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ABSTRACT. The possible mechanisms of angular momentum transport in convectively stable re-
gions of a star are reviewed, with emphasis on transport by magnetic torques. The strength and
configuration of the field in such layers is quite uncertain, because it is not known if the field can
reach a dynamically stable configuration. A lower limit to the field strength is obtained by assuming
that the field is always dynamically unstable, and decaying at the (rotation modified) dynamical
time scale. The present field in the sun would then be of the order 1G, with poloidal and toroidal
components of similar strength. The differential rotation in the core, if due only to the solar wind
torque, would be very small for this field strength, and instead would more likely be governed by
magnetic coulpling to the differential rotation of the convection zone. If small scale hydrodyna-
mic transport mechanisms are present, their properties would also be influenced by a field of this
strength.

1. Introduction

The internal rotation of the sun in the convectively stable core is remarkably uniform
(Duvall and Harvey, 1984; Duvall, this volume; Brown et al. 1989). Though the lowest
degree p-modes (1=1,2,3) indicate a possible rise in rotation speed inside » = 0.3 Rg (Duvall
and Harvey, 1984), the statistical significance of this rise is not large. In any case, the present
limits on the differential rotation already put rather stringent constraints on proposed
mechanisms for angular momentum transport in the core. These mechanisms come in
roughly four flavors, (i) turbulent stress associated with shear instabilities generated by
the differential rotation itself, (ii) meridional circulations due to the rotational deformation
of the star or the external torque, (iii) angular momentum transport by waves generated
by the convection zone, and (iv) magnetic stresses. These mechanisms are each discussed
briefly below. The upshot will be that magnetic fields are arguably the most effective in
enforcing uniform rotation, but that they are also the least amenable to quantitative theory
at this time.

1.1 A cLUE: THE LITHIUM DEPLETION

The solar Lithium abundance is a factor of 100 below its primordial value. Stars like the sun
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show a gradual decline of Lithium abundance with age (Soderblom 1988). This is believed
to be due to a slow mixing process in outer parts of the radiative core, which transports
the Lithium from the convection zone down until it reaches its burning temperature (=
2.8 10°% K') (Baglin, Morel, Schatzman, 1985; Vauclair, 1988). Such a mixing process is also
likely to transport angular momentum and the relative efficiency of mixing and angular
momentum transport depends on the mechanism. Hence if the low internal rotation and
the Lithium depletion are the consequence of a single process, combining these observations
would give a clue on its nature. Small scale turbulence for example is likely to have a
turbulent diffusivity and turbulent viscosity of the same order of magnitude. Magnetic
fields on the other hand can in principle exert torques without causing any mixing.

2. Hydrodynamics

The solar wind exerts, through its coupling with the atmospheric magnetic fields generated

by the convection zone, a torque (Schatzman, 1962) that would spin the sun down on a time
scale (Pizzo et al. 1984) similar to its present age. The radiative layers below the convection
zone will not take part in this spindown unless there is a mechanism that couples them to
the convection zone.

2.1 SHEAR INSTABILITIES

The radial gradient of rotation rate that builds up during spindown may become unstable
to various shear instabilities. The thermal gradient is strongly stabilizing (the buoyancy
frequency being much larger than the rotation rate). On sufficiently small scales the high
thermal conductivity due to radiation (low Prandtl number) cancels this stabilizing effect.
Another stabilizing effect is the inward increase of the mean weight per particle (Helium
inside, Hydrogen outside). This stabilization remains effective also on small scales. An
approximate condition for the onset of shear instability taking these factors into account
has been derived by Zahn (1974, 1983). In addition, a number of more subtle instabilities
exists (for reviews see Zahn, 1983; Spruit, 1987a; Zahn, this volume). A minimum rotation
curve for the present sun, assuming the minimum gradient needed to keep at least one
of the instabilities acting, was derived by Spruit et al. (1983). It is not compatible with
the observed p-mode splittings (Duvall and Harvey 1984), which require significantly lower
rotation rates. Thus, the known shear instabilities can not account for the inferred internal
torques in the core. Tassoul (1989), referring to conditions in the earth oceans, has argued
that the turbulent motions could be highly anisotropic (due to the strong influence of the
stabilizing buoyancy force) and that the measured diffusivity for momentum in these cases
is significantly higher than that for composition.. In the cases referred to, wave motions
(internal gravity waves) make up a sigificant fraction of the ‘turbulence’, and the transport
properties of these waves are indeed quite different from isotropic turbulence. To make a
valid comparison with the solar interior one has to establish what sources of wave motion

