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ABSTRACT

We prove the explicit version of the Buzzard—Diamond—Jarvis conjecture formulated
by Dembele et al. (Serre weights and wild ramification in two-dimensional Galois
representations, Preprint (2016), arXiv:1603.07708 [math.NT]). More precisely, we prove
that it is equivalent to the original Buzzard-Diamond—-Jarvis conjecture, which was
proved for odd primes (under a mild Taylor—Wiles hypothesis) in earlier work of the
third author and coauthors.

1. Introduction

The weight part of Serre’s conjecture Hilbert modular forms predicts the weights of the Hilbert
modular forms giving rise to a particular modular mod p Galois representation, in terms of the
restrictions of this Galois representation to decomposition groups above p. The conjecture was
originally formulated in [BDJ10] in the case that p is unramified in the totally real field. Under
a mild Taylor—Wiles hypothesis on the image of the global Galois representation, this conjecture
has been proved for p > 2 in a series of papers of the third author and coauthors, culminating in
the paper [GLS15], which proves a generalization allowing p to be arbitrarily ramified. We refer
the reader to the introduction to [GLS15] for a discussion of these results.

Let K/Q, be an unramified extension and let p : Gk — GLa(F,) be a (continuous)
representation. If p is irreducible, then the recipe for predicted weights in [BDJ10] is completely
explicit, but in the case where it is a non-split extension of characters, the recipe is in terms of
the reduction modulo p of certain crystalline extensions of characters. This description is not
useful for practical computations and the recent paper [DDR16] proposed an alternative recipe
in terms of local class field theory, along with the Artin—Hasse exponential, which can be made
completely explicit in concrete examples (indeed, [DDR16, §§9-10] gives substantial numerical
evidence for their conjecture).

In this paper, we prove [DDR16, Conjecture 7.2], which says that the recipes of [BDJ10]
and [DDR16] agree. This is a purely local conjecture and our proof is purely local. Our main
input is the results of [GLS14] (and their generalization to p = 2 in [Wan16]). We briefly sketch
our approach. Suppose that 5 = (%} ;2) and set x = x1Xx5 ! For a given Serre weight, the recipes
of [BDJ10] and [DDR16] determine subspaces Lpp; and Lppr of H'(Gk,x), and we have to
prove that LBDJ = LDDR~
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Let Ko /K be the (non-Galois) extension obtained by adjoining a compatible system of p"th
roots of a fixed uniformizer of K for all n. The restriction map H'(Gf,x) — H Gk, ,X) is
injective unless x is the mod p cyclotomic character, and [GLS14, Theorem 7.9] allows us to
give an explicit description of the image of Lppy in H'(G. ,x) in terms of Kisin modules.
The theory of the field of norms gives a natural isomorphism of Gr_, with Gy, where k
is the residue field of K, and we obtain a description of the image of Lppy in H 1(Gk((u)), X)
in terms of Artin—Schreier theory. On the other hand, we prove a compatibility of the Artin—
Hasse exponential with the field of norms construction that allows us to compute the image of
Lppr in H'(Gj((u)), x)- We then use an explicit reciprocity law of Schmid [Sch36] to reduce the
comparison of Lgpy and Lppg to a purely combinatorial problem, which we solve.

It is possible that the conjecture of [DDR16] could be extended to the case that p ramifies
in K; we have not tried to do this, but we expect that if such a generalization exists, it could be
proved by the methods of this paper, using the results of [GLS15].

The fourth author’s PhD thesis [Mav16] proved [DDR16, Conjecture 7.2] in generic cases
using similar techniques to those of this paper in the setting of (¢, T')-modules (using the results
of [CD11] where we appeal to [GLS14]), while the first three authors arrived separately at the
strategy presented here for resolving the general case.

2. Notation

We follow the conventions of [GLS15], which are the same as those in the arXiv version of [GLS14]
(see [GLS15, Appendix A] for a correction to some of the indices in the published version
of [GLS14]). Let p be prime, and let K/Q, be a finite unramified extension of degree f, with
residue field k. Embeddings o : k — E) biject with Qp-linear embeddings K — @p, and we
choose one such embedding og : k — E,, and recursively require that JZP 11 = 0i. Note that
oi+¢ = ;. Note also that this convention is opposite to that of [DDR16], so that their o; is our
o_;; consequently, to compare our formulae to those of [DDR16], one has to negate the indices
throughout.

