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Abstract. Let w #0 be an ultradistribution of Beurling type with compact support
in the space %, (R"). We investigate the range of the convolution operator T, on the
space of non-quasianalytic functions of Beurling type %,(R") associated with a weight o,
in the case the operator is not surjective. It is proved that the range of 7, always contains
the space of real-analytic functions, and that it contains a smaller space of Beurling type
&,(R") for a weight o = w if and only if the convolution operator is surjective on the
smaller class.

Introduction. The problem of characterizing the surjectivity of convolution opera-
tors and, in particular, of partial differential operators, has interested several authors.
Malgrange [20,21] and Ehrenpreis [7, 8] gave necessary and sufficient conditions on the
open subset Q of R for the surjectivity of a partial differential operator with constant
coefficients on the spaces 2'(Q) or P(Q) (distributions with a finite order). For a
distribution u e & (R"), u #0, Ehrenpreis [9] gave a criterion for the surjectivity of the
convolution operator 7,:C*(RY)— C*(R"), f— w*f, in terms of the behavior of the
Fourier transform of u. Also see Hormander [15]. Extensions of the Ehrenpreis results to
some other spaces of functions or distributions were obtained by different authors. See for
instance [5], [6], {10], [12], [24], [25] and the references given in [26]. In particular, the
surjective convolution operators on non-quasianalytic classes of Beurling type were
characterized by Meise, Taylor and Vogt [24] (see also [4]).

In the present note we investigate the range of the non-surjective convolution

operators on the non-quasianalytic classes of Beurling type %,(R"). The problem we are
interested in here can be stated as follows. Fix a weight function w and an

ultradistribution e €,(RY) such that the associated convolution operator
T,: €,(RY)— &,(R") is not surjective. We want to analyze which classes of (real-analytic
or) non-quasianalytic functions are still contained in the range of 7,. It turns out that the
class of real-analytic functions is always contained in the range of 7, (Theorem 1). This is
an extension of a classical result of Hormander (e.g. 18, 16.4.5]). The study of the
non-quasianalytic classes yields the following result. For two weights w <o (ie.
&, (RY) = €,(R")) and u € €,(R"), the range of the operator T, contains &,(R") if and
only if the operator is surjective in the smaller class. As a consequence, whenever it is
possible to solve the equation u *g = fin %,(R") for every f € &,(R") it is also possible
to solve the same equation in %,(R") for every f € &,(R"). This is Theorem 2.

The proof of our main results is based on some (rather elementary) functional
analytic lemmas which permit us, using Fourier-Laplace transforms, to reduce our
original problem to the continuity of a division operator between two different algebras of
entire functions.

The surjectivity of a convolution operator 7, on &,(R") is equivalent to T%, &, (R")
being a (DFS)-space. However we provide examples of non-invertible distributions
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p e € (RY) such that T, & (R") is bornological, answering in the negative a question of
Ehrenpreis ([9]). Our results can be applied in particular to Gevrey classes.

Our approach to the non-quasianalytic classes of Beurling type is as in [3]. We refer
to [28, Chapter 8] and [11] for information concerning Fréchet-Schwartz and (DFS) (i.e.
strong duals of Fréchet-Schwartz) spaces.

In the rest of the article the convolution operator T, is associated with an
ultradistribution u # 0.

Preliminaries.

DEeFINITION. A continuous increasing function w:[0, [ — [0, o=[ is called a weight if it
satisfies:
(@) there exists K =1 with 0(21) < K(w(t) + 1) for all t =0,
w(t) _
®) f 1+t
(v) log(l +1?) = O(w(t)) as ¢ tends to =,
(6) ¢:t— w(e’) is convex.

In the examples we will also consider the following property on a weight:
(a") w(0)=0and w(s +1)<w(s)+ ()
w(?)

For each weight w we have lim—- = 0. The Young conjugate ¢*:[0, x[ >R of ¢ is

defined by
@*(s):=sup{st — o(t):r = 0}.