exist in the sun, and how their transport properties differ in the sun’s low Prandtl number
climate.
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2.2 CIRCULATIONS

The deformation of the sun due to its rotation induces a slow meridional circulation, the
Eddington-Sweet-Vogt circulation. It is driven by a small difference in heat flux between the
pole and the equator (e.g. Zahn, 1983). It has been too weak over most of the sun’s history
to transport much angular momentum. It may perhaps produce a low level of turbulence
through Zahn’s scenario (see Zahn, this volume), enough to be relevant for the Lithium
depletion. Another circulation is an Ekman flow driven by a difference in rotation rate
between the convection zone and the interior. It has been studied in detail (Benton and
Loper, 1970; Benton and Clark, 1974; Sakurai, 1975; Osaki, 1982). Its effect is negligible
except in a very thin layer below the convection zone.

2.3 Waves

The sun is traversed by sound waves excited in the top of the convection zone. In addition,

the unsteady nature of the convective flow at the base of the convection zone is expected to
generate internal gravity waves in the core, though such waves have not been measured yet.
Waves can exert torques by being refracted or absorbed at some distance from the place
they were excited. If the wave field is excited asymmetrically with respect to the direction of
rotation (eastward moving waves having slightly different amplitudes or propagation speeds
than westward waves for example), they can exert a selective spinup or spindown torque
at the place where they dissipate. But even a symmetrically excited wave field will exert a
‘viscous’ stress by exchanging momentum between parts of the shearing flow (the analogy
of wave packets with particles holds here). A related problem in astrophysics is that of
the tidal interaction in a binary (Zahn, 1977, Goldreich and Nicholson, 1989 and references
therein). Press (1981) has stressed that internal gravity waves generated at the base of the
convection zone may be quite important. If wy is the frequency of the dominant convective
eddy near the base, N a typical buoyancy frequency in the core just below the convection
zone, one estimates a wave energy flux into the core which is a fraction wo/N of the solar
energy flux itself. This is of the order 1072 (wg ~ 1078571, N ~ 1073s71). Most of this flux
is in the form of waves with a very small vertical length scale however, which dissipate by
radiative damping within a very short distance below the convection zone. The interesting
waves are those generated by the high frequency, large length corner in the spectrum of
motions of the convection zone. The energy in this corner is poorly estimated by current
theories of the convection zone. Numerical simulations of wave excitation by the convection
zone seem in order (cf. Hurlburt et al. 1986).

3. Magnetic fields

The role of magnetic fields is much harder to quantify than any of the above processes,
because a number of fairly basic things are unknown. On the other hand, magnetic fields
may well be of central importance, at least for the angular momentum transport in the
core.
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From observations at the surface, estimates of the field strength in the convection zone
can be made. If most of the field resides near the base of the convection zone during the
activity cycle (as seems likely for reasons of stability, Moreno Insertis 1986, Schmitt et
al. 1984, van Ballegooijen, 1982, Spruit and Roberts, 1983), it would plausibly be of the
order 10 000 G, covering a depth of the order 1000-10 000 km. The field strength in the
core is essentially unknown, with upper limits of the order 107 placed by helioseismology
measurements (Dziembowski, this volume). Increasing with its strength, the field has effects
of decreasing subtlety. Order of magnitudes can be made based on time scales.

