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Abstract

In this paper we study the Oort conjecture concerning the non-existence of Shimura
subvarieties contained generically in the Torelli locus in the Siegel modular variety Ag.
Using the poly-stability of Higgs bundles on curves and the slope inequality of Xiao on
fibered surfaces, we show that a Shimura curve C is not contained generically in the
Torelli locus if its canonical Higgs bundle contains a unitary Higgs subbundle of rank
at least (4g + 2)/5. From this we prove that a Shimura subvariety of SU(n, 1) type is
not contained generically in the Torelli locus when a numerical inequality holds, which
involves the genus g, the dimension n + 1, the degree 2d of CM field of the Hermitian
space, and the type of the symplectic representation defining the Shimura subdatum.
A similar result holds for Shimura subvarieties of SO(n, 2) type, defined by spin groups
associated to quadratic spaces over a totally real number field of degree at least 6 subject
to some natural constraints of signatures.

1. Introduction

This paper is dedicated to the study of the Oort conjecture and we show that certain Shimura
subvarieties uniformized by Hermitian symmetric domains associated to SU(n, 1) and SO(n, 2)
are not contained generically in the Torelli locus. In this section we recall the conjecture, review
some related results, and explain the main idea of our work.

1.1 Torelli locus and the conjecture of Oort
We first recall the Oort conjecture for the Torelli locus. A more thorough survey of the subject
can be found in [MO11].

Fix ` > 3 an integer; we haveMg =Mg,`, the moduli space of smooth projective curves over
C of genus g > 2 with a full level `-structure, and Ag = Ag,`, the moduli space of g-dimensional
principally polarized abelian varieties over C with a full level-` structure. In this paper we treat
them as the moduli schemes over C of the corresponding moduli functors. No specific choice of
the level ` (> 3) is made because it is only imposed to assure the representability, which plays
no essential role in our study.

The Torelli morphism j◦ :Mg→ Ag sends a curve C inMg to its Jacobian Jac(C) endowed
with its canonical polarization. We write T ◦g for the image of j◦, and Tg for the closure of T ◦g in
Ag; Tg is called the Torelli locus. It is known that T ◦g is open in Tg, and is referred to as the open
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Torelli locus. We also have the hyperelliptic Torelli locus T Hg in Tg, corresponding to Jacobians
of hyperelliptic curves. A closed subvariety Z ⊆ Ag of positive dimension is said to be contained
generically in the Torelli locus, if Z ⊆ Tg and Z ∩ T ◦g 6= ∅ both hold.

The moduli scheme Ag = Ag,` actually admits a geometrically connected model over Q(ζ`)
with ζ` being a primitive `th root of 1; cf. [Mum65]. As is explained in [Hid04, Mil05, Moo98], the
moduli scheme Ag = Ag,` is isomorphic to a connected Shimura variety, namely a geometrically
connected component of the Shimura variety defined by the Shimura datum (GSp2g,H

±
g )

associated to the Q-group of symplectic similitude GSp2g, using some compact open subgroup
K(`) ⊂ GSp2g(Af ); cf. Example 2.1.7. In Ag there are Shimura subvarieties (cf. Definition 2.1.4),
which are moduli subspaces classifying abelian varieties with prescribed Hodge classes. In the
literature they are also called special subvarieties or Shimura subvarieties of Hodge type. These
subvarieties are totally geodesic, and they are locally symmetric, i.e., uniformized by Hermitian
symmetric domains equivariantly embedded in H ±

g . A more natural description of Shimura
subvarieties involves the language of Shimura subdata, which will be presented later in § 2.1.
In particular, the Shimura subvarieties of dimension zero in Ag are exactly the CM points, i.e.,
points parameterizing CM abelian variety. Any Shimura subvariety contains a Zariski dense
subset of CM points.

When g = 1, 2, 3, the Torelli morphism is of dense image. It was conjectured by Coleman
[Col87] that when the genus g is sufficiently large, there should be at most finitely many CM
points contained in the open Torelli locus T ◦g . Oort [Oor97] made the following conjecture by
combining Coleman’s conjecture with the André–Oort conjecture.

Conjecture 1.1.1 (Oort). For g large, there do not exist any Shimura subvarieties of strictly
positive dimensions contained generically in the Torelli locus Tg.

The André–Oort conjecture predicts that a closed geometrically irreducible subvariety in a
Shimura variety is a Shimura subvariety if and only if it contains a Zariski dense subset of CM
points. It is thus immediate that the formulation of Oort is equivalent to the one by Coleman
modulo André–Oort. Readers are referred to [Noo06, Sca12], for example, for surveys on recent
progress towards the André–Oort conjecture.

Although Coleman made his conjecture for g > 4, counterexamples have been found for
4 6 g 6 7 (cf. [dJN91, FGP14, MZ14, Moo10]). However, if one aims at the non-existence
of Shimura subvarieties of a certain ‘type’ specified by some algebraic constructions with g
sufficiently large, then much more evidence is available. For instance, Dwork and Ogus [DO86],
de Jong and Noot [dJN91], and Moonen and Oort [Moo10, MO11] studied Shimura subvarieties
arising from cyclic covers of P1 using p-adic Hodge theory. Kukulies [Kuk10] studied rational
Shimura curves with strictly maximal Higgs field using Viehweg and Zuo’s characterization and
the Sato–Tate conjecture for modular curves. In [LZ14] the second and third named authors
studied Shimura curves of Mumford type using the Arakelov inequality of Higgs bundles.

In [Hai99] Hain studied the Oort conjecture using properties of mapping class groups to
rule out locally symmetric subvarieties in Ag of high ranks. In fact, he proves that if a Shimura
subvariety M of Ag admits no locally symmetric divisors and is contained generically in the
Torelli locus, then it is:

(i) either a ball quotient, i.e., uniformized by the complex n-ball Bn which is the Hermitian
symmetric domain associated to SU(n, 1);

(ii) or g > 3 and each component of Mdec, the locus corresponding to Jacobians of singular
curves, is of codimension at least 2 in M , the intersection (M −Mdec)∩T Hg is non-empty
of codimension 1, and the family of Jacobians does not lift to a family of curves over M .
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Inspired by Hain’s results, de Jong and Zhang [dJZ07] proved the non-existence of Hilbert
modular varieties in the Torelli locus Tg for g > 4.

In the work of Kudla [Kud97, KR14] one encounters Shimura subvarieties of SU(n, 1) and
SO(n, 2) type (cf. Definitions 4.1.1 and 4.2.1), which contain Shimura subvarieties in each
codimension. Hain’s treatment does not apply to these Shimura subvarieties. But they contain
Shimura curves, and they become the main object of our study based on slope properties of
Higgs bundles on curves.

1.2 The main results and the idea of the proofs
The decomposition of canonical Higgs bundles on Shimura subvarieties, especially on Shimura
curves, plays an essential role in this paper; cf. § 2.2. Roughly speaking, for C ⊂ Ag a smooth
closed curve, the canonical Higgs bundle EC on C is the Hodge bundle on C given by the universal
family of abelian varieties restricted over C. From the Simpson correspondence it follows that
this Higgs bundle is completely determined by the complex representation of the fundamental
group π1(C) on the De Rham cohomology of the abelian variety. The canonical Higgs bundle thus
decomposes into EC = FC ⊕ UC , with UC the maximal unitary Higgs subbundle corresponding
to the maximal subrepresentation on which π1(C) acts through a compact unitary group. These
Higgs bundles are induced by the universal family of abelian varieties, and thus they are of the
form ΛC = Λ−1,0

C ⊕Λ0,−1
C with Λ ∈ {E ,F ,U} following Hodge decomposition of abelian varieties

(here we follow [Del79, Mil05] for the convention on Hodge types, where our Hp,q is recognized
as H−p,−q in complex geometry). This decomposition extends to the logarithmic Higgs bundle
on a smooth compactification C of C by joining a divisor ∂C = C −C, i.e., EC = FC ⊕UC with

its (−1, 0)-part being E−1,0

C
= F−1,0

C
⊕ U−1,0

C
. Viehweg and the last named author [VZ04] have

obtained a numerical control on the slope of F−1,0
C .

Theorem 1.2.1 (Viehweg and Zuo). Let C ⊂ Ag be a smooth closed curve, such that in some
smooth compactification Ag of Ag, the closure C of C is a smooth projective curve. Then in the
decomposition of the logarithmic Higgs bundle

EC = FC ⊕ UC (1.2.1)

with FC = F−1,0

C
⊕ F0,−1

C
and UC the maximal unitary Higgs subbundle, we have the Arakelov

inequality

deg(F−1,0

C
) 6

rankF−1,0

C

2
· deg Ω1

C
(log ∂C). (1.2.2)

Moreover, if C is a Shimura curve, then equality holds in (1.2.2) and F−1,0

C
is poly-stable, i.e., it

is a direct sum of stable bundles with the same slope.

On the other hand, if a Shimura curve C is contained generically in the Torelli locus Tg, then
we can construct a commutative diagram

B
jB //

��

C

∩
��

Mg
j◦ // Ag

where B is the normalization of the pull-back (j◦)−1C in Mg. The morphism B →Mg gives
rise to a relative B-curve f : S → B, which is a surface fibered over B by curves of genus g.
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It admits a compactification into a fibration f : S → B of semi-stable curves over the smooth

compactification B of B, and the morphism jB extends naturally to jB : B→ C. On B we have

the sheaf f∗ωS/B where ωS/B = ωS⊗f
∗
ω∨
B

is the relative canonical sheaf. It is a locally free sheaf

on B of rank g, and admits a decomposition f∗ωS/B = F−1,0

B
⊕ U−1,0

B
with F−1,0

B
= j∗

B
(F−1,0

C
)

semi-stable and U−1,0

B
= j∗

B
(U−1,0

C
) unitary; cf. [LZ14, § 3]. Using Xiao’s technique on the slope

inequality of fibered surfaces, we derive an upper bound for rankU−1,0

B
, hence the following

theorem.

Theorem 1.2.2 (Exclusion of Shimura curves). Let C ⊂ Ag be a curve with the Higgs bundle

decomposition EC = FC ⊕ UC , where UC is the maximal unitary Higgs subbundle. If

rankU−1,0
C > (5g + 1)/6, or equivalently, rankF−1,0

C < (g − 1)/6, (1.2.3)

then C is not contained generically in the Torelli locus. If, moreover, C is a Shimura curve, then

it suffices to require rankU−1,0
C > (4g + 2)/5, or equivalently, rankF−1,0

C 6 (g − 2)/5.

Remark 1.2.3. By the above result, together with [LZ14, Theorem A], we shall say that the

Oort conjecture for Shimura curves of the extremal cases have been solved: the case EC =

FC , i.e., UC = 0, also called curves with strictly maximal Higgs field, has been dealt with

in [LZ14]; and the opposite case, namely the canonical Higgs bundle having a large unitary

Higgs subbundle, is treated in the above theorem. However, the techniques involved are totally

different. For a Shimura curve C contained generically in the Torelli locus, in [LZ14] we excluded

C by establishing a strict Arakelov inequality contradiction to the equality in (1.2.2) under the

assumption EC = FC using Miyaoka and Yau’s theorem and Moriwaki’s slope inequality on

fibered surfaces; here we obtain a bound on the rank of the unitary Higgs subbundle by using

the poly-stability of FC and Xiao’s technique for the slope inequality for fibered surfaces.

