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Some Properties Associated with Adequate
Transversals

Xiangjun Kong

Abstract. In this paper, another relationship between the quasi-ideal adequate transversals of an abun-
dant semigroup is given. We introduce the concept of a weakly multiplicative adequate transversal and
the classic result that an adequate transversal is multiplicative if and only if it is weakly multiplicative
and a quasi-ideal is obtained. Also, we give two equivalent conditions for an adequate transversal to
be weakly multiplicative. We then consider the case when I and A (defined below) are bands. This is
analogous to the inverse transversal if the regularity condition is adjoined.

1 Introduction

The concept of an inverse transversal of a regular semigroup was first introduced
by Blyth and McFadden in 1982 [3]. Afterwards, this class of regular semigroups
attracted several authors’ attention, and a series of important results were obtained
[1,3,11-14]. If S is a regular semigroup, then an inverse transversal of S is an in-
verse subsemigroup S° such that S° meets V' (a) precisely once for each a € S (that is,
[V(a) N S°| = 1), where V(a) = {x € S: axa = a and xax = x}, denotes the set
of inverses of a. The intersection of V' (a) and S° is denoted by V. (a) and the unique
element of Vi (a) is denoted by a°. It is well known that the sets I = {e € S : ee® = e}
and A = {f € S: f°f = f} are left regular and right regular bands respectively, and
play an important role in the study of regular semigroups with inverse transversals.
An analogue of an inverse transversal, which is termed an adequate transversal, was
introduced for abundant semigroups by El-Qallali [5]. Luo [10] has shown that if an
abundant semigroup S has a quasi-ideal adequate transversal and if both I and A are
sub-bands of S, then all quasi-ideal adequate transversals of S are isomorphic. This
generalized a result of Saito [12], which showed that the quasi-ideal inverse transver-
sals of a regular semigroups are mutually isomorphic, and a more general result that
all inverse transversals of a regular semigroup are isomorphic [2]. In [12], Saito also
showed that if a regular semigroup S has a multiplicative inverse transversal, then
any quasi-ideal inverse transversal of S is multiplicative. The purpose of Section 2
is to show that if an abundant semigroup has a multiplicative adequate transversal,
then any quasi-ideal adequate transversal is multiplicative. The relationship between
the quasi-ideal adequate transversals of an abundant semigroup has been generalized
and enriched. The weakly multiplicative inverse transversal was first introduced by
Saito [11], and followed by Blyth and Almeida Santos [1]. As shown by Saito [11], the
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inverse transversal S° is weakly multiplicative if and only if IA = {ef : e € I, f € A}
is the idempotent-generated subsemigroup of S with an inverse transversal E(S°). In
[1], Blyth and Almeida Santos showed that an inverse transversal is multiplicative if
and only if it is weakly multiplicative and a quasi-ideal. In Section 3, the concept of
a weakly multiplicative adequate transversal is introduced and the classic connection
between the properties of being multiplicative, weakly multiplicative, and a quasi-
ideal is obtained. Also, we give two equivalent conditions for an adequate transversal
to be weakly multiplicative. It is well known that if $° is a quasi-ideal inverse transver-
sal of a regular semigroup S, then I is a left normal band and A is a right normal band.
In the general case, if $° is an inverse transversal of a regular semigroup, Tang [14]
has proved that both I and A are subsemigroups of S. But the corresponding result
in the abundant case fails to be true [4]. Chen [4] gave an example illustrating that I
and A need not be subsemigroups even if S° is a quasi-ideal adequate transversal of S.
In Section 4, we consider the case when I and A are bands and obtain an equivalent
condition for I to be a band. If S satisfies the regularity condition, then I is a left regu-
lar band and A is a right regular band, analogous to the result of a regular semigroup
with an inverse transversal. This further demonstrates that the adequate transversal
is the natural generalization of the inverse transversal in the abundant case.

2 Preliminaries

We begin by recalling some results about abundant semigroups (see [7]). Let S be
a semigroup and a,b € S. By aR*b we mean that xa = ya if and only if xb = yb
for all x, y € S!. The relation £* can be defined dually. R* is a left congruence and
L* is a right congruence on S. If a,b € RegS, the set of regular elements of S, then
aR*b (aL*b) if and only if aRb (aLlb). What is more, if S is a regular semigroup, then
R* =Rand L* = L. A semigroup Sis called abundant if each L*-class and each R*-
class contains an idempotent. An abundant semigroup S is called quasi-adequate if
its idempotents form a band. Quasi-adequate semigroups are analogues of orthodox
semigroups in the range of abundant semigroups. An adequate semigroup is a quasi-
adequate semigroup in which the idempotents commute. Each L*-class and each
R*-class of an adequate semigroup contains a unique idempotent. For an element
a of an adequate semigroup, the idempotent in the L*-class containing a will be
denoted by a*, the idempotent in the R*-class by a*. Let S and S$° be semigroups.
Throughout this paper we denote the set of idempotents of S and S° by E and E°,
respectively. We list some basic results, which are frequently used in this paper.

