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Cone-Monotone Functions:
Differentiability and Continuity

Jonathan M. Borwein and Xianfu Wang

Abstract. 'We provide a porosity-based approach to the differentiability and continuity of real-valued
functions on separable Banach spaces, when the function is monotone with respect to an ordering in-
duced by a convex cone K with non-empty interior. We also show that the set of nowhere K-monotone
functions has a o-porous complement in the space of continuous functions endowed with the uniform
metric.

1 Introduction

The fact that o-directionally porous sets and porous sets arise naturally in the study of
differentiability of Lipschitz functions has been well illustrated by Preiss and Zajiceck
[6,7]. Itis our goal in this note to provide a o-directional porosity-based approach to
the differentiability and continuity of cone-monotone functions on a Banach space X.

Cone-monotone functions have been considered by Ward, Chabrillac—Crouzeix,
and Saks on R" [4, 10], Borwein, Burke, and Lewis [2] on separable spaces — for
K having non-empty interior. The key positive result is: Suppose X is separable and
K C X is a convex cone with non-empty interior. If f: X — RU {+0o0} is K-mono-
tone, then f is Giteaux differentiable a.e. [2]. As shown in Borwein and Goebel [3],
if K has empty interior, almost anything can happen for K-monotone functions.

The paper is organized as follows. In Section 2, we illustrate that the class of cone-
monotone functions is significantly broad; it includes Lipschitz functions, quasicon-
vex functions, and marginal value functions. In Section 3, we give an alternative proof
to the differentiability theorem of cone-monotone functions on separable Banach
spaces (due to Borwein, Burke and Lewis [2]) using the notion of o-directionally
porous sets. Section 4 deals with continuity, measurability, and extendibility of cone-
monotone functions. In Section 5, we discuss the relationships among upper hull,
lower hull, and the original monotone functions with regards to continuity and to
differentiability. Section 6 details an application to quasiconvex functions. In Sec-
tion 7, we show that the family of functions which are K-monotone functions on
some open subset is o-porous in the space of continuous functions endowed with
the uniform metric. We conclude the paper with some open questions.

In the remainder of this introduction we give the basic notions and definitions
used in the sequel.
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Let X be a Banach space, let A C X be a non-empty open set, and let K C X be a
closed convex cone with int(K) # @. Here int(K) denotes the interior of K. We say
that f: A — RU {400} is K-increasing on A if f(x + k) > f(x) whenever x € A,
x+k € Aand k € K. We say that f is strictly K-increasing on A if f(x +k) > f(x)
whenever x+k,x € Aand k € K\ {0}. For x € A, we define the one-sided derivatives

fT(xv) == limsup flatty) — fx) )

and x;v) := lim inf
t10 t ’ f+( ) t10
We note that both f*(x; - ) and fi(x; - ) are K-increasing whenever f is K-increasing.
When f*(x;v) = f.(x;v) is finite, we write

fllxsv) qm)lw.

The two-sided directional derivative f”(x;v) is defined by

+tv) —
f'(x;v) :=lim fatty) - fx) f(x)'
t—0 t
We use f and f to denote the lower (semi-continuous) envelope and upper envelope
of f respectively. For a, b € X, we let B(a, r) denote the open ball with center a and
radius r, and write a <g bifb—a € K,

(a,b) := (a+int(K)) N (b — int(K)), and [a,b]:= (a+K)N(b— K).

Definition 1 Let X be a Banach space and M C X.

(i) The set M is porous at a if there exists 1 > ¢ > 0 such that for every ¢ > 0 there
is some point b € X such that ||b —a|| < ¢, B(b,r) "M = &, and r > ¢||b— 4|

(ii) M is directionally porous at a if one can always use b = a + tv for some t > 0 and
a fixed direction v € X.

(iii) M is porous (resp. directionally porous) if it is porous (resp. directionally porous)
at all points of M.

(iv) The set M is o-porous (resp. directionally o-porous) if it is a countable union of
porous (resp. directionally porous) subsets of X.

We note that in R", porous sets and directionally porous sets are the same. We also
need the definition of Aronszajn null sets.

Definition 2 Let X be a separable Banach space and let 0 # v € X be given. We
define

(i) A(v) as the system of all Borel sets B C X such that BN (a + Rv) is Lebesgue null
oneachlinea+ Rv,a € X.
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(ii) If {x,} is a finite or infinite sequence of nonzero elements in X, we denote by
A({x,}) the collection of all Borel sets A which can be decomposed as A = | J Ay,
where A, € A(x,) for every n.

(iii) A set A C X is called Aronszajn null if for every given complete (i.e., densely
spanning) sequence (x,) in X, i.e.,

span{x;,x2,%x3,...} = X,

the set A belongs to A({x,}).

Note that when X is separable, directionally porous sets are Aronszajn null [6].

2 Why K-Monotone Functions?

An easy but key observation is that Lipschitz functions decompose as a sum of lin-
ear and monotone functions (this may be viewed as a strong analogue of being of
bounded variation).

Proposition 1  Let A be a non-empty open subset of a Banach space X, andlet f: A —
R be Lipschitz on A. Then there exists an element x* € X* such that f + x* is K-mono-
tone on A with respect to some convex cone K with int(K) # @.

