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On Analytic Functions of Bergman BMO in
the Ball
E. G. Kwon

Abstract. Let B = Bn be the open unit ball of Cn with volume measure ν, U = B1 andB be the Bloch space
on U . A2,α(B), 1 ≤ α <∞, is defined as the set of holomorphic f : B→ C for which

∫
B
| f (z)|2

(
1

|z|
log

1

1− |z|

)−α dν(z)

1− |z|
<∞

if 0 < α <∞ andA2,1(B) = H2(B), the Hardy space. Our objective of this note is to characterize, in terms of
the Bergman distance, those holomorphic f : B→ U for which the composition operator C f : B→ A2,α(B)
defined by C f (g) = g ◦ f , g ∈ B, is bounded. Our result has a corollary that characterize the set of analytic
functions of bounded mean oscillation with respect to the Bergman metric.

1 Introduction

Let B be the open unit ball of Cn and S be the boundary of B. Let ν and σ denote the
normalized (Euclidean) volume and surface measures on B and S respectively. Let U and T
stand for B and S respectively when n = 1. The Hermitian inner product and the associated
Euclidean norm in Cn are denoted by 〈z,w〉 =

∑n
j=1 z j w̄ j and |z| =

√
〈z, z〉. The Möbius

group, i.e., the group of biholomorphic self maps of B, will be denoted by M. Let ϕz, z ∈ B,
denote the self map of B defined by

ϕz(w) =
z − 〈w,z〉〈z,z〉 z −

√
1− |z|2

(
w− 〈w,z〉〈z,z〉 z

)
1− 〈w, z〉

, w ∈ B,

if z 6= 0 and ϕ0(w) = −w, w ∈ B. It is known [R] that M consists of functions of the form
Uϕz, where U denotes a unitary operator on B.

The space BMOA(B), analytic functions of bounded mean oscillation, consists of holo-
morphic f defined on B for which

sup
z∈B

lim
r→1

∫
S
| f ◦ ϕz(rζ)− f ◦ ϕz(0)|2 dσ(ζ) <∞

(see [G] and [CRW]).
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The Bloch space is denoted by B = B(U ). It consists of holomorphic f defined on U
for which

‖ f ‖B = sup
z∈U

(1− |z|2)| f ′(z)| <∞.

We define A2,α(B), 1 ≤ α <∞, as the set of holomorphic f : B→ C for which

∫
B
| f (z)|2

(
1

|z|
log

1

1− |z|

)−α dν(z)

1− |z|
<∞

if 0 < α <∞ and A2,1(B) = H2(B), the Hardy space.
Our objective of this note is to characterize, in terms of the Bergman distance, those

holomorphic f : B→ U for which the composition operator C f : B→ A2,α(B) defined by
C f (g) = g ◦ f , g ∈ B, is bounded.

We denote by % the Bergman distance in U :

%(z,w) =
1

2
log
|1− z̄w| + |w − z|

|1− z̄w| − |w − z|
, z,w ∈ U ,

and we make use of the convention %(z) = %(z, 0), z ∈ U .
Using the Bergman distance, we define some new function classes.
The Bergman Hardy class on B, %Hp(B), 0 < p <∞, is defined to consist of holomor-

phic f : B→ U for which

lim
r→1

∫
S
{%
(

f (rζ)
)
}p dσ(ζ) <∞.

The class %BMOA(B), analytic functions of bounded mean oscillation under the
Bergman metric, consists of uniformly (with respect M) %H1(B) functions, that is, it con-
sists of holomorphic f : B→ U for which

sup
z∈B

lim
r→1

∫
S
%
(

f ◦ ϕz(rζ), f (z)
)

dσ(ζ) <∞.

The class %A1,α(B), 1 ≤ α <∞, consists of holomorphic f : B→ U for which

∫
B
%
(

f (z)
)( 1

|z|
log

1

1− |z|

)−α dν(z)

1− |z|
<∞

if 0 < α <∞ and %A1,1(B) = %H1(B).
The classes %Hp(U ) and %BMOA(U ), when n = 1, were defined and studied by S. Ya-

mashita (see [Y1] and [Y2]). The class %A1,α(U ) was studied in connection with %Hp(U )
(see [K2]).
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Our results in this note are as follows.

Theorem Let f : B → U be holomorphic and 1 ≤ α < ∞. Then the following are equiva-
lent.

(1) g ◦ f ∈ A2,α(B) for all g ∈ B.
(2) f ∈ %A1,α(B).