Our main theorems focus on Shimura subvarieties in Ag that contain Shimura curves. If M

is such a Shimura variety that contains a Zariski dense subset of Shimura curves satisfying the

condition in Theorem 1.2.2, then M is not contained generically in Tg. The Shimura subvarieties

we work with are of either SU(n, 1) or SO(n, 2) type, namely they are defined by Shimura

subdata (G, X) ⊂ (GSp2g,H
±
g ) of the following forms:

SU(n, 1): Gder = ResF/QSU(H), where h : H ×H → E is a non-degenerate Hermitian space

over a CM field E with totally real subfield F , such that h is of signature (n, 1) along

one single embedding τ : F ↪→ R, and is definite along the other embeddings;

SO(n, 2): Gder = ResF/QSpin(H), where Q : H ×H → F is a non-degenerate quadratic space

over a totally real field F , such that Q is of signature (n, 2) along one single embedding

τ : F ↪→ R, and definite along the other embeddings.

Following [Kud97] and [KR14], we know that in each case the Shimura subvariety M defined by

(G, X) contains Shimura curves (in fact, Shimura subvarieties) in each codimension.

The homomorphisms Gder ↪→ Sp2g are rational symplectic representations in the sense of

[Sat67], and they characterize many geometric properties of the embeddings X ↪→H ±
g . On the

other hand, the canonical Higgs bundle EM on the Shimura subvariety M is determined by

the representation of π1(M), which is determined by Gder
→ Sp2g because π1(M) is essentially

a congruence subgroup in Gder(Q)+. We can thus compute the decomposition of EM using the

symplectic representations, and our main results are as follows.
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Theorem 1.2.4 (Unitary case). Let M ↪→ Ag be a Shimura subvariety of SU(n, 1) type (n > 1),
with Gder = ResF/QSUV for some Hermitian space H over a CM extension E/F subject to the

constraints of signatures as above. Assume that the representation Gder
→ Sp2g is the scalar

restriction from F to Q of some τ -primary symplectic representation SU(H)→ SpL of type Λm:
L⊗F,τ R ' Λ⊕Nm (1 6 m 6 n). If(

1− 10m(n−m+ 1)

dn(n+ 1)

)
· g > 2 where d = [F : Q], (1.2.4)

then M is not contained generically in the Torelli locus Tg.

Here the notion of τ -primary representation of type Λm (cf. Definition 5.2.1) arises naturally
from the classification of Satake [Sat66] (which summarizes [Sat65, Sat67]), and we do not need
finer information over F or over Q. The key point is to restrict the symplectic representation
Gder

→ Sp2g to G′der where (G′, X ′) is the Shimura subdatum defining some Shimura curve C in
M , and compare the rank of unitary part UC of EC with the inequality (1.2.3) in Theorem 1.2.2.
In fact we do obtain a more general inequality for the rank UC for the restriction of a general
symplectic representation Gder

→ Sp2g (cf. Corollaries 5.2.3 and 5.3.3), which is an immediate
consequence of the inequality above with various Λm taken into consideration.

Note that under the assumption of the theorem we actually have g = Nd
(
n+1
m

)
greater than

d
(
n+1
m

)
, hence the inequality admits some relaxed forms which are more convenient.

Corollary 1.2.5 (Unitary case). Under the assumptions and notation of Theorem 1.2.4, the
Shimura subvariety of SU(n, 1) type is not contained generically in the Torelli locus Tg if:

– d(n+ 1) > 12 when the symplectic representation is τ -primary of type Λ1;

– d > 3 and n > 6 or d > 4 with n arbitrary when the symplectic representation is τ -primary
of type Λm for general m > 2.

In the orthogonal case, the Shimura subvarieties of SO(n, 2) type are defined by spin
groups, and the symplectic representations are always τ -primary of spinor type when no trivial
subrepresentation is allowed. Furthermore, when restricted to a Shimura curve C, the maximal
unitary part UC of EC is completely determined by the contribution from the embeddings F ↪→ R
along which the quadratic spaces are definite. Hence the conclusion is simpler.

Theorem 1.2.6 (Orthogonal case). Let M ↪→ Ag be a Shimura subvariety of SO(n, 2) type
(n > 1), with Gder = ResF/QSpin(H) for some quadratic space H over a totally real field F
subject to the natural constraints of signatures as above. Then M is not contained generically
in Tg if d = [F : Q] > 6.

1.3 Organization of the paper
In § 2 we recall the basic notions of Shimura subvarieties in Ag and the decomposition of Higgs
bundles on them. In § 3 we prove the bound of the rank of the unitary part in the
Higgs bundle associated to a family of semi-stable curves, and obtain the numerical criterion
to exclude Shimura curves from the Torelli locus. In § 4 we explain the construction of Shimura
data of unitary type and orthogonal type associated to Hermitian spaces and quadratic spaces
respectively, and concentrate on the cases of SU(n, 1) type and SO(n, 2) type. In § 5 we collect
facts from Satake’s classification of symplectic representations of semi-simple groups of SU(n, 1)
type, and we compute the rank of the unitary part of the Higgs bundle on Shimura curves
embedded in Shimura subvarieties of SU(n, 1) type, which leads to the proofs of the main
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results in the unitary case. Finally, in § 6, we recall the construction of spinor representations

and Satake’s classification for spin groups, and we compute the rank of the unitary part, which

ends the proof in the orthogonal case.

Notation and conventions

Denote by S the Deligne torus ResC/RGm,R, i a fixed square root of −1 in C, Af the ring of finite

adeles of Q, and Q the algebraic closure of Q inside C. A Q-group G is compact if the Lie group

given by G(R) is compact.

For k a field, by linear k-group we mean affine algebraic group k-schemes, among which we

have reductive k-groups, semi-simple k-groups, k-tori, etc. defined in the standard way. If G is a

reductive Q-group, we write G◦ for the neutral component of G for the Zariski topology, G(R)+

for the neutral component of the Lie group G(R) for the analytic topology (i.e., the one on the

manifold G(R) locally given by the archimedean metric), and G(R)+ for the preimage of Gad(R)+

with respect to the homomorphism G(R)→Gad(R). We also write G(Q)+ (respectively, G(Q)+)

for the intersection G(Q) ∩G(R)+ (respectively, G(Q) ∩G(R)+). We write X(G) for the set

of R-group homomorphisms Hom(S,GR), on which the Lie group G(R) acts from the left by

conjugation.

2. Preliminaries

2.1 Shimura varieties and Shimura subvarieties

We first recall the classical definitions of Shimura data and Shimura varieties given in [Del79].

Definition 2.1.1 (Shimura data). (1) A Shimura datum is a pair (G, X), where G is a connected

reductive Q-group, whose adjoint quotient Gad admits no compact Q-factors, and X ⊂ X(G) is

a single G(R)-orbit, such that for any x ∈ X:

SD1 the composition AdG ◦ x : S→ GR
AdG
→ GLg,R defines a rational pure Hodge structure of

type {(−1, 1), (0, 0), (1,−1)} on the Lie algebra g = LieG;

SD2 the conjugation by x(i) induces a Cartan involution on the Lie group Gad(R).

Under these constraints, X is a complex manifold on which G(R) acts by holomorphic

automorphisms. The center of G(R) acts on X trivially, and each connected component X+ of

X is the Hermitian symmetric domain (i.e., of non-compact type) associated to the semi-simple

Lie group Gad(R)+.

(2) Let (G, X) be a Shimura datum. A Shimura subdatum of (G, X) is a Shimura datum

(G′, X ′) such that:

– G′ is a Q-subgroup of G, and X ′ is a subset of X;

– the inclusion X ′ ↪→ X is equivariant with respect to the Lie group homomorphism G′(R) ↪→

G(R).

It turns out that X ′ is a subset of X(G) consisting of points x : S → GR that have their

image in G′R. When X ′ is zero-dimensional, G′ has to be a Q-torus, and X ′ is a single point.

In this case (G′, X ′) is said to be a CM subdatum of (G, X), motivated by the notion of CM

abelian varieties, cf. Example 2.1.7.

Definition 2.1.2 (Shimura varieties). Let (G, X) be a Shimura datum, and let K ⊂ G(Af )

be a compact open subgroup. The Shimura variety associated to (G, X) at level K is a
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quasi-projective algebraic variety MK(G, X) over Q, whose complex points are described as

MK(G, X)(C) = G(Q)\(X ×G(Af )/K)

where G(Q) acts on the product X × G(Af )/K from the diagonal. Fix X+, a connected
component of X, and let Σ be a set of representatives in G(Af ) of the finite double quotient
G(Q)+\G(Af )/K. Then

MK(G, X) ' G(Q)+\(X+ ×G(Af )/K) '
∐
g∈Σ

ΓK(g)\X+

where ΓK(g) = gKg−1 ∩G(Q)+ is a congruence subgroup of G(Q)+, which acts on X+ through
its image in Gad(Q)+.

Baily and Borel [BB66] have shown that the quotients ΓK(g)\X+ are normal quasi-projective
algebraic varieties over C. Deligne, Milne, Borovoi, and others have shown that the double
quotient G(Q)\(X ×G(Af )/K) admits a unique canonical model over the reflex field E(G, X),
which is a number field embedded in C, and each connected component ΓK(g)\X+ is defined
over a finite abelian extension of E(G, X); cf. [Mil05]. In our study it suffices to treat Shimura
varieties as complex algebraic varieties.

We will mainly work with connected Shimura data and connected Shimura varieties, in which
setting the notion of Shimura subvarieties replaces the special subvarieties in the sense of [MO11].

Definition 2.1.3 (Connected Shimura data and varieties). A connected Shimura datum is a
triple (G, X;X+) with (G, X) a Shimura datum and X+ a connected component of X.

A connected Shimura variety defined by the connected Shimura datum (G, X;X+) is a space
of the form M = Γ\X+, where Γ is a congruence subgroup of Gder(Q)+. Since Gder(R)+ acts on
X+ transitively, it follows from the theorem of Baily and Borel that Γ\X+ is a complex algebraic
variety.

For simplicity we assume that in Γ\X+ the congruence subgroup Γ is taken to be small
enough so that it is free of torsion and that the homomorphism Γ→ Gad(Q) is injective. This
is always possible because the center of Gder(Q) is finite. Thus the action of Γ on X+ is faithful
and it is isomorphic to the topological fundamental group of M . We write ℘Γ : X+

→ Γ\X+ for
the uniformization map x 7→ Γx.

Definition 2.1.4 (Shimura subvarieties). Let M = Γ\X+ be a connected Shimura variety,
defined by (G, X;X+) and some congruence subgroup Γ⊂Gder(Q)+, with ℘Γ the uniformization
map.

A connected Shimura subdatum of (G, X;X+) is a triple of the form (G′, X ′;X ′+), where
(G′, X ′) is a Shimura subdatum of (G, X), and X ′+ is a connected component of X ′ which
is contained in X+. The Shimura subvariety of M associated to the subdatum (G′, X ′;X ′+) is
M ′ = ℘Γ(X ′+).

When (G′, X ′) is a CM subdatum, the Shimura subvariety is a single point, and we call it
the CM point in M associated to (G′, X ′;X ′+) (in this case X ′ = X ′+ consists of a single point).

Note that Shimura subvarieties in Γ\X+ can be equivalently characterized as totally geodesic
subvarieties containing CM points, due to [Moo98].

Remark 2.1.5. In [Mil05] the notion of connected Shimura varieties is defined as quotients of
the form Γ\X+, where X+ comes from some connected Shimura datum (G, X;X+), and Γ is
a congruence subgroup in Gad(Q)+. Choose Γ to be a congruence subgroup of Gder(Q)+ and
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write Γ′ for its image in Gad(Q)+. Then the natural projection f : Γ\X+
→ Γ′\X+ is a finite

morphism of complex algebraic varieties. Moreover, let Z ⊂ Γ\X+ be a geometrically irreducible

closed subvariety. Then Z is a Shimura subvariety if and only if f(Z) is a Shimura subvariety in

Γ′\X+, because Z is a Shimura subvariety if and only if one geometrically irreducible component

of ℘−1
Γ (Z) in X+ is X+

1 coming from some connected Shimura subdatum (G1, X1;X+
1 ), and this

is equivalent to f(Z) ⊂ Γ′\X+ being a Shimura subvariety.