Proof We follow the idea from [2]. Fix vy € Sy and ¢ € X* such that ¢(vy) = 1.
For € > 0 small, when ||v — vy || < € we have ¢(v) > 1/2. Then

o(v) = 5 =

N =
N =
—_

+

m

—
—
+
M
~

I

[\
—~

—

+
~

for [|[v — vo|| < €. Let K := (>, B(vo, €). By the homogeneity of ¢, ¢(v) > C||v||
forv e Kand C = 1/(2(1 + ¢)). Since f is Lipschitz, forx € A,k € K, forx +k € A

we have
f+ ) — ) < LK < S < Zolb).
That is,
L L
(f=Z0) G+ < (f = 20) .
whenever x,x + k € Aand k € K. Hence (f — £¢) is —K-increasing. ]

Recall that a function f: X — R U {+o0} is quasiconvex if the lower level set
Sa(f) ={x € A| f(x) < A} is convex for every A € R.

Proposition 2 Assume f is quasiconvex and lower semicontinuous (l.s.c.) on a Ba-
nach space X. Suppose that Sy has non-empty interior. Then for every a € X with
f(a) > A, there exist an open neighborhood V of a and a convex cone K with int(K) #
O, such that f is K-monotone on'V.
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Proof Consider ¢ = a + a(a — b) with o > 0 and b € int(S)). Choose € > 0 such
that B(b, €) € Sy, and define

K = JUB®b, ) — .

>0

Since f is L.s.c. at a, there exists an open neighborhood V of a such that f(x) > A
ifx € VandV C ¢+ K. Forx € V,x+ k € V, there exists y € B(b, €) such that
x+k=&x+(1—¢&)yforsome0 < & < 1. We have

flx+k) <max{f(y), f(x)} = f(x),

because f(y) < Aand f(x) > A. Hence f is —K-increasing on V. ]

As a final example, let f: X — R be bounded below and g: X — Y, where Y is a
Banach space partially ordered by a closed convex cone K. The optimal value function
V(p) for the inequality constraints minimization problem

min{ f(x) : g(x) <x p}

is —K-increasing on Y. When K has non-empty interior, and the Slater condition is
verified, i.e., there exists £ € X such that —g(%) € int(K), V(p) is moreover finite-
valued around 0.

3 Main Result
Let Q) denote the rational numbers, and Q* denote the nonnegative rationals. We

continue with a few preparatory results.

Lemma 3 Let f be areal valued function defined on a Banach space X and fix vy, v, €
X. Fork,l,m € Nand y,z € R, the set A(k, 1, m, y, z) of all x € X verifying

w_}/<% for [u—wi|| <1/mand0 <t <1/k

— 1
w—z<7 for ||lu—w|| <1/mand0 <t < 1/k,

flx+s(vi +v2)) — flx)

N

(i)

(ii)

(iif)

3
—(y+2)> 7 occurs for arbitrarily small s > 0,

is directionally porous in X.

Proof Letx € A(k,l,m,y,z). Choose 0 < s < 1/k such that

flx+s(n +SVz)) —fx (+2) > %

https://doi.org/10.4153/CJM-2005-037-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-037-5

Cone-Monotone Functions: Differentiability and Continuity 965

We claim that s
B(x+svi, —) NA(k, I,m, y,z) = .
m

Indeed, for [|h|| < L,if x + svi + sh satisfies (ii), we have

flx+s(vy +h) +su) — f(x+s(vy +h)) <

(1) z+ 1, for ||u —n|| < l
s I m

By (i),

2) fle+s(vi+h) — f(x) <y+1.

s I
Adding inequalities (1) and (2), we get

h) + su) — 2 1
flx+s(v + 5)+5u) f(x)<y+Z+77f0r||”_V2H<a'

Taking u = v, — h, we have

+svy +svy) — 2
flx+svy +svy) — f(x) <yiz+l,
s )
This contradicts the choice of s. |
Define
(3) Ay = J{Akimya | K LmeN,y,z € Q}.

Then by definition A,, ,,) is o-directionally porous in X.

Lemma4  Assume that X is a Banach space and f: X — R is K-increasing, with
int(K) # @. For u,v € int(K), define the sets

E:={x€X| f'(x;u) and f'(x;v) exist and are finite},
S:={x€E| ffx;du+dy) < f'(x;u)d, + f'(x;v)d, holds for all (d,, d>) € R*}.

Then the set E \ S is o-directionally porous in X.

Proof (a) Let D be a countable dense subset in R?. We claim that

S:= ﬂ Ed, dy)s

(dv,dr)ED
where Eg, 4,) ;= {x € E | f*(x;diu+dyv) <df'(x;u)+dyf (x;v)}. Clearly, Sis a
subset of the latte{. We show the reverse inclqsion. Given (d1,d>) € R%, we may find
arbitrarily close (dy, d,) € D such thatd, < d;,d; < d,. Then

frocdiu+dyw) < Fresdiu+dyv) < df/ (s u) +dof(x;0).
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Let (dy, d>) — (dy, dy) to obtain

frxsdiu+dyv) < dif'(x5u) +daf' (x3v).

