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MULTIPLE HILBERT AND HARDY-HILBERT INEQUALITIES
WITH NON-CONJUGATE PARAMETERS

ILKO BRNETIC, MARIO KRNIC AND JOSIP PECARIC

The main objective of this paper is a study of some new generalisations of Hilbert
and Hardy-Hilbert type inequalities involving non-conjugate parameters. We prove
general forms of multiple Hilbert-type inequalities, and we also introduce multiple
inequalities of Hardy-Hilbert type with non-conjugate parameters.

1. INTRODUCTION

Hilbert and Hardy-Hilbert type inequalities are very significant weighted inequali-
ties which play an important role in analysis and its applications. First, let us recall
the famous Hilbert theorem for double series. Let {am} and {&„} be two non-negative
sequences and 1/p + \/q — 1, p > 1. Then the following inequality holds

OO OO , / CO \ 1/p / CO \ l/o

m=l n=l v l c l v m=l ' Nn=l J

Although classical, inequality (1) is of interest to numerous mathematicians and has
been generalised in many different ways. Some possibilities of generalising (1) are, for
example, integral versions, various choices of kernels, extension to multi-dimensional cases
et cetera. Inequalities related to (1) are usually called Hilbert inequalities. We shall also
investigate equivalent inequalities containing only one sequence or, in the integral case,
only one function, which are usually called Hardy-Hilbert inequalities. In n-dimensional
case such inequalities contain n - 1 functions or sequences. For more details see [7].

Another way of generalising the inequality (1) is its extension to the case of non-
conjugate parameters p and q. In 1951, Bonsall investigated this problem and established
the following conditions for non-conjugate parameters (see [3]). He considered real num-
bers p and q such that p > 1, q > 1 and 1/p + \/q ^ 1. Furthermore, he defined A to be
A := 1/p' -I- \/q' where 1/p + 1/p' = 1 and l/q + 1/q' = 1. The essence of Bonsall's paper
was the apparently trivial observation that \/q' + 1/p' 4-1 — A = 1 and the application
of Holder's inequality to conjugate parameters q', p' and 1/(1 — A) (for more details see
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[3]). That technique was also applied to the extensions and analogues of Hilbert's double

series theorem due to Hardy, Littlewood, and Polya (see [7]).

In spite of its trivial appearance, Bonsall's idea was useful for investigating inequal-

ities for multiple integrals involving non-conjugate parameters. So, he obtained the fol-

lowing inequality for n = 3. Let 1/pi + l / p 2 + \/p% ^ 1 with pt > 1, 1/p* + 1/pJ — 1,

i = 1,2,3. L e t F = f fpl(x)dx,G = f gp2(y)dy and H = f hP3(z)dz. Then
Jo Jo Jo

f00 f°° f°° f(x)g(y)h(z(2) I L L i H i r i
where

(F is the gamma function). Although Bonsall established the conditions for n non-

conjugate parameters (see next section), there were no results in that direction.

The main purpose of this paper is to extension of inequality (2). We obtain some

general inequalities involving non-conjugate parameters for multiple integrals. Techniques

that will be used in the proofs are mainly based on classical real analysis, especially the

well known Holder's inequality and on Fubini's theorem.

2. MULTIPLE HILBERT AND HARDY-HILBERT INEQUALITIES WITH NON-CONJUGATE

PARAMETERS

This section is dedicated to the most general form of multiple Hilbert and Hardy-

Hilbert inequalities.

In order to obtain our general results we need some definitions. Let pit i = 1,2,. . . , n,

be real parameters which satisfy

n 1
(3) T l - ^ 1 and ^ > 1, i = l ,2, . . . fn.

i=i Pi

The parameters p / , i = 1,2,... ,n are defined by the equations

(4) 1 + 1 = 1, i = l,2,...,n.
Pi Pi

Since p< > 1, i — 1,2, . . . , n, it is obvious that pj > 1, i — 1,2,. . . , n. We define

i n i

- ^

It is easy to deduce that 0 < A ^ 1. Also, we introduce parameters qit i = 1,2,... ,n,

denned by the relation

(6) 7 = A - ^ ' < = l , 2 , . . . , n .
Hi Pi
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One easily conclude that qt > 1, i = 1,2,. . . ,n . The above conditions were also given
n

by Bonsall. It is easy to see that A = £)(I/ft) a n ^ I/ft + 1 — A = 1/p,-, i = 1,2,..., n.
n t = l

