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On Some Topological Properties
of Fourier Transforms of Regular
Holonomic D-Modules

Yohei Ito and Kiyoshi Takeuchi

Abstract. We study Fourier transforms of regular holonomic D-modules. In particular, we show that
their solution complexes are monodromic. An application to direct images of some irregular holo-
nomic D-modules will be given. Moreover, we give a new proof of the classical theorem of Brylinski
and improve it by showing its converse.

1 Introduction

First, we recall Fourier transforms of algebraic D-modules. Let X = CY be a complex
vector space and let Y = CX be its dual. We regard them as algebraic varieties and use
the notations Dy and Dy for the rings of “algebraic” differential operators on them.
Denote by Modcon(Dx) (resp. Modhol(Dx)) the category of coherent (resp. holo-
nomic) Dx-modules. Let Wy := C[z,9,] ~ I['(X;Dx) and Wy = C[w,0,] =
[(Y;Dy) be the Weyl algebras over X and Y, respectively. Then by the ring iso-
morphism
WN L) Wl\j (Z,' > —BW,., 8z,. > W,')

we can endow a left Wy-module M with a structure of aleft W}-module. We call it the
Fourier transform of M and denote it by M”. For a ring R we denote by Mod s (R) the
category of finitely generated R-modules. Recall that for the affine algebraic varieties
X and Y, we have the equivalences of categories

Modcon(Dx) = Mod¢(I'(X; Dx)) = Mod(Wy),
Modeon(Dy) = Mods(T(Y;Dy)) = Mod s (Wy)
(see e.g., [HTTO8, Propositions 1.4.4 and 1.4.13]). For a coherent Dyx-module
M € Modoh(Dx), we can thus define its Fourier transform M” € Modcoh(Dy).
It follows that we obtain an equivalence of categories
(' )AI MOdhOl(Dx) ;> MOdhOl(ﬂy)

between the categories of holonomic D-modules. However, the Fourier transform
M" of a regular holonomic D x-module M is not necessarily regular. For the regu-
larity of M, we need some strong condition on M. Recall that a constructible sheaf
F e DL . (Cx) on X = CN is called monodromic if its cohomology sheaves are locally
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constant on each C*-orbit in X = CV. Note that this condition was introduced by
Verdier [Ver83]. Then the following beautiful theorem is due to Brylinski [Bry86].

Theorem 1.1 (Brylinski [Bry86]) Let M be an algebraic regular holonomic D-module
on X = CN. Assume that its solution complex Solx (M) is monodromic. Then its Fourier
transform M" is regular, and Soly (M") is monodromic.

Recently in [IT18], the authors studied the Fourier transforms of general regular
holonomic D-modules very precisely by using the Riemann-Hilbert correspondence
for irregular holonomic D-modules established by D’Agnolo and Kashiwara [DK16]
and the Fourier-Sato transforms for enhanced ind-sheaves developed by Kashiwara
and Schapira [KS16a]. In this process we found a new proof of Theorem 1.1 (see the
proof of Theorem 3.2). Recall that Brylinski proved it by reducing the problem to the
case N = 1 and using some deep results on nearby cycle D-modules. Our new proof
is purely geometric and relies on the Riemann-Hilbert correspondence of D’Agnolo
and Kashiwara [DK16]. See the proof of Theorem 3.2 for the details. In our study
of Fourier transforms of regular holonomic D-modules, we also found that for a
regular holonomic D x-module M, the enhanced solution complex Sol}, (M*) of its
Fourier transform M" satisfies a special condition. More precisely, for a R, -conic
sheaf G € D (Cy,r) on Y x R ~ R?N*! we found an isomorphism

SolE(M) = CE & G,

where we regard G as an ind-sheaf on the bordered space Y x R, by the natural
embedding

D®(Cyxr) “—— DP(ICy.r.);

see Corollary 3.6. From this, we obtain the following result.

Theorem 1.2 Let M be an algebraic regular holonomic D-module on X = CN. Then
Soly (M") is monodromic.