3.1 TIME SCALES

The dynamic time scale of the sun (the sound crossing time or the the time for a sattelite
to orbit once around its surface) is of the order t; = (R/g)/? ~ 2 10% s, where R = 7 10°
cm is the solar radius and g = 2.7 10% cm s~2 its surface gravity. Its rotational period
T =2r/Qis 2 108 5 (25 d). The spindown time scale due to the solar wind torque is of
the same order as the age of the sun, at any point in time; hence presently of the order
t, = 1017 s.

These time scales can be compared with the magnetic time scale, which is the time it
takes an Alfvén wave to cross the core:

tg = R/va = /4TpR/B ~1510°/B s (1)

(with a mean density p ~ 1 for the core). This is the time scale on which the field can
communicate forces across the core. It is also the time scale on which the field will evolve,
if it is dynamically unstable. If

tg~tg o  B=B ~(8P)/? (~10°G) (2)

the field has a significant influence on the shape of the star. From upper limits on distortions
measured helioseismologically, such high fields can be excluded. When

tg~T or B=DBy~QRdnrp (~310°G) (3)
the influence of the field on the p-mode frequencies is of the same order as the rotational

splitting of these modes. This kind of field should be measurable helioseismologically. A
field of the order

tg ~ (t,T)/? or B=Bs~ (?)1/23\/4@ (~1G) (4)

is of special importance; it is the field that is just large enough to keep the core corotating
with the surface, under the influence of the solar wind torque. When

R
tg~t, or B=By~ t—\/47rp (~107%G) (5)
8
the field redistributes angular momentum on a time scale equal to the age of the sun; fields

lower than this are therefore not important in the present context. The values in brackets
in these expressions are for the present sun.
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3.2 STRENGTH OF THE INITIAL FIELD

In view of the limited information observations provide on the present field strength in
the core, it is useful to consider the the field as the sun was born, and speculate a bit
on how strong it could have been. Star formation, at least in its later stages, proceeds
through accreting gas from a disk surrounding the protostar. These disks collect gas from
distances very large compared with the size of the star; the field embedded in it at that
distance gets compressed as it drifts in with the accreting gas. Near the star, this field
is of a single polarity with respect to the disk plane at any point in time (history of the
accretion process or statistics of the field in the original source of the gas determining which
polarity). Support for the assumption of such a stable (over many orbital periods) field of
one polarity comes from the observed jets of protostars, which are most naturally explained
by magnetic acceleration (Blandford and Payne, 1982; Lovelace et al. 1987; Pudritz and
Norman, 1983; Konigl, 1989) in such a configuration. If the strength of the field caught in
the gas at large distance exceeds a certain plausible minimum, the strength of the field near
the protostellar surface is determined only by the local balance between the magnetic stress
(pulling fields away from the star) and the accretion. By equating the magnetic curvature
(the dominant stress component in this case) with the radial gas pressure gradient yields a
field strength of the order

B= a_1/2(GM)1/4r_5/4M1/2 el (6)

where G is the gravitation constant, M the mass of the protostar, a the disk viscosity
parameter, r the radial distance, and M the mass acretion rate (all cgs). This holds for a
radially selfsimilar disk (¢f. Blandford and Payne, 1982). For a protostar of 1 Mg, accreting
1073 Mgyr™!, a = 0.1 this yields several hundred G at the stellar surface r = 10'1. So an
ordered poloidal field of significant strength is accreted onto the star.

