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integral operators with positive kernels from LP(a,b) to L{(a,b), where p,q € (1,00) or 0 < ¢< 1<p<
oo, for a non-negative Borel measure v on (a, b) are found.

Keywords: boundedness; compactness; weight; operators with positive kernels;
measure of non-compactness

AMS 2000 Mathematics subject classification: Primary 46B50; 47B34; 47B38

1. Introduction

In the present work we find the necessary and sufficient conditions for the boundedness
and compactness of the operator

K@ = [ " ke y)f(y) dy

from LP(a,b) to LL(a,b) (p,q € (1,00) or 0 < ¢<1<p<oo, —o0<a<b<ooandv
is a non-negative o-finite Borel measure on (a,b)).
Analogous problems for the Riemann—Liouville type operator

A i()
Raf($> _/0 ($7y)170‘ dya

with a =0, b = 400, p,q € (1,00) and a > 1/p are solved in [13,14] (for the case where
p = q =2 and v is absolute continuous see [15]). For the boundedness and compactness
criteria of operators with power-logarithmic kernels

Ls(O0) = [ (=9’ (x”y) F) dy

with 0 < b <7y <00, a>1/pand 8 > 0 see [10].

267

https://doi.org/10.1017/50013091599000747 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091599000747

268 A. Meskhi

A complete description of the weight pairs (v, w), which guarantee the boundedness of
the operators with positive kernels from L? to LI when 1 < p < g < o0, is given in [6]
(see also [7, Chapter 3]).

Two-weight criteria for the boundedness of the operator R,, from L? (0, c0) to L%(0, co)
for @ > 1 were found in [11] for 1 < p < ¢ < oo and in [19] for 1 < p, ¢ < oo. An analogous
problem for the Hardy operator,

Hf(x) = /0 " f)at,

was solved in [2,9,12] for 1 < p < ¢ < 00, and in [12] for 1 < ¢ < p < 0.
In the non-compact case we give the upper and the lower bound for the distance of K
from the subspace of compact operators from LP(a,b) to LI(a,b) when 1 < p < ¢ < 0.

2. Preliminaries

Let v be a non-negative o-finite Borel measure on (a,b). Denote by Li(a,b) (0 < g < 00)
a class of all v-measurable functions g : (a,b) — R! for which

1/q
||g||Lg<a,b>=(/( |g(a:)|qd1/> .

)

If v is absolutely continuous (i.e. dv = v(z) dz, where v is a positive Lebesgue-measurable
function on (a, b)), then the symbol Li(a, b) is used instead of LY (a, b). If v is the Lebesgue
measure, then we shall use the symbol L9(a,b).

The following lemma is known for the case a = 0 and b = oo (see [12, §1.3]), but we
give the proof in the case where —oco < a < b < 400 for completeness.

Lemma 2.1. Let —oo < a < b < 400, 1 < p < g < oo and let 1 be a non-negative
Borel measure on (a,b). The inequality

</(a7b) /: f(y)dy qdu)l/q < c(/ab If ()P dy)l/p7 (2.1)

where the positive constant ¢ does not depend on f, holds if and only if

A= sup (u([t,b)1(t - a)/ < o0,

a<t<b

where p' = p/(p — 1). Moreover, if ¢ is the best constant in (2.1), then A < ¢ < 4A.

Proof. Let f >0, f € LP(a,b) and let

b
/ fly)dy € (2™, 2™

for some integer m. Denote

/ " () dy = I(a),
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then for every = € (a,b) we have I(x) < ||f||Lr(ap)(z — a)'/?" < oo. The function I is
continuous on (a b). Therefore for every k € Z, with k < m, there exists t; such that
2F = I(ty,) ft L f(y)dy for k <m — 1 and 2™ = I(t,,).