It seems that this result is already implicit in the main theorem of Daia [Dai00]. In-
deed, for regular holonomic M € Mod,, (D), it implies that Soly (M") is R, -conic.
Note that the recent result in [DHMS17, Lemma 6.1.3] of D’Agnolo, Hien, Morando,
and Sabbah also implies also the same property of Soly(M") (see also [DHMS17,
Lemma 1.5.2]). For a general theory of conic ind-sheaves, see [Prell]. The mon-
odromicity of Soly (M") in Theorem 1.2 follows from its C-constructibility and the
R, -conicness (see Lemma 2.1). In this paper, we prove Theorem 1.2 by using the the-
ory of enhanced ind-sheaves and our results in [IT18]. In this way, we can also improve
Brylinski’s Theorem 1.1 as follows.

Corollary 1.3  Let M be an algebraic regular holonomic D-module on X = CN. Then
M" is regular if and only if Ml is monodromic.

Namely, we prove the converse of Brylinski’s theorem. Moreover, as a simple appli-
cation of Theorem 1.2, we obtain the following result, which may be of independent
interest.
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Theorem 1.4 Letp: X = CN - Z = CN™! be a surjective linear map of codimension
one and let M be an algebraic regular holonomic D-module on X = CN. For the dual
L~CN"ofZleti: L — Y = CN be the injective linear map induced by p. Then for
any point a € Y\i(L) the direct image

Dp. (M ® Oxe ®9) e D® (D)

is concentrated in degree 0.

Recently, many mathematicians studied direct images of irregular holonomic
D-modules and obtained precise results. See, for example, Heizinger [Heil5], Hien-
Roucairol [HRO08], and Roucairol [Rou06, Rou07]. Note also that in the case N = 1,
Fourier transforms of general holonomic ‘D-modules were precisely studied by many
authors such as Bloch-Esnault [BE04], D’Agnolo-Kashiwara [DK17], Mochizuki
[Mocl0, Moc18], and Sabbah [Sab08] to name a few.

2 Preliminary Notions and Results

In this section, we briefly recall some basic notions and results that will be used in
this paper. We assume here that the reader is familiar with the theory of sheaves and
functors in the framework of derived categories, for which we follow the terminol-
ogy in [KS90]. For a topological space M denote by D®(C) the derived category
consisting of bounded complexes of sheaves of C-vector spaces on it. The following
lemma will be used in the proofs of Theorems 3.2 and 3.9.

Lemma 2.1 Assume that a C-constructible sheaf G € D%_C (Cev) on CN is R, -conic.
Then it is monodromic.

Proof Byrestrictions, we can assume that N = 1. By the C-constructibility of G, there
exists a finite subset {Py, P5, ..., Py} c C of C ~ R? such that (Hj9)|(c\{pl’pz ,,,,, Py is
a local system for any j € Z. For1 < i < k such that P; #+ 0let ¢; = R, P; ~ R, be
the real half line in C ~ R? passing through the point P;. Then by our assumption,
(H’9)le, is a constant sheaf for any j € Z. This implies that for the function #;: C - C,
h;(x) = x — P; such that h;'(0) = {P;} c C, we have ¢,,(G) ~ 0, where

¢1,: DE_(Cc) — DE_(Cyo))

is Deligne’s vanishing cycle functor. From now on, we use an argument in Sabbah
[Sab06, §8]. Let

p¢hi = ¢hi [_1]: D%—C(CC) - D%—c((chi_l(O))

be the perverse (or shifted) vanishing cycle functor. Recall that it preserves the per-
versity. For j € Z, let PH/(G) € Perv(C) be the j-th perverse cohomology sheaf
of §. Then ?¢,,(PH/(G)) is concentrated in degree 0 for any j € Z. Hence, there
exists an isomorphism H/(?¢;, (§)) ~ H°(P ¢y, (PH/(G))) for any j € Z. We thus
obtain ?¢y, (PH/(G)) ~ 0 forany 1 < i < k and j € Z. This shows that the perverse
sheaves P H/(G)’s are smooth on C*; i.e., H' (P H/(G))|c~ is a local system on C* for
any j, I € Z. Then the assertion immediately follows. u
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2.1 Ind-sheaves

We recall some basic notions and results on ind-sheaves. References are made to
Kashiwara-Schapira [KS01] and [KS06]. Let M be a good topological space (which is
locally compact, Hausdorft, countable at infinity, and has finite soft dimension). We
denote by Mod(Cj,) the abelian category of sheaves of C-vector spaces on it and by
ICj, that of ind-sheaves. Then there exists a natural exact embedding ¢5r: Mod(Cjy)
— ICy of categories. We sometimes omit it. It has an exact left adjoint a that has
in turn an exact fully faithful left adjoint functor 35

M
MOd(CM) <—aMm
Bm

ICy.