(b) We show that for each (dy, d,) € D, the set E\ E4, 4,) is o-directionally porous.
First, by (3), A(4,u.4,v) is o-directionally porous. We claim

E\ Adyudy) C Edy dy)-

Indeed, for x € E\ A(,ud,yv)> both f/(x;u) and f/(x;v) exist. For 1/1 > 0, we have
FCesdi) = dif (x5 0) < o510 + o
F(sday) = do ' (x5v) < dofes) +

Because f*(x; -) is continuous at dyu, dyv € int(K) U int(—K), for some § > 0,

Frxsdyu+ou) <dif'(x;u) + Zil’
frxsdyv+ov) < dof'(x5v) + %

For some k € N, when 0 < ¢ < 1/k we have

flx+t(diu+ou)) — f(x)
t

flx+t(dav+v)) — f(x)
t

1
<d1f’(x;u)+ﬁ,

1
.
<dyf'(x;v) + 5T

Since dju+0u— K, dv+ v — K are neighborhoods of dyu and d,v respectively, there
exist m € N such that

B(dyu,1/m) C diu+du—K and B(dyv,1/m) C dyv+ v —K.

By the K-monotonicity of f we have

fx+th) — f(x)
t

flx+th) — f(x)
t

1 1
<d f'(xsu) + 5 for |[|h — dyul| < g
<df'xiv) + = for [ —dv] <
2 X5V 2l or 2V m.
Choose y,z € Q) such that
y—diff sl < 35, and Jz—df )] < o
y—dif'(x;u sp and g —d iy 5
We have
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&) "
flx+t t)—f(x) <y 5
if|h—du|| <1/mand0 <t < 1/k.
(ii)

2T 7,
t l
if|h—dyv|| <1/mand0 <t < 1/k.
Because x € E \ A4, ud,v)> We have

fle Hdu +td2v)) i) <y+z+ % for small t > 0.

flx+th) — f(x) . 1

Therefore, for small ¢t > 0,

flet tldiu tdﬂ)) IO ) + dof )

_ fx+tldiu+dy)) — f(x)
t

+(y—dif' (xsu) + (z — dof'(x5v))

—(y+2)}

<

—

Hence f*(x;dyu+dyv) < dif'(x;u) +dyf'(x;v). [ |

Lemma5  Assume that X is a Banach space and f: X — R is K-monotone, with
int(K) # . Fixu,v € int(K). Let

E:={x € X| both f'(x;u) and f'(x;v) exist and are finite},
S:={x€E| f'(x;diu+dyw) =d,f (x;u) +dsf (x;v) forall (d,,d,) € R*}.

Then the set E \ S is o-directionally porous in X.
Proof By Lemma 4, for
Si:={x€E| ffx;diu+dyv) < d\f'(x;u) +dyf'(x;v) forall (d;, dy) € R}
the set E \ S is o-directionally porous in X. Applied to — f, for
Sy :={x € E| filx;diu+dyw) >di f'(x;u) +dyf'(x;v) forall (d,,d,) € R*},
the set E \ S, is o-directionally porous in X. Whenx € §:= 8§ N S,,
fleesdiu+dy) = dif'(x3u) + daf' (x5 0),

forall (d,,d>) € R%. [ ]
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Proposition 6  Assume that X is a Banach space, and K C X is a closed convex cone
with int(K) # @. Let f: X — R be K-increasing. For k; € int(K), 1 < i < n, define

D, :={nki+--+rk, |1, €Q" for1 <i<n}\ {0},

E, = {x € X | f'(x;d) exists and is finite for alld € D,}.
Then the set E,, \ S,, is o-directionally porous in X, where

Sy ={x€E,| f(x-)= filxs -) is finite and linear on span{ky, ..., k,}}.
Proof By Lemma 5, for d,,d, € D,, the set
S(dy,dy) :=={x € E, | f'(x5rdy +sdy) = rf'(x;dy) +sf'(x;dy) for (r,5) € R*},
has E,, \ S(dy, d,) being o-directional porous in X. Thus
Su:=[){S(d1,dy) | dy,d; € D,},
has E,, \ S, being o-directional porous in X. For x € S, we will show that f, (x; -) =
f*(x; -) and is linear on span{ky, kz, . . ., k, }.
To see this, for I, b, ..., I, € R, choose nonzero rational numbers
>0, 0, >1,.
As f*(x; - ) is K-increasing,
frOshks+o 4Lk < bk +00+ Lk,

Without loss of any generality, write

ilkl L inkn = ilkl R imkm - (_im+1km+l - inkn)y
where il,...,fm >0, —fm+1,...,—fn > 0. Asx € S,,, we have
f+(x;ilkl +eee inkn) = fl(x;ilkl toee +imkm) - f/(x; - im+lkm+1 -t inkn)

=0 Gesky) + -+ b f (x5 k).

Then f*(x; Lk +- - -+loky) < I f'Ges k) +- -+, f/ (x5 ky). Letting ly — 1y, ..., [, —
1, we obtain

froghko+ -+ Liky) < hf/Geska) +0o+ Lf (x5 k).
Similarly, one may show
felbeshiki+ -+ Lkn) > Lf'Gesk) + o+ L f (x5 k).