It is easy to Verlfy that the sequence {tx} is increasing. Let o = limg_, o ;. Then we
have (a,b) = (a,a] U (Upgm Ex), where Ej = [tg, tiy1) and ty,41 = b. When

b
/ fly)dy =
we have (a,b) = (a,a] U (U{2° Ey) (ie. m = +00). If t € (a,a), then I(t) = 0 and if
t € Ey, then I(t) < I(tpyq) <281

We have

(/(a,b) (/j fly) dy)q dﬂ)ﬁ/q
- (3 [ e anf”

<>(/[ )< Yo ( [ k )

k<m k<m
o Y oty — e ([ ] weopr
k<m k<m N tk-1
tr
<y ( [ vy dy) (th — o) (u( B/
k<m N th-1

S LA o0 )

To prove the necessity, we put f(y) = X(a,+)(y) in (2.1), where t € (a,b). Then we have
| £l £r(apy = (t — a)}/P. On the other hand,

) an) > G n) - a),
([, ([ rwa)a)

and consequently we obtain A < c. a

We also need the following lemma.

Lemma 2.2. Let —0co < a < b < 400, 0 < ¢ < p < oo and let p > 1. Then the

inequality
(//f Yy v ) (/ £y |de) , (2:2)

where the positive constant ¢ does not depend on f, is fulfilled if and only if

~ by b p/(p—a) (p—a)/pq
A= (/ (/ v(t) dt) (z — a)Pla=D/(p=0) dx) < 0.
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Moreover, there exist positive constants ¢; and ¢y depending only on p and ¢ such that
if ¢ is the best constant in (2.2), then

This lemma can be proved in the same way as Lemma 1.3.2 of [12] (for the case
0<¢g<1<p<oo,see, for example, [18]).

We also need the following theorem, which can be obtained, for example, from Lemma 2
in Chapter XI of [8].

Theorem A. Let 1 < p,g < oo and let —c0 < a < b < +o00. Suppose that T :
L?(a,b) — Li(a,b) is an integral operator of the type T f(x) = f; Ty (z,y) f(y) dy, where
v is a o-finite, separable measure on (a,b) (i.e. L4(a,b) is separable). If

A= T2 (@, ) 1o (0|28 a,) < 20,

then the operator T is compact from LP(a,b) to L%(a,b).

Definition 2.3. Let —0o < a < b < +00. A kernel k: {(z,y) ra <y <z < b} —
(0,00) belongs to V(k € V) if there exists a positive constant d; such that for all x,y, z
with a < y < z < z < b the inequality

k(z,y) < dik(, 2)

holds.

Definition 2.4. Let —co < a < b < +oo. We say that k belongs to Vy(k € V))
(I < XA < o0) if there exists a positive constant ds such that for all z,z € (a,b) the
inequality

/’ K (2,) dy < do(z — )k (2,0 + ( — a)/2),
at(z—a)/2

is fulfilled, where X = A\/(A —1).

Let k1 be a positive measurable function on (0,b — a) (if b = co, then we assume that
b—a=00).

Definition 2.5. Let —co < a < b < +00. We say that k; belongs to Viy (k1 € V1))
(1 < A < o0) if there exists a positive constant ds such that the inequality

(@—a)/2 ,
.A Y () dy < ds(z — a)k ((x — a)/2), N = A/(A—1)

is fulfilled for all =,z € (a,b).

It is easy to verify that if k; is a non-increasing function on (0,b — a) and k; € Viy,
then the kernel k(z,y) = k1(z — y) belongs to V N V.
Now we give some examples of kernels satisfying the above-mentioned conditions.

https://doi.org/10.1017/50013091599000747 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091599000747

Integral transforms with positive kernels 271

Let —00 < a < b < +oo and let k(y) = y*~ !, where a > 0. If 1 < A < oo and
1/X < a < 1, then k; € Vi, and, consequently, the kernel k(x,y) = k1 (x — y) belongs to
VNV

Assume that —oc0 < a < b < 400, b—a < v < oo, I/]AN <a<1land 8 > 0. Let
ki(y) = y* 'In’(y/y). Then k; € Vix and, therefore, k(x,y) = ki(x — y) belongs to
VNV,

Now suppose that —oo < a < b < 400,

blay) = (o - ) w7 (222,

where I/ A<a<landl—a+1/A< <1 Then k€ VNV,.