The first result, Hall [9, Result 2], establishes a useful link in a semigroup between
the regularity of a product of arbitrary regular elements and that of idempotents.
Note that we denote the set of regular elements of a semigroup S by Reg(S).

Lemma 2.1 ([9]) Let S be an arbitrary semigroup. Then the following are equivalent:

(i) for all idempotents e and f of S the element ef is regular;
(ii) (E) is a regular subsemigroup;
(iii) Reg(S) is a regular subsemigroup.
Any semigroup satisfying this lemma will be said to satisfy the regularity condi-
tion.
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Lemma 2.2 ([7]) Let a be an element of a semigroup S and e an idempotent of S.
Then the following statements are equivalent:

(i) eR*a;

(i) ea =aandforallx,y € S', xa = ya implies xe = ye.

Lemma 2.3 ([6]) Let S be a semigroup. Then the following conditions are equivalent:

(1)  Sis adequate;

(ii) each L*-class and each R*-class of S contains a unique idempotent and the sub-
semigroup generated by E is regular.

Lemma 2.4 ([6]) IfS is an adequate semigroup, then

(i) foralla,b € S, (ab)* = (a*b)* and (ab)" = (ab*)*, and
(ii) foralla,b € S,aR*bif and only if a* = b*; al*b if and only if a* = b*.

Let S be an abundant semigroup and U an abundant subsemigroup of S, U is
called a *-subsemigroup of S if for any a € U, there exists an idempotent e €
L:(S) N U and an idempotent f € R%(S) N U. As pointed out in [5], an abun-
dant subsemigroup U of an abundant semigroup S is a *-subsemigroup of S if and
only if L*(U) = L*(S) N (U x U) and R*(U) = R*(S) N (U x U).

Definition 2.5 ([5]) Let S be an abundant semigroup, and let S° be a *-adequate
subsemigroup of S. S° is called an adequate transversal of S if for each x € §, there are
a unique element ¥ € $° and idempotents e, f € E such that x = exf, where eLx"
and fRx". It can easily be shown that e and f are uniquely determined by x and §°
(see [5]). Hence we denote e by e, and f by f,.

Let S° be an adequate transversal of an abundant semigroup S, then for any x €
S, x = e,X fy, moreover, e,R*xL* f,. If a € §°, we can easily check thate, = a*, f, =
a* anda = a. Furthermore, ifa € E°, thena = e, = f, = a. We say that the adequate
transversal S° is multiplicative if for any x, y € S, fre, € E°. A subsemigroup S° of S
is called a quasi-ideal of S if §°SS° C §°.

Let S° be an adequate transversal of an abundant semigroup S. We write

I={ey:x€Shs A={fe:x€S}.

Lemma 2.6 ([4]) Let S be an abundant semigroup with an adequate transversal S°,
then

i) INA=E%

(i) I={ecE:(Ae€E)ILe},A={f€E:(3he€E)hRf};

(i) IE° CI,LE°A C A

Lemma 2.7 ([4]) Let S° be an adequate transversal of an abundant semigroup S, then
(i)  S°is a quasi-ideal of S if and only if AI C §°

(i) if S° is multiplicative, then S° is a quasi-ideal of S.

Lemma 2.8 ([4]) Let S be an abundant semigroup with an adequate transversal S°,
RegS denote the set of regular elements of S. Then

(i) (Vx€RegS) |[V(x)NS°| < 1,and
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(i) ifS° is a quasi-ideal of S, then (Vx € RegS) |V (x)NS°| = 1.

Lemma 2.9 ([4]) Let S° be an adequate transversal of an abundant semigroup S, then
(i) xR*yifandonlyife, = e
(ii) xL*yifand only if f; = f,.

