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A STRATIFICATION GIVEN BY 
ARTIN-REES ESTIMATES 

TI WANG 

0. Introduction. Let IK = R or C. Let U be an open subset of K n. Let X be a closed 

analytic subset of U and let Z be a proper closed analytic subset of X. Let M(X\ Z) denote 

the ring of meromorphic functions on X whose poles lie in Z. Let M be the families of 

formal power series generated by a finite sequence/ i , . . . ,fq G M(X; Z)ftyY (For details, 

see § 2). We consider the Artin-Rees estimate for M at each point of X—Z. By Artin-Rees 

lemma (see [Bou]), for each point a G X — Z, there exists an integer ka such that for all 

le N, 

( 1 ) MaH mka+lK lyY = ml(Ma H mka K lyY), 

or 

(l r) Manmka+lK{y}p = ml(Ma H mk"K{y}p), 

where m (or ni) is the maximal ideal of DC flj]] (or IK{_y}). Therefore, there exists an 

integer 1da such that for all / G N, 

(2) Ma H m^+lK ItyF C mlMa, 

or 

(2') Ma H m^+lK{y}p C mzMa. 

Equation (1) (or (10) is called a strong Artin-Rees estimate, and (2) (or (20) is called 

a weak Artin-Rees estimate. It is known that the Artin-Rees number, i.e. the ka and \da 

mentioned above, can be uniformly given for every compact subset of X — Z (see [B-M, 

2], Theorem 7.4(3)). 

The Artin-Rees estimate is an important subject in algebraic and analytic geometries 

(see [E-Hl, [D-O], and [B-M, 2], etc.). In this article, we investigate the properties of the 

stratification given by the Artin-Rees estimates, namely, on each stratum, the Artin-Rees 

number is constant. In the case of ka or 1da being 0, K D j F / ^ is a flat module over 

IK fljH- It has been known that the flatness is an open property (see [B-M, 1]). Therefore, 

naturally, one expects that the Artin-Rees stratification is Zariski semicontinuous (for 
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the definition of Zariski semicontinuity, see [B-M, 1]) on X — Z. This article gives a 
discussion on this issue and figures out that it is not the general case. 

Since, by Krull's theorem, the formal and the convergent versions of the Artin-Rees 
estimates are equivalent, we only consider the formal cases (1) and (2) in this paper. 
In Section 1, we give a criterion for the Artin-Rees estimate (see Theorem 1). All the 
concepts and the properties of a diagram of the initial exponents of a module we will use 
have been discussed in [B-M, 3] and [B-M, 2]. In Section 2, with the help of the criterion 
given in Section 1, we get the constructibility of the stratifications defined by both strong 
and weak Artin-Rees estimates. In Section 3, we use "minimal-bases" (defined in § 2) to 
study the openness of the initial strata, which is equivalent to the openness of the flatness 
of modules. Finally, some examples will show that in general the stratification discussed 
here is not Zariski semicontinuous. 

The author wishes to express his sincere thanks to Professor E. Bierstone and Profes
sor P. Milman for their encouragement and supervision. 

1. Special generators and the Artin-Rees estimate. Let T C IK flj>F be a submod
ule. By the Artin-Rees lemma, there exists an integer k such that for all / G N, 

(3) m mk+lK 0>F = m\m thkK LvF). 

Also, there exists an integer k such that for all / G N, 

(4) r n m ^ ' l K I y F CmlT. 

We refer the readers to the articles [B-M, 1] and [B-M, 2] for the notations and 
properties of a diagram of initial exponents of a module with respect to a given lin
ear form. Take a positive linear form L: N" —• N defined by L(a) = | a |. With respect 
to this L, the diagram of initial exponents Ni(T) is well-defined and we may assume 
that ((Xiji), i = 1, . . . , 5, are all the vertices of NL(T). Then, we can get a set of special 
generators of T, say, h\ ( j ) , . . . , hs(y), satisfying the following three properties: 

(5) T=(hl(y),...,hs(yj)Km\ 

(6) Let VLQII) be the initial exponents of hi, i = 1, . . . , s, with respect to L. { vL(hi)} 
are the vertices of NL(T)\ and 

(7) ( t f i J i X ' • • < (<xsJs). 

REMARK. Condition (7) implies that 

|<*i| < |«2| < ' • • < |a* | . 

A set of generators with the properties. (5), (6) and (7) is called a set of special gener
ators of T. For the existence of such a set of generators, one is referred to [B-M, 1]. 