DeriniTion. The space of ultradifferentiable functions of Beurling type %,(R")
associated to a weight w is the Fréchet-Schwartz space of all functions f € C*(R") such
that for each K = R" compact and each m e N:

Pentf):=sup sup f () exp(-mee(2])) <=

reK g eNY

ExampLEs (see for instance [23], [24]). The following functions w:[0, «[— [0, o[
(after a suitable change on [0, A] for some A >0) are the weight functions:

(1) w(t)=(log(1 +1))", s=1. Fors=1 we get €,(R") = C*(R").

(2) w(r)=exp((log(1+1))*),0<a<l.

(3) w(t)=t*(log1 +1))?,0<a<1,0=B=1.

(4) w(r)=1",5>1. In this case €, (R")=T"(R") is the Gevrey space of order s.

For u e €,(R") the convolution operator T,:&,(R")— &, (R") is defined by
T.(@)(x):=(u * ¢)(x) = (u,, ¢(x — y)), which is a continuous linear operator with trans-
pose map T,: €, (R")— &, (RY), T,(v):= i * v, where fi(¢):= u(p) and $(x):= o(—x).

Ifwisa welght we put p(z):= w(|z]) + Imz|, z € C. Given a continuous function p
on C", we let A, denote the (DFS)-space of entire functions

= {f e H(C"):there is m e N with sup |f(z)l exp(—mp(z)) < ac}.

zeCN
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In particular for p(z):=|zl, A, is the space Exp(C") of entire functions of
exponential type (see [16]).

It is well known that the Fourier-Laplace transform F:u— 4, i(z):=(uy, €,
is an algebra isomorphism between the convolution algebra (&, (R"Y), *) and A,, which is
even a topological isomorphism when we endow &,(R") with the strong topology. We
will identify, via Fourler Laplace transform, the transpose map T, with the multiplication
operator FT,F™":A,—> A,, f— fif. Sometimes we will also ldentlfy €.(RY) with A,,.

We let E“ denote the set of all linear combinations of exponential solutions of the
equation u *u = 0, that is, solutions of the form u(x) = P(x)e’*®, where ¢ e C" and P is
a polynomial.

Our first result describes the closure of the image of the transpose of an arbitrary
convolution operator and it will be used several times in the article. The case N=1is a
consequence of [19, 6.13].

ProrosiTion 1. Let u, v e €,(RY), u #0. The following conditions are equivalent:
(1) ve TL(E®Y))

(2) vis orthogonal to E,

(3) f:=v/£ is an entire funcnon on CV.

Proof. First observe that T,(%, (R™)) is the orthogonal of ker T,. Accordingly, (1)
implies (2) is immediate, and (2) implies (3) can be obtained as in [17, Lemma 7.37] (also
see [18, Lemma 16.4.2]). To complete the proof of (3) implies (1) we assume that
f:=9/& s an entire function.

We first prove that f is of exponential type. In fact, the Paley—erner theorem
implies that ¢, and J are in Exp(C"). Let I, denote the ideal in the local ring O, which is
generated by the germ [4i], of j at a. Since the principal ideal I generated by & in
Exp(C") is slowly decreasing in the sense of Berenstein and Taylor ([1]), we can apply
[1, 5.4(i1)] (see also [22, Theorem 12]) to conclude that

I=l,.:=1{g e Exp(C"):[g], € I, for alla € C"}.

It follows from the hypothesis that 9 € I,,.. Consequently 9 e / and f € Exp(C").

The Fourier-Laplace transform F:H(CY)' — Exp(C"), F(L)(z):=(L,,e "®*, is an
isomorphism ([16, 4.5.3]). Accordingly we can find L € H(C")' with F(L) = f. From this it
follows that (v,g |g)=(L,n*g) for every g e H(C"), where u*g denotes the entire

function (u *g)(2) := (ny, g(z = y))-
To conclude we fix u € €, (R") satisfying u *u =0 and we prove that (v,u)=0. To
do this take a compact set K = C" such that (L, g)| éCsuB lg(z)| for every g e H(CY)
2e

and some positive constant C. Fix y € 9,(R") such that y =1 on a convex neighbourhood

N
of B(0,R) + supp u +supp v, with R >0 satisfying R> 8 + 5 and K < B(0, 6). We put