Let a = 0, 0 < b < 400 and let k(z,y) = 2= 7@ (27 — 7)o" lyonto=1 he the
Erdelyi-Kober kernel, where o > 0 and 0 < o < 1. It easy to see that if 1/A < a < 1
and n > 1/c —1, then k € V NV,.

Some results about integral transforms with the above-mentioned kernels can be found
in [17].

3. The boundedness criteria

In this section we find the boundedness criteria for the integral operators with positive
kernels.

Theorem 3.1. Let —oo < a < b < 400. Suppose that 1 <p < g<ocandk € VNV,.
Then the operator K is bounded from L?(a,b) to L%(a,b) if and only if

1/q
B = sup (/ kq(x,a+(x—a)/2)du) (t —a)t/? < co.
[t:b)

a<t<b

Moreover, there exist positive constants by and by depending only on dy, ds, p and q such
that the inequality

B < | K| <bB

is fulfilled. (If the constants di and dy from Definitions 2.3 and 2.4 do not depend on a
and b, then the constants by, bs are independent of a and b.)

Proof. First we prove the theorem when b = co. Let f > 0. Then we have

a+(x—a)/2 q 1/q
1K F o) < ( /( )( / ke, y) () dy) du)

T q 1/q
+ (/ (/ k(z,y)f(y) dy) dy> =1 + Is.
(a.00) \Jat(z—a)/2
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Ifa<y<a+ (z—a)/2, then k(x,y) < k(z,a + (z — a)/2), and, consequently, using
Lemma 2.1, we obtain

L<ea (/(W) (2,0 + (2 — a)/2) (/ () dy)q du)l/q

< CZB”f”LP(a,oo)-

Using Holder’s inequality, the condition k € V,, and the notation s; = a + 27, we find

that
x a/p s pa , a/v’
/ (/ (f ()" dy) (/ kP (2,y) dy) dv
(a,00) at(z—a)/2 at(z—a)/2

<es /( N ( / T Gwy dy)Q/p<x — ) Kz, + (3 — a)/2) dv

+(z—a)/2

I3

N

<aY /[) ([ uwr dy)q/pu ) a4 (o — )2 dv

jez a+(x—a)/2

<aX ([ dy)Q/p [ @ @ oo

jeZ N\ Si
<enr Y (

Now we prove the necessity. First we show that from the boundedness of the operator
K the following condition can be obtained:

Sj+1 q/p
/ (f(y))”dy> < B e

Sj—1

1/q
B_sup</ k9(z,a+ (x —a)/2)(x — )P d1/> < 00. (3.1)
JEL \J[s5,55+1)

Let f;(y) = X(a,sj+1)(y)7 where j € Z. Then we have that
1/q
1K fill L8 (a,00) = (/ (Kfj(:c))qdu>
551Sj+1)
x q 1/q
([ ([ serena)w)
[sj,8541) \Ja+(z—a)/2

1/q
2c6</ kq(x,a—i—(x—a)/Z)(:r—a)qdz/) .
[s5,85+1)

Consequently, using the boundedness of K, we obtain B < oo. Now we show that
B < ¢7B. Denote

(/[tm) k' (z,a+ (z — a)/2) du)l/q(t — o)V = B().