We also have the following lemma.

Lemma 2.1.6 (Uniformization of Shimura subvarieties). (1) Let k be a field, and G be a

connected reductive k-group, with H⊂G a connected reductive k-subgroup. Then the normalizer

N = NGH in G is reductive, and the k-subgroup generated by H and its centralizer Z = ZGH

is of finite index in G.

(2) Let M ′ ⊂ M be a Shimura subvariety defined by some connected Shimura subdatum

(G′, X ′;X ′+) ⊂ (G, X;X+) using some torsion-free congruence subgroup Γ, i.e., M = Γ\X+

and M ′ = ℘Γ(X ′+). Take Γ′ = Γ ∩G′der(Q)+. Then the evident map Γ′\X ′+ → ℘Γ(X ′+) is a

finite étale covering.

Proof. (1) The main arguments below are reproduced from the proof by Humphreys in [Hum10],

as we have not yet found explicit references for this seemingly well-known fact.

We may assume that k is algebraically closed. If H is semi-simple, then it is isogenous to

a finite direct product of simple k-groups. The natural k-group homomorphism N→ Autk(H)

sending n to the conjugation by n has the centralizer Z = ZGH as its kernel, and its image

contains the inner automorphisms given by H itself. Hence its image is of finite index in Autk(H)

because Autk(H) only differs from Had by a finite group of outer automorphisms: when H is

simple, this follows from the finiteness of the automorphism group of the Dynkin diagram; when

H is semi-simple, it suffices to join the finite permutations among simple factors of the same

types. Finally, when H is reductive, it is isogenous to the direct product of a semi-simple k-group

with a k-torus, and it suffices to argue by the rigidity of torus, i.e., the centralizer of a torus is

of finite index in its normalizer; cf. [Hum81, § 16.3].

(2) Recall that the Mumford–Tate group MT(S) of a subset S ⊂ X is the smallest Q-

subgroup H such that HR ⊃ x(S) for all x ∈ S. It is clear from [And92] that G′der = Hder for

H = MT(X ′+). For g ∈Gder(R)+ and x′ ∈X ′+, g(x′) ∈X ′+ implies that gx′(S)g−1 ⊂HR, and x′

running through X ′+ gives g normalizing HR i.e., g ∈NGH(R). Conversely, if g ∈NGderH(R)+,

then the conjugation by g leaves the G′ stable, hence it stabilizes X ′, and it stabilizes X ′+

because g lies in the same path-connected component as the neutral element. Here the notation

NGderH makes sense because both Gder and H are Q-subgroups of G.

We thus put N = NGderH = NGMT(X ′+), and we have just proved that N(R)+ is of finite

index in the normalizer N of X ′+ in Gder(R)+. From (1) we know further that N is isogenous

to a product Z×Hder = Z×G′der, where Z is generated by the centralizer of H and the center

of H. Note that Z(R) is actually compact, because conjugation by g ∈ Z(R) commutes with any

x′(i) for x′ ∈ X ′+, and the centralizer of x′(i) in G(R) is compact modulo the center because it

induces a Cartan involution on Gad
R . We may thus shrink Γ so that Γ ∩N = Γ ∩N(Q)+, which

is further equal to Γ∩H(Q)+ because Γ∩Z(Q)+ is trivial for Γ small enough. Hence the action

of Γ ∩N(Q)+ on X ′+ only differs from the natural action of Γ ∩G′der(Q)+ by a finite quotient,

which is étale because we have only worked with torsion-free congruence subgroups. 2
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Example 2.1.7 (Siegel modular varieties and their Shimura subvarieties). Let (V, ψ) be a finite-

dimensional symplectic vector space over Q of dimension 2g. We have the pair (GSpV ,H
±
V )

where

– GSpV is the Q-group of symplectic similitude of (V,Q);

– H ±
V is the set of polarizations of (V, ψ), i.e., complex structures h : C×→ GLR(VR) such that

(x, y) ∈ VR × VR 7→ ψ(h(i)x, y) is symmetric and definite.

Then H ±
V is identified with the Siegel double half space, which is the GSpV (R)-orbit of any

homomorphism x : S → GLV,R that polarizes ψ. It consists of two connected components

H +
V

∐
H −
V depending on the sign of the definite quadratic form ψ(x(i) , ). The pair (GSpV ,

H ±
V ) is a Shimura datum, and we call it the Siegel datum defined by the symplectic space

(V, ψ).

Assume that (V, ψ) comes from an integral symplectic module (L,ψL) over Z whose

discriminant equals 1. Take the `th principal level structure K = K(`) = Ker(GSpL(Ẑ) →

GSpL(Z/`)), where ` > 3 is an integer. We have the Shimura variety MK(GSpV ,H
±
V ), with its

canonical model over Q. As a Q-scheme, it is isomorphic to the composition Ag,`→ SpecQ(ζ`)→

SpecQ, where Ag,` → SpecQ(ζ`) is the fine moduli scheme over the `th cyclotomic field Q(ζ`)

parametrizing principally polarized abelian schemes with full level-n structures. We may identify

Ag,` with a geometrically connected component of MK(GSpV ,H
±
V ), which is a connected

Shimura variety isomorphic to Γ(`)\H +
V , with Γ(`) the `th principal congruence subgroup

Γ(`) = Ker(SpL(Z)→ SpL(Z/`)).
In the rest of the paper we prefer to write AV or Ag for the connected Shimura variety defined

by (GSpV ,H
±
V ; H +

V ) with some principal torsion-free congruence subgroup Γ = Γ(`) ⊂ SpV (Q)

(` > 3) given by a suitable integral structure of (V, ψ).

Shimura subvarieties in AV are often called Shimura subvarieties of Hodge type, because

they are defined by Shimura data of Hodge type, i.e., Shimura subdata of the Siegel datum

(G, X) ↪→ (GSpV ,H
±
V ). Treat the inclusion G ↪→ GSpV as an algebraic representation ρ : G→

GSpV → GLV . Then for any x ∈X(⊂H ±
V ), the composition ρ◦x defines a complex structure on

VR, hence a rational Hodge structure of type {(−1, 0), (0,−1)} on V . The Shimura subvarieties

they define in AV are moduli subspaces parametrizing principally polarized abelian varieties

with prescribed Hodge classes; cf. [Del79].

In particular, when (G′, X ′) is a CM subdatum, i.e., G′ is a Q-torus and X ′ consists of a

single point x, the Shimura subvariety of MK(GSpV ,H
±
V ) defined by (G′, X ′) is a CM point,

i.e., it corresponds to a CM abelian variety.

Remark 2.1.8 (Holomorphic equivariant embeddings). If (G′, X ′;X ′+) ⊂ (G, X;X+) is a

connected Shimura subdatum, then the map X ′+ ↪→ X+ is an embedding of complex

submanifolds, equivariant with respect to the Lie group homomorphism G′der(R)+ ↪→Gder(R)+.

It is an holomorphic equivariant embedding of Hermitian symmetric domains in the sense of

[Sat65], subject to the further constraint (H2), which we will recall later in § 5, with emphasis

on the Siegel case (G, X;X+) = (GSpV ,H
±
V ; H +

V ).

We end this subsection with the notion of Hecke translation and a reduction lemma for the

study of the Oort conjecture.

Definition 2.1.9 (Hecke translation). Let M = Γ\X+ be a Shimura variety defined by

(G, X;X+), and let M ′ ⊂M be a Shimura subvariety defined by (G′, X ′;X ′+). For q ∈ G(Q)+
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we have the Hecke correspondence

Tq : Γ\X+ aq
← Γq\X+ bq

→ Γ\X+

using Γq = Γ ∩ q−1Γq, aq(Γqx) = Γx, and bq(Γqx) = Γqx. Both aq and bq are finite morphisms
of algebraic varieties, and the Hecke translation of a subset Z ⊂ M by q is understood as the
subset Tq(Z) := b(a−1(Z)), which actually induces a morphism on the cycle groups of M . We
also define the total Hecke orbit of Z in M to be the union

⋃
q∈G(Q)+ Tq(Z).

Note that if q ∈G(Q)+ defines the Hecke correspondence Tq, then by the coset decomposition
Γ =

∐
j Γqaj for finitely many aj we see that Tq(Γx) = {Γqajx}. If M ′ = ℘Γ(X ′+) is a Shimura

subvariety defined by (G′, X ′;X ′+), then Tq(M
′) is the finite union of Shimura subvarieties given

by (qajG
′(qaj)

−1, qajX
′; qajX

′+), and each of these Shimura subvarieties is also called a Hecke
translate of M ′. In particular, Hecke translations respect cycles given by Shimura subvarieties,
and the Shimura subdata only differ by rational conjugations.

We also mention that one may simply use q ∈ Gder(Q)+, because the central elements in
G(Q)+ contribute trivially to the Hecke correspondences.

It is clear that the definition above is only a rational version of the adelic Hecke translation
in [Del79].

Lemma 2.1.10 (Reduction to the open Torelli locus). Let M ⊂AV =Ag be a Shimura subvariety
defined by (G, X;X+) contained generically in Tg, and let M ′ ⊂M be a Shimura subvariety of
dimension greater than zero defined by (G′, X ′;X ′+). Then there exists g ∈Gder(Q)+ such that
the Shimura subvariety M ′′ defined by (gG′g−1, gX ′; gX ′+) is contained generically in Tg, i.e.,
T ◦g ∩M ′′ 6= ∅.

Proof. The starting point is the theorem of real approximation (cf. [Mil05, Theorem 5.4]): if H is
a linear Q-group, then the subset H(Q) ⊂H(R) is dense for the archimedean topology on the Lie
group H(R), and Hder(Q)+ is dense in Hder(R)+. Hence for M ′ ⊂ M defined by (G′, X ′;X ′+),
the union of Shimura subvarieties

⋃
q∈Gder(Q)+ ℘Γ(qX ′+) defined by (qG′q−1, qX ′; qX ′+) is dense

in M , and it equals the total Hecke orbit of M ′ in M , because only elements in Gder(Q)+ could
contribute non-trivially to the Hecke correspondences. Now that M ⊂ Tg meets T ◦g non-trivially

and T ◦g is open and Zariski dense in Tg, there is some q ∈ Gder(Q)+ such that ℘Γ(qX ′+) is
contained generically in Tg. 2

2.2 Higgs bundles on Shimura varieties
We recall a few facts about Higgs bundles associated to variations of Hodge structures and the
Simpson correspondence. We will focus on the case over a connected Shimura variety of Hodge
type endowed with a suitable smooth compactification. Note that we follow [Del79, Mil05] for
the convention on Hodge types, where our Hp,q is recognized as H−p,−q in complex geometry.

Let (G, X;X+) be a connected Shimura datum. From [Del79] we know that if ρ : G→ GLV
is an algebraic representation of a single rational weight n, i.e., the composition Gm,R

w
→ S x

→

GR
ρ
→ GLV,R is the central cocharacter t 7→ t−nidVR defined over Q, then the constant sheaf

on X+ of stalk V underlies a Q-PVHS (polarized variation of rational Hodge structures) of
weight n, denoted as V. If we take VZ an integral structure of V and Γ ⊂Gder(Q)+ a torsion-free
congruence subgroup stabilizing VZ, then the Z-PVHS VZ on X+ with stalk VZ descends to a
Z-PVHS V on the connected Shimura variety M = Γ\X+. Note that Γ serves as the topological
fundamental group of M . Here M is not necessarily proper, but if we have chosen Γ to be
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small enough, then M admits a smooth toroidal compactification M by joining finitely many
divisors, and the monodromy of Γ→ GLQ(V ) along each irreducible component of the boundary
∂M := M −M is unipotent. If the Q-PVHS V consists of a filtered flat connection (V,∇,Fil•),
then it extends uniquely to a filtered flat connection on M with logarithmic poles along ∂M ,
which we still denote by V = (V,∇,Fil•).

