SETS OF POLYNOMIALS ORTHOGONAL
SIMULTANEOUSLY ON FOUR ELLIPSES

RUTH GOODMAN

1. Introduction. It has been shown by Walsh (3) and Szegd (2) that if
a set of polynomials is orthogonal on both of two distinct curves, then one
curve is a level curve of the other. Szegd (2) has determined all sets of poly-
nomials which are orthogonal simultaneously on an entire family of level
curves. There are five essentially different sets, two of which are orthogonal on
concentric circles, and three of which are orthogonal on confocal ellipses.
Merriman (1) has shown that the orthogonality of a set of polynomials on
both of two concentric circles is sufficient to guarantee their orthogonality on
the entire family of circles. In the present paper, we shall use a method akin
to that of Merriman to show that the simultaneous orthogonality of a set of
polynomials on four distinct confocal ellipses will ensure their orthogonality
on the entire family of ellipses. Using w = (3 + 27!)/2 and denoting the
norm function (transformed into the z-plane) by m(2), these latter three sets

of polynomials {P,(w), n = 0, 1, ...} are:
(Type 1) Paw) = 14X @+ 57,
me) = (= DR — )7 (B + 17
(Type 2) P@) = +57  m) =1,
(Type 3) Paw) = X L+ (C1) @+ 57/

m@) = & — 1R — (R + 1)

2. Some required formulas. The set of polynomials
P,(w) =2, B, n=0,1,...,B," #0,
=0

is said to be orthogonal on an ellipse E, with foci at 1 and —1, if

JePr@)Prw)nw) ldw| =0 (b # &),
where the norm function #(w) is real and positive for w on E. The trans-
formation w = (2 4+ 271)/2 takes the exterior of the “ellipse” — 1 < w < 1
onto the exterior of the unit circle |z| = 1, and under this transformation, E
corresponds to a circle C whose equation is |z2| = R, where R > 1. When we
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transform the integral on E into an integral on C, the orthogonality criterion
becomes
fc grgim (2) |dz| = 0 (B # h),
where
0 = qe(z) = Pr((z + 271)/2) (k=0,1,...),
m(z) = n((z + 271)/2) |1 — 272/2.
Each ¢, is a linear combination of the quantities 1, z + 271, ..., ¥ + 2%
Hence, we can write

k
gk‘ =l})aj(k)§j (k = O, 1,...),
j=

where {y = land ¢; = 2/ + g7 forj = 1, 2,.... Since the leading coefficient
of each polynomial P, (w) is non-vanishing, we can adjust each polynomial by
a multiplicative constant so that the leading coefficient ¢, of each ¢, is unity.

Since n(w) is real and positive on E, m (z) is real and positive on C. Hence,
we can follow Merriman’s lead (1) and expand it on C as

mz) =, (A + A7) =2 (47 + A,RY:),
=0 j=0
where m(2) has been adjusted by a multiplicative constant so that 4, = 1.
In order to evaluate the integrals
Jo@ugm (z) |dzl,
we shall need the values of the integrals
Iys = Iy,s = (27TR)—1fC§:h§‘sm(z) IdZ’-

Since

fc z* |dz|

vanishes for £ # 0 and has the value 27R for & = 0, the only terms in the
product {,{¢m (z) which contribute to the value of I, are the constant terms.
When £ = s = 0 we have that {¢o = 1, so that

Io = 2rR)" (4o + Ay) |dz| = 1.
For & = 0 and s # 0 we have that {,¢, = 2° 4 27%, so that
Iyo = 20R) Y[ (AR> 4+ A4,) |dz| = A,R* + A,.
When 0 < & < sand zis on C, so that Z = R2z~!, we have that
Gfs = @+ 27" (3 + 27°) = R¥5  RYghth  R¥Mg=s—h 4 R—2gh—s,
I, = 2rR) " o(R¥A,, + R¥A 1 + R¥A gy + R4 ) |2
(Ason + A ) R? 4+ A 4R 4 AR

Il

For h > s, we evaluate I, by noting that
jsh = (27TR)_IIC§‘S§/1 ’dZ, = ]hs-

https://doi.org/10.4153/CJM-1968-126-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-126-9

SETS OF POLYNOMIALS 1283

For h = s, we find that

I, = @rR)~Y (R + R=%) (A, + A,) + R332 + R¥ig-27) |ds]
= R? + R7% + (AZs + A_2S)R28‘

3. A second formula for the integrals 7,,. For convenience, we shall
hereafter use [ F to denote
(2#R)—1fCFm (2) |d=].

From the orthogonality conditions
Jag. =0 (h # 5)
we have, in particular, that
fljo(h = f{'o(ﬂom?o 4+ 1) = @ Ioo + Ty = @ + Iy = 0.