:\ N2
Eiz):= (i) exp(—j(z, z)), v:= yu, and we define

v,~(z):=f v(x)E(z — x) dx, zeC", jeN
RN
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(compare with [17, 9.1.2]). An easy calculation yields

(vyu) = (v,v) = lim{v, v; |~y = lim(L, u % v;) = 0,
J J

the last identity being a consequence of the fact that u *v; converges to 0 uniformly
on K. O

COROLLARY. Let w be a weight and u € €, (R"), u #0. The set E,,, of all exponential
solutions of the equation pw*u =0, is dense in KerT, (with the topology induced by
gw(RN))

REMARK 1. Assume N=1. Let w be a weight and let u € €, (R), u#0. Then
T.(%.(R)) is sequentially dense in T\,(€,(R)).

Proof. 1n fact, we put p(z) = w(|z]) + {Im z| and we identify, via Fourier-Laplace
transform, €,(R) with A,, T, with the multiplication operator A,—A4,, f— &f, and
T'.(%.,(R)) with the principal ideal / generated by g in A,. We apply (19, 6.13] to get
that p is stable ([19, Definition 6.3]). Now we deduce from the proof of [19, 6.6, 6.7] that /
is sequentially dense in . O

Real-analytic functions. Let K be a compact set in R" and let (V,) be a fundamental
(decreasing) sequence of open neighbourhoods of K in C". Then A(K):= ind H*(V,) is

the space of germs of holomorphic functions on K. Given two compact sets K, c K, in
R", it follows from [17, 9.1.2] that the restriction map A(K,)— A(K,) has dense range.
The space of real-analytic functions is defined by A(R"):= proj A(K) and it is a

KRN
(reduced) projective limit of complete (LB)-spaces. We collect in the next proposition
some of the known properties of A(R") which will be needed later.

PROPOSITION 2. Let w be a weight and u € €,(R"), u #0. Then:

(1) A(RM) is contained in %€,(R") and the inclusion A(RY)— &_,(R") is continuous.

(2) The convolution operator T, : A(RY)— A(R") is well-defined and continuous.

(3) An entire function f € H(C") is the Fourier-Laplace transform of some func-
tional L € (A(R™))' if and only if

3A>0 Ve>0 3C,>0:|f(z)| = C. exp(A [Im z] + € |z]).

We only make some remarks about the proofs. Concerning property (1) observe that,
given a compact set K = R" and an open set V in CV, K c V, there is C > 0 such that for
every f e A(R") with holomorphic and bounded extension to V (denoted also by f) we
have

If ) =C ""“(Iai!)igg If ().

Since w(r) = o(t) as 1 tends to infinity, for each m e N there is B,, >0 with

C*"(jal!) < B, exp(rn¢*<m)> =B, sup|f(z)l
m zeV
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For a proof of (3) see [18, 15.1.5], while (2) is a consequence of {17, 9.1.2].

REMARKS 2. (a) Property (1) implies that the restriction map H(C")— %,(R") is a
continuous linear map, since it has closed graph.

(b) It follows from (3) that we can define an (LF) topology in the dual of A(R")
which is finer than the weak topology a(A(R")', A(R™)).

The next lemma will be applied for E:= &,(R"), T:=T, and F:= A(R").

LemMA 1. Let E be a Fréchet—Schwartz space and let F be a locally convex space such
that there is a continuous inclusion j:F — E with dense range. Assume F' admits an (LF)
topology T finer than the weak topology o(F', F). Let T e L(E, E) be a continuous linear
operator such that T(F)c F. If

Yue T'E'E 3w e F' (v, Ty = (j'u, f), (%)
then F is contained in T(E).

