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Abstract

New proofs are given of the fundamental results of Bader, Lunardon and Thas relating flocks of the
quadratic cone in PG(3, ¢), ¢ odd, and BLT-sets of Q(4, g). We also show that there is a unique BLT-set
of H(3, 9). The model of Penttila for Q(4, ¢), g odd, is extended to Q(2m, q) to construct partial flocks of
size gm/2+m/2 ~ 1 of the cone ¥ in PG(2m — 1, q) with vertex a point and base Q(2m — 2, q), where
q is congruent to 1 or 3 modulo 8 and m is even. These partial flocks are larger than the largest previously
known for m > 2. Also, the example of O’Keefe and Thas of a partial flock of £ in PG(5, 3) of size 6
is generalised to a partial flock of the cone £ of PG(2pn — 1, p) of size 2pn, for any prime p congruent
to 1 or 3 modulo 8, with the corresponding partial BLT-set of Q(2pn, p) admitting the symmetric group
of degree 2pn + 1.

2000 Mathematics subject classification: primary S51E12; secondary 51A40, 51A50, 51E20, 05B25.
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1. Introduction

The central role of BLT-sets in the rapidly expanding area of the study of flocks of
Miquelian Laguerre planes of odd order and the related elation generalised quadrangles
and translation planes is exemplified by Knarr’s construction of the quadrangle from
the BLT-set. Here we consider a number of generalisations of BLT-sets of Q(4, q), ¢
odd: to BLT-sets of H(3, ¢%), g odd, in Section 5; to BLT-sets of T, (%), in Section 6;
to BLT-sets of finite generalised quadrangles in general, in Section 2; to BLT-sets of
the polar spaces Q(2n, q), q odd, of rank n > 2, in Section 7. The material in Section 2
is related to work of De Soete and Thas [4], predating the introduction of BLT-sets of
Q4, g) in Bader, Lunardon and Thas [2] by six years. While we note the advances
of Shult and Thas [14] in Section 3, we restrict ourselves to BLT-sets of points, rather
than sets of subspaces with the BLT-property.
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In Section 4, we give new proofs of the fundamental results of Bader, Lunardon
and Thas [2] relating flocks of the quadratic cone of PG(3, g), g odd, and BLT-sets of
Q(4, q). In Section 5, we show that there is a unique BLT-set of H(3, 9). In Section 7,
partial flocks of Q(2m, q) larger than those previously known are constructed, both by
extending the model of Penttila [12] of Q(4, q), ¢ odd, to Q(4n, g) to obtain partial
flocks of size gn + n — 1 of the cone ¢ in PG(4n — 1, q) with vertex a point and
base Q(4n — 2, g), where g is congruent 1 or 3 modulo 8, and by generalising the
example of O’Keefe and Thas [9] to a partial flock of size 2pn in PG(2pn — 1, p) for
any prime p congruent 1 or 3 modulo 8.

The paper is structured as a sequence of remarks. For reasons of space, we refer
the reader to [2, 1, 8, 9, 10, 16, 17] for background material and definitions.

2. Definition, combinatorics and non-existence results

Let & = (£, &, I) be a generalised quadrangle of order (s, 1), where s, ¢ > 1. A
partial BLT-set of % is a set &8 of b > 3 points such that for all distinct P,Q,Re #B
we have {P, Q, R}* = @. Equivalently, no point of .% is collinear with more than
two points of %.

LEMMA 2.1. Let B be a partial BLT-set in the generalised quadrangle % of order
(s, 1). Then no two points of & are collinear.

PROOF. Suppose that P, Q € 4 are collinear, P # Q. If R € % is on the line
PQ,P # R # Q,then R € {P, Q, R}*; a contradiction. If R € & is not on the line
P Q then there is a unique point X € P Q collinear with R, whence X € {P, Q, R}*;
a contradiction. O

It is immediate that 4 is a partial BLT-set if and only if it is a set of b > 3 points,
each three of which form an acentric triad (equivalently, each three of which form a
partial BLT-set).

LEMMA 2.2. Let & be a partial BLT-set in the generalised quadrangle % of order
(s,t). Thenb = |B| <s+ 1.

PROOF. For i = 0, 1, 2, let ; be the number of points of & \ & collinear with
exactly i points of 4. Counting in two ways the points of & \ 4, the pairs (P, T)
where P € Zand T € &P \ A are collinear and the ordered triples (P, Q, T) where
P.Qe B, P#* Q and T € P\ B are such that each of P and Q is collinear
with T, we obtain:

4+t +H=(+1)(st+1)—b,
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t+ 26 =b(t+ s,
2 =b(b -1+ 1).