The category ICy does not have enough injectives. Nevertheless, we can construct
the derived category D®(IC ) for ind-sheaves and the six Grothendieck operations
among them. We denote by ® and RJhom the operations of tensor products and inter-
nal homs, respectively. If f: M — N is a continuous map, we denote by f~,Rf,, f',
and R fy, the operations of inverse images, direct images, proper inverse images, and
proper direct images, respectively. We set also RHom := ay o RJhom. Note that
(f"L,Rf,) and (Rfy, f') are pairs of adjoint functors.

2.2 Ind-sheaves on Bordered Spaces

For the results in this subsection, we refer the reader to D’Agnolo-Kashiwara [DK16].
A bordered space is a pair Mo, = (M, M) of a good topological space M and an open
subset M ¢ M. Amorphism f: (M, M) — (N, N) of bordered spaces is a continuous
map f: M — N such that the first projection M x N - M is proper on the closure T ¥
of the graph I's of f in M x N. The category of good topological spaces embeds into
that of bordered spaces by the identification M = (M, M). We define the triangulated
category of ind-sheaves on Mo, = (M, M) by
D®(ICyy,. ) == D°(IC ) /DP(IC 3y )-
Let
q: D*(IC;;) — D*(ICy_)
be the quotient functor. For a morphism f: Mo, — N of bordered spaces, we have

the Grothendieck operations,

®: DP(IC,. ) x D’(IC,.. ) — DP(IC,.),
RJhom: D®(ICy_ )P x DP(IC,.. ) — DP(IC,.),
Rf.: D’(ICy,.) — D°(ICy.),
fDP(ICy.) — D°(ICy.),
Rfy: D°(IC,. ) — D°(ICy.),
°(

f:D°(ICy.) — D°(ICy..)

https://doi.org/10.4153/50008439519000559 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439519000559

458 Y. Ito and K. Takeuchi
(see [DK16, Definitions 3.3.1 and 3.3.4]). Moreover, there exists a natural embedding

DP(Cy) & DP(IC,.).

2.3 Enhanced Sheaves

For the results in this subsection, see Tamarkin [Tam08], Kashiwara-Schapira
[KS16a], and D’Agnolo-Kashiwara [DK17]. Let M be a good topological space. We
consider the maps

M xR 22228 pr R 25 M,

where py, p, are the first and the second projections, and we set m(x,t) := x and
u(x,t,t2) == (x,f + t2). Then the convolution functors for sheaves on M x R are
defined by

+

Fi® F, = Ruy(py'Fr ® p;'Fa),

RHom* (Fy, F,) := Rp1. RHom(p; Fi, u'Ey).
We define the triangulated category of enhanced sheaves on M by
E"(Cy) = D’(Cppxr) /7 'D°(Cy).

Let

Q: D"(Caruz) — E°(Cxr)
be the quotient functor. The convolution functors are also defined for enhanced

+

sheaves. We denote them by the same symbols ® RHom*. For a continuous map
f: M — N, we can define naturally the operations Ef !, Ef,, Ef', Ef; for enhanced
sheaves. We also have a natural embedding e: D®(Cy;) — E®(Cyy), defined by

e(F) = Q(Cyppy ® 7I_1F).

For a continuous function ¢: U — R defined on an open subset U ¢ M of M, we
define the exponential enhanced sheaf by

EZ‘M = Q(C{H(sz})’
where {t + ¢ > 0} stands for {(x,t) e M xR | x € U, t+ ¢(x) > 0}.

