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REAL HARDY SPACES OF AN ANNULUS

HwWAI-CHIUAN WANG

In this article we use real methods to study the Dirichlet and
the boundary value problems of an annulus. Then we establish
various properties of real Hardy spaces on the annulus, and give

some applications.

1. Introduction

Fix ry > 0 < ry <1 . Let € be the complex numbers, and
A= {z €C : r, < |zl < l} be an annulus. The boundary of A consists of
two pieces YO = {z €C : |z| = ro} , and Fl = {z €C : |z| = 1} . Write
r = Fo v Fl

In this article, we first study the Dirichlet and the boundary value

problems on the annulus A . Then we shall construct real Hardy spaces

hp(A) . We also study the relationships between hp(A) and some important
operators such as the Poisson kernel, the conjugate Poisson kernel and the
Hilbert transforms. Two related works should be mentioned. The first is
Sarason's monograph [4], where Hardy spaces have been studied through
complex methods, and then applied to study invariant theory. The second is
Goldberg [3], who studied real Hardy spaces on a strip

{z €C:0<1Imz <1} . It is noted that a Hardy space of the annulus
does not go directly over to a Hardy space of the strip since circles

centered at 0O do not go over into lines parallel to the x-axis.
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Actually the Cayley transform (or its inverse) takes these lines into
circles tangent to the unit circle at the point -1 . Finally we give some

applications to plasma physics.

2. The Poisson kernel, the conjugate Poisson kernel,
and the Hilbert transform

To derive the Poisson kernel on the annulus A4 , we start with the
closed unit disk D minus the points 1 and -1 , apply a suitable
conformal mapping onto the upper half plane and then was another conformal
mapping onto the strip B = {3z € ¢ : 0 < Imz <1} . Finally, we roll B
up to 4 .

Following Sarason [4], p. 22, consider the holomorphic function

1 mt (T m r
F(t, r) =—-—tanh-—-+’b[—+——log—]|
2q, 2q, L 2q, rz,
where 9y = -log ry > 0 < ry <pr<1l, t €R, the real numbers. The

imaginary part P(¢, r) and the real part @(t, r) of F(t, r) are as

follows:

(1/2q0]cos[(ﬂ/qo]log(P/PE)]

cosh (nt/q,)-sin[(1/q ) 108(r/r ]

P(r, t)

-sinh(ﬂt/qo]

cosh(nt/qo]-sin[(n/qo)log[r/ro)]

Thus P and @ are harmonic functions. Furthermore

(2.1) P(t, r) >0 for ry<r< 1, tE€ER,
o
(2.2) r P(t, r)dt + J‘p P[t, 7]dt =1 for ro <r<1,
ccos((n/q )log(r/r%)]
(2.3) |P(t+2nk, r)| < min[%, 9 o))

N
\x [l

for large k , |t| =7 .

Proof of (2.3). Since
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(l/ZqO)cos[(ﬂ/qo)log(r/rg]]
cosh(n/qo)(t+2nk)-sin({ﬁ/qo)10g(P/Pz]] s

P(t+omk, r) =

we have

< 1
|P(t+2mk, r)| = Cosh[n/qo)(t+2nk)-l

IA

5% for |t] =7 and large k ,
k

or

(1/2q0]cos[(n/qo)IOg(r/rg)]
cosh[ﬂ/qo)(t+2ﬂk)-l '

1A

|P( t+2mk, »)|

ccos((ﬂ/qo]lOg(P/Pg)]

A

(t+omk)"
ccos[(n/q ]log(r/r%)]
- 0 0
< T for large k .
]
Similar arguments reveal
(2.3") |p(t+omk, r)| < T%T for |t| =7 and large k .

By (2.3) we have

ccos[(ﬂ/qo)log(r/rz])

(2.4) |P(t+2nk, r)| = for |t| =7 and large
2 2
k| t]
32P(t+2nk r) c
(2.5) 5| =5 for [t] =7 and 1arge %k ,
2
ot k
32P(t+2nk r) c
(2.6) ===l == for |t| =7 and large k .
ar° K°

For |t| =m , ry <r <1, define

p(t, r) = Y P(t+ork, r) .

By inequalities (2.1)-(2.6), we obtain
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(2.7) p(t, r) is harmonic on 4 ,
(2.8) p(t, ») > 0 for ro<r<i, lt] = w ,
2T 2m r
1 1 Y =
(2.9) o Io p(t, r)dt + o Io p[t, 1°]dt =1,

(2.10)  sup |p, * f()| = cMf(¢) for f € LM(T) where
r0<r<l

pr(t) = p(t, ») and Mf is the Hardy-Littlewood maximal
function of f ,

(2.11) for any 6 , 0 <8 < T , we have

1 . 1
1im—f p_(£)dt = lim ——f (t)dt = 0 .
L 2" |tz T S e

14
ro/r

Proof of (2.11). By inequality (2.4),

ccos((ﬂ/qo)log(r/rg)]

2
]

|pr(t)| = + 0 almost everywhere as »r + 1 .