Lemma 2.10 ([10]) Let S be an abundant semigroup with a quasi-ideal adequate
transversal S°, for any x, y € S, then

() xy=xfie,y;

(11) €xy = ex(xfxey)Jr;

(iii) foy = (fee,7)" fy-

3 Another Relationship

Theorem 3.1 Let S be an abundant semigroup with a multiplicative adequate
transversal S°, and let (E) be the idempotent-generated subsemigroup of S. Then
(Ey = {x € S: x € E°}. Consequently, E° is the semilattice transversal of (E).

Proof Itisclear thatifx € E°, thenx = e,Xf, € (E). For the converse part, it suffices
to prove that xy € E° for all x, y € E. By [8, Proposition 3.1], X, ¥ € E°, so that
Xy = Xf.e,7 € E°. u

Theorem 3.2 Let S° be an adequate transversal of an abundant semigroup S. Let
a,b € S and ¢ € S be such that aR*cL*b, then ¢ € S§°. (In particular, D =
DN (S x §).)

Proof Since a,b € S° and S° is adequate, there exist a™, b* € E°, such that
atR*aR*cL*bL*b*.

From the definition of an adequate transversal, we have ¢ = e.cf., where e.L¢" and
f.Rc*. Moreover, e, R*cL* f.. We deduce that a"R*cR*e. Lc", consequently e, € AN
I = E°. Similarly, R f.L*cL*b*, f. € E°. Thatis,c =e¢.-C- f. € E°-S*-E°C . W

Theorem 3.3 Let S° be an adequate transversal of an abundant semigroup S, then for
every regular element x of S, |V (x) N §°| = 1.

Proof For every regular element x, since x, ey, and f, are all regular, from e, R*xL* f,
we deduce that e,RxL f;, so by the Miller—Clifford Theorem x has an inverse x’ €
Ry N L. ThusX* R f,Rx'Le Lx, so by TheoremB2lx" € §°. Now let (x')~! denote
the unique inverse of x” in the adequate semigroup S°. Then from x = xx’-(x") 7! -x'x
and the definition of an adequate transversal, the uniqueness of x’ € S$° is obvious.
That is, [V(x) N S°| = 1. [ |

Remark  Theorem [B.3] shows that, in the regular case, the definition of abundant
semigroups with adequate tranversals coincides with the definition of regular semi-
groups with inverse transversals. Consequently, let x° denote the unique inverse of
the regular element x in S°.
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Theorem 3.4 Let S° be an adequate transversal of an abundant semigroup S, then the
relation H* on S saturates S°. That is, S° is the union of some JH*-classes on S.

Proof Let H* be an H*-class of S, H* N S° # &. We will prove that H* C §°.
Take s € H* N §% since S° is adequate, then there exist ¢’, f° € E° such that
e"R*(8%)s°L*(8°) f° and since S° is x-adequate subsemigroup, then we can assume
e"R*(S)s’L*(S) f°. Now take x € H*, x = eXfy, and e, € I, f, € A. It follows from
exR*x that e,R*¢’, hence e, € A. Consequently e, € I N A = E°. Similarly f, € E°.
Therefore x = e, xf, € E°- 8% - E° C &. [ ]

In 2003, Luo [10] showed that if an abundant semigroup S has a quasi-ideal ade-
quate transversal and if both I and A are sub-bands of S then all quasi-ideal adequate
transversals of S are isomorphic. But she did not give an isomorphism map. In what
follows we will give one such map, but we only give the outline of the proof; for more
details, see [10]. Using this map, we shall show another relationship between the
adequate transversals of an abundant semigroup.

Theorem 3.5 Let S be an abundant semigroup that satisfies the regularity condi-
tion. For any quasi-ideal adequate transversals S° and S5 of S there is an isomorphism
p: 8 — st given by p(x) = (xf,)*, where

xeQ={xeS:e € E()}N{xeS:r, cES)}.

Proof In fact, the map ¢ is well defined. For X,y € S, if X = ¥, then f, = f, for

x,y € Q. Thusxf; = yf,, and whence (xf;)* = (¥ f,)".
Forany X, ¥ € % we have

p(x-7) = pxy) = (X7 f)" = (xfie)y - (fe,7)" f,)"
= (xfxeyyfy)* =&fe-y) ="
=x"y" = &L)Tf) = @)

and so ¢ is a homomorphism.

To show that p is surjective, for any z € S”, we have z = z**zz** = ¢,z - f, and
0(z) = (zf,)* =2z* =z,sincez € sH.