For any given À G N, and a set of special generators h\,...,hs, we may define r = 
r(X) GNby 

| ot\ | < À,. . . , | ar | < A, | ar+\ \ > X,..., | as \ > X, 

where r(X ) is 0 if all \ at\> X, and it is s if all | a* | < A. 
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THEOREM 1. For anyX G N : 
[1]: (3) holds for X if and only ifr(X ) > 1 and for j = r+ 1 , . . . , s, 

hj(y) G m^-^hx + • • • + m^-^hr. 

[2]: (4) holds for X if and only ifr(X ) > 1 and for j = r + 1, . . . , s, 

hj(y) G m^-xhx + • • • -¥m^-xhr. 

PROOF. The proof of [2] is parallel to that of [1]. Therefore, we only give the proof 
of [ 1 ] here. 

IF. Assume that r(X ) > 1, and for ally > r — r(X ), 

hj^eJZm^'^K 

Let g G l H mx+lK DjF- By the definition and the properties of { hi}, 

s 

i = l 

where u G mA+H<*<l, / = 1, . . . , s. We discuss two cases: 
1. If/<KA),then 

tjhj G mlmx-\a^hj C ml(Tn mxKftyY). 

2. If j > r(X ), then by our assumption, 

tjhj G tjmW-x(J2mx-\a'\hi) C m z ( m mAK[[vF). 
i=i 

Hence, g G ml(TC\ rhx K |£yF). This proves 

m mA+/IK [[vF C ml(TC\ mxKftyY) 

for all/G N. 
It is trivial to show that ne {JH mx K flj>F) CTnmx+lK lyY-

ONLY IF. Assume that for all / G N, T H mx+lK ftyY = ml(T nmxK lyY). 
If r(X ) = 0, i.e. each | a,-| > A, then 

hi eTD mA+|or,|"AK[LyF Cm | o r , | - A (Tn mxKfty]ip). 

But /zi ^ m l since h\ has the minimal initial exponent. Consequently, r(X ) > 1. 
For each ^(j) , (y > r(A )), we have 

hj ernmA+|a''|-AK[[y]F c ^ ^ ^ r n mAK[[yF)-

Thus fy = E|a |=|a |-A yaG<xj, where G a j G m mA(K[[vF. So we may assume that 

Gaj- = ELi ̂  A'w h e r e ^ G ™A~ | a ' ' • 
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SUBLEMMA. If (3) holds for A, then for allj > r(X ), 

(8) hj G m^-^hi + • • • + m^-^hj-x. 

The "only i f part follows by repeatedly applying the sublemma. • 

PROOF OF THE SUBLEMMA. By induction on s - j : 

For y = s:hs = £ H = K | _ A /* E-=i #L,A> where gl
as G mx'^. Then we have: 

|a| = |«,|-A J i=\\a\ = \as\-\ 

We assume that (8) holds for k < j < s. For j = k - 1 (> r(X )) : 

hj-x G m mx+W-xKKytf = th^J-^'x(Tn mAK|£yF). 

Our induction hypothesis now implies 

7-2 

V i e E ^ l ^ l l H a , l ^ + ^|ory_ll"AVi-

1=1 

Hence /z7_i G Z£f w'"-''"1'-'"''^. This proves the sublemma. • 

DEFINITION. For any submodule T C K flyiP, define the strong Artin-Rees number 
XT and the weak Artin-Rees number \'T by 

Ar = inf{ A: G N | (3) holds for k] ; 

A^ = inf { k G M | (4) holds for k}. 

COROLLARY. [1]: IfXT < X ( or X'T < X ), then hx(y),...,h^iy) generate T. 
[2]: 

|<*i| < ^T < \as\; 

| QTI| < A^ < |c^|. 

The proof is trivial. • 

2. The stratification. Let X be a closed analytic subset of an open set U C K n, and 
let Z be a closed proper analytic subset of X. Let M(X; Z) denote the ring of meromorphic 
functions on X whose poles lie in Z. Let M(X\Z)^yY be the families of formal power 
series with coefficients in M(X; Z), and let / i , . . . Jq G M(X; Z)[]j]p. For each point a G 
X — Z, let Mfl be the submodule of K Oj]p which is generated by {f(a\ y)} over K [[vj. 
Let Na denote the diagram of initial exponents of Ma. For this parametrized families of 
power series M(= Uaex-zMa), we have (see [B-M, 1], Theorem 5.5 and Corollary 5.9): 
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THEOREM 2. Let M be defined as above. Then we have: 
[1]: Let «o £ ^- Then there is a neighborhood V of a^ in U and a filtration ofX D V 

by closed analytic subsets: 

xn y-XoDXi D-OX W + I =zn v 
satisfying: for each [i — 0 , . . . , u, Na is constant onX^ — X^+\. 