If 7 is a root of 2P’ ~1 + p = 0 then we have the fundamental character w; : Gg — k> defined
by

wi(9) = g(m)/m (mod 1Ok x))

The composite of wy with the Artin map Artg (which we normalize so that a uniformizer
corresponds to a geometric Frobenius element) is the homomorphism K* — k* sending p to
1 and sending elements of O to their reductions modulo p. For each o : k — F,, we set
Wy := 0 ow|r, and w; 1= w,, so that, in particular, we have wfﬂ = w;.

If I /k is a finite extension, we choose an embedding 7 : | = F, extending o9, and again set
o, =or +1- We have an isomorphism

[ ®p, F, — [[Fy. (2.0.1)
75
with the projection onto the factor labelled by 51 being given by x ® y — 7;(z)y. Under this
isomorphism, the automorphism ¢ ® id on I ®p, IF;, becomes identified with the automorphism
on [TF, given by (yi) = (yi—1)-

If M is an | ®p, Fy-module equipped with a ¢-linear endomorphism ¢, then the

isomorphism (2.0.1) induces a corresponding decomposition M AN [[; M;, and the
endomorphism ¢ of M induces F,-linear morphisms ¢ : M;_1 — M,.
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3. Results

3.1 Fields of norms
We briefly recall (following [Kis09, §1.1.12]) the theory of the field of norms and of étale ¢-
modules, adapted to the case at hand. For each n, let (—p)l/ P" be a choice of the p™th root of
—p, chosen so that ((—p)/?"" )P = (—p)/?" and let K, = K((—p)"/*"). Write Koo = U, Kn.
Then, by the theory of the field of norms,

NKn+1/Kn
(the transition maps being the norm maps) can be identified with k((u)), with ((—p)'/?"),
corresponding to u. If F' is a finite extension of K (inside some given algebraic closure of K
containing K, ), then F, := FK is a finite extension of K, and applying the field of norms
construction to Fy,, we obtain a finite separable extension

F:= lim FK,,
<

NrK,/FK,_1

of k((u)). If F'is Galois over K, then F is Galois over K, and F is also Galois over k((u)),
and there is a natural isomorphism of Galois groups

Gal(F/k((uv))) = Gal(Fs/Ks), (3.1.1)

and, composing with the canonical homomorphism Gal(Fuo/Ks) — Gal(F/K), a natural
homomorphism of Galois groups

Gal(F/k((u))) - Gal(F/K). (3.1.2)

Every finite extension of K, arises as such an F,, and, in this manner, we obtain a
functorial bijection between finite extensions of K, and finite separable extensions F of k((u)).
In particular, the various isomorphisms (3.1.1) piece together to induce a natural isomorphism
of absolute Galois groups

Gk, = Gk((u))- (3.1.3)

The utility of the isomorphism (3.1.3) arises from the fact that there is an equivalence of
abelian categories between the category of finite-dimensional F,-representations V of G k((u)) @nd
the category of étale ¢-modules. The latter are, by definition, finite k((u)) ®F, Fp-modules M
equipped with a @-semilinear map ¢ : M — M, with the property that the induced k((u))®r, F,-
linear map ¢*M — M is an isomorphism. This equivalence of categories preserves lengths in
the obvious sense, and is given by the functors

T : M = (k((u)* @p((u)) M)?="
(where k((u))"P is a separable closure of k((u))) and
Vi (k((w)*P ®F, V)Gk((u)).

The isomorphism (3.1.3) then allows us to describe finite-dimensional representations of Gx_
over [F, via étale p-modules. In the §3.3 we make this description completely explicit in the
context of (the restriction to K, of) the crystalline extensions of characters that arise in the

conjecture of [BDJ10].
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The above isomorphisms of Galois groups are compatible with local class field theory in a
natural way. Namely, if /K and F/k((u)) are as above, then the projection map k((u)) =
lim K, — K induces a natural map
<‘NKn+1/Kn

and we have the following result.

LEMMA 3.1.5. If F/K is a finite abelian extension, then the following diagram commutes.

Art;lu
Gal(F/k((u))) ———% k() /Np k() < F~

l(3.1.2) l(3.1.4)
Art;(l
Gal(F/K) K> /Np F*

Proof. This is easily checked directly, and is a special case of [AJ12, Proposition 5.2], which
proves a generalization to higher-dimensional local fields; see also [Lau88], where the analogous
result is proved for general APF extensions (strictly speaking, the result of [Lau88] does not apply
as written in our situation, as the extension K, /K is not Galois; but, in fact, the argument
still works). In brief, it is enough to check separately the cases that F'/K is either unramified
or totally ramified; in the former case the result is immediate, while the latter case follows from
Dwork’s description of Artin’s reciprocity map for totally ramified abelian extensions [Ser79,
XIII §5 Corollary to Theorem 2]. |

3.2 Compatibility of pairings

It will be convenient to establish a further compatibility between various natural pairings. For
a field M, let M®) /M denote the maximal exponent p abelian extension (inside some fixed
algebraic closure). If M, /M is an extension, then we have a diagram as follows (where pr is the

natural map given by restriction of automorphisms of Még) to M (p)).