Since fi(x;-) < f*(x; -), we conclude that f*(x; -) = fi(x; -) and is linear on
span{ky, ..., k,}. [ |
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Lemma 7 Let X be a Banach space and K C X be a closed convex cone with int(K) #
. Suppose that D C X is dense. Then for every u € X there exist u,, v, € D such that

u, <x u<g vy, and u, — U, Vv, — U InNormasn — oo.

Proof Asu=£K hasnon-empty interior, and D is dense in X, we easily find u,, and v,,.
|

The following result is Proposition 6.29 [1, p. 144]. We include it for completeness.

Lemma 8  Let F be an n-dimensional subspace of X, and let { yy}_, be a basis for F.
Let A\, be the Lebesgue measure on F, and let A be a Borel subset of X such that A,(F N
(A+x)) =0foreveryx € X. Then A € A({yk},’jzl) .

We are now ready to prove our main result:

Theorem 9  Let X be a separable Banach space, K C X be a closed convex cone with
int(K) # @. Suppose that f: X — R is lower semicontinuous and K-monotone.
Then f is Gdteaux differentiable on X except for a Aronszajn null set.

Proof Without loss of generality, we assume that f is K-increasing (otherwise con-
sider —K). Let (x,) be a complete sequence in X. Because int(K) # @ and
span{xy, xz,x3, . .. } = X, we may take nonzero

{ki}?il - Span{x17x2>x37 cee }>

such that
{ki|i € N} =K, and k; € int(K) fori € N.

Define
(o]
D:= U{r1k1+"'+1’nkn | € Q" for1 <i<n}\{0}.
n=1

(a) Let d € D. Because f is Ls.c., both f*(-,d) and f,(-,d) are Borel measurable.
Therefore, the set

By = {x €X| fHx;d) = fi(xsd), fF(x; — d) = f.(x5 — d) exist
and f/(x; — d) + f/(x;d) = o},
is Borel measurable. For n large, we have

d € span{x;,x;,...,x,}.
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We claim that X \ Ej belongs to A ({x;}",). To see this, we observe that for every
a € X, the set X \ E; intersect each line a + Rd in a set of null one-dimensional
Lebesgue measure. Write

1 ifxes,

F :=span{x;,x;,...,%,}, Xx) = .
pan{xi, x; wh Xs() {0 otherwise.

Let A, denote Lebesgue measure on F. For a € X, we have
MEAENED +0) = [ o dh
= //\1 ([FN((X\ E)+a)] N (u+Rd)) dX\,_1(u) = 0.

By Lemma 8, we conclude that X \ E; € A({x;},).
Now, the set defined by

E:= ﬂ E;={x€X| f'(x;d) is finite forall d € D},
deD
is Borel measurable and X \ E belongs to A ({x;}5°,).
(b) WriteY, := span{k, ..., k,}. By Proposition 6, for

Sp:={x€E| f(x;-) = fi(x; -) is finite and linear on Y,, },

the set E \ S, is o-directionally porous in X. Let S := ()2, S,. Then E \ Sis

o-directionally porous in X, in particular, E\ S € A({xi}°,). Forx € S, f*(x; -) =
f+(x; - ) is finite and linear on Y := U;; Y,,. Since

Y D {ki|ieN}—{k|ieN},

wehaveY D K — K = X, ie,, Y is dense in X. Let x € S. We will show that fis
Géteaux differentiable at x. Take e € Y N int(K). Then f*(x;e) is finite and

ffesy) < ff(xse) fory <ge.

Since {y € X | y <k e} contains 0 as an interior point, by the Hahn—Banach
extension theorem, f*(x; -) can be extended linearly from Y to X, denoted by A.
That is, A € X* and ff(x;y) = fi(x;y) = A(y) for y € Y. For every u € X, by
Lemma 7 there exist u,,v, € Y such that u, <g u <g v, and 4, — u,v, — uin
norm. We have

[T u) < 1l v) = M),

felesu) > filesun) = fT(x5u,) = Auy).

Let n — oo to obtain fy(x;u) = f*(x;u) = A(u). Therefore, f is Gateaux differen-
tiable at x € S. [ |
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We remark that in separable Banach spaces, Aronszajn null sets, Gaussian null sets,
and cubic null sets coincide [1, pp. 142-145] or [6]. Theorem 9 is an extension
to separable Banach spaces of the differentiability theorem concerning monotone
functions on R” given by Chabrillac, and Crouzeix [4]. The following example shows
that Theorem 9 fails if int(K) = @.

Example 10 Let ¢, be the space consisting of the sequences which converge to 0,
endowed with the uniform norm given by ||x|| := sup,~, |x,|. Then ¢, is a separable
Banach space (in fact an Asplund space). The closed convex cone ¢, i.e., the non-
negative sequences, has no interior, and ¢ is not Aronszajn’s null. Define f: ¢ — R
by f(x) = /||x*||- Then f is ¢} -increasing. However, f is not Gateaux differentiable
on —c;. Indeed, for x € —¢, f(x) = 0. If x has x,, = 0 for some #, then for t > 0,

flette) = f(0) Vi
t Tt

— o0 ast ] 0.

If x has x,, < 0 for all n, take t,, = 24/—x,,, and h = (\/—x,,), we have t, | 0 and

f(x‘i’tnf)_f(x) > xn:tﬂh" :% for all n.

