for some 1, € (0,r,). But this is impossible by (1.5) and so & # ¢. Setting
A = inf & we claim that 0 < A < o0. Indeed, at first notice that A < 00 because
& # ¢. Now, to show that A > 0 we consider two cases:

Case 1: a < 0. Setforr € [0, 1/2],

U(r,a) = u(r,a) — h(r,a), where h(r,a) = a — 2ar.
We claim that U(r,a) > 0. Indeed, notice first that U > O in (0, ry) for some

ro € (0, 1/2). If U(ry, a) < 0 for some r, € (ry, 1/2) then we find some r; € (rp, r2)
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with U'(r, a) < 0 and further since U(1/2, a) > 0 we find some r; € (r;, 1/2) with
U'(r;, a) = 0. But this is impossible because since @ < 0 it follows using (3.6)
that U”(r,a) < O for all r € (0, 1/2). As a consequence, u(r,a) > a — 2ar for
r € [0, 1/2] and hence using (2.2) and (1.4),

1/2 5 1B+
—u(1/2,a) > —a+ / [s-“ ﬂf . 2) (a— 2az)f’+‘dt] ds
0

0 af+!
1/(B+1)

1/2 s
= —a+am(1/2, a)l/"’*”/ l:s““/ (1 - 2t)ﬁ+‘dt] ds.
0 0

Hence by (1.6a), —u(1/2,a) > O for some a small enough. But since u(-, a) is
a solution of (2.1), it follows that u(1/2,a) = 0 so that T(a) = 1/2. So using
Lemma2.3,A > 0.

Case 2: @ > 0. If A = 0 it follows using Lemma 2.3 that & = (0, c0) so that
u(l, a) > 0 for all a > 0. Now, since 2(u(1, a) — u(1/2, a)) = u'(6,, a), for some
0,€(1/2,1)and 0 < u(l, a) < u(1/2, a) < a it follows that

6,
[ 2 F (1, u(t, @) dt <=3 0.
0

By (1.6b) we get, for small @ > 0,

1/2 0,
/ fy’)a(t)de/ tf(t, u(t, a))dt,
0 0

impossible. This shows that A > 0.

In order to prove that u(-, A) is a solution of (1.1) it suffices to show that A € o and
u(l, A) =0.If T(A) < 1pick € > Osuchthat T(A) + € < 1 and a sequence a, € &
with a, \y A. Consider the sequence u(T(A) + €/2, a,) which by Lemma 2.3
is decreasing and set T, , = inf, {u(T(A) + €/2, a,)}. We claim that 7, , > O.
Otherwise, it follows remarking that u(T(A) + €, a,) < u(T(A) +€/2, a,) and

u(T(A) + €, a,) — u(T(A) + €/2, a,) = u/' (6, an)(€/2)
for some 6, € (T(A) + €/2, T(A) + ¢) that «’'(6,, a,) > 0. Now, since

on
(62)°14 (8ns @) 1P/ (B, @) = —f t'f (1, u(t, ay)) dt
0

we get [T ¢ f (1, u(t, a,)) dr 5 0.

By Lemma 2.4 we have

T(A4)/2 T(A)/2
/ (L, u(t,a,))dt —> / tYf (s, u(t, A)) dt.
0 0
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But this is impossible, because foT(A)/ 2y f(t,u(t,A))dt > 0. Therefore T, , > 0.
Choose 8o > 0 such that u(r, A) < T, /4 for r € [T(A) — 8, T(A) — 8/2]. By
Lemma 2.4,

(-, @) — uC, Alleqo.rar-sozp = O
and so there is ny > 1 such that
|u(r, an,) — u(r, A)| < T, 4/4 forall r € [0, T(A) — /2]
Thus, for r € [T(A) — 8, T(A) — 8y/2] we have
u(r, an) < u(r, an,) — u(r, A)| + u(r, A) < T 4/2.
Since u(r, a,) > T, 4, forn > 1 and r € [0, T(A)], it follows that
u(T(A) — 8o, an,) < Ten/2 < Toa < u(T(A), ay,),

impossible. Therefore A € &/. Now assume that u(1, A) > 0, and pick a sequence
a, /' A. We claim that

(5.2) T(a,) > 1.

Indeed, notice that T(a,) < T(a,y;) < 1 and hence T(a,) /' T. U T < 1
set Ty, = u(T, A). For each n large enough (for instance, such that a, > T,) take
t, € (0, T) satisfying u(t,, a,) = T, /4.

Since u(-, a,) is decreasing, consider 0 < f, < t, < T such that u(t,, a,) = T,/2.
We will show next that 7, — T. Indeed, noticing that Z, is monotone, 7, - T < T.
If_i‘ < T there is ny > 1 such that T(a,,) > T. Hence u(r,a,) < Ty/2foralln > ny
and r € [7‘, T (a,,)] because otherwise, there would be some r; € [7‘, T(a,,)] with
Ty/2 < u(rs, az) < u(%;, az) = T, /2, impossible.