Similarly p, /r(t) + 0 almost everywhere as »r ry -
0

Using |pr(t)| = c/|t|2 on 8= |t] =7 and the Lebesgue dominated
convergence theorem,
lim el—n J p,(t)dt = lim 21—“ f p(t)dt =0 .
] [£]=6 rr |t]z6

0
This proves the assertion.
1 0
Set p,(t) = p,(t) ana p,(t)=p, /I,(t)
0
THEOREM 1. Let f, ¢ c(ry) , £ € c(rl) . Then
u(t, v) = po * fo(£) + pb * £,(2)

solves the Dirichlet problem on A .

Proof. By (2.7), p(t, r) is harmonic on 4 . Write
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u(t, r) - f‘o(t) - fl(t)

(pg * fo(t)-fo(t)] + [pi * fl(t)-f'l(t)]

= f Pou) | £y (-u)-Fo () |du - 5= ] Py f(t)du
+ -21? I pi,(u)lfl(t-u)—fl(t)ldu - 21_11 f pg(u)fl(t)du ,
For € >0 take 6 > 0 such that

||fo(t-u)-f0(t)||w < -5 vhenever |u| =5 .

ct+l
But
= I po(u) | £y (t-u)-F () |du| = 2 f Po(w) | £y (E-)-F () |du
1 0
- el | ()
2m fo ® lu|>6 Pr

+ 20—" f |fo(t-u)-fo(t)|du
|u|=8

A

e f pg(u)du + €
] >

>€ as r->r
0’

& [ sheos, e

1 ) r

< —_— | > >

= or ”f0”°°c cos [qo log 1}5] 0 as r>1.
0

The estimates of the third and the fourth terms are similar. Hence

lim u(t, ») = f‘l(t) and 1lim u(f, r) = fo(t) .

rl t"’l’o

This completes the proof.
We come to the boundary value problem on A4 .

THEOREM 2. Suppose u is harmonicon A, 1 <p <o ., Then

1 21
sup e—nf |u(e, r)lpdt < o
r0<r<l 0

if and only if

u(t, r) = pg, * fo(t) + pi, * fl(t)
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P(r P(r
for some fo €L (0} and fl €L (l)
Proof, It suffices to prove the only if part.
Let
1 2 :
sup -2—TTJ lult, p)lpdt <o,
r <r<l 0
0
By the Banach-Alauglu theorem, there exists fO 371 [I‘O) R fl 373 (Fl)

such that

u(t, rk) -+ fo(t) as > 1,
u(t, sk) - fl(t) as 8 > Ty s

in the w*-topology.
Note that g (t) = ult, r,) € c(T)) eana n () = ult, g) € c(r))
By Theorem 1,

u(t, rk] as »r -+ 1

k]

f u(x, rk)pi',(t-x)dx + f u(:c, sk)pg(t-x)dx >

u(t,s as r > r

) 0
By the uniqueness of harmonic functions on 4 , and

ult, rk) as r—+1,

-

e (l—r)sk+[r—ro)rk
? 1l-r

0 ult, sk) as r 1,

we obtain

(1-r)s, +{r-
u[t’ A ro)rk}

ir, = f u(x, rk)p;(t-x)dx + f u(x, sk)pg(t-ac)dz

letting sk -+ ro and rk + 1 , we have

u(t, r)

f fl(x)pi‘,(t—x)dx + f fo(a:)pg(t-x)dx

0
P, *

o8 + Py * fi(8)

This completes the proof.
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Theorem 2 can be extended to the Sobolev space Li(r) of order k .
THEOREM 3. For 1 =p <® , k a positive integer.

(a) For fy€rr(Ty) , f) €Ib(r)) , let

ult, v) = fo * po(t) + £ * py(t) .

Then ult, r) is harmonic on 4 ,

lim u(t, r) = f‘o(t) almost everywhere,

MO

lim u(t, r) = fl(t) almost everywhere,

r>1
lu(t, r)i = lif li + |Ify 0l s

P 0% p 1% p

AR 13 (T) I (1))
for all »r , ro <r<1.

(b) Suppose ult, r) is harmonic on A . Assume there is ¢ > 0 ,
for some p, 1l =p o,
flu(t, »)| Se forall r, ry<r<1.
2(r)

k
Then

(1) for 1 <p <=,
0 1
u(t, r) = fg * pr(t) + f1 * pu(t)
for some f € Li(r'o] s fy € LZ(Fl) 3

(1) for p=1: 1if {fr} ig Cauchy in Ll-noz"m as r > 1
ad r > r, where fr(t) = u(t, r) , then
ult, v) = £y * polt) + f) * pr(t)
? 0~ Pp 1 Pp

1 1
for some f, € L; (FO) and f € Lk(l‘l] .