Corollary Let f : B→ U be holomorphic. Then

g ◦ f ∈ BMOA(B) for all g ∈ B ⇐⇒ f ∈ %BMOA(B).

Without proof and without using the terminology of %BMOA(B), the Corollary actually
appeared in [RU, p. 22]. See [K1] for the same vein.

2 Lemmas

∇, ∆ and ∆̃ denote respectively the complex gradient, Laplacian and M-invariant Lapla-
cian of B [R].

For notational convenience, we let dτ (z) = dν(z)/(1− |z|2)n+1 and

dµα(z) = c(α)(1− |z|)−1

(
1

|z|
log

1

1− |z|

)−α
dν(z),

where c(α) is a constant determined to satisfy
∫

B dµα(z) = 1.

Lemma 1 ([P, Lemma 2.5]) If f ∈ C2(B), 0 < r < 1 and 0 < ε < 1, then

d

dr

∫
S

f (rζ) dσ(ζ) =
1

2n

(1− r2)n−1

r2n−1

∫
rB

(∆̃ f ) dτ

and

f (0) =

∫
S

f (εζ) dσ(ζ)−

∫
εB
∆̃ f (z)G(|z|, ε) dτ (z),(2.1)

where

G(t, ε) =
1

2n

∫ ε
t

(1− r2)n−1

r2n−1
dr.

Lemma 2 Let f be a positive function of C2(B) with∆ f ≥ 0 and ∆̃ f ≥ 0. If the radial limit
function of f , which is also denoted by f , is in L1(S, dσ), then

∫
B

G(z)∆̃ f (z) dτ (z) =

∫
S

f (ζ) dσ(ζ)− f (0),(2.2)

where

G(z) =
1

2n

∫ 1

|z|

(1− r2)n−1

r2n−1
dr.

https://doi.org/10.4153/CMB-1999-011-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1999-011-3


100 E. G. Kwon

If 1 < α <∞ and if f ∈ L1(B, dµα), then∫
B
G(z)∆̃ f (z) dτ (z) =

∫
B

f (z) dµα(z)− f (0),(2.3)

where

G(z) = c(α)

∫ 1

|z|

∫ 1

r
(1− ε)−1

(1

ε
log

1

1− ε

)−α
(1− r)n−1

(ε
r

)2n−1
dε dr.

Proof Apply (2.1) and let ε → 1. Then the positivity of f and ∆̃ f with the increasing
property of

∫
S f (εζ) dσ(ζ) (because ∆ f ≥ 0) and that of G(|z|, ε) makes the monotone

convergence theorem legitimate, whence follows (2.2).
To see (2.3), integrate both sides of (2.1) with respect to

2nc(α)ε2n−1(1− ε)−1
(1

r
log

1

1− r

)−α
dε

over (0, 1) then the result becomes

f (0) =

∫
B

f (z) dµα(z)−

∫
B
G(z)∆̃ f (z) dτ (z).

Lemma 3 Let f : B → U be holomorphic and let λ(z) = − log(1− |z|2), z ∈ B. Let g ∈ B

and let F = g ◦ f . Then

∆̃|F|2(z) ≤ ‖g‖2
B ∆̃(λ ◦ f )(z), z ∈ B.(2.4)

Proof Since
∇(F ◦ ϕz)(0) = g ′ ◦ f (z)∇( f ◦ ϕz)(0),

we have

|∇(F ◦ ϕz)(0)| ≤ ‖g‖B
|∇( f ◦ ϕz)(0)|

1− | f (z)|2
.(2.5)

It is easy to see that

∆(λ ◦ f ) = 4
|∇ f |2

(1− | f |2)2
,

so that

∆̃(λ ◦ f )(z) = ∆(λ ◦ f ◦ ϕz)(0) = 4
|∇( f ◦ ϕz)(0)|2(

1− | f (z)|2
)2 .(2.6)

Noting that
∆̃|F|2(z) = 4|∇(F ◦ ϕz)(0)|2,

(2.4) now follows from (2.5) and (2.6).

Lemma 4 ([RU, Proposition 5.4]) There exist Bloch functions g j , j = 1, 2, such that

2∑
j=1

|g ′j (z)| ≥
1

1− |z|2

for all z ∈ U.
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3 Proof of the results

Proof of Theorem Note first that

λ ◦ f ≤ 2%( f ) ≤ 2 log 2 + λ ◦ f(3.1)

for f : B→ U holomorphic, so that

∫
S
(λ ◦ f )(ζ) dσ(ζ) <∞ ⇐⇒

∫
S
%
(

f (ζ)
)

dσ(ζ) <∞.