The coefhicient @ is independent of R. Hence, we can set [y; = &y, where &,
is a complex constant which is independent of R. Similarly,

féjogz = ffo((lomi'o + aiP¢ F o) = ae®log + a1PIor + Los =
a® 4+ a1k, + Iy = 0.

It now appears that Iy, must also be a constant which is independent of R.
Thus, we set Iy2 = k. Proceeding in this way, we can establish that I, = &,
for all n, with ky = 1, and with all the &, independent of R.

If we now return to our previously established formula for I,, we can now
solve for the quantities 4, in terms of the k, and R. We have that

[(m = A'{nl m + /1,, = knv AIn + AnRzn = ]Env
so that
A, = (kR — k,)/(R*™ — 1).
We can now express the integrals I, in terms of the constants k, and R. We
find that the real and imaginary parts of I, are, for 0 < & < s, given by

. _ Rx+}z R—x—h _ ]esﬁh R—S+h
Iis 4+ Iy = (koey + kooy) ﬁ?zﬁ_i?s—-f—h + (ksrn + ki) R‘F—»—Tz{"ﬁ‘—?’ﬁ ,

[€S+h _ [{-s—h Rs—h _ R_3+h

Ly = Iy = (kyon — ko) i v T Ren — ko) g = -

Il

When 2 = s ## 0, we have that
_ P gty fe T e
[ss =R + R + Iezx + ]e—?S .
4. Determination of the early functions. Thus far we have that ¢, = 1,
q1 = —k1 + {1, and we have seen that the orthogonality conditions fqogx =0
give rise to the equations

(1) >ak =0  (s=1,2,...).

=0
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Our next task is to determine the coefficients of ¢s in terms of the £;. We can
write

(2) fqlqz =f(ZO(T)SCO +{0ge = mf%% +f§:1Q2 ‘—‘ffﬂz =

ffl(ao(”s“o + 0P+ &) = a® Lo+ eI + I, = 0.
We already know that I, = k1, and we find that

Ill = P+k_2%&2,
Lot L= (a+ )G — D)+ 2502,
Ln—To= (b —F)(p+1) + k; —,

where p = R? 4+ R~2. Using
4 =a?, B = ay®k, C = ay® (ky + k),

we can write (2) as

Ap+ B+ Cp7t + I, = 0.

Setting both the real and the imaginary parts of this last equation equal to
zero, putting in the values of I;s + I and I;» — I3, and reducing the left
side of each equation to a polynomial in p, we have the two equations
A+ A+ ki +k)+p2B+B—4— A — 2k — 2k)
+P(C+C—B—B+k1+ﬁl+k3+ﬁs) —-C—(7=0,

(3)
p3<A —A+k1—]{_)1)+p2<x4 —II+B'—B+2k1—2]E1)

+pB—B+C—CHki—lbi+ks—Fks)+C—C=0.
Now, suppose that the original polynomials are orthogonal on four distinct
confocal ellipses. Then equations (3) both hold for four distinct values of R
which all exceed unity. Hence they also hold for four distinct values of p, since
p1 — ps = (B2 — Ry?)(1 — R;~2R,2) cannot vanish for distinct R, and R,
which both exceed unity. Since the cubics (3) vanish for four distinct values
of p, they vanish identically and their coefficients are all zero. It follows at
once that 4 4+ %k = B — ky = C = k3 = 0. Using this information, along
with equation (1) with s = 2, we find that

a® = ki — ks, 1P = —ky,
ki(ks + ko) =0, ki(k2—ky—1) =0, k;=0.

We can now separate the functions ¢, into two types.