Since t; = b(t + 1)(s — b + 1) > 0, the result follows. O

Let .7 be a generalised quadrangle of order (s, t), where s, ¢ > 1. A BLT-ser in
& is a partial BLT-set in . of size (maximal) s + 1. It is immediate from the proof
of Lemma 2.2 that if 4 is a BLT-set in . then for each point X € & \ & we have
IXtNAB| € {0, 2}, and that . admiits f, = s(s+ 1)(z — 1) /2 points of &\ & collinear
with no point of & and t, = s(s + 1)(z + 1) /2 points collinear with exactly two points
of #.

Some of these results have already been obtained by De Soete and Thas [4], who
define a (0, 2)-set in .% to be a non-empty set & of pairwise non-collinear points such
that [ X+ NB| € {0, 2} forall X € H\ B. They prove that if . admits a (0, 2)-set B
then | #| = s+ 1; so the concepts of BLT-set and (0, 2)-set in a generalised quadrangle
of order (s, 1), s, t > 1, coincide.

LEMMA 2.3 (De Soete and Thas [4]). Let . be a generalised quadrangle of order
(s, 1), where s, t > 1. If there exists a BLT-set in .% then s is odd.

PROOF. Let & be a BLT-set of .%°. The number of lines of . not meeting & is
(t+DGt+D~G+D@E+1) =s(+ 1D —1) > 0; let £ be such a line. For
each point P € 4, there exists a unique point T € £ collinear with P, and a unique

point P’ € &\ {P} collinear with 7. It is immediate that (&] = s + 1 is even, so0 s is
odd. a

LEMMA 2.4. Let & be a generalised quadrangle of order s. For any regular pair
(x, y), there is no partial BLT-set containing both x and y.

PROOF. From [10, 1.3.6 (ii)] it follows that any triad (x, y, z) has a centre. O

COROLLARY 2.5 (De Soete and Thas [4]). The generalised quadrangle W(q) has
10 partial BLT-set.

PROOF. Every pair in W(q) is regular. O

COROLLARY 2.6. Let % be a partial BLT-set in T,(0) for € an oval (which is not
1 conic) in PG(2, q), q even. Then () & B and B has at most one point of type (ii).

PROOF. The point (00) is regular. Any pair of points of type (ii) is collinear with
he regular point (oc) and therefore the pair is regular. 0

https://doi.org/10.1017/51446788700009897 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700009897

332 Laura Bader, Christine M. O’Keefe and Tim Penttila [4]

The known (non-isomorphic) examples of generalised quadrangle of order s all
have s = g, a prime power. They are: W(g), Q(4, g) for ¢ odd and T,(£) (and its
dual) for £ an oval (which is not a conic) in PG(2, q), g even. The only example
which could admit a BLT-set is Q(4, q) for ¢ odd. In fact there are many interesting
examples of such BLT-sets which we study further in Section 4. The example T,(&)
for £ an oval (which is not a conic) in PG(2, g), g even, does not admit a BLT-set (by
Lemma 2.3), but may admit partial BLT-sets.

LEMMA 2.7. Any generalised quadrangle of order (s,s*), s > 1 has no partial
BLT-set.

PROOF. By a result of Bose and Shrikhande (see [10, 1.2.4]), every triad in a
generalised quadrangle of order (s, s?), s > 1, has exactly s + 1 centres. a

The next result is due to Thas (see Knarr [8]) for (complete) BLT-sets.
LEMMA 2.8. H(4, ¢°) has no partial BLT-set.

PROOF. The polar space of the subspace spanned by three points of H(4, ¢%) is
either a line or plane, so it meets the variety H(4, g?). Therefore, every triad has a
centre. ]

3. BLT-sets and related structures

The next construction, due to Knarr [8], shows that to a dual BLT-set in W(g), g
odd, there corresponds a generalised quadrangle of order (g2, q).

THEOREM 3.1 (Knarr [8)]). Let P be a point of W(5, q), let W(q) = PL/P and let
B be a BLT-set in W(q). So @ = {(P,£) : £ € B) is a set of g + 1 planes of
W(S, q) on P. Then the incidence structure with:

Points: (i) the point P, (ii) lines of W(5, q) on an element of 2 and not on P,
(iit) points of W(5, g) \ P;

Lines: (a) the elements of 2, (b) the planes of W(5, q) which meet P+ in a line of the
form (ii);

Incidence: natural,;

is a generalised quadrangle of order (¢, q).