Of course, if A — 1, then J^ l /p i = 1, so the conditions (3)-(6) reduce to the case of
conjugate parameters. *~

In the proof of our main result we use Holder's inequality and also Fubini's theorem,
so all the measures should be a—finite. Further, throughout this paper, we assume that
all the functions are non-negative and not identically equal to zero. Also we suppose that
all the integrals in the paper converge, so we shall omit such types of conditions. Under
these assumptions we have our general result.

THEOREM 1 . Let n ^ 2 be an integer and Pi, p'it ft, i = 1,2, . . . , n, be the real
numbers satisfying ( 3 ) , ( 4 ) , ( 5 ) a n d ( 6 ) . IF the functions fa,, i,j = 1 , 2 , . . . , n , satisfy

n
condition JJ <j>ij{xj) — 1, then the following inequalities hold and are equivaient

(7) / • • • [ K\xu...,xn)f[fi(xi)dnl(xl)...d»n(xn)
Jn Jn f=1

TT r /• i1/Pi

^ 1 1 / (<l)iiFifi)P'(Xi)d^i(Xi)\
A .A. I I I

i=i L/n J
and

(8)

( flu vu \ /"••• I K\xu...,xn)f[fi(xi)d^(x1)...dtin-l{xn^)]P'n.dfin(xn))
[Jn^WnnFni^njJn Jn ~7 J J

" - 1 r /• 1 i/Pi
^ 1 1 / (4>iiFifi)I>'(xi)dUi(Xi)\

r=i L-'n J
where

[ r r " "I lli>
p.(T.\ — \ I . . . Kir, r 1 T T rhqi(r\rlii (T\\

Un Jn j=ijfr J
and Q, is interval in (0, oo).

P R O O F : The left-hand side of the inequality (7) can be transformed in the following

way

••• / Kx(xu.-,xn)T\fi(xi)dn\(xi)...d[in(xn)
n Jn i=7

= /"•••/" n k ( * i , . • . , ^ ^ ( x i ) n <t>«(Xj)Fi
pi-«(xi)fi

p<(i

«=i
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Now, since YK^/Q>) + 1 — A = 1, <fc > 1 and 0 < A ̂  1, applying Holder's inequality we

have

/ ••• / tfA(z1,...
Jn Jn

< f l [fji^FifirMdikixi)] ^ n [ff(<l>»Fifi)»(xi)dlH{xi)][ f ] ^ [ f ]
Since 1/$ + 1 - A = 1/pt, we obtain the inequality (7).

Let us show that the inequalities (7) and (8) are equivalent. Suppose that the

inequality (7) is valid. If we put the function /„ : fi —• R, denned by

r i r r x !pi
>-(<t>nnFn)>>n{xn) Jn Jn .=l

into the inequality (7), we obtain

n - l

^JJfaFifirixddnixi)) /(xn)
p'»/p»

where I(xn) denotes the left-hand side of the inequality (8). This gives the inequality
(8).

It remains to prove that inequality (7) is a consequence of inequality (8). Suppose
that the inequality (8) is valid. It is obvious that

f f "
/ ••• / Kx{xu...,xn)T\fi{xi)dnl(xl)...dfin(xn)
Jn Jn i=l

= [ (tnnFn)(xn)\ \ f ••• f K \ X l , . . . , X n )
Jn \.{<PnnFn){xn) Jn Jn

n - l

i=l

Applying Holder's inequality for the conjugate parameters pn and jtn we have

f ••• f K\XU . . . ,Xn) Y[fi{Xi
n Jn i = 1

P "

and the result follows from (8). That completes the proof.
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R E M A R K 1. Equality in the previous theorem is possible if and only if it holds in Holder's

inequality. This means that the functions

(xj)FiPi~9i(xi)fiPi(xi)' * = U , . . . , n

n

and Yl{<f>uFifi)Pi(xi) are proportional. Hence, we see that equality in Theorem 1 can be

achieved only if the functions fi and the kernel K are defined by

and
n

K{xi,xt, ...,!„) = C J I Fi*(xO, * = 1,2,...,n,
i=\

where C and C{ are arbitrary constants. This is possible only if the functions

are constants, and

/ F^^)^1"^^)^^) < oo, i = l,/

Jn

Otherwise, the inequalities in Theorem 1 are strict.