For the Q-PVHS V given above from the representation (V, ρ), we have the Higgs bundle
(E , θ) on M by taking the graded quotient of the filtered flat connection V: E =

⊕
r Er with

Er = Filr /Filr+1, and the Higgs field θ : Er → Er−1 ⊗OM Ω1
M is induced by the filtered flat

connection. Similarly, on the compactification M , the flat connection with logarithmic poles
∇ : V → V ⊗OM Ω1

M
(∂M) together with its filtration Fil• gives rise to the logarithmic Higgs

bundle on M , which we still write as (E =
⊕

r Er, θ).
When (G, X;X+) = (GSpV ,H

±
V ; H +

V ) and Γ = Γ(`) ⊂ SpV (Q) a principal congruence
subgroup, we will be mainly interested in the Q-PVHS V and the Higgs bundle (E , θ) on M = AV
given by the standard representation ρ : GSpV ↪→ GLV . In this case, writing π : X → AV for
the universal abelian scheme over M using the moduli interpretation of AV , we see that the
underlying local system of V is R1π∗QX , and the Hodge filtration comes from the canonical
exact sequence

0→ π∗Ω
1
X/AV → V → R1π∗OX → 0,

with Fil−1 = V and Fil0 = π∗Ω
1
X/AV . Hence the associated Higgs bundle is E = E−1,0⊕E0,−1 with

E−1,0 = E0 = Fil0 = π∗Ω
1
X/AV and E0,−1 = E−1 = Fil−1 /Fil0 = R1π∗OX , while the Higgs field

θ : E0,−1
→ E−1,0 ⊗OAV Ω1

AV is equal to the edge morphism of the tautological exact sequence

0→ π∗Ω1
AV → Ω1

X → Ω1
X/AV → 0.

The extension of these structures to a smooth toroidal compactification of AV is similar, and we
do not repeat the details.

From the Simpson correspondence we know that the Higgs bundle (E , θ) above on AV is
irreducible, because it corresponds to the irreducible C-representation of the fundamental group
Γ → GLC(VC), induced by the absolutely irreducible algebraic representation SpV → GLV .
When we consider a Shimura subvariety M defined by (G, X;X+) ↪→ (GSpV ,H

±
V ; H +

V ), with
M ' ΓM\X+ for ΓM a torsion-free congruence subgroup in Gder(Q)+, the C-representation
ΓM ↪→ Gder(R)+

→ GLC(VC) is no longer irreducible in general, and we can decompose the
representation of ΓM to obtain the decomposition of Higgs bundles. In this case, the ambient
representation of ΓM on VC corresponds to the Higgs bundle EM which is the pull-back of E along
M ↪→AV , and we have a decomposition EM = FM⊕UM , where UM is the maximal unitary Higgs
subbundle of EM , i.e., the Higgs subbundle corresponding to the maximal subrepresentation of
ΓM → GLC(VC) on which ΓM acts through a compact unitary group. Usually we assume for
simplicity that the level ` is chosen to be large enough so that the closure M of M in a given
smooth compactification AV of AV remains a smooth compactification by joining finitely many
divisors, and the same holds for a fixed Shimura curve C in M . In this case the decomposition
of Higgs bundles, the maximal unitary Higgs subbundles, etc. extend to M and C.

We callEM (respectively, EM ) the canonical Higgs bundle on M (respectively, M) given by
the embedding M ↪→ AV (respectively, M ↪→ AV ). Note that the Higgs bundles involved are
given by Q-PVHS, hence

rank E−1,0 = E0,−1 =
rank E

2
,
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and the same holds for the summands in the decompositions EM = FM ⊕UM and EC = FC⊕UC ,
as well as their extensions to smooth compactifications.

Remark 2.2.1 (Representations of fundamental groups). In this paper we make use of numerical
properties of the decomposition EM = FM ⊕UM as well as its compactified form. What matters
is the rank of UM , which corresponds to the maximal subrepresentation of VC on which π1(M)
acts through a compact unitary group. Note that the representation Γ ↪→ GLC(VC) is restricted
from Gder(R) ↪→ SpV (R) ↪→ GLC(VC), hence is determined by the algebraic representation
Gder ↪→ SpV because Γ is Zariski dense in Gder(Q). Similarly, when we study the restriction
of the Higgs bundles to a special subvariety M ′ = ℘Γ(X ′+), what matters is the representation
Γ′ ↪→ GLC(VC) which factors through Γ′ ↪→ G′der(R) where M ′ is defined by (G′, X ′;X ′+):
although Γ′ is not necessarily equal to π1(M ′), by Lemma 2.1.6 we know that Γ′ is a subgroup
of finite index in π1(M ′), hence to determine the rank of the maximal unitary Higgs subbundle
it suffices to study the unitary subrepresentation of Γ′ on VC, determined by the algebraic
representation G′der

→ SpV . This is the principle behind the computations concerning symplectic
representations in §§ 5 and 6.

3. Xiao’s technique for curves

In this section we prove Theorem 1.2.2 using the technique of Xiao in [Xia87].

3.1 Harder–Narasimhan filtration of a locally free sheaf
In this subsection we recall the Harder–Narasimhan filtration for a locally free sheaf over an
algebraic complete curve.

Let B be a smooth projective curve over C, and E a (non-zero) locally free sheaf over B. The
slope of E is defined to be the rational number

µ(E) =
deg E
rank E

.

E is said to be stable (respectively, semi-stable) if for any coherent subsheaf 0 6= E ′ ( E we have
µ(E ′) < µ(E) (respectively, µ(E ′) 6 µ(E)); it is said to be positive (respectively, semi-positive) if
for any quotient sheaf E � Q 6= 0 we have degQ > 0 (respectively, degQ > 0); it is said to be
poly-stable if it is a direct sum of stable locally free subsheaves of the same slope. It is clear that
any poly-stable locally free sheaf is semi-stable.

It is well known (cf. [HN74]) that E has a unique filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ En = E (3.1.1)

such that:

(i) the quotient Ei/Ei−1 is a locally free semi-stable sheaf for each i;

(ii) the slopes are strictly decreasing µ(E1/E0) > µ(E2/E1) > · · · > µ(En/En−1).

Such a filtration is called the Harder–Narasimhan filtration of E . The slope µ(En/En−1) is called
the final slope of E , and is denoted by µf (E).

Using the Harder–Narasimhan filtration, one can easily see that E is positive (respectively,
semi-positive or semi-stable), if and only if µf (E) > 0 (respectively, µf (E) > 0 or µ(E) = µf (E)).

The Harder–Narasimhan filtration is functorial, in the sense that for any finite cover
ϕ : B̃ → B between two algebraic curves, the pull-back of the Harder–Narasimhan filtration of
E over B to B̃ coincides with the Harder–Narasimhan filtration of ϕ∗E . Hence the property
of positivity (respectively, semi-positivity or semi-stability) is persevered under any finite cover.
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3.2 Xiao’s technique
In this subsection we assume that f̄ : S → B is a relative curve of genus g > 2 which is not
isotrivial, and D is a divisor on S such that E = f∗OS(D) is a locally free sheaf on B.

Definition 3.2.1 [Xia87]. Let E ′ be a locally free subsheaf of E . We define the fixed and moving
parts of E ′, denoted by Z(E ′) and M(E ′) respectively, as follows. Let L be a sufficiently ample line
bundle on B such that the sheaf E ′⊗L is generated by its global sections, and Λ ⊆ |OS(D)⊗f∗L|
be the linear subsystem corresponding to sections in H0(B, E ′⊗L). Then define Z(E ′) to be the
fixed part of Λ, and M(E ′) = D − Z(E ′).

Note that the definition above does not depend on the choice of L, and Z(E ′) is always
effective or zero. We also define N(E ′) = M(E ′)− µf (E ′)F , where F is a general fiber of f̄ .

An important observation of Xiao is the following, whose proof we refer to [Xia87, Lemma 3].

Lemma 3.2.2. For any locally free subsheaf E ′ of E , N(E ′) is a nef Q-divisor, i.e., E ·N(E ′) > 0
for any effective divisor E on S.

3.3 Bound of the unitary part
In this subsection we consider the unitary part of a relative curve.

Let f : S → B be a relative curve of genus g > 2, which is not isotrivial. Let ωS/B be the

relative canonical sheaf. Then f̄∗ωS/B is a locally free sheaf over B of rank g. It is well known

(cf. [Fuj78]) that f̄∗ωS/B is semi-positive. Moreover, we have the decomposition (cf. [Fuj78])

f̄∗ωS/B = F−1,0

B
⊕ U−1,0

B
,

where F−1,0

B
is an ample vector bundle over B, and U−1,0

B
is a unitary vector bundle, i.e., a vector

bundle corresponds to a unitary representation of the fundamental group π1(B). Note that in
[Fuj78] the superscript is (1, 0), and we modify it to (−1, 0) following our notation on the Hodge
type in the Q-PVHS R1f∗QS , where f : S → B is the smooth part of f̄ .

The next lemma is essentially due to Xiao (cf. [Xia87]).

Lemma 3.3.1. Under the above conditions,

rankU−1,0

B
6

5g + 1

6
. (3.3.1)

Proof. Let E = f̄∗ωS/B, and consider the Harder–Narasimhan filtration of E as in (3.1.1). By
Definition 3.2.1, we have the decomposition

ωS/B = Z(E1) +N(E1) + µ(E1)F. (3.3.2)

Hence
12 deg f̄∗ωS/B > ω

2
S/B
> ωS/B · µ(E1)F = (2g − 2)µ(E1). (3.3.3)

By the definition of Harder–Narasimhan filtration,

µ(E1) > µ(F−1,0

B
) =

deg f̄∗ωS/B

g − rankU−1,0

B

.

Thus, (3.3.1) follows immediately from (3.3.3). 2

The next lemma is a refined upper bound of the rank of the unitary part if the ample part
F−1,0

B
is semi-stable.
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Lemma 3.3.2 (Bound of the unitary part). If F−1,0

B
is semi-stable, then

rankU−1,0

B
<

4g + 2

5
and rankF−1,0

B
>
g − 2

5
. (3.3.4)

Proof. If the general fiber of f is hyperelliptic, then by [LZ14, Theorem 4.7] (see also [LZ13,
Theorem A.1]), we may assume that U−1,0

B
is trivial after a suitable base change. Hence according

to [Xia92, Theorem 1] or [LZ13, Theorem 1.4], we have rankU−1,0

B
= qf 6 (g + 1)/2 < (4g + 2)/5,

where qf is the relative irregularity of f .
Now we assume that the general fiber of f is non-hyperelliptic. By assumption, the Harder–

Narasimhan filtration of E = f̄∗ωS/B is of the form

0 = E0 ⊂ E1 ⊂ E2 = E .

Consider the decomposition as in (3.3.2). Let d1 = N(E1) ·F , and write Z = Z(E1), N = N(E1),
and µ = µ(E1) for simplicity. Note that d1 is equal to the degree of a linear system of dimension

g − rankU−1,0

B
− 1 on F , and F is non-hyperelliptic. So by Clifford’s theorem,

d1 > 2(g − rankU−1,0

B
− 1), unless d1 = g − rankU−1,0

B
− 1 = 0. (3.3.5)

Therefore

12 deg f̄∗ωS/B > ω2
S/B

= (ωS/B +N) · µF + ωS/B · Z +N · (N + Z)

> (2g − 2 + d1)µ+ ωS/B · Z

> (4g − 4− 2 rankU−1,0

B
) · µ.

The last inequality follows from (3.3.5) and the fact that ωS/B ·Z > 0 if d1 = 0. Therefore (3.3.4)

follows immediately by noting that µ = (deg f̄∗ωS/B)/(g − rankU−1,0

B
). 2

Proof of Theorem 1.2.2. Let C ⊂ AV be a curve, with V a symplectic Q-space of dimension 2g.