Payne and Thas in [11] have related the group of this generalised quadrangle with
the subgroup of P I" O(5, g) stabilising the BLT-set. Also, Shult and Thas in [14] have
vastly generalised this construction.
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Following is the well-known construction of the ovoid of Q*(5, ¢g) from a flock,
but given directly from the BLT-set.

In PG(5, q), q odd, fix the quadric Q* (5, ) and embed Q(4, g) in Q™ (5, ¢) as the
section with a hyperplane H. Denote by L the polarity defined by Q* (5, ¢) and put
x = H*. Let 2 be a partial BLT-set of size k + 1 of Q(4, ¢) and fix a point p in &.
Foreachp, € B,p; # p,i =1,2,... ,k, let C be the conic {x, p, p;) NQ* (5, q).
Theset & = C,U G U- - -U is the union of k conics with the common point p. Also,
0 is a partial ovoid because: no point of £ different from p is collinear with p as they
lie on some C;; no two points on the same C; are collinear; take any x; € C;, x; € Cj,
i #j withx; # p # x;; then (x,x;, x;, p)* = (p, pi, p;)* Nx* is an external line
because & is a partial BLT-set, hence (x, x;, x;, p) N Q*(5, q) = Q™ (3, q), thus x;
and x; are not collinear.

Note this argument is an alternative way of looking at the so called Thas-Walker
construction, and it works also for Q(2n, q), g odd.

A BLT-set (of points) of H(3, g*) has order g + 1 and gives, by duality, a BLT-set
B of lines of Q7 (5, q), that is a set of mutually skew lines of Q™ (5, ¢) such that no
three of them have a common tranversal on Q™ (5, ¢). Shult and Thas [14] prove that
a translation generalised quadrangle of order ¢ arises.

THEOREM 3.2 (Shult and Thas [14]). Fix a point P of Q7(7,q). Let Q(5,q9) =
P*/P and let B be a BLT-set of lines in Q™ (5, q). So @ = {(P,£) : £ € B} is a set
of ¢* + 1 planes of Q™ (7, q) on P. Then the incidence structure with:

Points: (i) the point P, (ii) lines of Q™ (7, q) on an element of 2 and not on P,
(iii) points of Q" (7, q) \ PL;

Lines: (a) the elements of &, (b) the planes of Q™ (7, q) which meet P+ in a line of
type (i1);

[ncidence: natural;

is a translation generalised quadrangle of order q*.

Furthermore, we briefly recall the following construction. For more details, see
'10] and [1]. An egg O(2,2, q), say &, is a partial spread of lines in PG(5, g) such
hat:

(1) & contains g° + 1 elements;

(2) every three elements of & generate PG(5, g);

(3) each element X of & is contained in a 3-dimensional subspace Ty having no
yoint in common with any element of & different from X. The subspace Ty is unique
ind is called the tangent space to & at X.

Embed PG(5, q) in PG(6, q) as a hyperplane, and define an incidence structure
(&) as follows. Points are: (i) a new symbol (00), (ii) the 4-dimensional subspaces
{ of PG(6, q) for which X N PG(5, g) is a tangent space to &, and (iti) the points of
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PG(6, 9) \ PG(5, gq). Lines are: (a) the elements of &, and (b) the planes of PG(6, q)
which are not contained in PG(S, g) and meet PG(S, g) in elements of &. Incidence
is defined as follows. The point (00) is incident with all lines of type (a) and no line
of type (b). A point of type (ii) is incident with all lines of type (b) contained in it and
with the unique element of & incident with it. A point of type (iii) is incident only
with lines of type (b); here the incidence is that of PG(6, g).

Payne and Thas [10, 8.7.1] proved that T'(&) is a translation generalized quadrangle
of order g* with base point (00).

4. BLT-sets in Q(4, ¢) and flocks of the quadratic cone in PG(3, q)

Let V be a 5-dimensional vector space over GF(g), g odd, let Q be a non-degenerate
quadratic form on V and let f be the bilinear polar form of Q, that is,

fx,y)=0x+y)—Q0x)— Q@) forx,yeV.