Therefore f is not Gateaux differentiable at x. However, f is generically Fréchet dif-
ferentiable on ¢y \ (—cf) because ||x*|| is convex.

More pathological examples concerning K-monotone functions when K has
empty interior can be found in [2, 3].

Example 11 (Singular functions on separable spaces)  Assume that X is a separable
Banach space and K C X isa closed convex cone with KN—K = {0} and int(K) # .
Then there exists a continuous g: X — R such that g is strictly K-increasing and has
Gateaux derivative Vg = 0 throughout X except at points of a Aronszajn null set.

To see this, we take f: R — R, strictly increasing and continuous, such that
f’(x) = 0 on R a.e. When X is separable, there exists x* € K* such that (x*, k) > 0
forevery k € K\{0}. Indeed, because the dual ball Bx~ (0) is weak* separable, we may

choose a countable weak* dense set {x;}>°, in K* N By« (0), and let x* := >~ ° | .
If (x*,x) = 0 for some x € K, then (x},x) = 0 for each n € N, and so (y*,x) = 0
for every y* € K*. Thusx € KN (—K), and so x = 0.

Define g: X — Rbyg(x) := f({x*,x)). Because f is strictly increasing, we have g
strictly K-increasing on X. For each k € K and x € X, the function h: R — R given
by

h(t) :== g(x + tk) = f((x*,x) + t(x*,k>) ,

is strictly increasing and h’(¢t) = 0 a.e. on R. By Theorem 9, g is Gateaux differen-
tiable on X with Vg(x) = 0 except for an Aronszajn null set.
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4 Continuity, Measurability and Extendibility

The following result improves Theorem 6 [4] in which the authors showed that a
cone-monotone function f: R* — R is continuous almost everywhere.

Proposition 12 Let X be a Banach space. Assume that the closed convex cone K C X
has int(K) # @ and f: X — R is K-monotone. Then

D= {x € X | f is discontinuous at x},

is o-directionally porous in X. When X is separable, D is Aronszajn null.

Proof Without loss of any generality, we assume that f is K-increasing. We have
D={xeX| fx) < f(x)}. Write

Si:={xeX| flx) < f0)}, and S, := {x € X | f(x) < f(x)}.

We claim S, is o-directionally porous. The proof of the o-directional porosity of S;

is similar. Write S, = (J,cq Dp where

Dp:={xeX| flx)<p<fx}

For x € Dy, f(x) < p. For y € x — int(K), f(y) < f(x) < p. Forevery y €
x —int(K), f(y) < f(x) < p,so y ¢ D,. Thatis,

[x —int(K)] "D, = @.

Since this holds for each x € D,, D, is directionally porous, and so S, is o-direction-
ally porous. ]

On the other hand, Proposition 12 fails if int(K) = @:

Example 13  For the Hilbert space [, with norm ||x|| := /372 x2, the closed

n=1"n>

convex cone [, i.e., the set of nonnegative sequences, has no interior. We define

1 ifx € b has infinitely many positive terms,
fx) = .
0 otherwise.

Then f is [} -increasing. For x = (x1,x,,...) € L, choose N large such that
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Consider
€ €
y = (X1,-~,XN,?,§,-~) € b,
€ €
z:= (xl’”"xN’_?’_f’”') el.

Then ||y — x|| < eand ||z — x|| < e. It follows that f(y) = 1 and f(z) = 0. Since
e > 0 is arbitrary, we conclude that f is not continuous at x. Thus, f is nowhere
continuous on X.

Another preparatory decomposition result is in order.

Proposition 14 Let X be a Banach space and K C X be a closed convex cone with
int(K) # @. Assume that f: X — R is K-monotone. Then for every r € R, the level
set S, := {x | f(x) < r}, can be written as OU T where O is open and T is directionally
porous. Hence f is Gaussian measurable when X is separable .

Proof Without loss of generality, we assume that f is K-increasing. Write
0§, = S\ int(S,).

We show that 08, is directionally porous. For x € JS,, we have x—int(K) open. Since
f is K-increasing, we know f(y) < f(x) < rfor y € [x — int(K)], so x — int(K) C
int(S,). This shows

[x —int(K)] N IS, = @,

so 0S, is directionally porous. When X is separable, a directionally porous set is
Gaussian null, so S, is Gaussian measurable. Since this holds for every r, f is Gaussian
measurable on X. |

We now discuss the extendibility of K-monotone functions. As usual, for a closed
convex cone K C X, its indicator function is defined by:

Ie(x) 0 ifx e K,
x) 1=
K +00  otherwise.

Note that I is K-decreasing.

Proposition 15 Let X be a Banach space and K C X be a closed convex cone. Assume
that f: A C X — RU {£oo} is K-increasing. We define

gx):=inf{f(y) +Ix(y —x) : y € dom(f)} = inf{f(y) : y >k x, y € dom [},

h(x) :=sup{f(y) — Ix(x — y) : y € dom(f)} = sup{f(y) : y <k x, y € dom f}.
Then g and h satisfy
(i) g and h are K-increasing on X and glaom(f) = f = hldom(f)s
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(ii) g is the largest, and h is the smallest, K-monotone extension of f;
(iii) if f is quasiconvex (resp. convex), then g is quasiconvex (resp. convex).