Proof. It suffices to prove (b) (Z). By Theorem 2, take

https://doi.org/10.1017/5S0004972700011515 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700011515

98 Hwai-chiuan Wang

fo €fP(r) , £ €rP(r)) witn

3 (o0, _ 0
vl CRRACI R

(s
el SRPACI ERPAT

Taking the Fourier transforms of the above two equations, we obtain

o
3]“0

at

-

This completes the proof.

Consider next the Ap-spaces, for 1 =p <o, let

AP(r) = (f erir) . ¥ PP < m}

under the norm

o

Il p = el + [z | Fm) P

-0

k]

]l/p

Ap(r) forms a Banach space; for the basic properties of Ap—spaces, see
Wang [7].

THEOREM 4. (a) Por f, € AP(r)), £, €4P(r), tet
0 1
ult, ) = fy * p (t) + F, * p(t) .

Then u 18 harmonic on A ,
fl(t) almost everywhere,

1im u(t, »r)
1

lim u(t, r) fo(t) almost everywhere,

(0]

1A

lle(t, ) ||f0||Ap + llflllAp for rg<r<1.

Ap
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(b) Let ult, r) be harmonic on A , and {fr} be Cauchy in

Ll—nom as r~+1 and r > r Assune there is ¢ > 0 , for some p ,

0"
1 =p <>
lult, 1’)||pEc for ry <r<1.
A
Then

u(t, r) = fy * po(t) + £, * Py(t)
for some fo € Ar(l‘o) R fl € AP (I‘l) .

Proof. It suffices to prove (b). By Theorem 2, take fo € Ll(I’O) ,

1 .
fl €L (I‘l] with

0 1
u(t, 2) = fy % pu(t) + £ * pp()
lim £ (t) = f.(t) in the w*-topology,
r 1
t+1
lim f (t) = £ (t) in the x*-topology.
r 0
rrr
0
Therefore
lim 7,(n) = F,(n) ,
r>] r 1
lim f,(n) = fy(n) ,
rr
0
for every integer 7n . Therefore, by the Fatou lemma,
T 1FmIP = T iin [P

r+]

1n ¥ |F,mP
r>1

1A

=c.

Similarly Y |}‘O(n)|p <e.
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) . This proves the assertion.

Thus  f, € (1)) eana £, €47(r))

In Theorem 4, if p 1s restricted to lie between 1 and 2 then we

can weaken our assumptions.

THEOREM 4'. ILet wu(t, r) be harmonic on A . Assume there is

c>0, andsome p, 1=<p<2,wth
lu(t, P)HAp sc¢ for ry<r<1.
Then
w(t, ») = Fo * po(t) + £, * pL(£)
? o Pr 1" Py
for some f, € AP(FO) . f) € AP(Fl) .

Proof. By the assumption

flu(z, )i p=¢-

A
take Uy € M(FO) , the measure algebra on FO » and uy € M(Fl) such that
u(t, r) = u_ * po(t) +u, * pl(t)
i 0 r 1 r

Along the same line of the proofs of Theorem L, we obtain

S lagm P <=,
)3 |al(n)|P < e

By the Hausdorff-Young theorem, uo € Lq(FO] > Uy € Lq(Fl) , where

1/p + 1/qg =1 . Therefore u, € Ll(FO] , U, € Ll(Fl) or u,. € AP[FO) ,

0 1 0

] . This completes the proof.

u, € AP(r))

1

We are now in a position to describe the conjugate Poisson kernel

g(t, »r) on A =and the Hilbert transform Hf of f on T . Let

p(t, v) = pO(t) + pp(t)
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then p(t, r) = p(t, s) where rs = ry -

By a theorem of Goldberg [31, (1-¢)< sgn(&)?(&) is the Hilbert
transform of a function f on the boundary of the strip
{z €C:0<Imz <1}, wvhere ¥ is a testing function with ¥(0) =1 .

Following a well-known result of de Leeuw (see Stein and Weiss (6,
p. 260]), there is a multiplier H of Lp(F) to LP(T) such that
(Hf)"(n) = (1-¥)7 sgn(n)f(n)

for all integer »n where
tP(r) = {f (T > € f = f4f)
fb(t) = fi(t) almost everywhere, fb € Lp(FO)} .