[2]: For each n = 0, . . . ,u, there exists £ \x;y),... ,£t,l(x;y) G M(X^X^x)lyY 
such that for all points a G X^ — X^+i, £ l(a;y), ...,£*» (a; y) generate Ma, and 
moreover, they are a set of special generators ofMafor each a G l ^ - X^+\. 

[3]: LetN^(M) = Na if a G X^ -X^+x. Then N^M) < N^x(M)forall /x = 0 , . . . , u. 
• 

Let/?a C K D J F be the relations among {ft(a\y\i = 1,...,<?} over Kfl>F> and 
let R(M) be the parametrized families of the relations Ra. Then we have (see [B-M, 1] 
Theorem 6.3): 

THEOREM 3. Let R be defined as above. It follow s that: 
[1]: Let ao G X. Then there is a neighborhood Vofao G U and a filtration ofX n V 

by analytic subsets: 

xnv = x0DXi D - ' O X ^ + I =znv 

satisfying: for each /i = 0 , . . . , v, Na is constant on X^ — X^+\. 
[2]: Foreach\x = 0, . . . ,i/, there exist Çl(x\y),... , Ç ̂  (*; y) G M(X^X^+i)\lylq such 

that for all a G X^ — X^+i, £ *(«; v) , . . . , £ ^ (a:> y) generate Ra, and they are a set 
of special generators ofRafor each a G X^ — X^+\. 

[3]: LetN^(R) = N^Ra) if a G XM - X^+l. Then N^R) < N^R) for all p = 
0,.. . , i/ . • 

We now discuss the Artin-Rees estimates related to M, namely, 

(9) Ma H mx+lK [[jF = ml(Ma H mxK fljF) 

and 

(10) Ma n mx+lK O J F C mlMa. 

DEFINITION. For each A G N, define 

rA = {a G X - Z | (9) holds for all / G N at a} ; 

rA = {aeX-Z\ (10) holds for all / G N at a}. 

It is easy to see the following properties: 

(il) r A cr A ;VAGN ; r° = r0. 
(12) rA crA+1, rA c rA+i; V A E N . 

(13) x-z=u A ° i 0 r A
; x - z = uA~0rA. 

DEFINITION. A set Y C U is a constructible set if it is a union of differences of 
analytic subsets. 
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THEOREM 4. Both { U - Tx } and { U - Tx } are constructible sets. 

PROOF. The proof for U—T\ is similar to that of U—Tx. Therefore we only discuss 

the constructibility of U — Tx here. The proof is local. So, we consider the question at a 

point a G Ar — Z: 

By Theorem 2, there exists a neighborhood V of a such that 

xnv = x0DX{ D - O X W + I = zn v 

with the properties: 

(i) N(M) is constant on each X^ — X^+i ,ji = 0 , . . . , UJ . 

(ii) For each \i, there exist £ \ . . . , £ ̂  G M ^ ; X^+i )ftyY which are a set of special 

generators of Ma for each point a G X^ — XM+i. 

For a fixed A G N, and for each \i — 0 , . . . , u, we have a well-defined r^ = rM(A ). 

For each7 > rM , let us consider the relations among £7 and { v'aj'l ~la'l £ l} (i = 1 , . . . , rM ) 

which is denoted by Rj = R(^j,yla''Ha,l£ \..., j M H ^ I ^ ) 0 n each X^ - A ^ . B y 

Theorem 3, without loss of generality, we may assume that on A^ — X^+\, Rj has a constant 

diagram for each j > r^, and £ * , . . . , ( ^ are a set of special generators of Rj at each point 

a G XM — A^+i. 

Each ( z is a vector (£ / , . . . ,Çl +i)- ^ *s e a s v t 0 s e e t n a t a t o n e P o m t b G A^ — A^+i, 

£y £ E ^ i ml^H" ' ! if and only if Ç ^ O ) = 0 . This is a closed condition. By Theorem 1, 

now we conclude that (U — Tx) D (X^ — A^+i) is constructible. As a result, U — Tx is 

constructible. • 

COROLLARY. By Theorem 7, we have the following results: 

[1]: In a particular case, the sets U ~TX and U — T\ defined by a coherent sheaf of 

O- modules are also constructible. 