Proof. We denote by G the space T'E'£%c Ej, always endowed with the induced
topology. It is well known that G is (also) a (DFS)-space. First define R:G— F' by
Ru:=v, where v e F' is the unique element given by (*). Certainly R is well-defined,
linear and satisfies RT' =’ on E’. Moreover R:G — (F', 1) has closed graph, hence it is
continuous. To complete the proof we take feF and we define &:G—-C by
@(u):=(f, Ru). Clearly @ is continuous on G. By the Hahn-Banach theorem (and the
reflexivity of E), there is g € E such that the restriction of g to T'E’ coincides with ®. This
implies Tg = jf. Indeed, for each u € E’ we have

(Tg,u)={g, T'w)=O(T'u) = f(RT'w) = f(ju) = (jf,u). O

To prepare the proof of the next theorem, we recall that if u e €,(R") there is a
compact set K in R" such that, for some m e N and C >0, |(u, f)| < CPx,,.(f) for every
f e €,(RY). Accordingly (u,f)=0 for every fe Z,(R") with suppfNK=@. The
smallest compact set K in R" with the above property is called the support of u. The
classical theorem of supports remains true for arbitrary u, v e €,(RV), i.e.,

conv(supp(u * v)) = conv(supp u) + conv(supp v).

THEOREM 1. For every u e €., (R™), u %0, the space of real-analytic functions A(R")

is contained in the range of the convolution operator T,: €,(R")— €,(R").

Proof. We check condition (*) in Lemma 1. In view of Proposition 1, it is enough to
show that, given v e €.,(R") such that f := 9/ is an entire function on C", the function f
belongs to A(R")'. To see that, since the theorem of supports holds, we can adapt the
proof of [18, 16.4.3] (also see [18, 16.2.1 and 16.3.1}) to get

3A>0 Ve>0 3C,>0:|f(z)|=Ccexp(A [Imz| + € |z]).

The conclusion follows from Proposition 2(3) and Lemma 1.

Non-quasianalytic functions.

LEMMA 2. Let E and F be Fréchet—-Schwartz spaces such that there is a continuous
inclusion j:F— E with dense range. Let T € L(E, E) be such that T(E) is dense in E,
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T(F) < F and the restriction S of T to F belongs to L(F, F) and such that it has also dense
range. If we have Ej =ind(G,, |.|l,) and F, =ind(H,,|.|s), the following conditions are
equivalent:
(1) Fis contained in T(E)
(2) j (T ":T'E' € E;— F is continuous
(3) Vue TE'® v e F':Sv =j'u.
These three equivalent conditions imply
4) Vn 3k, C>0 Vue E":|jul, =C ||Tu|,.
If T'E' is bornological for the topology induced by Ej, then (4) and (1) are
equivalent.

Proof. First observe that 7', §" and j' are injective. The equivalence of (1) and (2) is a
particular case of Proposition 2.1 in [2]. To prove (2) implies (3) consider the unique
continuous linear extension R:T'E'% - F; of j(T')"'. Given u e T'E'® put v:=
Ru e F'. Then §'v = j'u, which proves condition (3). The uniqueness follows from the
injectivity of S*. Since (3) implies condition (*) in Lemma 1, (3) implies (1).

To complete the proof it is enough to observe that (4) means exactly that the linear
map j(T")™";T'E' < E,, — F; maps bounded sets into bounded sets. O

In general (4) does not imply (1), as was shown in {2, 2.12].

To state our main result, if w <o are two weights, we put p(z):= w(z|) + |Im z|,
q(z):=o(lz]) + Im z|, z € C". We identify, via Fourier-Laplace transform, €,(R")= A4,
and €,(R¥)=A,.

In the applications of Lemma 2, E := &€,(R"), F:= €,(R"), T:=T, for u € €,(R").
In this case,

(1) is equivalent to &,(R") < T,(&,(R")).

(3) is equivalent to the following condition:

if ueA,satisfies f:=u/g € H(C") then feA,

This follows from Proposition 1.
(4) means that for every B = A, such that T),(B) is bounded in A,, it follows that B
is bounded in A,

THEOREM 2. The following conditions are equivalent for u € €,(R"), u #0:
(1) %,(R™) is contained in T, (& (R™)),

(2) If u e A, satisfies f —u/,u e H(C"), then f € A,,

(3) vn 3k, C>0 VfeA,:

sup |f(z)l exp(=k [Im z| = ko (|z])) < C sup |fi(2)f ()| exp(—n [Im z| = nw(iz])),
zeCV zeCV
(4) wis slowly decreasing for o, i.e., there is C >0 such that for each x e R, |x|= C,
there exists ¢ € CV with |x - £ = Ca(x) and |5(&)| = exp(—Cq(§)),
(5) T,:€,(R")— &,(RY V) is surjective,
(6) u eA and f:=u/fi e HC") imply f € A,.