We call this H the Hilbert transform of f . Note that

(&) * p (£]°(m) = Flm) (1-¥)i sen(n)p (m)

for all integer m . Define
[q(t, »)17(m) = (1-¥)Z sgn(n)p,,(m)
for all integers m . Then ¢q(t, r) is harmonic on A with
la(t, 2 < Al
Lp r Lp

=M for 1<p <o,
q(t, r) is called the conjugate Poisson kernel of p{(t, r)
For p > 0 , define
an
W(a) = {(u, v) : sup J (Jult, 2 |2+|o(t, »)]2)P%0 < »
t r0<r<l 0
where u, v are conjugate harmonic functions on A , and
u(t, r) = u(t, 8) with rs = r, - Following Fefferman and Stein [7,

p. 174], v can be recovered from u and

lim u(t, r) = f
r*1

exists in the sense of distributions. So hp(A) can be identified with a
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space hp(I‘) of distributions on ' . In particular, for p > 1 ,
HWw(r) = {f' : T >C : f(t) = fo(t)+fl(t) almost everywhere,
fb(t) = fi(t) almost everywhere, fj ¢ Lp(Fo)} .
By Theorem 4' and Stein [5, p. 221], we obtain
PROPOSITION 5. f € h(F) if and only if f € LY(T) , Hf e LX(T) .

et T : (t, r) - rett wvhere r =r =<1, 0=t =21.

1+r
r(t) = {(t', r) : ‘t—t’l < r—-ro, po < p < —-é—}
1+r,
U{(t’, r) : |t—t'| < 1l-r, -'2—< r < l} ,
v(t) = 7{r(¢)) ,
u*(t) = sup lu(tr, »)| .

(t',r)€y(t)

PROPOSITION 6. If p >0 then u € W (4) <if and only if

u* ¢€ Lp(Fl) . For each O <p <, there is an N so that

o

2m
and 1f Y € é”(Fl) with J Y £ 0, then the P -norms of the following
0

<

¢ €0 ¢ ol < 1 for lal < n)

functions are equivalent: u* , sup lwr * f(e")] ,
(¢',r)ev(t)

sup |wp * f(t)| , and sup sup Iwr + f(t)| where f € H(T) and

po<r<l r0<r<1 PEB

u(t, r) = P, * fle) .
- L (er
PROPOSITION 7. 1f ¢ € (1) , —J V=1 and

for all o #0 , then

If-v=*sl_=elsl, .
f pr Cfnp
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In particular f ¢ W= f-yv=*7fe B where H is the Hardy space on
the wnit disk D on the plane.

PROPOSITION 8. The following spaces are identical:

(1) the dual of h';

b, €L} ;

(2) {p:b-= bo*Hby s bya by

< ©
£

(3) {b €' : sup 1= J b - = [ b

1
sup f |b] < =, @ cubes on T } 3
lel<a 18T I L

(b) {b €BMO(D) : Y *b €L} for some Y € Cm(Fl) ,

1 27

2T
1 J W(x)dx = 1 , and J W(z)dx = 0 .
0 0

Proofs of Propositions 6-8 run parallel to proofs in Coldberg [3].

3. Some applications

r , 0<r <1
For 0 o s let

a<lzec sl <n)
A, = [z € C: ry < lz] <1} ,
Ty = [z €€ : |z] = ro} ,
rp={zec: |z] =1} .

Here if we consider Ap as the domain filled by a plasma and Av as

the domain corresponding to the vacuum, then our results can be applied to

solve a special problem in plasma physics.

THEOREM 9. Given two boundary data functions f, € Lp(ri] ,

1=0,1, 1<p<w, 6 there is a function u defined on the closed unit
disk D={z € C : |z| =1} such that
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Au

1]
|
>
b

on A,
Au =0 on A,

u=f; on Fi , 1=1, 2.

Proof. Take a function v on the closed unit disk D satisfying
by = —A2rgv on {z €C: |a| <1},

v =0 on {z €C: |z] =1}
(see Folland [2, p. 137]. Let

w(x) = v(x/ro)

and pg, p;- as in Theorem 2. Then

0 1
p v

is our candidate.
Finally we ask whether our theory can be extended to general domains.
1. If we extend the annulus 4 = {z € C : ry < |z2] < 1} to a general

domain B which is an elliptic annulus possessing two elliptic boundaries,
then can our theory apply or not? The affirmative answer is usual for

number theory.

< < < < = : =
2. For O r <1l<r, <o, let T, {z€cC: |z| =1},

Fl ={z€cC: |z| = rl} . F2 ={z¢cC: |z| = r2} . Let
¢, = {z ec: r, < |z| <1} ,ana ¢, ={z €C : 1< |z] <r,} . Given
boundary data functions f% on Pi , 1 =0,1, 2, can we apply our

theory to solve the generalized Dirichlet problem
Au = -Aeu on C
1 k]

Au = 0 on C. ,
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