Suppose that p(x) = ¢(¥) forx,y € $°. Then (xf;)* = (¥f,)", thatis, x* = y*.
Similarly, r, = r,, where x, y € Q. Thus x*r, = y*r,, thatis,x =y. [ ]

Theorem 3.6 Let S be an abundant semigroup and suppose that S has a multiplicative
adequate transversal. Then any quasi-ideal adequate transversal of S is multiplicative.

Proof Let SY be a multiplicative adequate transversal of S and S° a quasi-ideal ad-
equate transversal of S. Then by [8, Proposition 3.4], S satisfies the regularity con-
dition, and so by Theorem S is isomorphic to S~ under the mapping ¢(%) =
(Xfo)* = x* foreach X € §°. Letx,y € S. Then, since fe, € (E) and fie, €
8% let fre, = Z for some z € S. Then @(fe,) = ¢(z) = (Zf,)*, and since
Zf, = fre, f. € (E), from Theorem [B.J] we deduce that (zf,)* € E(S”). Therefore
fxey is an idempotent in S°, since ¢ is an isomorphism. Consequently, $° is multi-
plicative. [ ]

https://doi.org/10.4153/CMB-2011-015-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-015-8

492 X. Kong

Theorem 3.7 Let S be an abundant semigroup with an adequate transversal S°. Then
S° is multiplicative if and only if S° is a quasi-ideal of S that satisfies the regularity
condition ande € E° for every e € E.

Proof If S’ is multiplicative, it is clear that S is a quasi-ideal. By [8, Proposition 3.1],
e € E° forevery e € E, and by [8, Proposition 3.4], S satisfies the regularity condition.

Conversely, let f € A, and e € I, then by the regularity condition fe is a regular
element of S. Let x denotes the unique inverse of fe in S°. Then exf is idempotent
and fe € V(exf) N S’ so fe = (exf)? and from the assumption we have that fe is
idempotent. Consequently, AI C §° N E = E°, so §° is multiplicative.

In the regular case, if §° is the inverse transversal, then S° is multiplicative if and
only if §° is a quasi-ideal and e° € E° for every idempotent e of the regular semi-
group S. In the abundant case, the regularity condition cannot be removed. An
example was given by Chen [4] in 2000.

Let S = {e, g, h, w, f } with the following multiplication table.

f
g
g
g
g
f

T IS R o |
T O0Q 0 0q 0|

R T TR oln
0] 0g 0] 0] 0g [0]

~~ T TR o

Notice that g is the zero element of S; it is easy to check the associativity. From the
multiplication table we obtain
(i) eL*hL*wR*f;E={e,g.h, [}
(ii) S° = {w,e, f,g} is a subsemigroup of S and $°S C S
(i) LE(S) = LX(S) = RX(S) = L:(S) = {g}s
(iv) Li(S°) = {w,e}; LE(S) = {w, e, h};
(V) RL(S) = RY(S) = {m, f}.
Therefore S° is a *-adequate subsemigroup with the semilattice of idempotents
E° = {e, f,g}. Each element of S can be uniquely written in the form

e=e-e- g w=f-w-e g=g-¢¢ f=ff-f h=h-e-e

§°S C §° implies §°SS° C §°. Hence S° is a quasi-ideal adequate transversal of S.

This example also illustrates situations where an abundant semigroup S with a
quasi-ideal adequate transversal S° and E = I = {e, h, f, g}, wheree = h = e € E°,
and f,g € E° thatis, e € E° for all e € E, does not satisty the regularity condition
and is not multiplicative, since fh = w & E°. ]

4 Weakly Multiplicative Adequate Transversals

Lemma 4.1 Let S be an abundant semigroup with an adequate transversal S°. If
g € E° for g € S, then g is regular and g is the unique inverse in S° of g. In this case,

g’ =gande; = gg, fo = 38
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Proof From the assumption § € E° we deduce that (g)* = (3)* = g, hence ¢ =
e, - 8fg = g fg. Consequently,

888 = egf,-g ‘g eg]fg = eggfg =g and ggg = gegfgg =g,
that is, g € V(g) N S°. We can therefore write g in the form ¢ = g7 - g - g¢, where
ggLgRgg. Consequently, e, = gg and f; = gg. ]

Definition 4.2 Let S be an abundant semigroup with an adequate transversal S°.
Then we say that the adequate transversal S° is weakly multiplicative if S satisfies the
regularity condition and for any x, y € S, fie, € E°.