Proof. Theorem 1 ensures that the hypotheses of Lemma 2 are satisfied. The
equivalence of (1) and (2) and of (5) and (6) follow from Lemma 2 by our remarks
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above. It is also a direct consequence of this lemma that (2) implies (3), using the
Fourier-Laplace transform. We show that (3) implies (4). The proof is based on ideas of
[25]. Condition (3) means that the division operator

GA,cA,—»A, fif>f

maps bounded sets into bounded sets. We write q,(z):= o(|[Re z|) + |Imz|, z € C", and
we suppose that (4) is not satisfied. Accordingly we can find a sequence (x;) in R" with
lim |x;| = o and such that for each j € N and each & e C" with |£ — xj| = Cjo(x;), we have

e
|ﬁ(§)| =exp(—Cjq,(§)), for C=2K, where K >0 is the positive constant satisfying
o(2t) = Ka(t) for all t >0 large enough.

For each j e N and R >0 we consider the function &, x:C" — R, which equals |Im z| if
|z = x;| = R and with

hr(z):= sup{u(z):u is plurisubharmonic on B(x;, R), lim sup u(w) <|Im §|
wg

for every ¢ with | — xj| = R}

for |z — x| <R. By [27], h; is plurisubharmonic and continuous on C" and satisfies

2R
hi (X)) = —F—.

VN
Put R;:=jo(x;), h;:= h; r and define ¢; as the function ¢;(z):=h; g .1(z) + 1. Clearly
; is also plurisubharmonic.
As in [26, 1.8] we can apply [16, 4.4.4] to find f; € H(C") with

fei=exp(_int_ )~ Cyloglt + 1))
and

@)1= Crexp( sup_ 6(w)+ Cylogll +12P))

where Cy is a positive constant which only depends on N.
For £ e CY with |§ — x;| = R; +2 we have
sup @(w)= sup |[Imw|+1=|Imé +2
lw—¢l=1 =gl
and
(€)= Cx exp(lm &] +2 + Cy log(1 + I€1%)),

which implies f e A,. In fact it is even the Fourier-Laplace transform of some
distribution with compact support.
We show that (4f;) is bounded in A, but (f;) is not bounded in A,. This contradicts

(3). Since lim a—ﬂ)liu=0, there is jo € N such that, for j = j,, R; +252R,5%L|. If j=j,

e

and ¢ e C" satisfies |£€ — x;| < R; +2, we get

o(x;) = o(2|Re £]) = Ko(Re £) = Kq:(£)
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and

sup  ¢(w) =2jo(x;) +5=2Kjq,(€) +5.

jw—gi=1

This implies, for j = j; and |€ — x| <R; + 2,
|£(€)l = Cn exp(2Kjgi(§) + 5 + Cw log(1 + |€[)).
If j=j, and |§ — x;| < R; + 2= CR;, we have
V() = Cn exp(2Kjg1() = Cjn(€) + 5 + Cy log(1 + [¢7))

= Cyexp(5 + Cy log(1 + |£[%)).

For £ e C" with |£ — x;/ = R; + 2 we get
IO = 1A(E)] Cw exp({Im &] +2 + Cy log(1 + [€1)).
Since £ e A, and log(1 + |£€]%) = O(w(|£])) as |€| tends to infinity we conclude
E(©f(E) = DCx exp(D + (K + m)w(l£) + (m + 1) [Im £

for some constant D >0 and some k e N. Thus there is L € N with

sup sup |Z(E)f(€)l exp(=Lp(£)) <.

jZjo €eCV
On the other hand, it is easy to show that 'ws:?s] h(w)=¢(z) forall |z —x;|=R; +1,
hence inf ¢;(z)= h;(x;), which yields

lz—x;1=1

2Jo(x;
Ifi(x;)] = exp(h;(x;) — Cu log(1 + |x;[?)) = exP<_jr7(1Tlll - Cylog(1 + |x,-]2)).
This implies sup |f(x;)| exp(—sq(x;)) = = for all s e N.
iZjo