Let t € (a,00); then t € [$y,, Sm41) for some m € Z.
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We have

o< (/ K(z,a+ (- a)/2) du)2<m+1>‘1/P'
[Sm,,OO)
/ +OO
= 082mq/p Z / k' (z,a+ (z —a)/2)dv
i—m v [55:85+1)

+oo
< CQBQqu/p/ Z 9—ja/r’ _ 0103’

Jj=m

where ¢19 depends only on ¢ and p.
The case b < oo can be proved analogously. In this case we take s; = a+ (b—a)27. (It

is clear that (a,b) = Uj<o[s;j—1,5;).) O

Remark 3.2. There exist positive constants a1, as, ag and a4 depending only on p

and ¢ such that

a1B < B < axB

if b = 0o, where B is from (3.1) and
a3B < B < a4B

if b < 0o, where

1/q
5= | a0+ o= /2 = ) dv)
<0 \J[a+(b—a)2i~1,a+(b—a)29)

Indeed, let b = co. Then the inequality a1 B < B follows from the proof of Theorem 3.1.
Moreover,

1/q
</ E(z,a+ (z —a)/2)(z — a)¥/P du)
[a+27 ,a+29+1)

1/q
<01</ kq(x,a+(x—a)/2)dl’> 2" < B
[a+2 ,a+2i+1)

for every j € Z. Consequently, B < asB, where ay depends only on p and q. We have an
analogous result for B.

Let g be a v-measurable positive function on (a,b) and let

b
me:/k@mm@@

where y € (a, b).
From the duality arguments we can derive the following result.
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Theorem 3.3. Let —o0 < a < b < 400 and let 1 < p < g < oo. Suppose that
k € V. NVy. Then the operator K’ is bounded from L% (a,b) to L%(a,b) if and only if

1/p'
B’ = sup (/ kP (m7a+(m—a)/2)du) (t —a)t/? < oco.
[t:b)

a<t<b

Moreover, there exist positive constants by and by depending only on dy, dso, p and g such
that

b B <||K'|| < b B'.

Now we consider the case ¢ < p. We shall assume that v and w are Lebesgue-
measurable, a.e. positive functions on (a,b).

Theorem 3.4. Let —0o < a < b < 400,0< qg<p<ooandlet p>1. Suppose that
k € V NV,. Then the operator K is bounded from L?(a,b) to Li(a,b) if and only if

b b p/(p—q) (p—a)/pq
B = ( / ( / K9(ta+ (t— a)/2)u(t) dt) (2 — a)Pla=1/(=0) dx) < 0.

Moreover, there exist positive constants by and by such that
b1B1 < || K| € b2 Bs.

Proof. We prove the theorem when b = co. The case b < oo can be proved similarly.
Let f > 0. Then we have

oo at(z—a)/2 q
o <o [ ([ Fk(a)dy | o(o)d

+a /aoo (/l’ f(y)k(x,y)dy)qv(x) de =1 + L.

a+(x—a)/2

K]

Using Lemma 2.2, we obtain I; < CQB‘foHqL,,(am), where ¢y depends only on p, g and

d,. By Holder’s inequality and the condition k € V,, we find that

heaf h ( / Gy dy)qm(x = ) (2,0 + (2 — a)/2)0(z) do

F(z—a)/2
oy (L e ) s a0 do
<o (] Ty W) " [ e b o0t

JEZ
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where s; = a + 27. Using Hélder’s inequality again, we have

_ Sj+1 a/p
Iy <es (Z/ ()P dy)
JEZ %=1

x (Z (/sjm (z —a)? ki (z,a+ (z — a) /2)v(z) dx>P/(P—q)>(p—q)/p

JET

< B 1% 0 ey

where
_ Sj+1 , p/(p—a)\(P—a)/Pa
B, = (Z(/ (x —a)P k9 (z,a + (z — a)/2)v(x) dx) ) .
JEL N5
Moreover,
B{Jq/(pfq)
' si+1 p/(p—q)
<ecs Z2JQ(P—1)/(P—Q) (/ k9(z,a+ (x — a)/2)v(z) d:c)
JEZ Si
Sj Sj+1 ;D/(;D—q)
<os Z/ (y — a)Pla=/(p=0) </ kY(z,a+ (x — a)/2)v(x) dx) dy
JEZ YV Si—1 Y
0 0 p/(p—q)
< 05/ (y — a)p(qfl)/(p*q) (/ k(xz,a+ (x —a)/2)v(x) dx) dy
a Y
_ CSqu/(p—Q).
Consequently, I < cgBY| f 9, (a,00)? where the positive constant cg depends only on ds,
p and q.