[2] : For any compact subset of U (or X — Z), we have a uniform Artin-Rees estimate 

for a parametrized families. m 

3. Minimal-bases and the openness of r ° . For a submodule M C K ^yY (or 

K{y}p), a set of generators h\,..., hq is called a minimal-basis of M if q is the mini

mal size of all generators of M. We denote this integer by % . It is also known that: 

nM = diniK M®Km K. 

Let Z C X C U C Kn, where U is an open subset and X,Z are closed analytic sub

sets. L e t / i , . . . ,fq G M(X; Z)|[yF and let M be the parametrized families of submodules 

generated by f\(a\ y),... Jq{a\ y) at each point a £ X — Z. For Ma, abbreviate n\fa by na. 

This procedure defines a function: 

n : A : - Z - + N . 

In general, n is not upper semicontinuous. Consider the following counterexample, 
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EXAMPLE 1. Let/i Ji e (K M)(LvF be defined by: 

where x G X = K. Then at x = 0, 

and it has only one generator. If x ^ 0, 

so it has at least two generators. • 
However, in the case of coherent sheaves, where we assume that X = U and M is a 

coherent sheaf of O-modules, we have: 

PROPOSITION 5. If M is a coherent sheaf of Ox-modules, then n is a Zariski upper 
semicontinuous function. 

PROOF. Let a £ X, and let Ma be generated by s\,..., sq, where q = na. Then, in a 
neighborhood Vofa.M is generated bys\,...,sq3S well. Thus nt> < na for all b E VD X. 

Let Mj be the coherent sheaf generated by { 51 , . . . , sy_i, Sj+\,..., sq} J = 1, . . . , q. 
For a point b G X, let Mj^ and Sj^ denote the germ of Mj and the germ of Sj at the point 
b respectively. We have: 

CLAIM. The subset { b G X | Sjj ^ ^j,b} is a closed analytic subset. 

PROOF OF THE CLAIM. The relations among s\,...,sq is a coherent sheaf of Ox-
modules. The condition of ^ $ Mj$ is equivalent to all they-th components of the gen
erators of the relations among { s\,..., sq} vanishing at b. This is a closed condition. • 

Let X( (C XH V) denote the subset consisting of all b such that rib = i- Then, 

xq = xna = nf=l{be x I SjJb £Mj,b} 

is a closed analytic subset by the above claim. This proves Proposition 5. • 

LEMMA 6. The following statements are equivalent: 

(14) Ma H mlK lyT = mlMaforall / G N ; 

(15) Mf lnmK[£yF = mMa. 

For the proof, see [Bou] or [Mat]. 
For Ma, we may have such a minimal-basis h\,..., ht with the following property: 

t 

(*) If ^2 iihi ^ m^ t vF , and if for some k, ̂  & m, then hk must be in m IK f^F-
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In fact, to get a minimal-basis with the property (*), one needs only to repeat the 
following procedure on a given minimal-basis: 

For a given minimal-basis, say h\9...,ht, if there exists a combination g = 
E/=i iiht G mK 0>F» with some £* £ m, then £khk = g - E,y* £&, or hk = £fc

_1g -
Ê*-1 Yli^kiih- By replacing hk by g G AwDCfljyF, we get a new minimal-basis. After 
finitely many replacements, we will get such a minimal-basis with the property (*). 

PROPOSITION 7. That a point a belongs to Y° is equivalent to the statement: 

(\ ) For any minimal-basis of Ma, say h\(y),..., ht(y), each hi $ mK OjF, / = 1, . . . , t. 

PROOF. We will prove the following statement: 

Ma Pi mK [vF = rhMa is equivalent to {% ). 

Then by applying Lemma 6, Proposition 7 follows. 

IF. We assume that Ma n m DC [[j>F = mMfl. If there exists a minimal-basis h\,... ,ht 

with some ft* G mK ŒjF, then ft* G mMfl. Thus 

t 

hk — XI £A' f°r s o m e £/ € m-
i=l 

Hence we have hk — (1 — £*)_1 E*y& £A which contradicts the fact that h\,..., ht is a 
minimal-basis. 

ONLY IF. If all minimal-bases of Ma satisfy (\ ), then take a minimal-basis of Ma 

with the property (*), say h\,..., ht. For any g G MaC\ mK fljF> 8 — E/=i £ A W l t n each 
6 £ ^ M - By the property (J ), it follows that all £/ G m. This proves that g G mMfl. • 

REMARK. Applying Theorem 1 and the if part of the proof of Proposition 7, we 
obtain a new proof of Lemma 6: 

Take a set of special generators of Ma, say h\,..., ht. If Ma n m DC flj>F — wMa, then, 
by the proof of Proposition 7, there is a minimal-basis of Ma which can be obtained from 
h\,..., ht, namely, h\,..., hn and each hi ^ mDC fljF 0' = 1, . . . , r). Without loss of 
generality, we may assume that 

hi 

/ / i \ 

/> , where// G m J = 1, . . . , / — 1, and/ ^ ra. 