Since (5) clearly implies (1), we complete the proof indicating how to show that 4)
implies (5). Let u e A, satisfy that f:=u/g is an entire function on C. Since u and 4
belong to A, there is A > 0 such that

max(lu(€)l, [A(£)) < A exp(Aq(€)),  £eCN.
Fix x e RY, |x| = C, and put r:= Ca(x). We apply [15, 3.2] to get

( sup |u(§)l>(u§:g4rlﬁ(§)l>

po—gl<dr

GE ;
x (sup_1E@)

k~gi<r

from where it follows, on account of (4), that |f(x)|= D exp(Do(x)) for all x e R" and
some D >0. Since f e Exp(C") (see the proof of Proposition 1), we can apply the
Phragmen-Lindelof principle as in [23, 2.2] to conclude that f € A,.
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In particular, restricting to the Gevrey classes we get the following result.

THEOREM 3. Let 1<t <s. The following conditions are equivalent for u € T(R"Y,
n#=0:

(1) T(RN) is contained in T,(T}(RY)),

(2) T,,:TRN)— T'™(RY) is surjective.

Remark 3. If ue %, (RY) one can also define the convolution operator
$,:2L(RYY > ZL(RY), S,(v):=uxv with (u*v,f)=(v,i*f) for fe D, (R"). The
equivalent conditions of Theorem 2 are also equivalent to

(7) S, has a fundamental solution in %,,.

(See for instance [12] and [11, 6.4]).

It follows from the remark above that a surjective convolution operator on a Beurling

class &,(R") is also surjective on a smaller class %,(R"), w < o.

ExaMpLE. There are weights w <o and p € € (R") such that T,: €,(R)— &,(R") is
surjective but T,: €,(RY)— &,(R") is not surjective.

In fact, let us consider two weights w =< ¢ satisfying properties (a'), (8), (v), (6).
Assume there is some function m:[0, x[—[0, [ such that w(t)=0(m(r)) and m(t) =
o(a (1)) as 1 tends to infinity. We apply (13, Theorem 4'] to find 1, € & (R) such that u, is
slowly decreasing with respect to o and there is a sequence (#,) of zeros of &t} with order

T , P

o(Te, 5) = m(ty). Since lim 2D
= w(tk)

with respect to w ([14, Theorem 5]). Finally we define u € € (R") by a(z) =m(zy). ..

wian), 2= (z1,...,2v)eCY. O

Ehrenpreis {9, 6.2] constructed a distribution u € € (R) such that the convolution
operator T, is not surjective on every non-quasianalytic class &,(R).

Ehrenpreis proved in [9, 2.4] that T',(€'(R")) is bornological (with the topology
induced by €'(R")) for every invertible distribution u e € (R") (i.e. slowly decreasing
with respect to w(r) = log(1 + r)) and asked whether the hypothesis on the invertibility of
u can be removed or not. Since every sequentially dense subspace of a (DFS)-space is
bornological ([2, 2.4]), it follows from our Remark 1 (and the known fact that a closed
subspace of a (DFS)-space is also a (DFS)-space) that, in case N=1, T, (¢(R)) is
bornological for every distribution p € € (R).

= o« we conclude that u, is not slowly decreasing

ProrosiTION 3. Let w be a weight and u e €, (RY), u#0. Assume w is slowly
decreasing for some weight o, o = w. Then T',(€.(R")) is bornological. In particular there
are non-invertible distributions u € € (R") such that T',(€ (R")) is bornological.

Proof. We only have to prove that T',(&,(R")) is sequentially dense in T',(%,, (RM).
To do this, fix veT} (& (RV)) and apply Proposition 1 and Theorem 2 to find
v, € €,(R") such that 9/4 =7, Hence v=jiky, in €, (RY). We take a sequence
(én)  2,(R™) which is a regularising sequence in &,(R") and apply our hypothesis to
ﬁnd g € €,(R") satisfying Hixg, = é,. Then it is easy to get v*g, € ,(RY), vx ¢, =

T'(v*g,) and v = lim(v*,).
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