Gal(M®) /ML) x H' (G, F,) — F,

pr L

Gal(M®) /M) x HY(Gp,F,) — F,
LEMMA 3.2.1. The diagram commutes, in the sense that (pr«, ) = (a, 1f3).

Proof. Since H' (G, F,) = Hom (G, Fp) (and similarly for M), since the pairings are given
by evaluation, and since ¢ is the natural restriction map, this is clear. O

Suppose now that M is a finite extension of @, with residue field /, and that 7 is a uniformizer
of M. If M, /M is the extension given by a compatible choice of p-power roots of 7, then

Gal(M®P) /M) ~ I((u)* @ TF,

via the field of norms construction together with local class field theory (applied to I((u))).
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On the other hand, taking Galois cohomology of the short exact sequence

0— Fp, — I((u))*P ®F, F, ved I((u))*P ®F, F, — 0,

where ¢ : [((u))*P — [((u))*P is the Artin—Schreier map defined by 9 (z) = 2P — z, yields an
isomorphism

H(Gre, Fy) = H' Gy Fp) = Hom(Guy, Fy) = (1()) /1((w))) @, Ty

concretely, the element a € [((u)) corresponds to the homomorphism f, : Gy((u)) — Fp given by
fa(g) = g(x) — x, where x € I((u))*P is chosen so that 1(x) = a. (See e.g. [Ser79, X §3(a)] for
more details.)

THEOREM 3.2.2. Let o}, € Gal(Még)/Moo) be the Galois element corresponding via the local
Artin map to an element b € I((u))* ®F,, and let f, be the element of HY(G ., , Fp) corresponding
to an element a € (I((u))/¥Il((u))) ®F, Fp. Then

db
(fasop) = Trlwﬁ,,/ﬁp <Resa . b).

Proof. This was first proved in [Sch36]; for a more modern proof, see [Ser79, XIV Corollary to
Proposition 15]. O

3.3 Crystalline extension classes and Lgpj

We begin by briefly recalling some of the main results of [GLS14]. For each 0 <1 < f — 1 we fix
an integer r; € [1,p]; we then define r; for all integers ¢ by demanding that r;;y = ;. We let J
be a subset of {0,..., f — 1}, and we assume that J is maximal in the sense of [DDR16, §7.2];
in other words, we assume that:

(i) if for some ¢ > j we have (rj,...,r;) = (L,p—1,...,p—1,p), and j +1,...,7 ¢ J, then
j ¢ J; and
(ii) if all the r; are equal to p—1, or if p = 2 and all of the r; are equal to 2, then J is non-empty.

We let x : Gg — F; be a character with the property that

_ T T
X1k —H“’j H“’j :

jed  j¢J

We let Lppj denote the subset of H'(Gg,x) consisting of those classes corresponding to
extensions of the trivial character by y that arise as the reductions of crystalline representation
whose oy-labelled Hodge Tate weights are {0, (—1)"’r;}, where (—1)"¢/ is 1 if i € J and —1
otherwise. The subsequent points follow from the proof of [GLS14, Theorem 9.1], together
with [GLS14, Lemmas 9.3 and 9.4] and (in the case that p = 2) the results of [Wan16].

(i) The subset Lppy is an Fp-subspace of H'(Gg,x).
(ii) An extension class is in Lppy if and only if it admits a reducible crystalline lift whose
o;-labelled Hodge Tate weights are {0, (—1)'¢/r;}.
(iii) If J ={0,...,f — 1} and all r; = p, then Lpp; = H* (G, X).
(iv) Assume that we are not in the case of the previous point. Then dime Lppy = |J|, unless
x = 1, in which case dime Lppy = |J| + 1.
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We recall below from [DDR16] the definition of another subspace of H' (G, x), denoted by
Lppr; our main result, then, is that Lgpy = Lppr. We begin with an easy special case.

LeEmMA 3.3.1. If J ={0,..., f — 1} and every r; = p, then Lppy = LppR.