Let 1 denote the polarity determined by f . Let E = {e, ... , es} be a basis for V over
GF(q) and let d(f, E) be the determinant of the matrix [f (e;, ¢;)};j=1,.s. If E"is
any basis for V over GF(g) then d(f, E’) = d(f, E)a® where a is the determinant of
the transition matrix between the two bases. It follows that the set d(f, E) F? (where
F? = {a®: a € GF(g) \ {0}}) is an invariant, called the discriminant, of the quadratic
form Q (in other words, the property that d(f, E) is a square in GF(g) or not is an
invariant of Q). In the following we will use A to denote an arbitrary element of
d(f, E)F?, since we are usually only interested in whether this element is a square or
not.

LEMMA 4.1. Let q be odd. Suppose x,y, z are linearly independent vectors of V
such that (x), {(y), (z) are singular points with respect to Q. Then (x,y,z)* is
anisotropic if and only if =2f (x, y)f (y, 2)f (z,x)/ A is a non-square in GF(q).

PROOF. Let W = (x, y, z) and suppose that W+ is anisotropic. Then dim W+ = 2,
dmW =3and V= W 1 W', where W* = (u, v) for some u,v € V. Thus
E = {x,y,z, u, v} is a basis for V over GF(g) and

faw f @)
fwu fQ@v)

is a non-square in GF(g); but it also equals

—d(f, E)
2f . f (v f (2, %)
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and the result follows.

Conversely, suppose that —2f (x, y)f (v, z)f (z,x)/A is a non-square in GF(q).
Let W = (x, y, z). Then

S, x) fx,y) fx,2)
fO.x) fO.y) fOD =2, 9)f (v, 2)f (2, %)
f@x) f@&y f&2)

is not zero, so W is non-degenerate and V = W L W*. Let W! = (u, v), then
E = {x,y, z, u, v} is a basis for V over GF(q) and

|fww fww|__ —d¢ B
fOw FO.0| T 260 6.0f @)

is a non-square in GF(q); so W+ is anisotropic. a

COROLLARY 4.2. Let q be odd. Let 9B be aset of b > 3 points of Q(4, q) and let f be
the bilinear form corresponding to the quadratic form underlying Q(4, q). Then B isa
partial BLT-setifand only ifforallx, y, z € Bwehave: -2f (x, y)f (v, 2)f (z, x)/A
is a non-square in GF(q).

LEMMA 4.3. Let q be odd. Let B = {x, y, z, w} be a set of four points of Q(4, q)
such that {x, v, z}, {x, z, w} and {x, w, y} are partial BLT-sets. Then & is a partial
BLT-set.

PRrOOF. It suffices to check that {y, z, w} is a partial BLT-set. Now by Corol-

lary 4.2 we know that —2f (x, y)f (v, 2)f (z, x}/A, =2f (x, 2)f (z, w)f (w, x)/A
and —2f (x, w)f (w, y)f (y, x)/A are all non-squares, hence their product

<-2f x, Wf &, f (x, w))z —2f (v, 2)f (2, w)f (W, y)
A A

is a non-square and the result follows. a

This proof was inspired by Seidel [13], where a very similar argument is used to
construct a 2-graph.

As an immediate corollary we obtain the following slight generalisation, originally
due to Johnson [6].

COROLLARY 4.4 (Johnson [6]). Let g be odd. Let B be a set of b > 3 points of

; Q(4, q). Suppose there exists x € 9B such that {x,y, z} is a partial BLT-set for all
¢y, z€ B\ {x). Then B is a partial BLT-set.
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Bader, Lunardon and Thas [2, Remark 1] linked BLT-sets in Q(4, g) with flocks of
quadratic cones in PG(3, ¢).

THEOREM 4.5. Let q be odd. To each point of a BLT-set in Q(4, q) there corre-
sponds a flock of a quadratic cone in PG(3, q). Conversely, to a flock of a quadratic
cone in PG(3, q) there corresponds a BLT-set with a distinguished point.

PROOF. Let % be a BLT-set in Q(4, g) and let P € #B. Then P* N 2(4,q) is a
quadratic cone in the 3-dimensional space spanned by P+, and we consider the set of
g planes & = {P1N QY : Qe B\ {P}}). For Q,R € B\ (P}, Q # R, we have
(PN @gH N (PN RY) = @; so no two planes of £ contain a common point of
Q(4, g) and & is a flock of PL N Q(4, g). Conversely, let & be a flock of a quadratic
cone J with vertex P in PG(3, ¢). Embed . in a non-singular quadric Q(4, g), so
that " = P1 NQ(4,q). Form € &, n' is aline on P which meets Q(4, q) in a
further point and we let

B={P)U{(*NQ& @)\ (P} : 7 € F}.
For Q, R € B\ {P), Q # R, we have
PN O*NRY =P N (PO N (PR =0.
By Corollary 4.4, % is a BLT-set. 0

COROLLARY 4.6. Two points of a BLT-set in Q(4, q) give rise to projectively equiv-
alent flocks of a quadratic cone in PG(3, q) if and only if they are in the same orbit of
the stabiliser of the BLT-set in the stabiliser PT O(5, q) of Q(4, q).