Now we prove the necessity. Let the operator K be bounded from L?(a, o0) to Li(a, 00).
If we repeat the arguments used in the proof of Theorem 3.1, then we can obtain that,
for every = € (a,0),

/00 v()kI(t,a+ (t —a)/2)dt < 0.

Let v, (t) = v()X(a+1/n,a+n)(t), where n is an integer with n > 2. Suppose that

o 1/(p—q)
fn(z) = (/ v (kI (t,a+ (t—a)/2) dt) (z — a)(q—l)/(p—q).
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Then, by integration by parts we obtain

00 00 p/(p—q) 1/p
||fn|Lp<a,oo>:( / (/ vn<t>kq<t,a+<t—a>/2>dt) (x—a><q1>P/<Pq>dx)

e ( / h ( /x T (ORIt a+ (- a)/2) dt)q/(pq)

1/p
x (x—a) P~ VY P=Dy (2VEY(z, a0 + (x — a)/2) dx) < 00.
On the other hand,

1K foull L3 (a,00)

> cs < / " (@) < / ' . Fa(Ok(z, 1) dt>q dx)l/q

</:O vp(2)k?(z, a4+ (x —a)/2) (/zoo o (k2,0 + (t — a)/2) dt)q/(

q 1/q
X </ (t — a)(q 1)/(p—q) dt) d:r)
(z— a)/2

clo</oovn VY (z,a+ (x —a)/2)

P—q)

/(p—aq)

X </x v (kL (t,a+ (t —a)/2) dt)q (& — a)P- D/ -0) dx>1/q

. ( / h ( /x T ORI (Lt (t— a)/2) dt)p/(p_q) (2 — a)Pla=D/ =) dx)l/q.

From the boundedness of the operator K we get

S o0 p/(p—q) (r—a)/pq
(/ (/ ki(t,a+ (t —a)/2)v,(¢) dt) (z — a)Pla=D/(p=a) dm) <e¢

where the positive constant ¢ does not depend on n. By Fatou’s Lemma we finally obtain
B < 0. U

/f yu(y) dy,

where w is a Lebesgue-measurable a.e. positive function on (a,b). From the duality
arguments and from Theorem 3.4 we obtain the following theorem.

Now let

Theorem 3.5. Let —0co < a < b < 400 and let 1 < ¢ < p < oo. Suppose that
k € VNV, . Then the operator K is bounded from LF (a,b) to L9(a,b) if and only if

_ b b a(p—1)/(p—q) (p—a)/paq
B, = ( / ( / kP (t, (t — a)/2)w(t) dt) (x — a)¥/ P~ dx) < 0.
a x
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Moreover, there exist positive constants 61 and 62 such that

b B < |K| < beBs.

4. The compactness criteria

In this section we investigate the compactness of the operators K and K'. The following
theorem is true.

Theorem 4.1. Let —co < a <b< 400, 1 <p<g<ooandletkeVNV,. Suppose
that v is a separable measure (i.e. Li(a,b) is a separable space). Then the following
statements are equivalent:

(i) the operator K is compact from L?(a,b) to L%(a,b);

(ii) B < oo and lim._,4y B. = 0, where

1/q
B. = sup </ kq(x,a—l—(x—a)/Q)dV) (t —a)t/?;
[t:e)

a<t<c

(iii) B < oo and lim;_, o B(j) = 0, where

B() = (/[) k(2,0 + (@ — a)/2)(z — a)!/” du)l/q

and s; =a+ (b—a)2?.
Proof. First we prove that (ii) implies (i). Let ¢ € (a,b) and represent K as follows:
K = X(a,0) K + X[e,p) K = Pic + Pac.
For P,. we have

b
Paof(2) = xou) () / T (x,y) dy,

where T1(x,y) = k(z,y) when a < y < z < b and Ti(z,y) =0ifa < x <y < b.