Proof. In this case we have Lppr = H'(Gk,x) by definition (see Definition 3.4.1 below), and
we already noted above that Lppy = HI(GK, X)- O

We can and do exclude the case covered by Lemma 3.3.1 from now on; that is, in addition
to the assumptions made above, we assume that:

e if every r; is equal to p, then J # {0,..., f —1}.

If x = €, then the peu ramifié subspace of H' (G, ) is, by definition, the codimension one
subspace spanned by the classes corresponding via Kummer theory to elements of Oj;. Since we
have excluded the cases covered by Lemma 3.3.1, Lgpj is contained in the peu ramifié subspace
of HY(Gk,€) by [DS15, Theorem 4.9].

By [GLS15, Lemma 5.4.2], for any x # € the natural restriction map H'(Gg,x) —
HY(Gk,,x) is injective, while if y = €, then the kernel is spanned by the tres ramifié class
corresponding to —p; in particular, the restriction of this map to Lgpj is injective. The following
theorem describes the image of Lppj; before stating it, we introduce some notation that we will
use throughout the paper.

Write x as a power of wy times an unramified character p : Gal(L/K) — F; , and write
p(Frobg ) = a, so that al¥l = 1; here Froby € Gal(L/K) denotes the arithmetic Frobenius. For
each o : k — F,, we let \,, be the element (1,a7',... ,at k] ¢ | @k Fp, so that Ay, is a
basis of the one-dimensional Fp—vector space (I ®p Fp)Gal(L/K):“. Similarly, we let A, ,-1 be
the element (1,a,...,al¥=1) e Rk Fp.

THEOREM 3.3.2. The subspace Lppj of H'(G,x) consists of precisely those classes whose

restrictions to H'(Gk._,x) can be represented by étale p-modules M of the following form.
Set h; =r; ifi € J and h; =0 if i € J. Then we can choose bases e;, f; of the M; so that ¢
has the form

Here (a); = 1 for i # 0, and equals a = p(Frobg) for i = 0; and we have x; = 0 if i ¢ J and
x; € Fp if i € J, except in the case that x = 1.

If x = 1 then a = 1, and if we fix some ig € J, then x4, is allowed to be of the form x} + x;; u?
with x ,x € F, (while the other x; are in F).

In every case, the x; are uniquely determined by M.

Proof. In the case p > 2, this is an immediate consequence of [GLS14, Theorem 7.9] (which
describes the corresponding Kisin modules, which are just lattices in M; the set J’' appearing
there can be taken to be our J by [GLS14, Proposition 8.8] and our assumption that J is maximal)
and the proof of [GLS14, Theorem 9.1] (which shows that the different z; give rise to different
Galois representations), while if p = 2, then the result follows from the results of [Wanl6]. O
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As in §2, we let m be a choice of (pf — 1)th root of —p. Write M := L(r), where L/K
is an unramified extension of degree prime to p, chosen so that x|q,, is trivial (in [DDR16] a
slightly more general choice of M is permitted, but it is shown there that their constructions
are independent of this choice, and this choice is convenient for us). Then M /K is an abelian
extension of degree prime to p. Since (pf — 1) is prime to p, for each n > 1 there is a unique p"th
root w'/P" of 7 such that (Wl/pn)(pffl) = (—p)'/7", and we set M,, = M(7'/?"), My, =, M.

If M is an étale p-module with corresponding G __-representation 7' (M), then it is easy to

check that the étale p-module corresponding to T'(M)]|a,,. is
Mot = U(w) @y () s -1 M-

Applying this to one of the étale p-modules arising in the statement of Theorem 3.3.2, it
follows that (with the obvious choice of basis e;, f; for M) the matrix of ¢ : M1 — M,

is
u(ri_hi)(pf_l) z;
0 (a);uhi® =1

whereas above h; =r; if i € J and h; =0 if i ¢ J, and x; is zero if i ¢ J. Furthermore, z; € F),
except that if x = 1, we have fixed a choice of iy € J, and z;, is allowed to be of the form
i+ xfi’oup(pf_l) with @] ,27 € Fp. (Here the My, are periodic with period f[l : k], but of
course the r;, h; and x; depend only on ¢ modulo f.)