5. BLT-sets in H(3, ¢%)

Apart from a brief mention in Knarr {8], BLT-sets in H(3, g?) have received little
attention to date. Knarr [8] attributes the following examples to Thas.

THEOREM 5.1. Let q be odd. Then, Q™ (3, q) is a BLT-set of H(3, ¢?).

PROOF. Let Q™ (3, ¢) have equation yTAy = 0, with y homogeneous projective
coordinates in PG(3, g). Note that A is a symmetric matrix with entries in GF(qg).
Embed PG(3, q) in PG(3, ¢%). Denote by 7 the polarity defined by Q™ (3, ¢) and
by o the Baer involution of PG(3, ¢*) defined by the automorphism x € GF(g?) +>
x? € GF(q?). The map mo is a unitary polarity of PG(3, %), thus it defines a
variety H(3, q°) (with equation y"Ay” = 0) with the Q™ (3, 4) embedded. Given any
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three distinct points x, y, z on Q7 (3, g), (x, y, z) is a plane, its polar point v (with
respect to the polarity wo) is in PG(3, g) because x, y and z so are, and v is not on
H(3, g%) because Q™ (3, g) = H(3, ¢*) N PG(3, q). Hence, any triad on Q= (3, ¢) is
acentric. O

We only contribute a classification in the smallest case.
THEOREM 5.2. The unique BLT-set of H(3, 9) is Q™ (3, 3).

PROOF. Recall that for s odd (see Payne and Thas [10]) generalised quadrangles
of order s with an antiregular point are equivalent to Laguerre planes LP(s) of order
s (see Delandtsheer [S]), and the base point of a translation generalised quadrangle
of order s (s odd) is antiregular. By Theorem 5.1, the elliptic quadric Q7 (3, ¢) is a
BLT-set of H(3, ¢%), and using Theorem 3.2 a translation generalised quadrangle of
order g2 with an antiregular base point is constructed, hence a Laguerre plane LP(g?)
of order q2. If ¢ = 3, a unique Laguerre plane of order 9 exists by Steinke [15],
and Q7 (3, 3) is the unique BLT-set of the corresponding generalised quadrangle of
order 9. a

Fix a BLT-set (of points) of H(3, ¢2). As before it gives, by duality, a BLT-set B of
lines of Q™ (5, q), that is a set of mutually skew lines of Q™ (5, ¢) such that no three of
them have a common transversal on Q™ (5, g). This is an egg O(2, 2, g). The tangent
space at the line € of O(2, 2, q) is the tangent space of Q~(5, ¢g) at £. On the other
hand, embed Q™ (5, ¢) in Q7 (7, g) as a section with a 5-dimensional space. Fix a point
PonQ (7,¢9)\ Q (5, q) with Q7 (5, ¢) in P! and consider a PG(6, q) in PG(7, q)
containing Q™ (5, g), but not P. The egg O(2, 2, q) defines a translation generalised
quadrangle of order g2, which is isomorphic to the one constructed as in Theorem 3.2.
Indeed, the isomorphism is the following. The special points correspond. For any
line, say ¢, in the BLT-set, the plane (P, £) corresponds to £. Any line on (P, £)
not containing P has a polar 5-dimensional space (w.r.t. Q™ (7, ¢)) which intersects
PG(6, g) in a 4-dimensional space contaning the tangent space to Q™ (5, g) at £. For
any plane, say 7, of Q7(7, ¢) which meets P! in a line not containing P on some
(P, £), the 3-dimensional space {P, ) intersects PG(6, ¢) in a plane containing the
relevant £. A point P’ of Q7(7, q) not in P+ corresponds to the intersection of the
line P P’ with PG(6, q) .

6. BLT-sets in T; ()

De Soete and Thas [4] study T3 (5#°). They show that the affine points of any affine
line not meeting S are a BLT-set. Further, any two non-collinear points of T3 ()
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are contained in a unique such BLT-set (they use this to give a characterisation of
the underlying generalised quadrangle, with more assumptions). They determine all
BLT-sets of T5(J) in the case that J€ is regular. They give examples of BLT-sets in
the dual of T3 ().