REMARK 2. If the parameters pi, i = 1,2, . . . , n, are chosen in such a way that

(9) 9 i > 0 , j e { l , 2 , . . . , n } , qi<O,i¥:J and A < 1

or

(10) ft < 0, t = l , 2 J . . . , n

then the reverse inequalities in (7) and (8) are valid.

Let us mention that the special case of Theorem 1, for n — 2, was proved in [6].
Also, Theorem 1 is the extension of our papers [2] and [8] to the case of non-conjugate
parameters.

3. APPLICATIONS TO HOMOGENEOUS FUNCTIONS

Our aim in this section is to apply the general results to the homogeneous function
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of degree — s, in n variables, and for some special choice of the functions <f>ij, 1 ̂  i, j ^ n.
We define (j>ij(xj) := XjX>. Further, we specialise Theorem 1 to the case of Lebesgue
measures and also put Q — (0, oo). Then, the condition

from Theorem 1, leads to

i=i i=i j=\

n

It is natural to set Yl Mj = 0, j = 1,2,..., n, so that the condition (11) is satisfied. We
n

also define at := Yl Aj i * = 1,2, . . . , ra.
i

For our homogeneous function K(x\,..., xn) = I X) x« I > w e n a v e

\i=l /

Fi{Xi) =\ ••• X f f i * J ^ ^ . . . dxi-x dxi+1 ...dxn\ q{.
[Jo Jo (22k=lXk) J /

Now, by using the substitution Uk — xjt/ii, k — 1,. . . ,n, k ̂  i, we can express ^ ( X J ) in
terms of the gamma function. More precisely, we have

r, / x (n-l-s)/qi+ai-An\ I I llj=lj^iu'j , , , ,

Uo Vo li +2^t=i,t^iu*^ J

where we used the well known formula for gamma function (see, for instance, [1, Lemma

5.1]):

/ / —~—' k-l v* = —*~h "~"

Finally, for the homogeneous function K{xi,... ,xn) = ( £x< J , Theorem 1 reduces

to

THEOREM 2 . Let n ^ 2 bean integer, letpi,p\, qit i = 1,2,...,n, bereainumbers
n

satisfying (3), (4), (5) and (6) and suppose Yl^ij = 0- Then the following inequalities

hold and are equivalent

J ^ 1 ' ' dx\... dxn

71 r roa I l/Pi
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and

/ xn \ I I TV^H rrr ax\
[Jo \Jo Jo (2sj=ixj)

^ 11 / x, /,. ^x,; oar, .

where

1 "

Aij > -l/qu i ^ j and Ait - at > (n - s -

REMARK 3. Note that the inequalities in Theorem 2 are strict (under the assumption
that the functions ft are not identically equal to zero). That follows from Remark 1.

It is interesting to consider some special cases. We can obtain some previously known
results, as special cases of our inequalities.

If we put An = (n — s)(\qi — l)/q? and A^ = (s - n)l/(qiqj), i ^ j , then the

condition 53 ̂ ij = 0 is satisfied (also £ A^ = 0), so we obtain the following result

COROLLARY 1 . Let n ^ 2 be an integer and let p i t p'{, qili = l,2,...,n, be the

real numbers satisfying (3), (4), (5) and (6). Then the following inequalities hold and are

equivalent

(14)

and

/ •••/ pMXt>sdx1...dxn<Ll[\ *<*/«
Jo Jo (l^j=i xil j=1 Uo

r fix) y n l /n'
n

^l-A^Xn-l-.) M . . . I lU-l fi\XJ dxi dXni

\Jo Jo \2-ij=i xi) J

^Ir t<*> y/pi
<Li\[Jo ^P""nl'fi'^d^\ '

where

a n d s > m a x { n - min {Pi},n— minfoi}}.

