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As is well known, every Borel measure in a met r ic space 
S is regular , *' provided that S is the union of a sequence of 
open sets of finite measu re . ^' It seems, however, not yet to 
have been noticed that this theorem can be easily extended to 
all spaces with Urysohn1 s f fF-property" , i . e . , spaces in which 
every closed set is a countable intersection of open sets (we 
call such spaces " F - spaces") . Indeed, various theorems a re 
unnecessari ly res t r ic ted to met r ic spaces, while weaker 
asser t ions a re made about F - spaces . •*' This seems to justify 
the publication of the following simple proof which extends the 
theorem stated above to F - spaces . 

4) 
Let m be a (non-negative) measure defined on a cr -field 

M of subsets of a topological space S. A set E € M is said 

4>i 
is the g . l . b . of the measu re s of all open sets which contain E. 
A Borel measu re is a measu re defined on the Borel field in a 
topological space S, i. e. on the least set family containing 
all open sets in S and closed under countable unions and 
c omplementation. 

2)Cf. [3], p. 660. 

3) r -, 
Thus, e. g. , Schaerf [4] l imits his Theorem 8 to met r ic spaces, 
while a weaker Theorem 3 is proved for F - spaces. Saks [2], 
p. 153, likewise unnecessari ly weakens his asser t ions about 
m e a s u r e s in F - s p a c e s . 

4) 
Called o"-algebra in [1]. 
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to be regular if, for every r ea l e > 0, there a r e two sets 

F , G * M such that F C EC G, m(E-F) < e , m(G-E) < t , 

with F closed, and G open in S. If all m e m b e r s of M a r e 

regular , the measu re m is r e fe r red to as strongly regular . 

As is readily seen, each such measure is regular , but the 

converse is not t rue . The tr iple (S ,M,m) is called a measu re 

space. (S e M). 

LEMMA. In every measu re space (S ,M,m) , the family 

R of all regular sets is a field of se ts . If, further , m(S) <oo, 

then R is a Q" -field. 

Proof. R is obviously closed under complementation, 

as follows by replacing the sets E, F , G in the definition of a 

regular set by S-E, S~G and S-F, respect ively. To prove 

closure under unions, let A ,B e R. Then there a re sets 

F , F T , G , G ' € M such that F Ç . AC_ G, F ' Ç B C G' , m(A-F) <-£-£, 

m(B-F ! ) < T € » m(G-A) < } e , m(Gf -B) < y £ , with G,G] open 

and F, F1 closed in S. As is readily seen, the open set 

Q u e and the closed set F KJ F ' satisfy the conditions of 

regular i ty with respec t to A l j B . Thus A U B ^ R, and R 

is a set field. 

Now suppose that m is finite. It suffices to show that 

oo 

R is closed under countable disjoint unions. Let then A. = \^J A 

n = l n 

be a disjoint union, with all A regular . Then, given e > 0, 

one can find, for each n, a closed set F € M and an open set 
n 

G « M such that F C A C G , m(G -A ) < s / 2 n , 
n n — n — n n n 

oo 
n-f 1 

m(A - F ) < e / 2 , n = 1, 2, . . . . Put E = U F , so that 
n n , n 

oo oo n = 1 
E € M, EC I I A =A and m(E) = 2 m F . As m is finite, 

~~ Vi n
 A

 n 

n = l n = 1 
P 

m(E - ^J F ) < TZ for some positive integer p. Also, 
n = l oo oo , o o \ 

m(A-E) =m( I J A - U F ) < m I J (A - F ) < ^ . Let 
A

 n
 A

 n "" \ A
 n n 

n = l n = l vn = l ' 
p oo 

F = I ) F C A and G= U G ") A. Then, as is readily seen, 
A n " " A n " ~ 

n = l n = l 
m ( A - F ) < e and m(G-A) < e . Thus A € R, q. e .d . 
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THEOREM. Let m be a Borel measure in an F - space 
S. If S is the union of a sequence of open sets of finite 
measu re , then m is strongly regular , and so is its least 
complete extension m. 

Proof. Suppose f i rs t that m(S) < oo. It suffices to 
show that al l open sets in S a re regular . ' Let then E b 
an open set. By the F-proper ty (taking the complements) it 

follows that E = M F for some closed sets F .. Hence 
A n n 

n = l n 
l im m( ^J F ) = m E < oo. Therefore, given e > 0, there is 
n-*oo k = l p 
a positive integer p such that m(E - \^J F ) < e . The 

k = l 
P 

regulari ty of E now follows by setting F = M F and G =E 
k=i k 

in the definition of a regular set. Thus all open sets (and, 
hence, all Borel sets) a re regular . The theorem then holds 
for finite Borel measu re s . 

Next let S = I J G , with all G open sets of finite 
A n n 

n= l 
measu re , and let B be any Borel set. Define B = B O G , 

J n n 
n = 1, 2, . . . . Clear ly , each B is a Borel set of finite 

oo n 
m e a s u r e , and B = I J B . Fixing any one of the open sets 

A n n = l 
G (m(G ) < co), t rea t it as a subspace and let B ! be the 

n n 
(relative) Borel field of that subspace. Then Bf consists of 
all sets of the form Y H G , with Y a Borel set in S. 6 ' 

Here we a re using the second part of the Lemma and the 
definition of the Borel field as the least <r-field containing 
all open sets . 

6)Cf. [1], p. 25. 
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In par t icular , B = B r\ G € BT . As G is open, all m e m b e r s 
n n n 

of B1 a r e also Borel sets in S; s imilar ly for open sets in G . 
n 

Since m(G ) < °o, the res t r ic t ion of m to B1 is a finite Bore l 
n 

measure in G . Thus, by the f i rs t par t of the proof, B is 
n n 

regular in G . Therefore (unfixing n), one can find, for 
n 

each n, an open set GT ) B such that m(G ! - B ) < e /2 , 
n — n n n 

00 00 

n = 1,2, Let G = U G1 . Then G } U B = B , and 
A n """ A n 

n = l n = l 
oo m i 

( \ 
(G-B) < m I J (Gf - B ) < e . By applying the same process 

— \ ^ n n 
n = l ' 

to the complement of B in S, one obtains a closed set F C B 
with m(B-F) < t . Thus, indeed, each Borel set B in S is 
regular . It follows that m is strongly regula r , as a s se r t ed . 
The same applies to its completion m since all m - m e a s u r a b l e 
sets , by definition, a r e Borel sets modified by subsets of sets 
of measu re zero, and this , as is easily seen, does not affect 
their regular i ty . This completes the proof of the theorem. 

REFERENCES 

1. P. R. Halmos, Measure Theory. D. Van No strand, N. Y. 
1950. 

2. S. Saks, Theory of the Integral . Monografie Matem. , 
Warsaw, 1937. 

3. H. M. Schaerf, Regular m e a s u r e s (abstract) . Bull. Am. 
Math. S o c , 54(1948), 660. 

4. H. M. Schaerf, On the continuity of measurab le functions 
in neighborhood spaces . Portug. Mathem. (1947) 33-34 
and (1948) 91-92. 

University of Windsor 

44 

https://doi.org/10.4153/CMB-1964-004-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1964-004-4