Consequently,
b . a/p’
S = </ (T (z,y))P dy) dv
[e,b) a

T , q/p’
[ ([ )
[e,b) a
a+(z—a)/2 , q/p’
<Cl/ (/ (k(z,y))” dy) dv
[e,b) a

z , q/p
vo | (/ (k(z,9))” dy) dv
(e0) \at(z—a)/2

=51+ 5.
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Ifa<y<a+ (xr—a)/2 then k(z,y) < dik(xz,a + (z — a)/2) and therefore we have

Si <02/ Kz, a4+ (x —a)/2)((x — a)/2)V? dv
[e,b)

< cz( El(z,a+ (x —a)/2) dy) ((b— a)/g)(l/p’ < 0.
[e,b)
Using the condition k € V,,, for Sy we obtain

Sy < c3 k(2,0 + (x —a)/2)(z — a)?? dv < 0.
[e,b)

Finally, we have S < oo and, by Theorem A, we conclude that P, is compact. Moreover,
by virtue of Theorem 3.1 we have || Pi.|| < ¢4 B., where the positive constant ¢4 does not
depend on c. Consequently,

|K — Po|| < cyuB:. — 0

as ¢ — a and the operator K is compact as a limit of compact operators. Now we prove
that (i) implies (iii). Let j € Z, 7 < 0 and let

Fi¥) = X(asar (b—ay2i) () (b — a)27) ~1/P.

Then for ¢ € L? (a,b) we have

Lxﬂwﬂwdﬂé(K%UAMWMYM(L%MQW“MFM
([ 1w dy)l/p/ 50

as j — —oo (here s; = a + (b — a)2’). On the other hand,

1/q
VK s > ( /[ )(Kmx))qdu)

z q 1/q
> (/[) k(2,0 + (x — a)/2) (/H(x_aw 1) dy> dy)

= cs </[sj1’sj) k(xz,a+ (x —a)/2)(z — a)? d1/>1/q((b —a)2))7/P

> c6B(j).

As a compact operator maps a weakly convergent sequence into a strongly convergent
form, we have that lim;_, ., B(j) = 0. The fact that B < oo follows from Remark 3.2
and Theorem 3.1.

Now we prove that (ii) follows from (iii). Let ¢ € (a,b). Then there exists an integer
m with m < 0 such that ¢ € [s;,—1, $m). We have

1/q
B. < sup (/ kq(x,a+(xa)/2)d1/> (t—a)'/? =B, .
[t,sm)

a<t<sm
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Denote
1/q .
B, (t) = (/ ki(z,a+ (x —a)/2) dz/> (t —a)'/?.
[t,8m)

Let t € (a, Sm), then t € [sp_1, $p) for some integer n < m. We obtain

Bl (t) < </[sn1,sm) El(z,a+ (x —a)/2) dy) [(b— a)2™?/”

= [(b— )29/ Z /[ ) ki (z,a+ (x —a)/2)dv

5j—1,5;

m

< erl(b— )27 3 (b — )2’

j=n

x/ k9 (z,a+ (x —a)/2)(x — a)?? dv
[sj-1:5;)

< ersup BE)( - )27 3 [(b - )] 77

< cg(sup B(5))? = cgBY,.
Jjs<m
Consequently,
Bsm < CgBm.
If ¢ — a, then s, — a. Therefore B,, — 0 as lim;,_ B(j) = 0. Finally, we get

limg_ 44 B. = 0. The condition B < oo follows from Remark 3.2. So we conclude that
(i) = (i) = (iil) = (ii). 0

From the duality argument we obtain the following theorem.