If $° is weakly multiplicative, then by Lemma&1l fye, is just the unique inverse
of fre, in §°. If §° is the multiplicative adequate transversal of S, then S satisfies the
regularity condition and for any x, y € S, fre, € E°, consequently, fre, = fee, € E°,
that is, S° is weakly multiplicative.

Theorem 4.3 Let S be an abundant semigroup with a weakly multiplicative adequate
transversal S°. Then'e € E° for every e € E.

Proof For any g € E, let g° be the unique inverse of g in S°. Then g° = g¢%¢g° =
8°¢ - 88° = fee,. Thus g = g° = E € E° since g° € §° and §° is weakly
multiplicative. From g = gg° - g° - g°¢ we deduce that g = ¢° € E°.

In fact, we have the following connection between the properties of being multi-
plicative, weakly multiplicative and a quasi-ideal. ]

Theorem 4.4 Let S be an abundant semigroup with an adequate transversal S°. Then
S° is multiplicative if and only if S° is weakly multiplicative and a quasi-ideal.

Proof The conditions are clearly necessary.

Conversely, if S? is weakly multiplicative and a quasi-ideal, then S satisfies the
regularity condition and by Theorem[4.3] & € E° for every e € E. Consequently, by
Theorem[3.7] S° is multiplicative. [ ]

Theorem 4.5 Let S be an abundant semigroup with an adequate transversal S°. Then
S° is weakly multiplicative if and only if (E) = {x € S : X € E°}.

Proof Suppose that $° is weakly multiplicative, then by Definition[4.2] S satisfies the
regularity condition. Take x € S. If X € E°, from the definition of an adequate
transversal,

x=-e X fy € (E).

For the other inclusion, it suffices to prove that Xy € E° for all x, y € E. By the
regularity condition, for x, y € E, xy is regular and (xy)° is the unique inverse of xy
in §°. Similar to the inverse transversal, it is a routine matter to prove that (xy)’ =
y°(fxey)°x°, where x°, y° denote the unique inverse in S° of x, y, respectively. From
Theorem[4.3] we have x°, y° € E°, and from Definition £2]we have fie, € E°, hence
(fxey)’ = fT@ € E° by Lemma 41l Consequently, (xy)° = y°(fie,)°x° € E°, and
thusxy = (xy)° € E°.
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Conversely, if (E) = {x € S : X € E°}, then forany x,y € S, fre, € E°, since
fxe, € Al From Lemma.Ilwe deduce that every element in (E) is regular, that is, E
generates a regular semiband. By Definition[4.2] S° is weakly multiplicative.

In this case, E° is the semilattice transversal of the regular semigroup (E). ]

Theorem 4.6 Let S be an abundant semigroup with an adequate transversal S°. Then
S° is weakly multiplicative if and only if IN = {ef : e € I, f € A} is the idempotent-
generated subsemigroup of S.

Proof Suppose that S° is weakly multiplicative. Take x € (E), then by Theorem [£5]
we have X € E°. In this case, X is the unique inverse of x in S°. Thus x = xxx =
xx - xx = exfy € I\, and IA C (E) is obvious.

Conversely, take x € (E), then x = e, f;, for some a, b € S. Consequently, we have

x.ba+~x:eu]"h~5*ﬁ+'€afb

eba fy  (eLa, b))
—e,-at-b fy (@,b €E)

= euf (eLa”, fRD)

X

and
ba -x-ba =ba-ef,-ba-=ba-ba =>ba.
Thusb'a" € V(x) N E° that is, X = b'a" € E°. From the proof of Theorem [4.5] we
deduce that S is weakly multiplicative.

As for the inverse transversal, if the regular semigroup S is orthodox, then all the
inverse transversals are weakly multiplicative. For the adequate transversal, we have
a similar result. [ |

Theorem 4.7 Let S be an abundant semigroup with an adequate transversal S°. If S
is quasi-adequate, then S° is weakly multiplicative.

Proof IfSis quasi-adequate, then certainly S satisfies the regularity condition, since
the set of idempotents of S form a band. For any g € E, by hypothesis, g = ¢,gf;.
Since e, Lg" and f,Rg*, we have that " = g"e; and g* = fog*. So that

§=3'38 =T egfig’ =g'g €ENS =F"

Consequently, forany x, y € S, fre, € AI C E, hence fTey € E°. By the definition, $°
is weakly multiplicative. ]

Corollary 4.8 Let S be a quasi-adequate semigroup with an adequate transversal S°.
Then S° is multiplicative if and only if S° is a quasi-ideal.
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Theorem 4.9 Let S be an abundant semigroup with an adequate transversal S°. Then
the following conditions are equivalent:

(i) S is quasi-adequate;
(ii) forallx,y € RegS (RegS denotes the set of regular elements of S), (xy)° = y°x°;
(iii) forallx,y € E, (xy)° = y°x°.