3.3 SIMPLE MODELS FOR DIFFERENTIAL ROTATION WITH B-FIELDS

3.3.1 Azisymmetric field As a model problem, consider an axisymmetric (about the rotation
axis) initially poloidal field B, (field lines in meridional planes) (Mestel and Weiss, 1987
and references therein, Ridler, 1986). Assume the initial field to be weak (but larger than
By above). The problem is to find how the differential rotation (r, #) evolves in time. An
azimuthal field component develops due to stretching of the field lines by the differential
rotation. If AQ is a measure of the difference in rotation rate occurring along a particular
field line, this component initially grows as

By ~ BptAQ. (7)

The model can be calculated only if it is further assumed that the poloidal field component
remains unchanged during the evolution. This way one avoids, in particular, the difficult
issue of the stability of the field. The magnetic stress due to the distortion of the field then
exerts a torque ByB,/4r which increases linearly with the azimuthal displacement tAQ.
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As a result the motion on each of the axisymmetric magnetic surfaces corresponding to a
particular field line of B, is that of a harmonic oscillator. The period of oscillation is the
Alfvén travel time along the field line.

3.3.2 Phase mizing. In the absence of dissipative processes the oscillation would go on
indefinitely. Since each of the magnetic surfaces oscillates completely independently of the
others however, and the Alfvén travel times vary between the surfaces, the oscillations on
the surfaces will get increasingly out of phase with each other. The length scale across the
surfaces on which the phase varies decreases as 1/¢, and after a finite time magnetic diffusion
(the fastest relevant dissipative mechanism) becomes effective and damps the motion. This
process is called damping by phase mixing, and has been studied in the coronal context
(Tonson, 1978; Heyvaerts and Priest, 1983). Calculations in the present context have been
made by Roxburgh (private communication). The net effect is that an initial differential
rotation, not driven by an external torque, will dissipate on a time scale that is some multiple
of the initial Alfvén travel time, depending only weakly on the value of the diffusivity.

When an external torque is applied, transients are set up that damp by the same mecha-
nism. After this, a configuration results in which the azimuthal field B4 has grown to just
that amplitude at which the magnetic stress transmits the external torque on the same time
scale as the star spins down. For the present sun, this means that the average of (BTB¢)1/2
would be of the order 1 G. The total field strength (B2 + B:‘;)l/2 is minimized, for a given
B,Bg, when By and B, are of the same order of magnitude. Thus the value Eq. (4) is the
minimum field strength required to transmit the external torque, and at this minimum the
azimuthal and poloidal components are of similar magnitude.

It must be stressed that this is a simplistic picture, since it does not take into account
that dynamical, nonaxisymmetric instabilities may drastically alter the field configuration
at some stage of the process.

3.3.3 Closed field lines The above implicitly assumes that all of the core is connected with
the surface by a field line. This is not necessarily the case, there may be regions (tori) with
closed field lines. If axisymmetric, these could rotate at their own rate, hardly affected by
the external torques (e.g. Mestel and Weiss, 1987).

3.3.4 Nonazisymmetric fields Nonaxisymmetric cases have effectively been studied only in
the kinematic approximation; that is the Lorentz force is ignored altogether. Hence such
models address the evolution of the field but not that of the differential rotation. Rédler
(1986) (see also Zeldovich et al. 1983) shows that the nonaxisymmetric component of the
field is ‘wrapped up’ on the differential rotation time scale, so again the length scale on
which the field changes direction decreases as 1/¢, as in the phase mixing process addressed
above. Magnetic diffusion then destroys the nonaxisymmetric part of the field on a time
scale of a few differential rotations, depending only weakly on the value of the diffusivity,
and an axisymmetric field survives.