Proof (i) and (ii): Let k € K. Since Ix is K-decreasing, we have

glx+k)=inf{f(y) + Ix(y — (x+k)) | y € dom f}
> inf{f(y) + Ix(y —x) | y € dom f} = g(x).

Now for x € dom f, we have g(x) = f(x). By definition, for x € dom f, we have

g(x) < f(x). Butfor y —x € K, f(y) > f(x)so f(y) +Ix(y —x) > f(x). This gives
g(x) > f(x). Hence glaom f = f. Assume [ is an extension of f and K-increasing. We
show that g > I. Since I is K-increasing, we have

I(x) < I(y) +Ix(y —x), so,
I(x) < f(y)+Ix(y —x) fory € dom f.
By definition, we have I(x) < g(x). Hence g is the largest K-increasing extension of f.
The claims for h are verified similarly.

(iii): Let f be quasiconvex. We show that g is quasiconvex. Assume g(x), g(z) < a.
For € > 0, there exist £ and 2 such that

fR) +Ix(x—x) <gx)+e, and f(2)+Ix(Z—2z) <g(z)+e.

This gives £ > xand 2 >k z. For0 < A < 1 wehave A%+ (1 —\)Z > Ax+(1— M)z,
and f(A£+ (1 — N)2)) < max{f(%), f(2)}. Then

gx+ (1 —=N)z) < f(A£+ (1 — N)2) < max{g(z),g(x)} +¢,

s0 g(Ax + (1 — N)z) < a + e. Since ¢ is arbitrary, we have g(Ax + (1 — \)z) < a.
Hence g is quasiconvex. Similarly, one can prove that g is convex when f is convex.
|

5 Upper Hull, Lower Hull and Robust Continuity

When f: X — Ris K-monotone with int(K) # &, the continuity and differentiabil-
ity of f is closely related to the continuity and differentiability of its upper or lower
hull. The following is a generalization of Chabrillac and Crouzeix [4] from R" to
general Banach spaces.

Proposition 16  Let X be a Banach space and K C X be a closed convex cone with
int(K) # . Suppose that f: X — RU {£o0} is K-monotone and f(a) is finite. Then

(i)  f is continuous at a if and only if f (resp. f) is continuous at a. In particular,

7((1) = f(a) (resp. i(a) = f(a)) Whenever7 (resp. i) is continuous at a.
(ii)  f is continuous at a if and only if for some e € int(K) the function ¢: R —
R U {zxoo} given by ¢(t) := f(a+ te) is continuous at t = 0.
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(iii) f is Gateaux differentiable at a if and only if f (resp. f) is Gateaux differentiable
at a.
(iv) If f is Gateaux differentiable at a, then it is also Hadamard differentiable (i.e.,
uniformly on norm-compact sets) at a.
Proof Without loss of any generality, we assume that f is K-increasing.
(i): Fixa € X. Lete € int(K). For € > 0, the set (a — €e, a + ee) is a neighborhood
of a. We have
fla—ce) < f(a) < f(a+ee), and f(a—ee) < f(y) < fla+ee),

for y € (a — ee,a + ee). Hence, if f is continuous at a, then f is continuous at a, so
f(a) = f(a). Conversely, assume f is continuous at a. For ¢ > 0 and e € int(K), we
have

fla—ee) < f(a) < f(a+ee), and fla—ee) < f(y) < fla+ee),

for y € (a — ee,a+ ee). Hence f is continuous at a. The arguments for f are similar.

(ii): Assume ¢ is continuous at t = 0. We have

fla—ee) = fla) < f(y) — f(a) < fa+ee) — f(a),

for y € (a — ee, a+ ee). Since the latter is a neighborhood of a and € > 0 is arbitrary,
we conclude that f is continuous at a. The other direction is obvious.

(iii):  Assume 7 is Gateaux differentiable at a. By (ii), 7 is continuous at g, so 7(6!) =
f(a) by (i). Fixu € X. Fore, t > 0,e € int(K), since a + tu — tee € int(a + tu — K)
we have

fla+tu—tee) — f(a) < fla+tu) — f(a) < fla+tu) — f(a)
—_ t N

t - t
Let t — 0. We obtain
(Vf(a),u—ece) < fulasu) < fH(a,u) < (Vf(a),u).
Let e | 0. We have f/(a;u) = (V f(a), u).

_ Now assume that f is Gateaux differentiable at a. By (ii), f is continuous at a, so
f(a) = f(a). Fixu € X. Take ¢,t > 0 and e € int(K). We have

fla+tu) — f(a) < 7(a+tu) —7((1) < fla+tu+tee) — f(a)
; .

- t - t
Lett | 0. We have

<Vf(a),u> < 7+(a; u) < ?Jr(a;u) < <Vf(a),u+ee>.
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Let e — 0. We have .
filasu) = (Vf(a), u).
Thus f is Gateaux differentiable at a. The arguments for f is similar.

(iv): Recall that f is Hadamard differentiable at a if, for each v € X, whenevert, | 0
and v,, — v in norm, we have

lim fla+t,v,) — fla) —t,(f'(a),v)

ta L0y, —v t,

=0.