We infer that |u(r, a,) — u(r, A)| > T,/2 for r € (T, T+ ¢€) and for some € > 0
with T+ € < T(a,,). But this is impossible because by Lemma 2.4,

lu(, an) — uC, A)llcgo.74ep —> O.
Therefore, T = T. Now, noticing that

u(ty, a,) — u(ty, a,) = u(6,, a,)t, — 1), 1, <6, <t,
we get
Tx

n
[ (6, @5)| = ——= — 0
4lt, — 1|
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But this is impossible, because estimating as in (3.4) it follows that «'(r, a,) is bounded
for r € [0, T]. Claim (5.2) is proved.
Setl = u(l, A). By (1.4) and (1.5) pick # € (0, 1) such that

1 s 1/(8+1)
(5.3) [ [s‘“ f tf(t, l/2)dt] ds < I’/4A.
[ 0

Using Lemma 2.4 and (5.2), we have
lu(, @) — (-, A)llcgo.np = O.

and as a consequence, |u(z, a,) — u(t, A)| 5 0. But since u(t, A) > I+ € for some
€ >0,

u(t),a,) > u(t), A) —e > 1

for large n. Now pick #, € (4, 1) such that u(#,, a,) = [/2. We have,

n 5 1/(8+1)
u(t, a,) = u(ty, a,) — / [s_“/ Y f (¢, u(t, a,)) dt] ds.
41 0

Estimating the above integral as in (3.4) and using (5.3), we get

; 2A 12
u(ty, ap) > 1 — T
contradicting //2 = u(t;, a,). Therefore, u(1, A) = 0 and the solution u = u(-, A)
given by Theorem 2.1 solves (1.1).

It remains to show uniqueness. Let # = u(-, B) be another solution of (1.1) with
A < B. By Lemma 2.3, u(r,A) < u(r,B)for0 <r < 1. Setw = & — u and
let ro € [0, 1) be a point where w attains a local maximum so that w(r) > 0 and
o' (rg) =0.

Integrating the differential equation in (1.1) from ry to r with r € [ry, 1] and using
the fact that f (r, s) is nonincreasing in s, we obtain

r (@ (DPE (r) — W (NPu' (r) = —/ If (1 u(®) — f (1 u(@)]de = 0.
Using the following inequality (see Simon [16]),
cplx — ylP*+? if =0
B, _ B — > I )
(Ixf'x = Iylfy, x —y) = . lx — yl if —1<p<0
A+ Ixi+1yD~?

for all x, y € R and for some ¢z > 0 it follows that &'(r) = &' (r) — w'(r) = O for
r € [ry, 1]. Hence 0 = w (1) > w(ry), a contradiction.
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6. Appendix

We prove (3.1) (i) first. If u € C([0, €]) then Fu € C((0, €]). On the other hand,

r 5 1/(8+1) 1 1/(8+1)
f [s*“ / tf(t, u(t))dt] ds < aM(r,a/l,)"/¢*V [—] €
0 0

1
y+1 6’

where r € (0, €], 6 as in (5.1). Actually,

-0 f(0,a/l,)
—_—

M(r,a/l,) a’/l

As a consequence, F (u) € C([0, €]). Picking € > 0 small enough we have

€ s . 1/(B+1) 1 _1
/ [s'“/ tf (t, u(t)) dt] ds < = a
0 0 1,

sothata/I, < F(u)(r) < a,0 < r < ¢, showing (3.1) (i).

Next we show (3.1) (i). Let u; € C({0,€]),i = 1, 2. We have

\Fu () — Fus(r)] < / X1 () V8D _ X, (5) VB0 |ds,
(4]

where X;(s) = s f; t'f (¢, u; (1)) dt (i = 1, 2). Using the inequality
llxlPx — 1ylPyl < ca(xlP + 1yP)lx — ¥l x,y €R

for some c; > O where B > —1, we have by makingB =-8/B+1)

|Fui(r) — Fua(r)| < Cﬁf (X1 + 1X2() )X 1(5) = Xa(s)] ds.
0

We distinguish two cases.
Case 1: —1 < B < 0. Given € > 0 and taking s € [0, €] we have

M(s,a/l,)

B
s—ﬂ(y—a+1)/(ﬂ+1)
y+1

X)) <a? [
and

1X1(s) — Xa(s)f < S'“/ @ u (D) — f (¢ wa(0)] de
0

—~

=
y+1

—a+l
flug — u2"C([O.e])Sy o,
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where K is the Lipschitz constant of f on [a/I,, a]. From these inequalities we infer

that

-8 >
l.ﬁ?ul(r)—fuz(r)|gzcﬁa_ K [M;r,:/lla)

A
8
€ lluy — u
6 y+1 ] llur — uall cqo.en

and (3.1) (ii) follows by taking € small.
Case 2: B > 0. Asin Case 1, given € > 0 we have,

and

. B
X < (a/1)7* [Li‘?] PN/ g <<
|4

m(s, a) 8

c; K
| Fu(r) — Fuy(r)| < Z?ﬂm(a/la)'ﬂ [ 1 ] € llur — uzl| co.en

showing (3.1) (ii).
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