3.4 STABILITY OF FIELDS

Dynamical instability of the field (that is, ignoring dissipative processes), is a major concern,
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since it changes the configuration on an Alfvén time scale. For the field strength that just
suffices to transmit the present solar wind torque to the core (Bs in section 3.1), this time
scale is or the order 10* yr, much shorter than the time scale on which we want the field to
to its work (but see the modification to the instability time scale by rotation, below). Are
fields likely to be dynamically unstable? It is known (Tayler, 1980, van Assche et al. 1982)
that all purely poloidal fields in stars, as well as all purely toroidal fields are dynamically
unstable. Stable fields at least require a combination of toroidal and poloidal components
of similar strength (Mestel, 1984). No example of a dynamically stable equilibrium field
in a star is known (but they are not so easy to construct). One might be tempted to
guess that all fields are dynamically unstable in stars. This is probably incorrect though,
since (Moffat, private communication) in the absence of diffusion there is a conservation
property that limits the amount of energy an equilibrium can release by an instability. If
A is the vector potential of B, the integral of the magnetic helicity B - A over the field
configuration is conserved for frozen in fields (Woltjer, 1958; see Berger, 1986). In mixed
poloidal- toroidal fields the net helicity is generically nonzero. Since zero magnetic energy
means zero net helicity, there is for each mixed poloidal- toroidal field a nonzero minimum
energy configuration. Whether such configurations can develop in a star, and whether they
will remain stable when magnetic diffusion is included is another question (Mestel, 1984
and references therein).

3.5 A LOWER LIMIT TO THE PRESENT FIELD STRENGTH IN THE CORE

The field strengths to be found at the bottom line of this text are such that the Alfvén
travel time is much larger than the rotation period. In this circumstance, the coriolis force
has a strong influence on the growth rate of an instability. Motions parallel to the rotation
axis are not affected by the coriolis force, but unstable displacements can generally not be
constructed out of such motions alone. As a result, the inclusion of rotation usually reduces
the growth rates by a factor tgQ) compared with the nonrotating case (see Pitts and Tayler,
1985 for examples). Dynamically unstable fields therefore reconfigure on a timescale

tinst = 150 (Qp > 1). )

With this, we can do a consistency check on the initial field strength assumed in section
3.2. Inserting B from Eq. (6) we find for the initial instability time scale

QM

tinst 0 ~ an M (9)
where {,,, is the maximum rotation rate of the protostar, the Kepler rotation rate at its
surface. Since the field is built up by accretion on the time scale t,.. = M/ M, the value given
by Eq. (6) can be sustained against possible dynamic instability if the rotation rate is near
its maximum. The stellar wind torque on the young star rapidly reduces its rotation rate,
and the growth rate of dynamic instabilities increases. We can now estimate a lower limit
on the field strength in the star by assuming that the field always is dynamically unstable.
Of course, the field may well get stuck at some point in time into a stable configuration,
but then the field, limited now by slower diffusive processes, will only be higher than we are
estimating here. If the instability time scale is shorter than the spindown time scale, the
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field will get smaller; if it is longer, the rotation rate decreases until by Eq. (8) the instability
time scale has decreased to match the spindown time scale again (Spruit, 1987b). Thus
for a wide range of conditions, the field attains a typical value that is largely independent
of the initial conditions, and decreases in time such that its dynamical instability time is
the same as the spindown time of the star. The field value that follows from the condition
tinst = tg is just B3 given in section 3.1. As discussed, it is the field strength that is just
sufficient to transmit the stellar wind torque to the core, and the azimuthal field component
is of the same order as the poloidal component.

At this strength, the magnetic energy density in the field is of the same order, for the
present sun, as the kinetic energy in the turbulent motions envisaged in some of the hydro-
dynamic transport schemes (such as Zahn’s scenario). Since our estimate is a lower limit,
this shows it may not be realistic to neglect the magnetic field, even in purely hydrodynamic
transport schemes.

For the field Eq. (4), the time scale for transmitting torques through the core is small
compared with the spindown time (but long compared with the rotation period), by a fac-
tor ~ 10%. Hence the level of differential rotation in the core, if due only to the processes
described, should be quite small. (But there are obvious other processes, such as magne-
tic coupling to the differentially rotating convection zone, that will enforce some level of
differential rotation).

Concluding, by assuming that the primordial field is dynamically unstable at all times
during the spindown of the star, we have estimated a mimimum field strength to be expected
in the core of the present sun, of the order of 1G.
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