(Type 1) Bi520, ko=k2—1,  kytly=Fk;=0,
a0<2) = 17 01(2) = _kl.
(TYPG 2) k]_ = k3 = O, [10(2) = ~—k2, a1(2> = 0.
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Next, we use the orthogonality conditions involving ¢g;. We have that
4) f%q:; = fS:143 = a1+ a1y + a1, + I3 = 0.
We find that

Iy

Iy + Iy = (B2 + 152)<p — §> + (ks + k) —g—p“,
p p—2

Iy — Ils = (k2 — lgz)p +&;’:—ké,

and we now have that I;; = kip — ki, since k3 = 0 for both types of functions.

Using the real and imaginary parts of (4) gives us the two equations

C+C - 2
_:7_ + (k2 + k2)<P - ;)

() + (ks + k) P = 0,
g

A4+ A+ B+ B+

U= Dp+B-B+ Tt @+ Bl

where

A = a;® + ka,®, B = (a,®» — (12(3))151, C=a:® (ks + ]52)_
For functions of the first type, we have that C = k; 4+ k. = 0, and equations
(5) can be reduced to the polynomial equations
p*(A + A) + p2(B+ B) + p(ks+ ks — 24 — 24) — 2B — 2B =0,
p2(A —A+2k2)+p(B—B)+k4—IEA=O

Satisfaction of these two equations, both of degree less than four in p, for four
distinct values of p means that their coefficients vanish. It follows that
A+ ky; = B = ks = 0. This information, together with equation (1) with
s = 3, allows us to solve for ¢¢® and a,® in terms of a,® and to find that

o = 0and k2 =
(Type 1) k2 =1, ky=ks=ksi=0, a® = a,®, a;® = —ka,®.

For functions of the second type, we have that B = 0 and equations (5) can
be put in the form
A+ A+ b+ k) +p2(C+ C—24 — 24 — 4ky — 4ky + by + k)

—2C — 2C + 4k, + 4k, = 0,
p2(A — A+ ks —k)+C—CH+ki—Fki=0.
Again, since one is a quadratic in p and the other is a quadratic in p? the
coefficients must vanish. It follows that 4 4+ &k, = by + %, =0, C = by +
ks — k4. From this we find that
Ry = (k2 + ko) (1 + o), (ks + ko) (ks + k2 + 2) = 0.

Using this last condition on k,, we can now split the functions ¢, of the second
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type into two types, one of which we shall continue to call Type 2. Note, for
later use, that ky + ks = 0 and ky = (ky + k,) (ky + 1) for both types.

(Type?) ki =Fk; =k, =0, k2+152=0,
ay® = —k2a;®, a® = —k,.

(Type 3) 1 = k3 = O, kg + ]‘:'2 = —“2, k4 = —2k2 e 2,
a® = —kaa,®, a1 = —k,.

We now use the orthogonality condition
(6) f§293 = ffz(h = Py + a1PIs + 0¥ 15 4 I3 = 0.
We find that

122=p2—2,
- ks + ks
I + 123 = 2k1(92 - p— 1) + _2"“5 +‘——1 ’
_ p —p—
= B — ks
Iy — Iy = 47—
T e

where we have used the fact that ky is real and k4 + &y = 0 for all three types
of functions. Equation (6) becomes

(7) AP2+BP+C+123=0y
where
4 = (12(3), B = a1(3)k1, C = (10(3)/1;2 — (11(3)k1 — 2(12(3).

Using the values of a¢® and «¢;® already found for Type 1, we find that

B = C = —A. The real and imaginary parts of (7) furnish the two equations
- ks + ks
A+ A" —p—1) + 2ki(p" — p — 1)+?—_——{;—_—1=0,
- ke — [k
U= D —p— 1)+ 550

which can be reduced to

A+A+2k)(p?—p— 124k + ks =0,
A=At — 30>+ 1) + ks — ks = 0.

Now, p* — p — 1 cannot assume the same value for two distinct values of p
since (p1> — p1 — 1) — (p2? — p2 — 1) = (p1 — p2)(p1 + p2 — 1) and p; and
p2 both exceed two. Thus, as before, the coefficients of the two quadratics (8)
must vanish. This yields 4 + &k, = k; = 0, from which we readily find the
a ;¥ in terms of k. This, in fact, establishes the general pattern for functions of
the first type.