Suppose f ∈ %A1,α(B). Let g ∈ B and F = g ◦ f . Then |F|2 and λ ◦ f are plurisubhar-
monic (see [R, 7.2]), so that∆|F|2 ≥ 0,∆(λ ◦ f ) ≥ 0, ∆̃|F|2 ≥ and ∆̃(λ ◦ f ) ≥ 0. Hence
we have

∫
B
|F(ζ)|2 dµα(z)− |F(0)|2 ≤ ‖g‖2

B

{∫
B
(λ ◦ f )(z) dµα(z)− (λ ◦ f )(0)

}
(3.2)

if 1 < α <∞. In fact,

∫
B
G(z)∆̃|F|2(z) dτ (z)(3.3)

is bounded, by (2.4), by

‖g‖2
B

∫
B
G(z)∆̃(λ ◦ f )(z) dτ (z),

which is, by (2.3), equal to the right side of (3.2), whence (3.3) is finite and, by (2.3) again,
equal to the left side of (3.2).

When α = 1, the above process, using (2.2) instead of (2.3) and G(z) in place of G(z),
gives

∫
S
|g ◦ f (ζ)|2 dσ(ζ)− |g ◦ f (0)|2 ≤ ‖g‖2

B

{∫
S
(λ ◦ f )(ζ) dσ(ζ)− (λ ◦ f )(0)

}
.(3.4)

By (3.2), (3.4) with (3.1), g ◦ f ∈ A2,α(B).
Conversely, suppose that g ◦ f ∈ A2,α(B) for all g ∈ B. Then by Lemma 4, there are

g j ∈ B, j = 1, 2, such that

2∑
j=1

|∇(g j ◦ f ◦ ϕz)(0)| ≥
|∇( f ◦ ϕz)(0)|

1− | f (z)|2
,

so that
2∑

j=1

∆̃|g ◦ f |2(z) ≥ ∆̃(λ ◦ f )(z), z ∈ B,
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whence we have, using Lemma 2 with the same argument that we just applied in proving
(3.2) and (3.4),

2∑
j=1

(∫
B
|g j ◦ f (z)|2 dµα(z)− |g j ◦ f (0)|2

)
≥

∫
B
(λ ◦ f )(z) dµα(z)− (λ ◦ f )(0)(3.5)

if 1 < α <∞ or

2∑
j=1

(∫
S
|g j ◦ f (ζ)|2 dσ(ζ)− |g j ◦ f (0)|2

)
≥

∫
S
(λ ◦ f )(ζ) dσ(ζ)− (λ ◦ f )(0)(3.6)

if α = 1. By (3.5), (3.6) with (3.1), f ∈ %A1,α(B) in any case.

Proof of the Corollary Let f : B → U be holomorphic. Since the function
log |1− f̄ (z) f ◦ ϕz(w)|2, w ∈ B, is harmonic,

∫
S

log |1− f̄ (z) f ◦ ϕz(rζ)|2 dσ(ζ) = log
(
1− | f (z)|2

)2
,

whence

∫
S
λ

(
f (z)− f ◦ ϕz(rζ)

1− f̄ (z) f ◦ ϕz(rζ)

)
dσ(ζ) =

∫
S

log
1

1− | f (z)− f◦ϕz(rζ)
1− f̄ (z) f◦ϕz(rζ)

|2
dσ(ζ)

=

∫
S

log
|1− f̄ (z) f ◦ ϕz(rζ)|2(

1− | f (z)|2
)(

1− | f ◦ ϕz(rζ)|2
) dσ(ζ)

=

∫
S

log
1− | f (z)|2

1− | f ◦ ϕz(rζ)|2
dσ(ζ)

=

∫
S
(λ ◦ f ◦ ϕz)(rζ) dσ(ζ)− (λ ◦ f )(z), 0 < r < 1.

(3.7)

By the monotone convergence theorem, the last quantity of (3.7) tends to the right side
quantity of (3.6) with f ◦ ϕz in place of f as r → 1.

On the other hand, the Möbius invariance of % (see [G]) says

%
(

f ◦ ϕz(rζ), f (z)
)
= %

(
f (z)− f ◦ ϕz(rζ)

1− f̄ (z) f ◦ ϕz(rζ)

)
.(3.8)

Now, by taking the supremum for all z ∈ B on both sides of (3.4) and (3.6) after replac-
ing f there by f ◦ ϕz, the result follows by use of (3.1), (3.7) and (3.8).
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