Let E−1,0

C
= F−1,0

C
⊕ U−1,0

C
be the decomposition of the (−1, 0)-part of the Higgs bundle on a

smooth compactification C of C, as the closure of C in some smooth toroidal compactification
AV of AV .

If C is contained generically in the Torelli locus Tg, then we have the commutative diagram

B
jB //

��

C

∩
��

Mg
j◦ // Ag

where B is the normalization of the pull-back (j◦)−1C in Mg. The morphism B →Mg gives
rise to a relative B-curve f : S → B, which is a surface fibered over B by curves of genus g.
It admits a compactification into a fibration f : S → B of semi-stable curves over the smooth
compactification B of B, and the morphism jB extends naturally to jB : B → C. Let ωS/B =

ωS ⊗ f
∗
ω∨
B

be the relative canonical sheaf of f̄ . Then f∗ωS/B is a locally free sheaf on B of

rank g, and it admits a decomposition f∗ωS/B = F−1,0

B
⊕ U−1,0

B
. Note that f∗ωS/B is nothing
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more than the (−1, 0)-part of the Higgs bundle on B associated to the relative semi-stable
Jacobian family jac(f̄) : Jac(S/B) → B (cf. [LZ14, § 3]). Hence the pull-back by jB of the

decomposition E−1,0

C
= F−1,0

C
⊕ U−1,0

C
coincides with f∗ωS/B = F−1,0

B
⊕ U−1,0

B
, from which it

follows by Lemma 3.3.1 that

rankU−1,0

B
6

5g + 1

6
,

in contradiction to our assumption.
When C is a Shimura curve, the summand F−1,0

C
is poly-stable by Theorem 1.2.1, which

implies that F−1,0

B
= j∗

B
(F−1,0

C
) is semi-stable. Hence one obtains the bound rank U−1,0

B
< (4g + 2)/5 according to Lemma 3.3.2, which completes the proof. 2

4. Shimura varieties of unitary and orthogonal types

In this section we collect some facts about Shimura varieties of unitary and orthogonal types.
The material presented is standard; cf. [Kud97, KR14].

4.1 The unitary case
We start with the construction of unitary groups associated to Hermitian modules.

Let E/F be a quadratic field extension, and D a central simple E-algebra, endowed with
an involution of the second kind a 7→ ā, i.e., its restriction to the center E gives the non-trivial
automorphism of E fixing F . An Hermitian module over D is a right D-module H of finite
rank endowed with a sesquilinear pairing ( , ) : H ×H → D such that (ua, vb) = ā(u, v)b and
(u, v) = (v, u) for any u, v ∈ H and a, b ∈ D. We always require ( , ) to be non-degenerate, thus
h = trD/E ◦ ( , ) gives a non-degenerate Hermitian form H ×H → E over E/F .

We thus have the F -group GU(H/D) of unitary similitude, which represents the functor
sending an F -algebra R to{

g ∈ AutR⊗FE(R⊗F H)

∣∣∣∣ g(ud) = g(u)d, ∀ d ∈ R⊗F D, and

g∗g = ν(g) ∈ R× ⊂ (R⊗F D)×

}
,

where g∗ is the transpose of g with respect to ( , ). The map g 7→ g∗g gives a surjective F -group
homomorphism ν : GU(H/D) → Gm,F , whose kernel is the unitary F -group U(H/D). The
special unitary F -group SU(H/D) is defined as the derived F -subgroup of U(H/D), and we
have the short exact sequences

1 −→ U(H/D) −→ GU(H/D)
ν−→ Gm,F −→ 1,

1 −→ SU(H/D) −→ GU(H/D) −→ ResE/FGm,E −→ 1.

Note that U(H/D) is an F -form of GLN and SU(H/D) is an F -form of SLN with N = dimE H.
Assume from now on that E/F is a quadratic CM extension over a totally real field F , and

write τ1, . . . , τd for the distinct real embeddings. Then along τj we get the semi-simple R-group
SU(Hj/Dj) isomorphic to SU(pj , qj) because there is no non-trivial division algebra over C. Here
(pj , qj) is the signature of hj : Hj ×Hj → Ej , and the subscript j indicates the tensor product
with R along τj : Hj = H ⊗F,τj R ' CN and Ej = E ⊗F,τj R ' C. The Hermitian symmetric
domain D(Hj/Dj) associated to SU(Hj/Dj) can be identified with the set of negative definite
complex subspaces of dimension qj in Hj , which is an open subset of the Grassmannian GrHj ,qj .
We thus get the Shimura datum of unitary type (ResF/QGU(H/D), X) with X =

∏
j D(Hj/Dj).
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To embed such a Shimura datum into some Siegel datum, we prefer to shrink the group to the
Q-subgroup of rational weights

G = Gm,Q ×ResF/QGm,F
ResF/QGU(H/D).

Further, let A be the imaginary part of h= trD/E◦( , ), i.e., 2
√

∆A(x, y) = 2h(x, y)−trE/Fh(x, y)

with ∆ ∈ F× some totally negative element such that E = F (
√

∆). Then A is an F -linear
symplectic form on H, and ψ = trF/QA is a symplectic form over Q on V = ResD/QH, the
Q-vector space underlying H. Thus G preserves ψ up to rational similitude, and (G, X) is a
subdatum of (GSpV ,H

±
V ).

Such Shimura data could contain Shimura subdata of unitary type in the following way.
Assume that U ⊂ H is a D-subspace, such that the restriction of h to D is definite along each
τj . Then we have a decomposition H = U ⊕ W , which is orthogonal with respect to ( , ),
and we have the Levi F -subgroup GU(U,W/D) of GU(H/D) respecting the decomposition,
whose derived F -group is SU(U/D) × SU(W/D). The symmetric domain it gives along τj is
D(Wj/Dj), because the definite Hermitian space Uj gives a compact R-group SU(Uj/Dj) which
does not contribute to the symmetric domain. Since in the definition of Shimura data, the derived
Q-group of the reductive Q-group is assumed to have no compact Q-factors, we should remove the
part SU(U/D) when constructing the Shimura subdatum. Therefore the Shimura subdatum in
(G, X) is of the form (GW , XW ) with (GW )der ' ResF/QSU(W/D) and XW '

∏
j D(Wj/Dj).

We will only work with a special class of Shimura varieties of unitary type, which contains
Shimura curves using the procedure above involving a definite subspace, and induces a simple
Hermitian symmetric domain.

Definition 4.1.1 (Shimura data of SU(n, 1) type). A Shimura datum of SU(n, 1) type is a
Shimura datum of unitary type given by an Hermitian space h : H×H→ E over some quadratic
CM extension E/F of dimension n + 1 (with D = E), such that h is of signature (n, 1) along
τ = τ1, and definite along τ2, . . . , τd. We thus get the Shimura datum (GH , XH) where GH is
the extension of ResF/QU(H/E) by Gm,Q, and XH = D(Hτ ) is a complex ball identified with
the open subset of negative definite complex lines in the complex projective space P(Hτ ).

Here only the trivial division E-algebra D = E is involved, and we will write SU(H) instead
of SU(H/E) in the sequel. Using the Gram–Schmidt arguments, under some E-basis e1, . . . , en+1

we have h(
∑
xjej ,

∑
yjej) =

∑
aj x̄jyj for some a1, . . . , an+1 ∈ F×, and along τ only one of the

aj is negative. We may thus construct definite subspaces U of dimension n − 1 in H which is
positive along τ , and an orthogonal decomposition H = U ⊕W which gives rise to the Shimura
subdatum of unitary type (GW , XW ) in (GH , XH), with XH of dimension 1, namely XH = H ±

1

is the Poincaré double half space.

Remark 4.1.2. If D is a non-split central division E-algebra, then one cannot construct a Shimura
curve using the orthogonal complement of a positive definite D-subspace. In fact, if such exists
with Hermitian structure ( , ) : W ×W → D, then we have h = trD/E ◦ ( , ) : W ×W → E
of signature (1, 1) along one real place of F . This force W to be of dimension 2 over E, but a
non-split central division E-algebra does not admit any non-trivial E-representation of dimension
2: D is of dimension at least 4 over E, and the E-dimension of a right D-module has to be a
multiple of dimE D.

Just as in the general case, the datum (GH , XH) can be realized as a subdatum
of (GSpV ,H

±
V ) where V = ResE/QH is the Q-vector space underlying H endowed with

the symplectic Q-form ψ = trF/QA, A being the imaginary part of h. We thus encounter the
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following symplectic representation over Q: Gder = ResF/QSU(H) → SpV , which we call the
standard symplectic representation over Q associated to the Hermitian space H.

4.2 The orthogonal case
We first recall a few facts about quadratic spaces and their associated Clifford algebras, and we
work over a field of characteristic zero for simplicity.

Let F be a field of characteristic zero and let (H,Q) be a quadratic space over F , i.e., H is
an N -dimensional F -vector space, and Q : H × H → F is a symmetric bilinear form, which
is assumed to be non-degenerate for simplicity. We then have the special orthogonal F -group
SO(H).

To obtain a simply-connected F -group isogenous to SO(H), we need the Clifford algebra
C(H) of (H,Q). This is the quotient F -algebra C(H) =

⊕
r>0H

⊗r/IQ, where IQ is the
homogeneous bilateral ideal generated by elements of the form v ⊗ v − Q(v, v) with v running
through H. C(H) is an F -algebra of dimension 2N . The ideal IQ is generated by elements
of even degree, and this induces on C(H) a Z/2-grading C(H) = C+(H) ⊕ C−(H), with
C+(H) (respectively, C−(H)) the F -subspace generated by the images of elements of even
(respectively, odd) degree, both of which are of dimension 2N−1 over F . Note that when
(H,Q) ' (H ′, Q′) ⊕ (H ′′, Q′′) is an orthogonal decomposition of quadratic spaces, we naturally
have C(H) ' C(H ′)⊗ C(H ′′) as Z/2-graded tensor products of Z/2-graded algebras.

The Clifford algebra carries an involution a 7→ a∗, induced by the involution on
⊕

r∈NH
⊗r

generated by v1 ⊗ · · · ⊗ vr 7→ (−vr) ⊗ · · · ⊗ (−v1). We thus get the F -group of spin similitude
GSpin(H), which sends an F -algebra R to

{g ∈ AutR(R⊗F C+(H) : g(H ⊗F R)g−1 ⊂ H ⊗F R, ν(g) = g ∗ g ∈ R×},

where we use the canonical inclusion H ↪→ C(H) for the expression g(H ⊗F R)g−1. Its derived
F -group is the spin group Spin(H), fitting into the exact sequence

1 −→ Spin(H) −→ GSpin(H)
ν−→ Gm,F −→ 1,

and it is also a central extension of SO(V ) by µ2 = {±}.
Note that over R a quadratic space is determined by its signature (n,m), i.e., the dimensions

of the positive/negative parts, and in this case we also write Spin(n,m), GSpin(n,m) as we
do with SO(n,m), etc. When m = 2 and n > 1, the symmetric domain D = D(H) = D(n, 2)
defined by Spin(H) = Spin(n, 2) is Hermitian: it is identified with the set of the isotropic
negative definite complex lines in the complex projective space P(HC), which is an open subset
of the n-dimensional quadric in P(HC) defined by Q.

Definition 4.2.1 (Shimura data of SO(n, 2) type). By a Shimura datum of SO(n, 2) type we
mean a Shimura datum of the form (G, X) with Gder = ResF/QSpin(H) where (H,Q) is a
quadratic space of dimension n+ 2 (n > 1) over a totally real field F of degree d such that:

– (H,Q) is of signature (n, 2) along one embedding τ = τ1 : F → R, and definite along the other
ones, τ2, . . . , τd;

– X = D(Hτ ) is the Hermitian symmetric domain associated to the real quadratic space Hτ of
signature (n, 2).