Theorem 4.2. Let —o00 < a < b < 400 and let 1 < p < ¢ < o0o. Suppose that v
is a separable measure (i.e. L¥ (a,b) is separable) and k € V N V. Then the following
statements are equivalent:

(i) the operator K’ is compact from LE(a,b) to L(a,b);

(ii) B’ < o0 and lime—,q4+ B, = 0, where

a<lt<c

1/p'
B! = sup < kP (x,a+(x—a)/2)dy) (t —a)/9;
[t.0)

(iii) /

1/p
B’_sg%)(/[ )kp (x,a+(xa)/2)(za)p/qdu) < 00
I Sj—1,55
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and lim;_, ., B'(j) = 0, where

B'(j) = (/[) K (z,a+ (x —a)/2)(z — a)?' /9 du)l/p,

and

sj=a+ (b—a)2’.

Theorem 4.3. Let —c0 < a < b < +00, 0 < ¢ < p < oo and let p > 1. Suppose
that k € V.NV,. Then the operator K is compact from LP(a,b) to Li(a,b) if and only if
B < .

Proof. The sufficiency of the theorem can be derived in the same way as in the proof
of Theorem 4.1. (It also follows from the well-known Ando’s Theorem [1].) Theorem 3.4
implies the necessity. (I

The following theorem can be derived from Theorem 4.3.

Theorem 4.4. Let —0co < a < b < 400 and let 1 < ¢ < p < oo. Suppose that
k € VN V. Then the operator K is compact from L% (a,b) to L(a,b) if and only if
B < 0.

5. The measure of non-compactness

In the non-compact case it is useful to estimate the distance of the operator K from the
space of compact operators.

Let X and Y be Banach function spaces. Denote by B(X,Y) the space of all linear
bounded operators from X to Y. Let K(X,Y) be a class of all linear compact operators
from X to Y. Suppose that F,.(X,Y) is a space of operators with finite rank.

We shall assume that v is a Lebesgue-measurable a.e. positive function on (a, b), where
—00 < a<b< 4oo.

The following lemma is true (see [16] and [3, Corollary V.5.4]).

Lemma 5.1. Let 1 < p < o0, —00 < a < b < +o0 and let P € B(X,Y), where
Y = LP(a,b). Then
dist(P, K(X,Y)) = dist(P, F.(X,Y)).

We also need the following lemma (see [16] and [3, Lemma V.5.6]).

)
Lemma 5.2. Let 1 < p < 00, —00 < a < b < 400 and let Y = LP(a,b). Suppose that
P e F.(X,Y) and € > 0. Then there exist T € F.(X,Y) and |«, 3] C (a,b) such that

|IP—T| <e

and
suppT'f C [o, O]

for every f € X.
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Theorem 5.3. Let 1 < p < g < 00, —00 < a < b < 400 and let k € VNV,
Suppose that K is bounded from X to Y, where X = L?(a,b) and Y = L%(a,b). Then
the inequality

bJ < dist(K,K(X,Y)) < boJ (5.1)

is fulfilled, where the positive constants b; and by depend only on p, q, di and da,
J =lim. 4+ R, and

c 1/q ,
R. = sup </ El(z,a+ (x — a)/2)v(x) dx) (t—a)t/?
t

a<lt<c

(dy and dg are from Definitions 2.3 and 2.4).
Proof. As we know from the proof of Theorem 4.1,
|K - P.|| <R,
where P, is a compact operator for every c. From the last inequality we can obtain
dist(K,K(X,Y)) < 1 J,
where ¢; depends only on p, ¢, d; and ds. Now we show that
dist(K,K(X,Y)) > by J. (5.2)

Let A > dist(K,K(X,Y)). Then by Lemma 5.1 there exists P € F.(X,Y) such that
|IX — P|| < A. On the other hand, using Lemma 5.2, for ¢ = (A — || K — P||)/2 there exist
T € F.(X,Y) and [a, 8] C (a,b) such that

IP—T| <e (5.3)
and
suppT'f C [e, A]. (5.4)