We now make a change of basis, setting ¢ = u®e; and f/ = al/flufi f; (where 0 < i <
fll : k] — 1), so that the matrix of ¢ : My ;1 — Mys; becomes

w(ri—hi) (0 =1)+pai—1—a; aLifl/finupﬁiA*ai
0 uhi(Pffl)erﬁi—l*ﬁi ’

We choose the «ay, 5; so that the entries on the diagonal become trivial; concretely, this means

that we set
F-1 F-1
Q==Y (rivjn — i)’ T Bi= = hayap’ T
j=0 Jj=0

Write & := a; — pfB;—1, so that we have

f-1
&= Z(_l)z+]+l¢‘]7“i+j+1pf717] + 6iemi(p! — 1),
=0

where d;c; =1 if ¢ € J and 0 otherwise. _
With the obvious basis for My as an I((u)) ®F, Fp-module, ¢y, is given by the matrix

1 (mia_lk%u—l U_E")z‘:o,...,f—l
0 1

where A;, ,—1 is the element of | ® 4, F, that we defined above. Then T'(M /) is an extension of
the trivial representation by itself, and thus corresponds to an element of Hom(Gl((u)),ﬁp). By
the definition of T, the kernel of this homomorphism corresponds to the Artin—Schreier extension

of I((u)) determined by (z;),, ,~1u"%);i—0,.. r—1. We have therefore proved the following result.
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COROLLARY 3.3.3. The image of Lgpy in H' (G, ,Fp) = Hom(Gy((u)),Fp) is spanned by the

classes f\ | ,-¢ corresponding via Artin-Schreier theory to the elements
)

)\ai,u‘lu_gi € 1 @, Fp €l @5, Fy,

for i € J, together with the class f/\

pf -1)-g;y X = 1.
Tig 1w 0

As in [DDRI16, §3.2], we may write x|, = wy® for some unique ng of the form ng =
Z;;l a;jp’ =7 with each a; € [1,p] and at least one a; # p. We set

f
n; = Z ai4jp’ 7,
j=1

so we have x|r, =w;", and for all 4, j we have
ping = pijnj (mod p/ —1).

Note that we have
5 -5
e = [T wi [Tw;”
jeJ j¢J

f-1 L v
. ,(,1)1+J+1€J”+j+1pf71—3
= wi

7=0

_ wiai_pﬂi—l W??
so that, in particular, we have
&=mn; (modp’ —1). (3.3.4)

3.4 The Artin—Hasse exponential and Lppgr
We now recall some of the definitions made in [DDR16, §5.1]. In particular, for each i we define
an embedding o} and an integer n} as follows. If a;_1 # p, then we set o} = 0;_1 and n} = n;_.
If a;—1 = p, then we let j be the greatest integer less than i such that a;_1 # p — 1, and we set
ol =0j_1 and n} =n;_1 — (p/ —1). Note that we always have n/ > 0.

We let E(x) = exp(}_,,502"" /p™) € Zy[[z]] denote the Artin-Hasse exponential. For any
a € myy, we define the homomorphism

€q il ®Fp Fp — O])\} ®IFP Fp
by €n(a ®b) := E([a]a) ® b, where [-] : | = W(I) is the Teichmiiller lift. Then we set
U; 1= Eﬂ";(/\ff{wlt) € O;\} ®ﬁp.

In the case that X = 17 we also set Uy (= TR 1 € M*® Fp, and in the case that X = €, the

mod p cyclotomic character, we set tcyc = €_,,f_1)/p-1) (D ® 1), where b € [ is any element with
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Trl/Fp(b) # 0. It is shown in [DDR16, §5] that the u;, together with wgyiy if x = 1, and ucyc if
X = €, are a basis of the Fp—vector space

Uy = (M @ Fyly ™)) S/,

Via the Artin map Artys, we may write

H'(Gg,x) = Homeaiay ) (M, Fy(x))

and, thus, identify H'(Gk, x) with the F,-dual of U,. We then define a basis of H*(Gk, x) by
letting ¢;, ciiv (if x = 1) and ceye (if x = €) denote the dual basis to that given by the u;, utriv
and Ucyc.

Recall from [DDR16, §7.1] the definition of the set u(J). It is defined as follows: u(J) = J,
unless there is some ¢ ¢ J for which we have a;—1 =p, a;—o =p—1,...,a;—s =p—1,a,—5-1 # p—1,
and at least one of 1 — 1,7 —2,...,4— s is in J. If this is the case, we let  be minimal such that
i—x € J, and we consider the set obtained from J by replacing ¢ —x with i. Then pu(J) is the set
obtained by simultaneously making all such replacements (that is, making these replacements
for all possible 7).

DEFINITION 3.4.1. We define Lppg to be the subspace of H' (G, x) spanned by the classes c;
for i € p(J), together with the class cuiv if x = 1, and the class ceye if x =€, J ={0,..., f—1}
and every r; = p.