This makes sense because Gder(R) ' Spin(n, 2) × (Spin(n + 2, 0))d−1 and the compact part
(Spin(n+2, 0))d−1 does not contribute to the Hermitian symmetric domain defined by Gder(R).
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Similarly to the unitary case, we can construct Shimura subdata in (G, X) of SO(n, 2) type

in each codimension. In fact, let U ⊂ H be an F -subspace of dimension m (0 6 m 6 n − 1),

positive definite along τ under Q, and let H = U ⊕W be the orthogonal decomposition with

respect to Q. Then (W,Q) is a quadratic space over F of signature (n−m, 2) along τ , and definite

along the other embeddings. This gives us the Shimura subdatum (G′, D(Wτ )) ⊂ (G, D(Hτ )),

where D(Wτ ) ⊂D(Hτ ) is identified with the subset of isotropic negative definite complex lines in

P(Hτ ⊗RC) orthogonal to Uτ ⊗RC, i.e., contained in Wτ ⊗RC. The construction of G′ is similar

to the unitary case we have explained before: it is obtained by removing the normal Q-subgroup

ResF/QSpin(U) from the Levi Q-subgroup corresponding U ⊕W , and G′der ' ResF/QSpin(W ).

Taking m = n− 1, we get Shimura subdata defining Shimura curves.

Remarks 4.2.2. (1) Similarly to the unitary case, one could start with a central division F -algebra

D endowed with an involution a 7→ ā of the first kind, i.e., whose restriction to F is the identity,

and consider a non-degenerate Hermitian module Q : H ×H → D. In this way the composition

q = trD/FQ is a quadratic form on H, and one gets a unitary F -group SU(H/D) which is an

F -form of a special orthogonal F -group. In this setting we can also consider Shimura data with F

a totally real field of degree d, under the assumption that along each embedding τj : F → R the

base change qj : Hj×Hj → Fj is either definite or of signature (n, 2) or (2, n), and the symmetric

domain involved is isomorphic a finite product of copies of the one associated to SO(n, 2).

Inspired by Hain’s results [Hai99] we only consider the case of one single Hermitian symmetric

domain of SO(n, 2) type, hence only one of the real embeddings is assumed to produce a

non-compact Lie group Spin(n, 2), so that we have Shimura subvarieties in each codimension.

Moreover, what matters for us is the existence of Shimura curves. In the setting involving a

non-split central division F -algebra D which is of dimension at least 4, we cannot repeat the

procedure in the split case of cutting out Shimura curves using definite D-subspaces in H: by

arguments parallel to Remark 4.1.2, the remaining rank-one D-space gives at most a quadratic

space of signature (2, 2), and it leads to a Shimura surface which might fail to contain a Shimura

curve, and our theorem in the curve case no longer applies.

(2) In Definition 4.2.1 we have used the spin groups instead of the orthogonal groups, because

in this paper we only care about Shimura subdata of (GSpV ,H
±
V ) for some symplectic space

V over Q. The Q-group ResF/QSO(H) is not simply-connected, and in order to have faithful

symplectic representations we are forced to use its simply-connected covering ResF/QSpin(H).

5. Symplectic representations in the unitary case

In this section we first recall some facts about symplectic representations and their primary

decomposition, following [Sat65, Sat67], and then focus on the case of SU(n, 1) type and the

restriction to Shimura curves. Using the restrictions of symplectic representations to Shimura

curves, together with Theorem 1.2.2, we prove our main result for the unitary case in § 5.4.

5.1 Real symplectic representations in general

Let G be a connected non-compact semi-simple Lie group. It is said to be of Hermitian type if the

non-compact symmetric space it defines is an Hermitian symmetric domain. For example, if

(V, ψ) is a symplectic space over R, then the symplectic group Sp(V ) is of Hermitian type, and

the Hermitian symmetric domain is the (connected) Siegel upper half space H +
V ' Sp(V )/U(V )

where U(V ) is the unitary group for some positive definite Hermitian form h on V , such that

the imaginary part of h is equal to ψ.
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We are interested in the embeddings of Hermitian symmetric domains of the form i : X+

↪→ H +
V , where X+ is given by some Lie group of Hermitian type G, i.e., X+ = G/K for some

maximal compact subgroup K of G, such that:

– i is holomorphic, and i(X+) is totally geodesic in H +
V ;

– i is equivariant with respect to some inclusion of Lie groups ρ : G ↪→ Sp(V ).

Actually we impose more constraints. Let H0 ∈ LieK (respectively, H ′0 ∈ U(V )) be the unique
element defining the complex structure on X+ (respectively, H +

V ). Further, we require:

(H1) ρ ◦ ad(H0) = ad(H ′0) ◦ ρ;

or the even stronger condition

(H2) ρ(H0) = H ′0.

When we have a second embedding (i′, ρ′) subject to these conditions, we regard (i, ρ) and (i′, ρ′)
as (k)-equivalent if for some k′ ∈ U(V ) we have ρ′ = ad(k′) ◦ ρ on the Lie algebras.

The representations completely determine the embeddings, and when the target is
(Sp(V ),H +

V ) for some real symplectic space V , they are referred to as real symplectic
representations. In [Sat65] Satake obtained the classification of these embeddings and
representations up to (k)-equivalence under the stronger condition (H2). For every such
embedding (i, ρ), the representation ρ : G→ Sp(V ) splits into a sum of irreducible symplectic
subrepresentations ρ =

⊕
j=0,...,t ρj , with ρ0 : G→ Sp(V0) a symplectic representation in some

symplectic subspace (V0, ψ0) of V , and ρj : G → SU(pj , qj) (j = 1, . . . , t) a representation in
some special unitary group of some Hermitian space (Vj , hj) of signature (pj , qj), such that the
sum of ψ0 and the imaginary parts ψj of hj gives the symplectic form ψ on V '

⊕
j Vj (cf.

[Sat65, § 2, Proposition 3]). Note that in these components we do allow trivial representations.
In the SU(n, 1)-type case, all the non-trivial real symplectic representations are essentially

copies of the wedge representations; cf. [Sat65, § 3.2]:

Theorem 5.1.1 (Irreducible real symplectic representations of SU(n, 1)). Let (H,h) be an
Hermitian space over C/R of signature (n, 1), and let SU(H) be its special unitary group,
with D = D(H) the Hermitian symmetric domain defined by SU(H). Then the irreducible real
symplectic representations are exactly the natural representations Λm (m = 1, . . . , n) of SU(V )
on the complex vector space ∧mC V (viewed as a real vector space of dimension 2

(
n+1
m

)
), where

the symplectic forms are the imaginary parts of canonically defined Hermitian forms of signature((
n
m

)
,
(

n
m−1

))
preserved by the action of SU(H).

In particular, when n = 1, the identity representation is the only non-trivial irreducible real
symplectic representation of SU(1, 1).

5.2 Primary symplectic representations
To define Shimura subvarieties in AV , we need connected Shimura subdata (G, X;X+) ↪→
(GSpV ,H

±
V ; H +

V ). The embedding X+ ↪→ H +
V is given by the real symplectic representation

Gder(R) ↪→ SpV (R), which is the evaluation over R of the Q-group homomorphism Gder ↪→ SpV .
We thus need further results in [Sat67] on the classification of symplectic representations over Q.

We recall a few general notions on representations of reductive algebraic groups. Let k be
a field of characteristic zero, and let G be a reductive k-group. By representations of G we
mean finite-dimensional algebraic representations of G, i.e., k-group homomorphisms of the
form ρ : G → GLV for some finite-dimensional k-vector space V . We thus have the k-linear
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abelian category Rep(G/k) of representations of G, with morphisms being G-equivariant k-linear
homomorphisms. Since G is assumed to be reductive, the category Rep(G/k) is semi-simple,
i.e., every short exact sequence splits and therefore every representation is the direct sum of
irreducible representations. Note that the endomorphism ring EndG(ρ) of any ρ ∈ Rep(G/k)
is a finite-dimensional semi-simple k-algebra, and ρ is irreducible if and only if EndG(ρ) is a
finite-dimensional division k-algebra.

For K/k a field extension, we have the base change Rep(G/k) → Rep(GK/K) sending
(V, ρ) to (VK , ρK). A K-irreducible representation of G is (V, ρ) ∈ Rep(G/k) such that (VK , ρK)
is irreducible in Rep(GK/K). When K = k̄ is an algebraic closure of k, we get the notion of
absolutely irreducible representations of G, and it is clear that they are exactly the K-irreducible
representations whenever K is a field extension of k containing an algebraic closure of k.

For a fixed absolutely irreducible representation (Λ, λ) in Rep(Gk̄/k̄), a representation (V, ρ)
∈ Rep(G/k) is said to be primary of type (Λ, λ) if there is an isomorphism (Vk̄, ρk̄) ' (Λ, λ)⊕N in
Rep(Gk̄/k̄) for some integer N . It is thus obvious that irreducible representations in Rep(G/k)
are primary, i.e., their base changes to k̄ are direct products of copies of a single absolutely
irreducible representation over k̄.

Now let (G, X) ⊂ (GSpV ,H
±
V ) be a Shimura subdatum of SU(n, 1) type with

Gder = ResF/QSU(H), and we assume for simplicity that its action on V admits no
trivial subrepresentations. By the classification in [Sat67] (especially § 7), we know that the
representation ρ : Gder

→ SpV is symplectic, and it is a scalar restriction, i.e., there exists
a symplectic representation λ : SU(H) → SpL over F with L some symplectic space over
F and ρ = ResF/Qλ. In particular, V = ResF/QL is the Q-vector space underlying L, and
dimQ V = ddimF L with d = [F : Q]. Since F⊗QR =

∏
j=1,...,dR, the base change ρR decomposes

as
∏
j=1,...,d λj , with λj : SU(Hj)→ SpLj being the base change of λ along τj : F ↪→ R, and Lj

being the base change of L by τj . Hence on V ⊗Q R '
⊕

j Lj , Gder
R '

∏
j SU(Hj) acts on Lj

through SU(Hj).

Definition 5.2.1 (Primary type). Let ρ = ResF/Qλ be as above, and when j = 1 we use the
subscript τ in place of 1. The representation ρ is said to be τ -primary of type Λm for some fixed
m ∈ {1, . . . , n}, if the component λτ is isomorphic to a direct sum of copies of Λm: λτ ' Λ⊕Nm
for some integer N > 0. In particular, we can view (L, λ) as an F -form of the N -fold direct sum
of the natural representation of SU(H) on ∧mEH.

It follows from the classification of Satake that every symplectic representation of
ResF/QSU(H) is the direct sum of a trivial representation with finitely many τ -primary
representations of various types Λm (m ∈ {1, . . . , n}).

We are thus led to the following proposition (cf. [Sat67, § 8.3]).

Proposition 5.2.2 (Primary representation of SU(n, 1) type). Let (G, X;X+) ⊂ (GSpV ,
H ±
V ; HV ) be a connected Shimura subdatum of SU(n, 1) type with V a symplectic space over Q

of dimension 2g, defining a Shimura subvariety M ' ΓM\X+, with ΓM a torsion-free congruence
subgroup of Gder(Q)+. Let EM be the Q-PVHS on M induced by the universal abelian scheme
over the Siegel moduli scheme defined by (GSpV ,H

±
V ), and EM = FM⊕UM a decomposition into

Higgs bundles with UM the maximal unitary part. Assume that Gder ' ResF/QSU(H) is given
by some Hermitian space over a CM extension E/F of dimension n+ 1 with F some totally real
number field of degree d such that the symplectic representation ρ : Gder

→ SpV is τ -primary of
type Λm for some m ∈ {1, . . . , n}, without trivial subrepresentations. Then

rankU−1,0
M =

g(d− 1)

d
, rankF−1,0

M =
g

d
.
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Proof. We need to decompose the representation of fundamental group ΓM → Gder(C) →
SpV (C), which is extended from the real representation ΓM → Gder(R) → SpV (R). Since
ΓM ⊂ Gder(R) is Zariski dense, it suffices to decompose the real symplectic representation of
algebraic groups ρR : Gder

R =
∏
j SU(Hj)→ SpV,R.