(Type 1) k=1, ky=Fky=ki=ks=0,

a0(3) = (12(3) = —"‘kl, a1(3) = 1.
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For both Types 2 and 3, we have that k; = B = 0, and the two equations
arising from (7) are

A4+ Dt =p =)+ (CH+C)p2—p— 1)+ ks + ks =0,
A—-—Dp+p =)+ (C—=O 2+ p—1)+ ks — ks =0.

For three distinct values of p for which it holds, the first of these equations
gives rise to a system of three linear homogeneous equations in the three
unknowns 4 + A, C + C, ks + k;. The determinant of this system is

pt—p—p? pP—pp—1 1
pet — p2¥ —p* p’—pp—1 1=
pst — ps® — ps® p? —p3—1 1
(p2 — p1) (ps — p1) (o2 — p3)[p12(p2 — 1) + ps%(ps — 1) + ps?(p1 — 1)
+ p1p2(p2 — 2) + pops(ps — 2) + psprlpr — 2) + 2p1pops + p1 4 p2+ ps + 1].
Since the distinct values py, ps, and p3 all exceed two, this determinant cannot
vanish. Hence, the only solution the corresponding system of equations can

have is the trivial one, namely, 4 + Ad=C+C==Fk;+k;=0.The system
of equations which arises from the imaginary equation has the determinant

)014—|‘Pl3—)012 P12+P1—1 1

p2t + p2® — p2® p? 4 p2—1
pst + ps® —ps? p¥+p3—1 1

—
Ii

(p2 — p1) (ps — p1) (p2 — p3)[p1%p2 + pa®ps + ps®p1 + p1p2® + paps® + paps®
+ 2pip2ps + 2p1pa + 2pops + 2p3p1 + p12 + p2? + s + p1 4 p2 T+ pP3 — 1]-

This determinant also cannot vanish; whence, we have that A —A=C—C=
ks — ks = 0. Thus, we have that A = C = k; = 0 for both Types 2 and 3.
This, along with our previous information, lets us conclude that for both types,
a® = a,® = 0.
(Type 2) kl = kg = k4 = k5 = 0, kQ —|" ]52 = 0,

ae® = ay® = 0, a,® = —ko.
(Type 3) kl = k3 = ks = O, kg + ]{_}2 = —2, k4 = —‘ng —_ 2,

ae® — ay® = 0, a® = —k,.

Since the general pattern for functions of the first type has already been

established, we need to consider the orthogonality conditions involving ¢gs only
for functions of the second two types. We have that

(9) ft]1(Z4 = a¢WIy + a1PIy + ae®Is + a3 4 Iy = 0.

Upon substitution of the relations among the &; which are known to hold for
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Types 2 and 3, we have that I = I3 = 114 = 0, I13 = koly1. Thus, (9)
becomes

(d1(4) + (13(4)]32)]11 = 0.

Now, I1; = p~1(p? + ks + k) can vanish for at most one positive value of p.
Hence, we must have that ¢;¥ = —a;3®k,. Using (1) with s = 4, we also have
that ap® = —kya.® — k.

Next, we have that

(10) f§2Q4 = Wl + a1'PIs; 4+ ae®Ioy + a5y + Ioy = 0
and we find that

Tt T = (ot ) G" = 3) + 520,
L= Tu= (o= R — 1) + 2200,

From (10) we have the two equations

p'(A + A+ ks + k) + p*(—34 — 34 + B + B — 6k, — 6F2)
—3B — 3B + 9ky + 9k + ks + ks = 0,
pt(4d — A+ ko — ko) + p?*(—4A + A+ B — B — 2ky + 2k»)
—B+ B+ ks —ky+ ks — ks =0,
where
A =a)®, B = a®Wky — 2a,9.

The coefficients of both these quadratics in p? must vanish, furnishing the
following result:

A = —kz, B = 2k2 + [0-2, ke = 0
This, together with our previous expression for ¢¢®, yields
02(4) = —kz, ]62(sz — k4 _ 1) = O.

Thus, either k2 = 0 or k4 = ky2 — 1. We already know that either &, + %, = 0
orks + ks = —2. When k&, + k; = —2, we cannot have By = 0 and, therefore,
must have that k, = k2 — 1. This holds for Type 3, for which we already
know that ks = —2k; — 2. Equating these two values of k4, we find that
kB, = —1 and k, = 0. For Type 2, we already have that ks + &k, = by = 0.
Now k4 = k2 — 1 =0 would mean that k; = 41, which would violate
ky + k2 = 0. Thus, for Type 2, we must have that k, = 0.