7. Partial BLT-sets of Q(2n, q), q odd,
and partial flocks of cones

O’Keefe and Thas in [9] have given a generalisation of the definition and of the
main properties of flocks of quadratic cones of PG(3, ¢), hence of BLT-sets of Q(4, g),
to partial flocks of quadratic cones of PG(2n — 1, g), hence of partial BLT-sets of
Q(2n, g). In PG(2n — 1, g), let X be the cone with vertex the point v and base a
parabolic quadric Q(2n — 2, ¢) in a hyperplane not containing v. A partial flock of ¢
of size k is a set of hyperplanes {r,, 5, ... , 7}, each not on v, such that 7; N7r; meets
J in a non-singular elliptic quadric, forall i #j,i,j € {1,2, ..., k}. Embed J¢ in
Q*(2n + 1, g) as a section with a suitable (2n — 1)~dimensional space, and denote by
1 the polarity defined by Q*(2n + 1, g). Hence, each partial flock defines a partial
ovoid of Q*(2n + 1, q) of size kg + 1 consisting of the k conics 7 NQ*(2n+1, q),
which are mutually tangent at a common point. On the other hand, for g odd, embed
X in Q(2n, q) as a hyperplane section, and denote by L’ the polarity defined by
Q(2n, q); for each m; in the partial flock, let p; the point of Q(2n, g) defined by
7 NQQ2n,q) = {v,p}, and put v = po. The set {po, p1, ..., pi} is a partial
BLT-set of Q(2n, q). For more details, see [9].

Let g be odd. Following [2] and [9], let us write some examples of partial BLT-
sets of Q(6, g) arising from (possibly partial) BLT-sets of Q(4, g). Note that this
extends also to Q(2n, g) with similar argument. As a model for Q(6, gq) take xpx; +
x3X3 — x2 + xsx¢ = 0, which contains the cone ¥ : xox; + x2x3 — x7 = x¢ = 0,
having vertex pp = (0,0,0,0,0,1,0). Let & = {m; : i € #)} be a (partial)
flock of J¢. If m; has equation a;xo + bix; + c;ix3 + dixs + eixq + x5 = x6 = 0,
then its polar line with respect to Q(6, g) intersects Q(6, q) at the further point
pi = (b;, a;, d;, ¢;, —e;/2, €¢/4 — a;b; — c¢;d;, 1) and the corresponding partial BLT-
set consists of py and of the points p;’s.

Any (partial) BLT-set of Q(4, q) : xox| — x + xsx¢ = x; = x3 = 0 is a partial
BLT-set of Q(6, ¢), and any (partial) flock of " : xoxy —x2 = x2 =x3 =x, =0
canonically extends to a partial flock of ¢ by reading the equations of the planes of
the flock of ¥ as equations of hyperplanes in PG(5, q) : x¢ = 0.

The linear flock of ¢ defines a (partial) linear flock of ¥ whose hyperplanes are
7T, txg —atx, + xs = x¢ = 0, t € GF(q), where « is a fixed nonsquare in GF(g), the
corresponding partial BLT-set is a conic and has p, = (~at,1,0,0,0, at?, 1). Any
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of these hyperplanes 7,’s can be replaced by 7] : 2tx¢ + t2x; — ax; + x5 = x4 = 0,
as it can be easily checked that (% — {mr,}) U {m,} is again a partial flock, so that p, is
replaced by p, = (0, 2¢, —a, t*, 0, at?, 1), but only one such replacement can be done,
as {p; : t € GF(q)} is contained in the plane IT : x; + ax¢ = x5 —ax3 =xy = x4, =0
of Q(6, ¢). The partial ovoid of size g> + 1 of Q* (7, ¢) corresponding to the original
BLT-setis an elliptic quadric Q™ (3, ¢g), and we can replace one conic on it with another
one, which is tangent to all the other conics at po.