REMARK 4. In the conjugate case, when A = 1, the constant L from previous corollary
n

reduces to L = (1/T(s)) fj (̂P« + s ~ n/Pi) an<^ o n e obtains the result from [1].
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Similarly as in the previous corollary, if we put An = (Ag* — l)/(Ag?) and
Aij = — 1/, (Agify), i ^ j , i,j 6 {1 ,2 , . . . , n} we obtain direct generalisation of Bonsall's
inequality (2) from the Introduction. Furthermore, the constant K from Theorem 2
becomes

So, if

we obtain the following corollary.

COROLLARY 2 . Let n ^ 2 be an integer and iet Pi,p'j, ft, i — 1,2,..., n, be the
real numbers satisfying (3), (4), (5) and (6). Then the following inequalities hold and are
equivalent

and

/

°o r°° ]-[" f-(x-)

t r or • • • r (sSP^di- • • •̂
< = 1

where

I/Pi

REMARK 5. Clearly, for n = 3, inequality (16) becomes Bonsall's result (2).
On the other hand, if we put An = At, Aii+i = — Ai+i, Atj = 0, where \i — j \ > 1

n
and the indices are taken modulo n, then we obtain (obviously, the condition
is satisfied) our final corollary. t - 1

COROLLARY 3 . Let n ^ 2 be an integer and let pit p'it qit i = 1,2,..., n, be the
real numbers satisfying (3), (4), (5) and (6). Tien the following inequalities hold and are
equivalent

rn^Mxi) dx dx

<NU\ / Xi
{ptMln-1-')+Pi{Ai-Ai*l)ffi{xi)

I/P>
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and

where

*/0 \ / 'j—] Xj)

" - ! r roo "I I/Pi
^ AT I I I I ~. (Pi/9i)("—I"')+Pi(^t—^i + l) /P</~ \ J T

< 7 VlJ.[y0
 x« ;i v^o^.j •

1 rr ( \1/qi

for any s > n — 2 and Ai G ((n — s — l/pi_i), l/ft-i), where the indices i in At are taken
modulo n.

REMARK 6. Note that inequalities (18) and (19) are generalisations of those from [4, 5].
Let us also mention that the reverse inequalities in the results from this section are

valid if the conditions (9) or (10) are satisfied.

4. MULTIPLE HARDY-TYPE INEQUALITY

Now we present some special cases of multiple Hardy inequalities with non-conjugate
parameters. If we put

1 0, otherwise

in Theorem 1, where fi = [a, b], a < b, we obtain following result.

THEOREM 3 . Let n ^ 2 be an integer and Pi, p\, ft, i = 1,2,..., n, be the reai
n u m b e r s satisfying ( 3 ) , ( 4 ) , ( 5 ) a n d ( 6 ) . J f t h e f u n c t i o n s 4>ij, i , j = 1 , 2 , . . . , n , satisfy

n

condition J\ <j>ij{xj) — 1, then the following inequalities hold and are equivaient

- l

j = 1 L Ja \Jxi .—J-JJ^O /

"I I/Pi r pb n ~ l / fXn \ Pn/<Jn "1 1/Pn
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and

n~l r rbn /
i = 1 L^a

r rb / rb

<n / (/
I/Pi

We also obtain the dual to Theorem 3 by putting

„, s (5(^7. ) , ii,a;2,--->a;n-i ^ i n
K ( x i , x 2 , . . . , x n ) = < ., .

I 0, otherwise
in Theorem 1.

THEOREM 4 . Let n ^ 2 be an integer and Pi, pj, ĝ , i = 1,2,. . . , n, be the real

numbers satisfying ( 3 ) , ( 4 ) , ( 5 ) a n d ( 6 ) . If the functions fcj, i,j = 1 , 2 , . . . , n , satisfy
n

condition f ] ^ ( ^ j ) = 1> t f l e n t f l e following inequalities bold and are equivalent

[
I | I I I I I • • I \ 1

] 1/Pi r / - f t " - 1 / /-ft \Pn/«n "I 1/Pn

and

TT / ( / ^nW)(«n)( II / V(^)^(^))^n(xn)
i=1 LA Wa s

j=ljitiJxn J

I/Pi
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REMARK 7. It is easy to deduce that, for the kernels of Theorems 3 and 4, the inequalities

are strict (see Remark 1).

Note that Theorems 3 and 4 are extension of our paper [2], to non-conjugate case.
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