Proof (i) = (ii). If S is quasi-adequate, for all x, y € RegS, let x°, y° denote the
unique inverses of x and y in S° respectively. Computing,
xy - y°x° - xy = x-x’xyy° - x°xyy° -y
=x-x’xyy° -y (x’xyy° € E-ECE)
=Xy,
yoxo Xy - yoxo — yo . }’}’0 Xx - yyo Xx - x°
— yo .yyoxax.xo
=y,
hence y°x? € V(xy) N S thatis, (xy)° = y°x°.

(ii) = (iii). This is trivial.

(iii) = (i). If (xy)° = y°x° forallx, y € E, then g € Eif and only if g° € E°. For
this, we first notice that g € E implies g° = (g - g)° = g°¢°, hence g° € E°. Secondly,
g° € E° implies ¢° = (g°)* = (g%)° € E° hence g? is regular and (g?)° is the unique
inverse in $° of g* . Consequently,

g§=288's =8(g") g =g(g")’g =g(g") " (8°) & = 88°8 - 88°8 = 88,

thatis, g € E. Let g,h € E. Then (gh)’ = h°¢° € E°, so that gh € E. Thus S is
quasi-adequate.

If one of the conditions in Theorem is satisfied, then by Theorem [4.7] the
adequate transversal S is weakly multiplicative. ]

5 The Case when I is a Band

Lemma 5.1 Let S be an abundant semigroup with an adequate transversal S°. If S
satisfies the regularity condition, then for any x, y € RegS, we have

(x7)° = (<°x)°x° = 1°(xyy°)°,
where a° denotes the unique inverse in S° of a .
Proof Notice that
xy - (xX°xy)°x° - xy = x - x°xy - (x°xy)° - x°xy = x - X°xy = xy,
(x)°x° - xy - (x°x)°x° = (x°x9)°x°.

Therefore (x°xy)°x° = (xy)? and similarly y°(xyy°)° = (xy)°. ]
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Theorem 5.2 Let S be an abundant semigroup with an adequate transversal S°. If S
satisfies the regularity condition, then I and A are bands. Consequently, I is a left reqular
band, and A is a right regular band.

Proof Suppose that e, f € I and consider the element g = f(ef)%, where (ef)°
denotes the unique inverse in S° of ef. Clearly, ¢ € E, ge = ¢ = fg,and egf = ef.
By Lemma 50} (xy)° = (x°xy)°x° = y°(xyy°)° for any x,y € RegS, and if e € I,
then e° € E° and eLe®. Thus we have

g = f(e°ef)’e’e = f(e%ef)°e’ = f(ef)°.
Consequently, eg = ef(ef)° € I. We then have (eg)° € E° and gL*egL* (eg)?, so that
g € Tand g° = (eg)°. Also,
g =Nl =1 fe)If* = fef)I'f'f=¢F.

Consequently, g = gg° = gg°f = gf. Therefore ef = egf = eg and eg € I. Hence
I is a subsemigroup; and similarly so is A. By Lemma 2.9 I is left regular, and A is
right regular. u

Theorem 5.3 Let S be an abundant semigroup with an adequate transversal S°. Then
Lis a band if and only if E°I C I.

Proof The condition is clearly necessary.
Conversely, suppose that E°I C I. Takee, f € I, then ¢’, f° € E°, and e’Le, f°Lf.
By assumption ¢’ f € I, thus (¢’ f)° € E°. Computing,

(eof)oeo.e.eﬂf.(eaf)l) Oz(eof)o.eof.(eﬂf)o (7: (eof)ueo7
e-ef-(ef)e-e-ef=e-ef-(f)-f =e-€f.

Consequently, (¢’ f)%° is the unique inverse in S° of ee’f = ef. Consider g =
f(e°f)%° theng € E, ge = g = fg,and egf = ef. Since

g= f(eof)oeoﬂ*fo(eof)o o __ (eo]c)oe(Jfo € Eo7

thus g € Tand g° = (e°f)%° f, consequently g°f = ¢g°. Hence ef = egf = egg’f =
egg’ = egandeg = ef(e°f)°e° = ef-(ef)° € I. Therefore,ef € ITandIisaband. M
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