Any Kantor flock of ¢’ defines a (partial) flock of £ whose hyperplanes are
o otxg —at’x; + x5 = x¢ = 0, t € GF(q), where o is a fixed nonsquare
in GF(q) and 0 € Aut(GF(q)), the corresponding partial BLT-set being p, =
(—at°,1,0,0,0,2t°*! ' 1). Here any of the m,’s can be replaced by oo otxg —
at°xy + cx, +dxs + exs + x5 = x6 = 0, for ¢, d, e € GF(q) such that ¢? = cd,
and p, is replaced by p; = (—at?,¢,d, c, Jed, ar’t1, 1). One can replace as many
points p,’s as one likes, {p; : t € GF(q)} is contained in x,x3 — x} = 0. The partial
ovoid of size g% + 1 of Q*(7, q) corresponding to the original BLT-set is contained
in a 4-dimensional space, and we can replace any conic on it with another one, not in
that 4-dimensional space, which is tangent to all the other conics at py.

Finally, any flock of ¢ defines a (partial) flock of £ whose hyperplanes are
T, axo + bxy + ¢xs + x5 = x¢ = 0, t € GF(q), for suitable a,, b,, ¢, € GF(q), the
corresponding partial BLT-set being p, = (b, a,, 0, 0, ~¢,/2, c,z/4 — a,b,;, 1). One
can replace any of the m,’s by n : axo + bxy + dxz + x4 + x5 = x6 = 0, and p,
is replaced by p, = (b, a,,d, 0, —c,/2, /4 — a,b,, 1), which lies on the line joining
p.and (0,0, 1,0, 0,0, 0). The partial ovoid of size g> + 1 of Q* (7, q) corresponding
to the original BLT-set is contained in a 5-dimensional space, and we can replace one
conic on it with another one, not in that 5-dimensional space, which is tangent to the
other conics at pg.

The size of a partial flock of a quadratic cone of PG(2n — 1, q), g even, is at
most g ([9, Theorem 21), and this size actually occurs. On the other hand, for ¢ odd,
examples of partial flocks of size g of PG(2n — 1, g), hence of partial BLT-sets of
QQ2n, q), n = 2, of size g + 1, can be easily obtained as before, by taking a BLT-set of
Q(4, g), but the theoretical bound for partial BLT-sets is ¢‘**~2/2+1 ({9, Theorem 6]),
while the only known example before the results of this section of (partial) BLT-set
of Q(2n, q), n > 3, having size greater than g + 1 was for the particular case Q(6, 3)
and is of size 7 ([9, Section 6]).

Next, we will give examples of (partial) BLT-sets of Q(4h, g), g odd, that have
size greater than g + 1. First, observe that the algebraic condition in Lemma 4.1
generalises immediately to quadrics Q(4n, g) for n > 2 (and g odd).

LEMMA 7.1. Let g be odd. Let Q = Q(2n, q) and suppose x,y, z are linearly
independent vectors of V such that {x), (y), {z) are singular points with respect to Q.
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Then (x, y, z)* N Q is an elliptic quadric if and only if —2f (x, y)f (y, 2)f (z,x)/A
is a non-square in GF(g).

PROOF. Mutatis mutandum, see proof of Lemma 4.1. O

Then, following the ideas of Penttila [12], we can fix an alternative model for

Q4n, q).
Let g be any odd prime power, and put

V="{(xn...,X}V1,-..,yma):x;,y; € GF(¢®), i=1,...,n, a € GF(g)).
The map Q : V > GF(q) defined as

Qx1, X2, ., Xn3 Y10 Y2y oo s Y03 @)
=NG@)+NGE)+--+N@)+ NG +NOG2) + -+ Nya) + a2,

where N(z) = z'*7 is the norm over GF(q), is a nondegenerate quadratic form over
V with discriminant A = 2. The associated bilinear polar form is

X2, o X Y Y2 oo Y @)y (X X5, XY Ve e 2 Vir @)
= T ) + Teoxy) + -+ Tax, ) + Ty + T(yayyh)
+ oo+ Tay,") + 2ad

where T(z) = z + z9 is the trace over GF(q).
Using BLT-sets of Q(4, ¢) in this model, we construct partial BLT-sets of Q(4n, gq)
of size n(q + 1).

THEOREM 7.2. Suppose q is congruent to 1 or 3 modulo 8. Let B, ..., B, be
BLT-sets of the quadric Q(4, q) with equation Q(x,y,a) = N(x) + N(y) +a* =0
with x,y € GF(q*) and a € GF(q). Let P,, P, ... , P, € {B), ..., Bi}. Then

{(x1,0,...,0;5,0,...,0; 1) : (x1, 0, 1) € Py}
U{(07x21-'- yO;OvyZv--~ »0;1)1(/‘2,)’2, 1)6 PZ}
U---U{0,0,...,x,;0,0,...,9:51): (xp, ys, 1) € Py}

is a partial BLT-set of Q(4n, q).