(Type 2) ki=ky=ky;=kys=Fks =k =0,
@@ = a1 = a,® = 0.
(Type 3) ky = —1, ki =ks =ky=ks = ks =0,
Q@ = a,® =1, @ = a;®.
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The last orthogonality condition involving ¢, is
(11) fq—s(h = a¢W13 + a1 51 + @@ + a; W55 + I3 = 0,

where we find that
pP—p —20+1"
- k1 — kr
I3y — I3y = .
34 M T 2~ 1

For functions of Type 2, (11) reduces to
az® (p* — 3p) + I35 = 0,

and the real and imaginary parts of this equation give

azy @@= 5l dp o Gp — Bp) ok + e =0,

(@ — a5 (" + p* = 5" — 4p” + 6" + 3p) + ks — Fr = 0.
For two distinct values of p for which orthogonality holds, the first of these
equations gives rise to a system of two linear, homogeneous, equations in the
two unknowns a;® + ;@ and k; + k7. The determinant of this system has
the value f(p1) — f(p2), where

flp) = p® — p° — 3p* + 4p* + 6p> — 3p.
The derivative of this function can be written as
(o) = (6p* 4 8p*)(p — 2) + 7p*(p — 2)2 + 12(p — 2) + 21.

For p > 2, this derivative remains positive. Hence, f(p) is a strictly monotonic
increasing function of p and cannot assume the same value for two distinct
values of p. Thus, the determinant of the system cannot vanish, and the only
solution is the trivial one, namely, a;® + a;® = k; 4+ k7 = 0. We can apply
the same type of argument to the system corresponding to the second equation
of (12). Using as f(p) the function appearing in this equation, we find that

f'(p) = (6p" + 17p% + 14p%) (p — 2) + 16p* + 12p + 3.

Since this derivative also remains positive for p > 2, the only solution is again
the trivial one. It follows at once that a;® = k; = 0.

(Type?) ki=rke=ks=ks=ks; = ks =k =0,

a0(4) = a1(4) = a2(4) — a3(4> = 0.

Iy =p"—3p, I+ I3y =

For Type 3, equation (11) reduces to
az® (p* — 4p + 207") + Iy = 0,

giving rise to the pair of equations

(@5 + @) (0" = p° = 6p' + 5" + 100" = 6p — 4 + 27) + kr + r = 0,
(a5 — as®) (0" + p° — 6p" — 5p° + 100"+ 6p — 4 — 20" ") + b7 — ki = 0.
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We treat these by the same method used for equations (12). For the first
equation, we find that

(o) = (6p* + 3p + 10)(p — 2) + (7p* + 4p) (p — 2)°

+ 14(p* — 4)p™% + 54p72,
while for the second equation,

f'(p) = (6p* + 17p% + 10p%) (o — 2) + 5p* + 20p + 6 + 2p72
Both derivatives remain positive for p > 2, and we have that ;¥ = k; = 0.
(Type 3) ky = —1, ky = ks =ky= ks = ks = ks,
a® =, =1, ;@ = q,® = (.

We now collect our information to date for all three types of functions. For
convenience, we set k& = k.

(Type 1) B2 =1, by =Fky=Fky=Fk; =0,
=1 qg=—k+{, g2=1—ki1 4+, ga=—k+ 1 —kiz+ $
(Type 2) Ri=rky=rky=lkyi=Fks=Fky=1Fk =0,

=1 =0, 2= ¢=70 ¢ =/
(Type 3) ky = —1, ki =rks=ky=ks=1Fks=k: =0,
go=1 g =%, g=14%, gg=0+8 go=14+ 04t

5. The induction when k2 = 1. Let us suppose that for a given n we
have established that

k2=Fki2=1, ky=...=ky1=0,

q; = — ki1t e — R+ — RO (j even, j < n),

g =8¢kt e — ks -k (jodd,j = n).
We shall show that ks, = kg1 = 0 and that ¢,41 is of the same form as the ¢,
for j = n. To do this, we use the orthogonality conditions involving ¢,1. The

only integrals involved which do not vanish because of the &; which are already
known to vanish are