3.5 The comparison of Lgpy and Lppr

In this section, we prove that the classes in Lppy are orthogonal to certain w;. We begin with a
computation that will allow us to compare the constructions underlying the definition of Lppr,
which involve the Artin—Hasse exponential, with the field of norms constructions underlying the
description of Lgpj.

LEMMA 3.5.1. Foranyn >1,a €l andr > 1 with (r,p) = 1 we have N, /x E([a al/?P"|(x /Py =
E([a]7").

Proof. Let ¢ be a primitive p"th root of unity. Then

p—1
N,k E(la"7"](w'/P")7) = H E([a/"](x"/7") ¢k

Pt [a}/P" )P (/P yre™ chp™
:HeXp<Z ] (pm) ¢ )

m=0
Pl 1/p (m/P" e R
_ exp<z Z ) ¢ )
k=0 m=0
Q1P (gl /Py P
o <m I ).
m=0 p k=0
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Now the sum over roots of unity is 0 if (P" # 1 (equivalently, m < n) and p" if ¢P" = 1
(equivalently, m > n). Hence,
n n 1/p™Mp™ (2 1/p™\rp™
mzn
[a/P" P (Wl/Pn)Tp"+mpn>
= exp
(mZZO pm+n
alP” (7" )P
— e 30 ) — plae) -
m>=0 p

For each r > 1 have a homomorphism
ewr LOF, > ()" @F,
defined by €,r(a ® b) = E(au”) ® b. Then, for each i, we set

U; 1= eu“;()‘%{v#) S l((u))x & Fp.
LEMMA 3.5.2. Let r > 1 be coprime to p. Then under the homomorphism (3.1.4) (with M in
place of K ), the image of E([a]u") is equal to E([a]7r"); consequently, for each i, the image of u;
is (7

Proof. This is an immediate consequence of Lemma 3.5.1, taking into account Lemma 3.6.1
below, which shows that n! is coprime to p. O

We now state and prove our main result, which establishes [DDR16, Conjecture 7.2], by
reducing the equality Lppr = Lppj to a purely combinatorial problem that is solved in §3.6.

THEOREM 3.5.3. We have Lgpj = Lppr.

Proof. Since we have dime Lppy = dime Lppr = |J| + 0y=1, it is enough to prove that
Lapy € Lppr- By the definition of Lppg, it is equivalent to prove that the image of every
class in Lppy in H'(Gy, Fp) is orthogonal under the pairing of §3.2 to the elements u; € Uy,
J ¢ n(J).

In the case that x =€, we also need to show that the classes are orthogonal to ucyc; to see
this, note that, as explained in [DDR16, §6.4] the classes ¢; (together with ¢ty if p = 2) span
the space of classes which are (equivalently) flatly or typically ramified in the sense of [DDR16,
§3.3], which are exactly the peu ramifié classes; in other words, the classes orthogonal to ucyc
are exactly the peu ramifié classes. As we recalled in § 3.3, it follows from [DS15, Theorem 4.9]
that every class in Lppj is peu ramifié.

Combining Lemmas 3.1.5 and 3.2.1, Theorem 3.2.2, Lemma 3.5.2 and Corollary 3.3.3, we see
that we must show that for all i € J, j ¢ p(J), the residue

Trlwﬁﬂ@, Res(dlog(i;) - Ay, ,—1u~%) (3.5.4)

Tis

vanishes. (If y = 1, then we must also show that the pairing with )‘UW P == vanishes.)

I
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Since
dlogE(X) = (X + X? + X¥* 4 ...) dlogX

and dlog(A\u") = n - u~!, the pairing (3.5.4) evaluates to

I pm 1 e
Trl®Fpr/Fp Res(Z ng(tp ® 1)m()\05_#)u"]” gy 1 U 51).

m=0

(Here ¢ @ 1:l® F, - | ® F,, is the pth power map on .)

This residue is given by the coefficient of u~!, so we see that this pairing can be non-zero
only when &; = pmn} for some m > 0 (if x = 1, then we must also consider the possibility that
&—ppf —1) = pmn;-, but this is excluded by Lemma 3.6.6 below). If this holds, then the pairing
evaluates to

n; Hl@ﬂrp?p/?p(gp ® 1)m()\05,ﬂ) ! )\O'i,p,fl'

Now, we have
(90 ® 1)m()\097u) : /\Ui,u—l = (30 ® 1)m()‘097u)‘0i,m,u—1)

which is non-zero if and only if a;» = 0i_m, in which case its trace to F, is equal to [l : k].
In conclusion, we have seen that in order for the pairing to be non-zero, we require:

(i) o} = 0i—m; and

(i) & =p™n}.