As we have seen, we can find an F -model L such that Gder
→ SpV is restricted from

λ : SU(H) → SpL and the real symplectic representation is ρR =
⊕

j λj . For j = 2, . . . , d,
the R-group SU(Hj) is compact, and the group ΓM acts on

⊕
j=2,...,d Lj through a product of

compact unitary groups on the Lj , which can be easily made into a subgroup of some compact
unitary group on

⊕
j 6=1 Lj . On the other hand, for j = 1 and τ = τ1, the R-group SU(Hτ ) is

simple and non-compact and λτ = λ ⊗F,τ R is a direct sum of copies of Λm, hence λτ has no
contribution to the unitary part.

When we take the further base change R ↪→ C, the action of ΓM on V ⊗Q C factors through
V ⊗Q R, hence the part

⊕
j=2,...,d Lj ⊗R C remains unitary, and the part Lτ ⊗R C splits into a

conjugate pair of two copies of Lτ viewed as C-vector spaces, with no contribution to the unitary
part.

We thus conclude that the unitary part UM corresponds to the action of ΓM on⊕
j=2,...,d Lj⊗RC, whose complex dimension is (d−1) dimF L. Since V = ResF/QL is of dimension

2g = ddimF L, we conclude that

rankU−1,0
M =

(d− 1) dimF L

2
=
g(d− 1)

d
, rankF−1,0

M = g − rankU−1,0
M =

g

d
.

The proof is complete. 2

A formula for general symplectic representations is also obtained.

Corollary 5.2.3 (General representation of SU(n, 1) type). Let (G, X;X+) ⊂ (GSpV ,H
±
V ;

H +
V ) be a Shimura subdatum of SU(n, 1) type, defining the Shimura subvariety M . Assume that

Gder = ResF/QSU(H) is given by an Hermitian space H over a CM extension E/F subject to
the constraints of signature, with τ : F ↪→ R the only embedding contributing to the symmetric
domain X. Assume that

V = V0 ⊕ ResF/Qλ1 ⊕ · · · ⊕ ResF/Qλn

where V0 is a trivial representation of Gder, and λm : SU(H)→ SpLm is an F -linear symplectic
representation τ -primary of type Λm, m = 1, . . . , n. Let EM = FM ⊕ UM be the decomposition
of Higgs bundles of the representation of π1(M) induced from ρC, with UM the maximal unitary
Higgs subbundle. Then

rankU−1,0
M =

dimQ V0 + (d− 1) ·
∑n

m=1 dimF Lm
2

, rankF−1,0
M =

∑n
m=1 dimF Lm

2
.

Proof. It suffices to point out that the trivial subrepresentation V0 of Gder only contributes to a
trivial representation of π1(M). 2

5.3 Restriction to a Shimura curve
To compute the ranks in the decomposition of the Higgs bundle EC on a Shimura curve C
embedded in a Shimura subvariety of SU(n, 1) type, we again reduce to the decomposition
over R. We first consider the following real irreducible case.

Lemma 5.3.1 (Real irreducible case of type Λm). Let H be an Hermitian space over C/R of
signature (n, 1), and H = U ⊕ W an orthogonal decomposition involving a positive definite
subspace U of dimension n − 1 and W a subspace of signature (1, 1), giving rise to the
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inclusion SU(W ) ↪→ SU(H). Let Λm be the symplectic representation of SU(H) on ∧mCH.
Then the restriction of Λm to SU(W ) decomposes as T ⊕ Std⊕r, where T is a trivial symplectic

representation, and Std is the identity symplectic representation of SU(1, 1), with r =
(
n−1
m−1

)
.

Proof. We first note that when m = 1, the action of SU(1, 1) on Λ1 = H factors through
SU(U)× SU(W ) ↪→ SU(H), hence Λ1 = H = U ⊕W is already of the claimed form.

For general m, it suffices to notice that

∧m(U ⊕W ) =
⊕

j=0,1,2

∧m−jU ⊗ ∧jW

because W is of dimension 2 over C, hence ∧m−1U ⊗W ' W⊕r is the only non-trivial part in
Λm for the restriction to SU(W ), with r =

(
n−1
m−1

)
. 2

Adapting this lemma to the general case of τ -primary symplectic representations of type Λm,
we get the following proposition.

Proposition 5.3.2 (Decomposition over a curve). Let C ⊂ M ⊂ AV be an inclusion chain of
Shimura subvarieties given by the chain of Shimura subdata (GW , XW ) ⊂ (GH , XH) ⊂ (GSpV ,
HV ), where:

– (GH , XH) is a Shimura datum of SU(n, 1) type, given by some Hermitian space H over a
CM extension E/F , and Gder = ResF/QSU(H);

– (GW , XW ) is the Shimura subdatum of SU(1, 1) type in (GH , XH) cut out by a positive
definite subspace U of dimension n− 1;

– V = ResF/QL for some symplectic space L over F , and the representation Gder
→ SpV is

restricted from some τ -primary symplectic representation SU(H)→ SpL of type Λm.

Let EC be the Higgs bundle induced by the universal abelian scheme X →AV , which decomposes
into EC = FC ⊕ UC with UC the maximal unitary Higgs subbundle. Then

rankU−1,0
C =

dimQ V ·
(

1
2d ·

(
n+1
m

)
−
(
n−1
m−1

))
d ·
(
n+1
m

) , rankF−1,0
C =

dimQ V ·
(
n−1
m−1

)
d ·
(
n+1
m

) ,

with d = [F : Q].

Proof. Similarly to the proof of Proposition 5.2.2, it suffices to study how the algebraic
representation ρR : ResF/QSU(H)R → SpV,R decomposes when restricted to ResF/QSU(W )R.

Since ρ = ResF/Qλ and ρR =
⊕

j=1,...,d λj is a direct sum, with Gder
R acting on

⊕
j=2,...,d Lj

through a compact quotient, we deduce that the pull-back of the unitary part UM to C remains
unitary.

For the remaining part τ = τ1, the representation λτ = λ1 : SU(Hτ ) → SpLτ decomposes
as Lτ ' Λ⊕Nm for some integer N > 1. Restricting it to SU(Wτ ), we are reduced to the case of
Lemma 5.3.1: each Λm is the sum of a non-trivial subrepresentation ∧m−1Uτ ⊗Wτ ' Std⊕r and
a trivial representation, with r =

(
n−1
m−1

)
. Hence the rank of FC is 2N

(
n−1
m−1

)
. Since Lτ ' Λ⊕Nm , we

have dimF L = N
(
n+1
m

)
, which gives

rankF−1,0
C =

1

2
rankFC =

dimF L ·
(
n−1
m−1

)(
n+1
m

) .

The proof is complete by noting that rankU−1,0

C
= g− rankF−1,0

C
and dimQ V = d ·dimF L. 2
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Similarly, we have a general formula, given in the following corollary.

Corollary 5.3.3 (Formula of SU(1, 1) type). Let M ⊂ AV be the same as in Corollary 5.2.3,
and C ⊂M the Shimura curve cut out by U with U positive definite of dimension n−1 along τ .
Write EC = FC ⊕ UC be the Higgs bundle decomposition on C with UC the maximal unitary
Higgs subbundle. Then

rankU−1,0
C =

1

2
dimQ V0 +

n∑
m=1

dimF Lm ·
(

1
2d ·

(
n+1
m

)
−
(
n−1
m−1

))(
n+1
m

) ,

rankF−1,0
C =

n∑
m=1

dimF Lm ·
(
n−1
m−1

)(
n+1
m

) .

Proof. This is simply because rankFC + rankUC = dimQ V = dimQ V0 + ddimF (
⊕n

m=1 Lm) and
V0 only contributes to the unitary part. 2

5.4 Proof of the main result in the unitary case
Applying the formulas for the rank of Higgs bundles on a Shimura curve contained in a Shimura
subvariety of SU(n, 1) type given by a primary symplectic representation of type Λm, we are
able to prove our main theorem in the unitary case.

Proof of Theorem 1.2.4. From the inclusion of Shimura subdata

(GW , XW ) ⊂ (GH , XH) ⊂ (GSpV ,HV )

with V a symplectic Q-space of dimension 2g, h : H×H → E an Hermitian space subject to the
natural constraints of signatures of SU(n, 1) type, and H = U⊕W an orthogonal decomposition
with U positive definite of dimension n − 1 along the embedding τ : F → R, we get a Shimura
curve C in M defined by (GW , XW ) of SU(1, 1) type, with (GW )der = ResF/QSU(W ). The

symplectic representation of (GW )der is restricted from (GH)der ↪→ SpV , which is the scalar
restriction from F to Q of λ : SU(H) ↪→ SpL for some symplectic representation over L, such
that L⊗F,τ R ' Λ⊕Nm for some integer N > 0.

In this case we have dimQ V = 2g = 2Nd
(
n+1
m

)
with d = [F : Q]. From Proposition 5.3.2

it follows that in the decomposition of the Higgs bundles over the compactification C of the
Shimura curve C defined by the Shimura datum (GW , XW ), we have

rankF−1,0

C
=

dimQ V ·
(
n−1
m−1

)
d ·
(
n+1
m

) =
2gm(n−m+ 1)

dn(n+ 1)
. (5.4.1)

According to Theorem 1.2.2, if rankF−1,0

C
6 (g − 2)/5, i.e.,(

1− 10m(n−m+ 1)

dn(n+ 1)

)
· g > 2, (5.4.2)

then C is not contained generically in the Torelli locus Tg.
Now let C ′ be a Hecke translate of C, given by (qGW q−1, qXW ; qXW,+) for some

q ∈ (GH)der(Q)+, where we take the derived group because the center of GH(Q)+ does not
contribute to the Hecke correspondences. Then by scalar restriction we have q ∈ SU(H)(F ),
which sends the orthogonal decomposition H = U ⊕W into H = qU ⊕ qW , with qU positive
definite along τ , and qW of signature (1, 1) along τ . Hence the arguments above give the same
inequality for C ′. When q runs through (GH)der(Q)+, we obtain a Zariski dense subset of curves,
none of which is contained generically in Tg, hence the conclusion follows from Lemma 2.1.10. 2
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Before giving the proof of Corollary 1.2.5, we first deduce the following corollary from
Theorem 1.2.4.

Corollary 5.4.1. Under the assumptions and notation of Theorem 1.2.4, the Shimura
subvariety of SU(n, 1) type is not contained generically in the Torelli locus Tg if:

– d > 12/(n+ 1) when m = 1;

– d > 4(5n− 4)/n(n+ 1) when m = 2;

– d > (12 + 30(n− 1)(n− 2))/(n+ 1)n(n− 1) when m = 3;

– d > 3 when m > 4.

Proof. By Theorem 1.2.4, it suffices to show that the condition (1.2.4) is satisfied under our
assumptions. Since g = Nd

(
n+1
m

)
, we have g > d

(
n+1
m

)
. Hence (1.2.4) is satisfied if

d >
2(
n+1
m

) +
10m(n−m+ 1)

n(n+ 1)
. (5.4.3)

This is satisfied if d > 12/(n+ 1) when m = 1, or d > 4(5n− 4)/n(n+ 1) when m = 2, or
d > (12 + 30(n− 1)(n− 2))/(n+ 1)n(n− 1) when m = 3. To complete the proof, it suffices to
prove that

2(
n+1
m

) +
10m(n−m+ 1)

n(n+ 1)
6 3 if m > 4. (5.4.4)

Note that n > m > 4. It is not difficult to check that (5.4.4) is satisfied for n 6 8. Now consider
the case n > 9. Since

(
n+1
m

)
> n+ 1 and m(n+ 1−m) 6 (n+ 1)2/4, one gets

2(
n+1
m

) +
10m(n−m+ 1)

n(n+ 1)
6

2

n+ 1
+

5(n+ 1)

2n
6 3 if n > 9

which completes the proof. 2

Proof of Corollary 1.2.5. The case m = 1 is already done. When m > 2, we have n > m, hence
the conditions of Corollary 5.4.1 are satisfied if d > 4, or d > 3 and n > 6. 2

6. Symplectic representations in the orthogonal case

In this section we treat the orthogonal case, i.e., symplectic representations of spin groups.