R2j—1 + R—2j+1

Lii=Ti1,=k 1sj=mn),

R+ R
I,;=RY+RY 1<jgn—1),
_ _ R? R?
In—l,n+l + I —1n+l1 = (k2n + an) W )
_ _ R — R—2
In—l,n+1 - In—l,n+l = (kzn - kzn) W y
_ﬁn + 162n

_ pon —2n
In,n - R + R + R?n + R—Qn ’

R 4 pin-l _ R4 R
—R_—l_—LRT + (k2ngr + konyr) W—_l ,

- - R — R
Lim1 — LInpir = (Bone1 — kont1) RIH R -

In,n+1 + fn,n-&—l = 2k
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Furthermore, we find that for 1 £ j £ » — 1 the relationship I;,; — k[, ;_; =
k=1, ;11 holds. Using the first orthogonality condition involving g,.; (that is,
(1) with s = » + 1), we have that @™+ = —ka;™D, For 1 £ j < n — 2,
we have that

JOgnir = @™ 0+ a0+ @@ g = 0.
If we know that a,_;"+ = —ka ;"D this becomes
a0 (I, = kI 5m1) + aa® D = I (@000 + kla,m) = 0.

Since I; ;41 # 0, this means that o,V = —ka; "D, Thus, since we
already have that a¢™+? = —ka,;"+, it follows that a,*D = —ka, @D
holds for 0 =< 7 = n — 2. We now have that

IQn—IQn+1 = a/n—2(”+l)In-1,nA2 + an—l(n+1)ln—l,n—1 + a?t(n+1)In—1,n + Lz—lm'rl =
‘4In71,n + Infl,n-kl = Oy

where A = ka1t + @,"*V. Using real and imaginary parts, we have that

2n—1 + R—2n+1) (R2n + R—Zn)
(R+R)(R +R)

(R2n~1 + R72n+1) (R2n _ R—‘Zrz)
(R+RH(R — R

(A + A)k (Ie + k?n + ]{_:Qn = Oy

(13)

A4 — Ak + koy — k2w = 0.
If we can show that the functions of R appearing above are monotone for
R > 1, we shall know that both systems of two equations in two unknowns,
which are furnished by two distinct values of R, have no solution other than
the trivial one. Now, the function

X" "

flx :;_'_x—l

has the derivative

m—1DE" =™+ m+1)E"—x™)
(x + x—1)2 ’

which is clearly positive for x > 1 andm > 1. Thus, f(x) is strictly monotone
increasing. The function of R in the first equation of (13) is a product of two
functions of this form; hence, it is monotone increasing. The function of R in
the second equation is the product of a function of this same form and of a
function which is a sum of functions of the form g(x) = x™ 4+ x™ (with the
constant 1 added when m is odd). But g'(x) = m(x™! — x~™"1) is also
positive for & > 1, so that g(x) is monotone increasing. Thus, the function of
R in the second equation is also monotone. Hence, the two systems arising
from (13) both have only the trivial solution. It follows at once that 4 =
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ks = 0. We now have that a, ;) = —ka,™D. Proceeding to the final
orthogonality condition involving ¢,+1, we have that

- (n+1) (n41)
f‘hqn+1 = Up—1 " In—l,n + ann In,n + In,n+1 =

This furnishes the two equations

_ (R21’L+1 + R—Zn—l) (R2n+l _ R—?n—l) 3
=Ty -&H  ~°

where 4 = ¢,V 4 k. The same arguments which we applied above show
that the two resulting systems have only the trivial solution. Thus, we have
that ¢,"*V = —Fk and ka1 = 0. This completes the induction for functions
of Type 1.

6. The induction when %, = &k, = 0. Next, let us suppose that for a
given 7 we have established that

ki=ky=...=kn1=0 ¢;=¢, (G=0,...,n).

We want to show that ks, = k91 = 0 and that ¢,41 = {uy1- The only integrals
in the orthogonality conditions involving ¢,.; which are not known to vanish
are [;, ;for 1 £ j = n, Li—1,ut1, Iyt Their values are as listed in the preceding
section, where we use here the fact that £ = 0. Equation (1) with s = n + 1
gives ¢,"*V = 0. For 1 £ j £ »n — 2, we have that

quqn-}—l = q,M0], = a0 (RY 4 R=¥) = 0.