Assume that f is Gateaux differentiable at a. Choose € > 0 and e € int(K). For n
sufficiently large, we have £(v,, — v) + ee € int(K), and so

fla+t,(v—cee)) — f(a) < fla+t,v,) — f(a) < fla+t,(v+ee)) — f(a).

t, Iy In

When n — oo, we obtain

fla+tw,) — f(a)

lim sup <(Vf(a),v+ee),
t, 0, —v ty
lilron inf flat t"t") —f@ > (Vf(a),v— ee).
10 vy —v n

Letting € — 0 to obtain

lim  J@t ) = fl@) (V f(a),v). n

10,y —v ty

An upper semicontinuous function k: X — R is called topologically robust upper
semicontinuous on X if k(x) = lim SUP cp sy k(y) for every x € X, where D is the
set of points at which k is continuous.

Proposition 17 Let X be a Banach space and K C X be a closed convex cone with
int(K) # @. Suppose that f: X — R is K-monotone. Then f and f are K-monotone

and f is topologically robust upper semicontinuous.
Proof Without loss of generality, we assume f is K-increasing. Let k € int(K) and

x € X. The set x + k — int(K) is a neighborhood of x, and f(x + k) > f(y) for every
y € (x+ k — int(K)). It follows that

flx+k) > fx+k) > fx),
SO ?(x +k) > ?(x). For arbitrary k € K, we take k,, € int(K) such that k, — k. Then

?(x + k) > lim sup ?(x +k,) > 7(x).

n—oo

https://doi.org/10.4153/CJM-2005-037-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-037-5

Cone-Monotone Functions: Differentiability and Continuity 977

Hence f is K-increasing. The proof for f being K-increasing is similar.
Forx € X, x+K has non-empty intelior. Since_? is u.s.c., there exists y € int(x+K)
arbitrarily near by x such that f(y) > f(x) and f is continuous at y. Then

7(x) < lim sup 7(}/) < lim sup T(y) = 7(x).

y€D,y—x y—
Hence f is topologically robust u.s.c. ]
Proposition 16(iii), (iv), Proposition 17, and Theorem 9 conspire to show that:

Theorem 18 Let X be a separable Banach space, K C X be a closed convex cone
with int(K) # ©@. Suppose that f: X — R is K-monotone. Then f is Hadamard
differentiable on X except perhaps at points of an Aronszajn null set.

6 Continuity and Differentiability of Quasiconvex Functions

In this section, we apply earlier results to quasiconvex functions. For a convex set C,
we denote by dim(C) the dimension of the affine hull of C. Let f: R" — RU {+oc}
be a quasiconvex function. Following Crouzeix [5], we define A as the value such that

dim(S,(f)) < n < dim(S)(f)), whenever i < A< A

Theorem 19 Assume f: R" — R is Ls.c. and quasiconvex. Then

(1)  f is continuous except for a o-porous set;
(ii)  f is Fréchet differentiable except for a Lebesgue null set.

Proof Consider the sets
A:={xeR"| f(x) < \},
B:={x e R"| f(x) = \},
C:={xeR"| f(x) <A}

Now A = 2, A, where
-1
A, = {xew | f(x) g/\—;}.

Because f is 1.s.c. and quasiconvex, A, is closed convex set with empty interior. By
[7, Theorem 2], A, is porous, so A is o-porous. For the boundary of B, denoted by
OB, we note that 9B C (0A U 9C). Because the distance function associated with a
convex set is not differentiable at any boundary point, by [7, Theorem 1], A and 9C
are o-porous. On C, the possible discontinuity points and the possible non-Fréchet
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differentiability points of f are a subset of A U A U 9C, which is o-porous. For
x € R"\C, f(x) > A\, when A < A < f(x), the set S\(f) has non-empty interior. By
Proposition 2, there exists a neighborhood V' containing x such that f is monotone
with respect to a convex cone with non-empty interior.

For (i), on R" \ C, we apply Proposition 12. For (ii), on R" \ C, we apply Theo-
rem 18. u

While (ii) is given in [5], (i) appears to be new.

7 Porosity Results for the Class of K-Monotone Functions

Our first result concerns nowhere K-monotone functions in C(A), the continuous
functions defined on A. Here A is a nonempty open subset of separable Banach
space X. On C(A) we define || f — g||oo := sup | f(x) — g(x)],

XEA

p(f,g) :=min{l,||f —glloo} for f,g € C(A).

As usual, (C(A), p) is a complete metric space.

Theorem 20 Let X be a separable space. Assume that K C X is a convex cone with
int(K) # @ and K N (—K) = {0}. In C(A), the set

{f : f € C(A) is not K-monotone on any open subset of A},

has a o-porous complement in C(A).

Proof ChooseI* € X* such that I*(k) > 0 for every k € K \ {0} (see Example 11).
Fix k € K such that 0 < I*(k) < 1/4. Define

Io:={f € C(A) : f is K-increasing on open set O}.

We show that I is porous in C(A). For this, we need @ > 0 such that for every
1>7r>0, f €C(A), there exists h, € C(A) such that

]Bg(hz, ar) C ]B;(f, r) \ Io.