PROOF. The proof follows by Lemma 7.1, provided also -2 is a nonsquare in GF(q),
which is equivalent with g congruent to 1 or 3 modulo 8 , when n > 2, because this is
required when the points {x}, (y), {(z) belong to different P;, hence they are such that

fe.nNf,af (z,x) =-2. O
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Note that some BLT-sets of Q(4, ¢) have a nice representation in this model (Penttila
(12]):

Classical BLT-set: {(x;0;1) : x € GF(g?), N(x) = —1};

Fisher BLT-set: {(bx%*0;1) : x € GF(g®),N(x) = 1} U {(0;by%1) : y €
GF(g%), N (y) = 1} for b a fixed element of GF(g?) such that N (b) = —1;

Fisher-Thas-Walker BLT-set: {(ax;bx%; 1) : x € GF(q%), N(x) = 1} where g is
congruent to 2 modulo 3, a, b € GF(q) such that N(a) = —4/3 and N(b) = 1/3;

Mondello BLT-set: {(ax?;bx>;1) : x € GF(g?), N(x) = 1} where ¢ is congruent
to 1 or 9 modulo 10, a, b € GF(q) such that N(a) = —4/5and N(b) = —1/5.

It is clear that any other BLT-set of Q(4, q), once written in a suitable way in the
model of [12], might be used for an explicit construction.

Note that Q(4n, q) is embedded in Q(4n + 2, q), hence any partial BLT-set of
Q(4n, q) is also a partial BLT-set of Q(4n + 2, q).

The partial ovoid of Q* (4n + 1, q) corresponding to the partial flock and the partial
BLT-set (see [9, Section 4.2)) is the union of the ovoids of Q* (5, ¢) associated with
any of the BLT-sets, is of size ng? + 1 and consists of ng conics mutually tangent
at a common point. If P; is classical forall i = 1,2, ..., n, then the conics cover n
elliptic quadrics Q™ (3, ¢).

The preceding procedure obtained partial ovoids of Q*(4n + 1, g) from ovoids of
Q7 (5, g). A related construction is the following, which holds also when g is even.

Let V be a vector space with a quadratic form with associated nondegenerate bilinear
form f and suppose that V is an orthogonal directsum,say V= (v) L Uy L --- L U,.

THEOREM 7.3. Let O; be a partial ovoid of (v, U;} containing (v) and disjoint
from U;. Then 6 = O U ---U O, is a partial ovoid of the quadric arising from the
quadratic form.

PROOF. Let P, Q be distinct points of &. Hence P € 6, and Q € 6, forsome i, j.
[f i =, since &; is a partial ovoid, P and Q are not collinear. Suppose i # j. As
P # (v), P is not collinear with (v). Now, P* contains U;, so P* N (v, U;) = U,
ind @ ¢ U;. Hence P and Q are not collinear. 4

REMARK. Note we here are not assuming dim(U;) = dim(U;).

Let us now generalise the example of [9, Section 6].

THEOREM 7.4. Let p be a prime congruent to 1 or 3 modulo 8, and let n be a
rositive integer. There exists a partial flock of size 2pn of the cone of PG(2pn — 1, p)
vith vertex a point and basis a parabolic quadric, with the corresponding partial
3LT-set of Q(2pn, p) admitting the symmetric group of degree 2pn + 1.
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PROOF. In PG(2pn, p), fix the quadric Q = Q(2pn, p) with equation x? +
x4+ .-+ +x},, = 0, with associated form f. For all i = 0,1,...,2pn, put
Ai = (Yo, Y1,--- ,Y2pn) With y; = O and y; = 1forj # i. Hence A; € Q and
disc(Q) = 2'*%", then disc(Q) is congruent to 2'**" modulo p, which is a nonsquare
by hypothesis. Also, for any i # j we have f (A;, A;) = 2(pn — 1) = —2. This
implies that —2f (A;, A;)f (A;, An)f (As, A;) is asquare, and by Lemma 7.1 this is a
partial BLT-set. Moreover, this is contained in the hyperplane (1, 1, ..., 1)*, which
intersects Qina Q" (2pn — 1, p). O

Finally, using the software MAGMA [3], we have constructed partial BLT-sets of
size 2q + 1 of the quadric 2(6, q) for g = 5,7, 9. Can these be generalised? Is this
the maximum size for partial BLT-sets of 2(6, g)?
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