Since R* 4+ R~% # 0, we must have that ¢, =0 for 1 £ j <n — 2.
Next, we have that

J‘Qn‘l%z}-l = (l'n—l(n_l_l)jn—l.n—l + I —1n4+1 =

A1 "V (R 4 R272) + [ 140 = 0,

which gives rise to the two equations

_ RZn—‘Z R—2n+2 I<2n _R—Qn _
@+ HEFLIE TR D ) bt =0,
_ R2n—2 R—2n+2 ]€2n ] —2n _

(A _A) ( _I_ R’.’__)JE(—Z R ) +k2n_k2n=01
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where 4 = a,_1"*Y. Our previous arguments apply again, and we have that
@, ") = ky, = 0. Finally,

f@zgrwl = an(n+1)]n,n + In,n+1 = q,"*D (RQ" + R—Zn) + In,n+l =0,

) (R2n + R—Zn) (R2n+1 + R—Qn—l)
R+ R

2n + R—2n) (R2n+1 _ R—Zn—l)
R— R

44 A4 + kopy1 + ko1 = 0,

_ (R _
- A< ¥ oyt — Fags = 0,

where 4 = a,"tD. As before, the two systems of equations provided by two
distinct values of R have only the trivial solution. Thus, ¢,V = ks, 1 = 0,
and the induction in this case is complete.

7. The induction when k, = —1. For functions of Type 3, we assume
that we have for a given #n

kl = 0) kZ = _]-y ks =Ll = k2n—1 = O,
g =i+t o+t 1 (j even, j < n),
g =%+ et . G0 (jodd, j £ n).
The non-vanishing integrals occurring in the orthogonality conditions which

involve ¢,.1 are
2j—2 —2j4+2
R4 R

Iisy=1Ij;2=— R+ R (2=j=mn),
I, =R+ R™ l=j=n-—1),
- R2" R - R*+ R?
In*l,rH-l + In—l,n+1 = — 2= i R—’ + (an + k?n) Eﬁ i R—Zn )
_ R*— R
Loint1 — Ln-1nt1 = (kon — Foon) R _ R
_ 2n —2n k‘.’n_j‘ ]EZM
In,n - R + R + RQn + R~2n )
R+ R

In.n+1 + jn.n—H = (k2n+1 + ]52n+1) ‘—RST-HT*_—R—M—I y

= - R—- R
Lynir = Lnnir = (Rontr — kans1) et — =21 -

For 2 =j = #n — 2, the relationship [, ;2 4+ I;; = —I; ;4o holds among
these integrals. Since the induction here uses methods similar to those of the
preceding section, we simply outline it here. Equation (1) with s =# 4 1
yields o™tV = a,®*+V. The equation fqlq,,+1 = 0 furnishes @,V = q;"+V,
We then use the equations fq’]-an = 0 to find that a; .tV = ¢,*+D implies
that @, = a4, for 0 £ j £ n —2. Next, [§,_1g.+1 = 0 allows us to
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conclude that a,_;"tY =1, ks, = 0. Finally, fq'nqnﬂ = 0 yields ¢,®*tD =
ko1 = 0. This concludes the proof for functions of Type 3.

8. Identification of the results. Substituting the values 4, = %, 4, =
ky/(R*+ 1), Ay = ky/(R*+ 1), A3 = Ay = ... =0 and using the appro-
priate values of k; and k., we find that functions of Type 1 can be written
either as

0 =X 6= 1+ @+ )
with norm function
m(z) = (z — 1)(R* — z)z7 ' (R* + 1)7!
or as
0(2) = ]EZZO (=)= (=1)"+ ]Z: (=" 4+ 27)
with norm function

m(z) = (z4+ 1)(R2 4 z)z7 (R + 1)L

These forms are not essentially distinct, since the second can be obtained from
the first by a rotation about the origin through the angle 7. For Type 2, we
have that
(3 =h=2"+3z"  m =1
For Type 3,
h

> (4 (=1)")g,/2,

=0

It

qx(2)

m@z) = (5" — 1R — ) (R + 1)

These three sets of functions are readily identified as those already known (4)
to be the transforms of the three sets of polynomials which are orthogonal on
all confocal ellipses.
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