2.4 Enhanced Ind-sheaves

We recall some basic notions and results on enhanced ind-sheaves. References are
made to D’Agnolo-Kashiwara [DK16] and Kashiwara—-Schapira [KS16b]. Let M be a
good topological space. Set R, := (R, R) for R := Ru{-00, +co},and let ¢ € R be the
affine coordinate. Then we define the triangulated category of enhanced ind-sheaves
on M by

E°(ICy) := D°(IC . ) /n ' DP(IC ),

where m: M x Ro, = M is a morphism of bordered spaces induced by the first pro-
jection M x R - M. The quotient functor

Q: D*(IC e ) — E*(ICy)
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has fully faithful left and right adjoints LE, RE defined by

+
LE(QK) = (Cir20y ® Cicoy) ® K,
RE(QK) = th0m+(C{t20} &) (C{tso}’K)>
where {t > 0} stands for {(x,t) e M xR | t € R,t > 0} and {t < 0} is defined
similarly.
We consider the maps

Pr:pasp
MxRiQ;MxRoo,

where p; and p, are morphisms of bordered spaces induced by the projections.
And p is a morphism of bordered spaces induced by the map M x R? 5 (x, t,t;) ~
(x,t; + t;) € M x R. Then the convolution functors for ind-sheaves on M x R, are
defined by

ha -1 -1
FL® F :=Run(py Fi® p; F),
RIhom* (Fy, Fy) := Rp;. RIhom(py' Fy, u'Ey).

The convolution functors are also defined for enhanced ind-sheaves. We denote them
by the same symbols, & and RIhom* . For a continuous map f: M — N, we can define
also the operations Ef ', Ef,, Ef', Efy, for enhanced ind-sheaves. For example, by the
natural morphism f: M x Re, = N x Ro, of bordered spaces associated to f, we set
Ef.(QK) = Q(R:f; (K )) . The other operations are defined similarly. We thus obtain

the six operations é, RIhom™, Ef’l, Ef., Ef!, Ef, for enhanced ind-sheaves. Set
CE, = Q(“ lim 7 (C{tza}) € E’(IC ).

a—+o0o

Then we have natural embeddings e, e: D (IC,) — E°(IC,) defined by
£(F) = Q(Ciz0y ® 7 'F)
e(F)=Cs @n'F~CY ® e(F).
For a continuous function ¢: U — R defined on an open subset U ¢ M of M we
define the exponential enhanced ind-sheaf by

+ +
IE&M =Ch e EEIM =Cy® QCy1p20y>

where {t + ¢ > 0} stands for {(x,t) e M xR | teR,x e U, t + ¢(x) > 0}.
2.5 D-Modules

In this subsection we recall some basic notions and results on D-modules. Refer-
ences are made to [HT'T08], [KSO0L, §7], [DKI16, §8, 9], and [KS16b, §3, 4, 7]. For a
complex manifold X we denote by dx its complex dimension. Denote by Ox and
D the sheaves of holomorphic functions and holomorphic differential operators on
X, respectively. Let D(Dyx) be the bounded derived category of left Dx-modules.
Moreover, we denote by D2, (Dx), D}, (Dx), and DY, (Dx) the full triangulated
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subcategories of D?(Dy) consisting of objects with coherent, holonomic and regu-
lar holonomic cohomologies, respectively. For a morphism f: X — Y of complex
manifolds, denote by

‘g, Rj‘meDx’ Df*) Df*’ ]D)X: ch)oh(SDX)op _N)ch)oh(SDX)
the standard operations for D-modules. The classical solution functor is defined by
Solx: D2, (Dx)° — D°(Cy), M — RHomxp, (M, Ox).

One defines the ind-sheaf OY of tempered holomorphic functions as the Dolbeault
complex with coeflicients in the ind-sheaf of tempered distributions. More precisely,
denoting by X¢ the complex conjugate manifold to X and by X the underlying real
analytic manifold of X, we set

0% = RIhomyp . (Oxe, Db, ),

where ZDbE( is the ind-sheaf of tempered distributions on Xp (for the definition, see
[KSo1, Deﬁnltlon 7.2.5]). Then the tempered solution functor is defined by

Sol: D2, (Dx)® — D°(ICx), M +—> RIhomqp, (M, 0O%).
Note that we have isomorphisms
Solx (M) =~ ax Sol (M).

Let i: X x Ree = X x [P be the natural morphism of bordered spaces and 7 €
C c P the affine coordinate such that 7| is that of R. We then define an object
Of e E°(IDx) by

Of = Rthomerc(Oxc,Db)T(R) & i!RﬂhomrDH],(E@P, O%p)[2]

where Db)T(R stands for the enhanced ind-sheaf of tempered distributions on Xp (for
the definition see [DK16, Definition 8.1.1]). We call O% the enhanced ind-sheaf of
tempered holomorphic functions. Note that there exists an isomorphism

i\ REOE ~ 0,

where iy: X > X xR is the inclusion map of bordered spaces induced by x — (x,0).
The enhanced solution functor is defined by

Soly: D2, (Dx)° — E*(ICx), M —> RIhomq (M, O%).
Then for M € D° , (Dx), we have an isomorphism
Sol', (M) =~ it RE Sol (M).