(In fact, although we do not need this stronger statement, we observe that the pairing is non-zero
if and only if these conditions hold, because n; is always a unit by Lemma 3.6.1, while [/ : &] is
prime to p.) By Proposition 3.6.7 below, these conditions imply that j € u(J), as required. O

Remark 3.5.5. It is clear that the method of the proof of Theorem 3.5.3 could be used to compare
the bases of Lgpy and Lppgr that we have been working with. We have checked that in suitably

generic cases the bases are the same (up to scalars), but that in exceptional cases they may
differ.

3.6 Combinatorics

Our main aim in this section is to prove Proposition 3.6.7, which was used in the proof of
Theorem 3.5.3. We begin with some simple observations; the following three lemmas give us some
control on the quantities & and n/ which will be important in the proof of Proposition 3.6.7.

LEMMA 3.6.1. The quantity n) is not divisible by p.

Proof. This is automatic if a;—1 # p because then n) = n,_; = a;—1 (mod p). Assume that
a;—1 = p, and write that (a;—1,ai—2,...,a;) = (p,p—1,...,p—1), with aj_1 # p — 1. Now

nt=n;_1— @ —-1)=nj1+1=a;_1+1 (mod p).

However, since a;_1 # p—1 and lies in [1, p], we have a;_1 # —1 mod p, and so n, # 0 (mod p).
O

LEMMA 3.6.2. Ifi € J, then 0 < & < p*(pf —1)/(p —1).
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Proof. Since i € J, we have
& =plri+ (1) p e+ (1) e (1) (3.6.3)

The upper bound is immediate, as we have r; < p for all j (and in the case that all r; are
equal to p, we are not allowing J¢ to be empty). For the lower bound, if r; > 2, then & >
2pf — (pf +pf~1 + .-+ p?) > 0, so we may assume that r; = 1. Suppose that J # {i}, and let
x > 0 be minimal so that ¢ +x 4+ 1 € J. Since r; = 1 and ¢ € J, it follows from the maximality
condition on J that no initial segment of (r;41,...,74,) can be (p — 1,p — 1,...,p) (which
also excludes the degenerate case consisting of a single initial p). Hence, either all the r; for
j € i+ 1,i+ x| are at most p — 1, in which case

PP e <P T (- 1) =T -,
so that
Gep! ! T =l T >0,
or for some y < x we have r;41,...,74y =p— 1 and r;yy41 < p — 1, in which case
Pk A e < O 4 - 1)
+ =2 ! )
=@ T - 1)
—plyThppf 2yl
<@ -
=pl —p7",

and one proceeds as above. Finally, if J = {i}, then arguing as above (and, again, using the
maximality condition on .J) we see (considering the two cases as above) that & > p/ — (pf =1 +
o+ p)p—1)=p>0. D

LEMMA 3.6.4. For any value of i, we have (pf —1)/(p—1)<n; < (pf = 1)+ = 1)/(p—1).
Proof. This is immediate from the definition of n;. O

Let v,(&;) denote the p-adic valuation of &;. The following lemma shows that &; is in some
sense a function of this valuation, and is crucial for our main argument.

LEMMA 3.6.5. If i € J, and if m = vp(&;), then m > 1. If furthermore m > 1, then we have
& =p"(Nimm — (p! — 1)), while if m = 1, then either & = pn;—1 or & = p(nj—1 — (pf - 1)),
depending on whether or not & /p > (pf —1)/(p — 1).

Proof. Equation (3.6.3) shows that m is at least 1 if ¢ € J. From (3.3.4), we deduce that &; /p"™ =
Ni—m (mod p/ —1). By Lemma 3.6.2 we have

0< &/ <p ™ - 1)/(p-1),

so that if m > 2 it follows by Lemma 3.6.4 that

&/ < (0 —1)/(p—1) <ni—p < (T =)+ = 1)/(p—1).
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Since & > 0 by Lemma 3.6.2, the congruence modulo p/ — 1 forces the equality n;_,, — & /p™ =
(pf —1). If m = 1, then we have

0<&/p<(@ -1+ @ -1/(p-1)

and the claim follows in the same way. O
The following simple lemma was used in the proof of Theorem 3.5.3 in the case xy = 1.

LEMMA 3.6.6. Suppose that x = 1 and that ¢ € J. Then there are no solutions to the equation
& —p(p! —1) =p™(p/ — 1), for any m > 0.