From (5.3) we obtain
IKf=Tflly <Alfllx

for every f € X. Consequently, we have

o b
/ K f ()| 0(x) da + /ﬁ K f ()| 0(x) dz < M| % (5.5)

for every f € X.
Let us choose n € Z such that a + (b — a)2" < «. Assume that j € Z, j < n and
fi(W) = X(a,s;)(y), where s; = a + (b — a)2’. Then we obtain

/:jl K fi(z)|%v(z) dz > /:jl (/a:lc k(z,y)f(y) dy>qv(x) da

J +(z—a)/2

j—

> co /Sj ki (z,a+ (z —a)/2)(x — a)lv(z) dz.

J—
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On the other hand,
1£51% = (b= a)2))¥/?,
and by (5.5) we find

1/q

esR(j) = cs ( / _ k(2,0 + (2 — a)/2)(@ — a)?/" v(z) dx) <A

j
for every integer j, j < n. Consequently, sup, ¢, R(j) < ca for every integer n with the

condition a + (b — a)2"™ < «a. Therefore we have

lim sup R(j) < cuA.

n——oo ]gn

Let ¢ € (a,a); then ¢ € [$m_1,Sm) for some m = m(c), m € Z. We obtain (see the
proof of Theorem 4.1)

R. < c¢5 sup R(n) = ¢sRyy.

n<m

From the last inequality we have

lim R, <¢; lim R, < CoA,

c—a-+ m——o0o

where ¢ does not depend on a and b. Finally, we obtain inequality (5.2) and consequently
(5.1) is fulfilled. 0

Now we give the estimate of measure of non-compactness for the Riemann—Liouville
operator R,. The following theorem is true.

Theorem 5.4. Let 1 < p < ¢ < oo and let a > 1/p. Suppose that R, is bounded
from X toY, where X = L”(0,00), Y = L%(0,00). Then the inequality

b ] < dist(Ra, K(X,Y)) < bol

holds, where I = lim._,q I. + limg_ o 14,

c 1/q
_ U(CL’) 1/p’
A=

00 1/q
v(z) 1/p'
Iy = d t—d)/?
¢ (/t z(1=e)a x) ( ) ’

t>d

and the positive constants b; and by depend only on p, q and «.

Proof. If we repeat the arguments used in the proof of Theorem 5 in [13], then we
can obtain

dist(Rq, K(X,Y)) < bol.
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Now let A > dist(R,, (X,Y)). Then by Lemma 5.1 there exists P € F,.(X,Y) such that
|IRo — Pl < A. By virtue of Lemma 5.2 for € = (A —||Ro — P||)/2 there are T € F,.(X,Y)
and [o, 8] C (0, 00) such that (5.3) and (5.4) hold. From (5.3) we obtain

[Raf = Tflly <Allfllx (5.6)
for every f € X. Further, from (5.3), (5.4) and (5.6) we can obtain

/ |Rof(2)|%0(z) dz + / [Rof(2)[0(x) dz < A F12, 0.
0 B

Let d > 3 and let t € (d,00). Then for fi(y) = x(a/2,t/2)(y) we have

[ sl [ [ // LYy Yo

> (/too 20Dy () dx> (t — d)?.

Hf”%p(QOO) = C2(t - d)q/p7

On the other hand,

whence
00 1/q ,
A=cs (/ 20Dy () dx) (t—d)'/?
t
for t > d. Consequently, A > c3ly for every d, d > (. From the last inequality we have

c3 lim Iy < A\

d—o0

As A is an arbitrary number greater than dist(R.,C(X,Y)), we conclude that
c3 dlim I; < dist(Rq, K(X,Y)).
—r 0
Analogously we can show that
4 lir% I, < dist(R,, K(X,Y)).
c—
Consequently,
b1 I < dist(R,, K(X,Y)).
O

An analogous theorem with two weights for the Hardy operator is proved in [5], while
the similar problem for the Riemann—Liouville transforms R, with @ > 1 and for more
general operators was solved in [4], [16].
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