It is easy to see that the following relations must hold: 

r 

hj G X > N / Ï / , for all j> r. 

By Theorem 1, Lemma 6 now follows. 
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PROPOSITION 8. For a coherent sheaf of Ô-modules M, Y° is open. 

PROOF. Assume that a £ r ° . Let h\,...,hqbea minimal-basis of Ma . By Proposi
tion 7, each | I/L(/I;)| = 0. After a linear transformation, we may assume that 

/ ° \ 

(16) 
0 

hi(x) 

\ hPii(x) I 

, where h(j(a) ^ 0. 

Then in a neighborhood of a, h\,..., hq are in the same form as (16). This implies that 
h\,..., hq are still a minimal-basis for M^ at any nearby point b. From the form ( 16), all 
minimal-bases of Ma must satisfy the condition of Proposition 7. Thus r ° is open. • 

REMARK. Proposition 8 is false if M is not a coherent sheaf. A typical counterex
ample is Example 1, where r ° = { 0} . 

4. Some examples. In the last two sections, we have seen that r ° = To is open if M 
is a coherent sheaf, and U — Tx and U — T\ are constructible sets if M is a parametrized 
family. Here we give more examples to show all the possibilities that U — Tx (or U — T\ ) 
may have. 

EXAMPLE 2. For any coherent sheaf of O-modules generated by one function, all Tx 

and T\ are open sets. • 

EXAMPLE 3. Let n = 3, p = 2. Consider the coherent sheaf of O-modules M gen
erated by 

/ l (* l ,X2,*3) fliXu X2,X3) = x2 

where A > 0 is a fixed integer. 

CLAIM 1. At 0 = (0,0,0), MQ has a set of special generators as follows : 

x\) aU \xixx 

PROOF OF CLAIM 1. Consider the diagram N generated by ((1,0,0); l) , ((0,1,0); l) 

and ((1,0, A);2). 
Letg = £i/i+£z/2, where £1,^2 £ K{xux2,x3}. We may assume that £2(^1, *2, ^3) = 

£3(̂ 2,*3> +*i£4(*i,*2.*3). Then 

«-e,m+&m+ûi'W" 
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It is easy to see that 

*))CN, s u p p ô t r 2 V - - — - — ~ - (° supported [ J ) C i V , supported ( n ) ) C N, and support^ £4 [ x ) ) C N. 

If the initial form of g is a term of £3 (^ ), i.e. 

intfe) = fa§42nj, 

which implies that the term 

has been eliminated since 

2 3 \ Q 

<h<» 
But this is impossible because each term of 

(x\ 

* . o 

is divisible by x\. Therefore int(g) must be a term of 

i.e. i/(g) G N. This proves Claim 1. 
By Theorem 1, it follows that O ^ T A , since 

,AHfe)+(-x2)(o 
CLAIM 2. At any point a = (0, yo,0), where yo ^ 0, a set of special generators of 

Ma can be given as the following: 

yo\ ( 0 
X1X3 

PROOF OF CLAIM 2. Let 

We may assume that £1 = ^{xi.x^) +X\^(X\,X2,XT)). 
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Then 

Hï)Hà)HiMî)-*-MU 
We may prove directly that i/(g) is inside the diagram generated by the initial forms 

,*3/a n w/ 
Therefore, Claim 2 is true. 

Then by Theorem 1, (0, yo, 0)E T\ since 

Consequently, for each A G N, there is an example that T\ is not open. • 

EXAMPLE 4. Let n = 3,p = 2. Let M be a coherent sheaf of O-modules generated 

Mxi,X2,X3) = f Q j , /2(*1,*2,*3) = M 

by 

where A > 0 is a fixed integer. 
As we discussed in Example 3, we may prove the following: 
At 0=(0,0,0), a set of special generators of Mo can be given as 

'4YMand/ o 
o)J\x3) \xxx3 

At any point a = (0,jo,0), where jo 7̂  0, a set of special generators of Ma can be 
given as 

x3) \xxx3 

By Theorem 1, 

implies that 0 G Tx . Finally, if yo ^ 0,we have 

( ; , , M : ) K < — > 
which implies (0,yo,0) ^ TA. So for each A G N, there is an example that Tx is not 
open. • 
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