Proof. Since x = 1, we have n; = p/ — 1 for all j. From Lemma 3.6.5, we find that either
vp(&) = 2, in which case & = 0 (contradicting Lemma 3.6.2), or v,(&;) = 1, in which case either
& =0or& = p(pf —1). The first case again contradicts Lemma 3.6.2. The second case leads to
the equation 0 = p™ (pf — 1), which has no solutions, as required. O

We now prove our main combinatorial result.

PROPOSITION 3.6.7. Suppose that i € J, and that for some integers j, m we have:

(i) 0} = 0i—m; and
(i) € = pmn

then j € p(J).

Proof. By Lemma 3.6.1, we must have m = v,(&;). Suppose first that m = 1 and & = pn;—1. We
need to solve the equations a} =0;_1 and n; =n;_1.

If aj_1 = p, then we have a} = 051 and n; =Ng_1— (pf — 1), where s is the greatest integer
less than j for which as_1 # p — 1. Since 0’; = 0;_1 by assumption, we find that s = i. However,

then n;_q1 = n; = n;_1 — (p! — 1), which is not possible.

Thus, aj—1 # p and, hence, we have o, = 0;_1, so that j = i. We must show that j =i € p(J).
By the definition of p(.J), this will be the case unless for some s > ¢ we have i+1,...,s ¢ J, and
(@iy...,as—1)=(p—1,...,p—1,p). Suppose then that this holds; we must show that we cannot
have & = pn;_; after all. Now, by definition and the assumption that i + 1,...,s ¢ J, we have

&/p _ pf—lri . pf_27’¢+1 et (_1)5+1¢pr+i—2—sT$+1 4t (_l)i—lgéJri_l
<pl - (pf—2 4. +pf+z—s—1) + (pf-i-l—?—s +---+1)p
:pf _ (pf*Q N +pf+l*8) + (pf+2*2*3 N _|_p)
while
ni—1 =p' i +p ai o +ai
> pf—l(p o 1) 4. +pf+z+1—3(p - 1) _|_pf+z—sp +pf+z—1—s 41
:pf_i_prrZ*lis_i'_.._i_l?
which gives the required contradiction.
Having disposed of the case that m = 1 and & = pn;_1, it follows from Lemma 3.6.5 that we

may assume that & = p™(n;—m, — (p/ —1)). We show first that we cannot have a;_1 # p. Indeed,
if this occurs, then by definition we have ng =n;_1 and 09 = 0;_1, so that the equations we need
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to solve are i —m = j — 1, and n;_p, — (p/ — 1) = n;_1, which are mutually inconsistent, since
together they imply that n;_1 — (p/ — 1) = n;_1.

We are thus reduced to the case when a;_1 = p and, by the definition of n}, we see (since
0% = 0i—m) that i —m must be congruent to the greatest integer i’ less than j—1 with a; # p—1.
Replacing ¢ by something congruent to its modulo f, we may assume that i —m = #’, so that
i—m # D=1, @Gj—my1 =+ =aj_2 =p—1and a;_; = p. Again, we must show that this implies that
J € p(J). By the definition of p(.J), this will be the case unless i—m+1,...,j—2,j—1,7 ¢ J. Since
we are assuming that ¢ € J, this implies, in particular, that j is contained in the interval [i —m, 7).
We now show that this leads to a contradiction. Consider the equation & /p™ = n;_p, — (p/ —1).
From the definitions and the assumptions we are making, we have

Nicm =P M aicmir + P T e o G

— pf +pf_m+l_]a] + e + aiim’
so that

Niem — (pF = 1) =14p/ "™ g 4 a
S pf—mei=i y pfmeimi=l

Thus, o o
& =p " (Mimm — (pF — 1)) > p/ T p/HIT g, (3.6.8)

Since & < p?(pf —1)/(p — 1) by Lemma 3.6.2, we conclude that, in particular,
(pf ~1)/(p—1) > &./p2 > pltii—2 = p(f*l)ﬂifjfl)7

which is only possible if i = j + 1. Assume now that this is the case. Then we may rewrite (3.6.8)
in the form

& =p"(i—m — (pf = 1)) > p/ T 4 pl 4 . (3.6.9)
We also find that i —m 4+ 1,...,i— 1 ¢ J, so that, from the definition of & (and taking into
account the fact that ¢ € J), we compute

G=prid o+ ()T — (0 g e+ prica)

This contradicts (3.6.9), and completes the argument. |
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