6.1 Symplectic spinor representations
We first recall some facts about split quadratic spaces and spinor representations, details of
which are parallel to the case over C in [GW09, ch. 6].

Definition 6.1.1 (Split quadratic spaces). A quadratic space (H,Q) of dimension N over F is
said to be split over F if:

(N even) it is isomorphic to T ⊕ T∨ for some F -vector space T of dimension N/2 with T∨ its
dual, such that Q is equivalent to the pairing ((u, u∨), (v, v∨)) 7→ u∨(v) + v∨(u);

(N odd) it is isomorphic to F ⊕ T ⊕ T∨ for some F -vector space T of dimension (N − 1)/2
with T∨ its dual, such that Q is equivalent to the pairing ((a, u, u∨), (b, v, v∨)) 7→
c0ab+u∨(v) +v∨(u) for some constant c0 6= 0. In this case F is just a one-dimensional
subspace orthogonal to T ⊕ T∨.
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The decompositions above are referred to as isotropic splittings of (H,Q). When F is algebraically

closed, any quadratic space is split. It is also clear that when (H,Q) is split over F , the F -group

Spin(H) is split, i.e., it admits a maximal F -torus which is split over F .

When (H,Q) is split over F of dimension N , we have the following absolutely irreducible

representations of Spin(H), called the spinor representations. Using an F -basis e1, . . . , em of T

and its dual basis e∨1 , . . . , e
∨
m, the m-dimensional split F -torus T = {(t1, . . . , tm) : tj ∈ Gm,F }

acts on T by coordinates and on T∨ by the inverse coordinate functions: tj(ajej) = (tjaj)ej
and tj(bje

∨
j ) = (t−1

j bj)e
∨
j . In this case T is a split maximal F -torus in Spin(H), and in

the corresponding root system we can write down an explicit basis of simple roots ε1, . . . , εm
constructed out of the dual bases of T and T∨, which describes the spinor representations as

follows.

(N = 2m) The representation spaces are P+(T ) = ∧even
F T and P−(T ) = ∧odd

F T , both of

dimension 2m−1, and they are not isomorphic to each other; the highest weight

of P± is ω± = (ε1 + · · · + εm−1 ± εm)/2 (they are also called the half spin

representations).

(N = 1 + 2m) The representation space is the full exterior F -algebra P (T ) = ∧FT , of dimension

2m, with highest weight ω = (ε1 + · · · εm)/2. In particular, when m = 1,

Spin(H) ' SL2, and the spinor representation is isomorphic to the standard

identity representation.

Note that if H = U⊕T ⊕T∨ is odd-dimensional with U of dimension 1 orthogonal to T ⊕T∨,

then by restricting Q to H ′ = T ⊕ T∨ we get a quadratic subspace H ′ in H of codimension 1,

and in this case the restriction of the representation on P (T ) = ∧FT to Spin(H ′) becomes the

direct sum of the two spinor representations P+(T ) and P−(T ). Similarly, if H = T ⊕ T∨ is

even-dimensional, with T = U ′⊕T ′ and T∨ = U ′∨⊕T ′∨, we may take a non-isotropic orthogonal

decomposition U ′⊕U ′∨ = U ′′⊕U into two one-dimensional subspaces, and form the F -subgroup

Spin(H ′) for H ′ = U ⊕T ′⊕T∨. In this case the restrictions of two spinor representations P+(T )

and P−(T ) to Spin(H ′) are both isomorphic to P (T ′). We refer to [GW09, ch. 6] for formulas

of weights of spinor representations, using which the decompositions above are verified directly.

In this setting the classification of Satake (cf. [Sat65, § 3.5] and [Sat67, § 8.3]) leads to the

following theorem.

Theorem 6.1.2 (Symplectic representations of spin groups). (1) Let (H,Q) be a quadratic

space of signature (n, 2) over R, and let P (respectively, P±) be the spin representations of

Spin(H)C, with dimRH being odd (respectively, even). Then there are canonically defined

Hermitian forms on these spaces of signature (2r, 2r) with r = [(n+1)/2], and up to isomorphisms

the restriction ResC/RP (respectively, ResC/RP±) is the only irreducible symplectic representation

of the R-group Spin(H), using the imaginary part of the Hermitian forms.

(2) Let (G, X) ⊂ (GSpV ,H
±
V ) be a Shimura subdatum of SO(n, 2) type with Gder =

ResF/QSpin(H) for some quadratic space (H,Q) over some totally real field subject to the

constraints of signatures, such that the representation ρ : Gder
→ SpinV admits no trivial

subrepresentations. Then ρ is restricted from λ : Spin(H)→ SpL for some symplectic space L

over F ; and when we take the base change along τ , λτ splits into a direct sum of copies of spin

representations.

913

https://doi.org/10.1112/S0010437X15007794 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X15007794


K. Chen, X. Lu and K. Zuo

Proposition 6.1.3 (Unitary part over a Shimura subvariety of SO(n, 2) type). Let M ⊂ AV
be a Shimura subvariety of SO(n, 2) type, i.e., defined by some Shimura subdatum (G, X;X+)
⊂ (GSpV ,H

±
V ; H +

V ) of SO(n, 2) type as in Theorem 6.1.2(2), using a quadratic space (H,
Q) over a totally real number field F . Assume that the symplectic representation ρ : Gder '
ResF/QSpin(H) ↪→ SpV admits no trivial subrepresentations, and that EM = FM ⊕ UM is the
decomposition of the Higgs bundles on EM induced by the universal family over AV , with UM
the maximal unitary Higgs subbundle. Then

rankU−1,0
M =

(d− 1)g

d
, rankF−1,0

M =
g

d
,

with d = [F : Q].

Proof. The proof is exactly the same as for Proposition 5.2.2 because when we take the base
change Q→ R we get ρR =

⊕
j=1,...,d λj with ρ = ResF/Qλ and λj = λ ⊗F,τj R, using the same

notation as in Theorem 6.1.2(2), and only the component λ1 = λτ contributes to FM . 2

Corollary 6.1.4 (Formula of SO(n, 2) type). Let M ⊂AV be a Shimura subvariety of SO(n, 2)
type, given by a subdatum (G, X;X+) ⊂ (GSpV ,H

±
V ; H +

V ), whose symplectic representation
ρ : Gder ' ResF/QSpin(H) → SpV is of the form V = V0 ⊕ ResF/Qλ with V0 a trivial
subrepresentation and λ some F -linear symplectic representation λ : Spin(H)→ SpL admitting
no trivial subrepresentation. Then in the decomposition of Higgs bundles EM = FM ⊕ UM , we
have

rankU−1,0
M =

dimF V0 + (d− 1) dimF L

2
, rankF−1,0

M =
dimF L

2
,

with d = [F : Q].

Proof. This is similar to Corollaries 5.2.3 and 5.3.3, using the fact that the spinor representations
are the only non-trivial symplectic representations over R: when n is odd, there is only one spinor
representation; when n is even, the two spinor representations over R are of the same dimensions
and same signatures. 2

6.2 Restriction to a Shimura curve
We first consider the case over R, i.e., study the decomposition of the irreducible symplectic
representations of Spin(H) to Spin(W ) over R, where H is of signature (n, 2) and W is of
signature (1, 2). We assume that W = U ′ ⊕W ′ with U ′ positive definite of dimension 1 and W ′

negative definite of dimension 2 together with an isotropic splitting over C given byW ′C ' T1⊕T∨1 ,
and we take a further orthogonal decomposition H = W ⊕ U for some definite subspace U of
dimension n− 1. We also assume that:

(n odd) UC admits an isotropic splitting UC = T2 ⊕ T∨2 ;

(n even) U = U ′′ ⊕W ′′ with U ′′ one-dimensional orthogonal to W ′′, and W ′′C = T2 ⊕ T∨2 is an
isotropic splitting.

If n > 1 is odd, then we can take an isotropic splitting UC = T2 ⊕ T∨2 , and it turns out that
T = T1⊕T2 gives a maximal isotropic decomposition HC = U ′C⊕T ⊕T∨. Thus we have P (T ) '
P (T1) ⊗ P (T2) on which the Levi R-subgroup Spin(W )×Spin(U) acts, and the restriction to
Spin(W ) is a direct sum of copies of P (T1).

If n > 2 is even, then H = U ′′ ⊕ H ′ is an orthogonal decomposition with H ′ = U ′ ⊕W ′ ⊕
W ′′ odd-dimensional. The two spinor representations P± of Spin(H) both restrict to the spin
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representation P (T1 ⊕ T2) of Spin(H ′), and restrict further to a direct sum of copies of P (T1)
for Spin(W ) because we are reduced to the odd-dimensional case.

We have thus seen that in both cases no additional trivial subrepresentation occurs when
restricted to Spin(W ), hence we arrive at the main theorem in the orthogonal case.

Proposition 6.2.1 (Decomposition over a curve in the orthogonal case). Let M ⊂ AV be a
Shimura subvariety of SO(n, 2) type, given by a subdatum (G, X) ⊂ (GSpV ,H

±
V ).

(1) Assume that the symplectic representation ρ : Gder = ResF/QSpin(H)→ GSpV admits
no trivial subrepresentations. Let C ⊂M be a Shimura curve cut out by an F -subspace U of H
positive definite of dimension n− 1 along τ following the notation of Definition 4.2.1, and let EC
be the Higgs bundle on C induced by the universal abelian schemes on AV , with EC = FC ⊕UC
the decomposition into Higgs subbundles, UC being the maximal unitary part. Then

rankU−1,0
C =

(d− 1)g

d
, rankF−1,0

C =
g

d
,

with d = [F : Q].
(2) Similarly, when ρ : Gder

→ SpV decomposes as V = V0 ⊕ ResF/Qλ with V0 a trivial
subrepresentation and λ : Spin(H)→ SpL an F -linear symplectic representation admitting no
trivial subrepresentation, then

rankU−1,0
C =

dimF V0 + (d− 1) dimF L

2
, rankF−1,0

C =
dimF L

2
,

with d = [F : Q].

Proof. (1) The formula for rankF−1,0
C is immediate, as in this case no additional unitary part

occurs when the representation is restricted from Spin(Hτ ) to Spin(Wτ ). Then (2) is immediate
from (1) and Corollary 6.1.4. 2

Proof of Theorem 1.2.6. Following the notation in Proposition 6.2.1(2), the inequality rankF−1,0
C

= (2g − dimQ V0)/2d 6 (g − 2)/5 holds when d > 6. In fact this is automatic if d > 7, and when
d = 6, it still holds because g = dimQ V/2 is at least d · 2[n+2]/2. 2

Remark 6.2.2. In contrast, if the totally real field F is Q, i.e., d = 1, our arguments do not
work for Shimura subvarieties of SO(n, 2) type. In this case there are complementary results
in [LZ14]: the symplectic representation does not give rise to unitary Higgs bundles when
restricted to Shimura curves provided that there is no trivial subrepresentation, i.e., V0 = 0
(cf. Proposition 6.2.1(2)), hence such curves, as well as such Shimura subvarieties, are not
contained generically in Tg for g > 11.
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de France, 2012), ix, 299–315, Exposé 1037.
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