For given f € Ip, choose § > 0 and x, € O such that xy + 0k € O and f(x + 0k) —
f(x0) < r/8. Define

hi(x) :== min{f(x;) — 2 - %F(x —x0), f(%)},

Iy (x) = max{ I (x), f(x) — %} .
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We have ||h; — flloo < 1/2 < 1,50 p(hy, f) < r/2. Since f is K-increasing on O, for

x € (xg + K) N O, we have

Flxo) — g - %l*(x —x0) < flxo) < f(x), so

hx) = fxo) — i - 2—’51+(x —x) forx€ (xo+K)NO.

It follows that

i +6K) = fx) = 7 = 31'(K0) > f (o) - %

r r r r 3r
flxo + k) — 7= flxo +0k) — flxo) + flx) — > <3s? flxo) — 5= flxo) — rx
This shows that

by +6K) = flx) = 7 = S1°(0), o) = fx0) = 7.
Now for ||g — hz||c < ar, we have

g(xo + 0k) — g(x0) = (g — h2)(xo + 0k) — (g — h2)(x0) + ha(x0 + 0k) — ha(xo)

o

,
<2ar — —I'(k) =
<2ar 21 (k) r(Za

When 0 < a < I (k) /4, we have g(xo + 0k) — g(x9) < 0, so ¢ € Ip. Moreover, when
p(g, hy) < ar we have ||g — hy||oo < ar. Then

;
lg = flloe < llg = h2lloc + [lh2 = flloc S @r+ 5 <.

This shows B(hy, ar) C B(f,r) \ Io. Hence, I is porous in C(A). When X is separa-
ble, take a countable dense set {x;} C A and rational numbers {r;} dense in (0, c0).
Define

St =1{f € C(A) : f is K-increasing on B(x,, ) },
S = {f € C(A) : fis K-decreasing on B(x,, ry)}.

Then ST = |J S}, collects all functions which are K-increasing on some open subset

of A, and S* is o-porous. Similarly, S~ = |JS,,, collects all functions which are
K-decreasing on some open subsets of A, S~ is o-porous. Each f € [C(A)\(STUST)]
is nowhere K-monotone througout A. ]

Next, we consider strictly K-increasing functions in Ix(A) where
Ig(A) :={f € C(A) | f is K-increasing on A},

is happily a complete subspace of (C(A), p).
The following result is essentially due to Rubinov and Zaslavski [9]. Here we take
the opportunity to improve their proof by using the metric p on Ix(A).
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Theorem 21 Let X be a separable space, K C X be a closed convex cone with KN—K =
{0} and int(K) # @. Then the set

{f € Ix(A) : f is strictly K-increasing on A},
has a o-directionally porous complement in (Ix(A), p).

Proof By assumption, we may choose [ € X* such that I(k) > 0 for every k €
K\ {0}. Therefore, I is strictly K-increasing on A. The function fy: X — R defined
by

2
fo(x) :== — arctan(I(x)) is strictly K-increasing on A,
T

and || folco < 1. Define

Aniz{(X,)’)|xa)’€Aa)’_xEKaf0(y)_f0(x)Z%}’ and

Fp:={f €Ix(A) : thereexists § > 0 such that f(y) > f(x) +0
for every (x,y) € A,.}
We claim Ix (A)\F,, is directionally porous in I (A). Let f € Ix(A). For0 < r < 1,
weset h:= f + ¢ fo. Then

p(h, f) = min{ H %Hw,l} <r/8.

For g € Ix(A) and p(g, h) < ar, we have

by requiring o < 7/8. Whenever (x, y) € A,, we have
g(y) —gl) = (g = M(y) = (g = W(x) + h(y) — h(x)
> —2ar+ f(y) = f() + (A7) ~ fox)

r 1
> 2ar+ — =r(— — 2a).
8n 8n

1

30 we have

On setting o =

gly) —glx) > Frn whenever (x, y) € A,.

Therefore
B(h,r/(32n)) C B(f,r) N F,.
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Since this holds for every f € Ix(A) and 0 < r < 1, we conclude Ix(A) \ F, is
directionally porous.

Now define & := (0,2, F,,. Then JF has a o-directional porous complement. Let
f € F. Whenever y >¢ xand y # x, we have fo(y) — fo(x) > 1/n for some n. Since
f € F,, we have

f(y) — f(x) > 4§ forsomed >0,

in particular f(y) > f(x). Hence f is strictly K-increasing on A. ]

8 Open Questions

To stimulate further study on K-monotone functions, we finish with two open ques-
tions.

The proof of Theorem 9 uses the separability of Banach space X and K having non-
empty interior. Preiss [8] has shown that Lipschitz functions f: X — R on 8-smooth
Banach spaces X are densely 3-differentiable. Lipschitz functions on Banach spaces
are K-monotone with K having non-empty interior by Proposition 1. This leaves us:

Conjecture 1 Let X be a Banach space with an equivalent 3-smooth renorm and
K C X a closed convex cone with int(K) # @. Suppose that f: X — R is continu-
ous and K-monotone. Then f is 3-differentiable on X densely.

And we should greatly appreciate an answer to:

Conjecture 2 There is a continuous f: I, (or merely on ¢g) — R such that f is I
(resp. cj )-increasing but f is nowhere Gdteaux differentiable.
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