Finally, we recall the following theorem of [DK16].

Theorem 2.2 ([DK16, Theorem 9.5.3 (Irregular Riemann-Hilbert Correspondence)])
The enhanced solution functor induces a fully faithful one:

Sol§: DP (D) — E*(ICy).
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3 Fourier Transforms of Regular Holonomic D-modules
In this section, we inherit the situation and the notations in Section 1. Let
xL xxy Ly

be the projections. Then by Katz-Laumon [KL85], for an algebraic holonomic
D x-module M € Mody,,1(Dx ), we have an isomorphism

M” =~ Dq*(Dp*M g Oxxy€_<z’w)),

where Dp*,Dgq., 5 are the operations for algebraic D-modules and Oy ye~¢*" is the
integral connection of rank one on X x Y associated with the canonical paring {, ) : X x
Y — C. In particular, the right-hand side is concentrated in degree zero. Let X ~ PN
(resp. Y ~ PPN) be the projective compactification of X (resp. Y). By the inclusion
map ix: X = CN — X = PV, we extend a holonomic D x-module M € Mody,(Dx)
on X to the one M := ix, M = Dix,M on X. Denote by X" the underlying complex
manifold of X and define the analytification M 2" € Modpo1 (Dxan) of M by M 2 :=
Ox» ®o4 M. Then we set

E /37 . E N an b
SolZ(M) := Solgan (M *") € E>(IC5).
Similarly, for the Fourier transform M" € Mody,o(Dy ), by the inclusion map iy: Y =
CN < Y = PV, we define Sol%(MA) € E°(ICgw). Let
Xan (p_ Xan y ?an i) ?an
be the projections. Then the following theorem is essentially due to Kashiwara—

Schapira [KS16a] and D’Agnolo-Kashiwara [DK17]. For F ¢ Eb(I(CXan) we set

L. p= —-1, = —Re(z,w) b
F:= Eq*(Ep F ®EX><Y|§X?[N:|) cE (I(C?m)

(here we denote X" x Y*" etc. by X x Y etc. for short) and call it the Fourier-Sato
(Fourier-Laplace) transform of F.

Theorem 3.1  For M € Modno(Dx), there exists an isomorphism
SolE(MA) = - Sol= (V).

From now on, we focus our attention on Fourier transforms of regular holonomic
Dx-modules. For such a Dx-module M, by [HTT08, Theorem 71.1] we have an
isomorphism SOIY(JV[) ~ iy Solx(M), where the right-hand side ix Solx(M) «
Db((C?n) is the extension by zero of the classical solution complex of M to X"
Moreover, by [DK16, Proposition 9.1.3 and Corollary 9.4.9], there exists an isomor-
phism

SOlE (W) = CEun @ £(ix: Solx (M)).
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For an enhanced sheaf F € E°(Cxw) on X" we define its Fourier-Sato (Fourier—
Laplace) transform “F € E>(C ) by

Lp. p— —1,, + ~—Re(z,w) b
F = Eq*(Ep F®EX><Y\§><7|:N]) cE ((CY )

Since we have
+ +
L(C%an ® ( . )) ~ CE?an ® L( . ),
for the calculation of SOIEY(W), it suffices to calculate the Fourier-Sato transform of

the enhanced sheaf &(ix) Soly(M)) € E*(Cxw) on X" The following theorem is due
to Brylinski [Bry86]. Here we give a new geometric proof for it.

Theorem 3.2  Let M be an algebraic regular holonomic D-module on X = CN. As-
sume that Solx (M) is monodromic. Then M" is also a regular holonomic D y-module
and Soly (M") is monodromic.

Proof By the above argument we have isomorphisms
SOlE (M) = S0l ()
~ L(C%an ® e(ix: SOIX(M)))
2 Can ® L(S(iX! SOlX(M)))

~ (CE?an é S(iyg Sle(M)A) >

where (- )" stands for the Fourier-Sato transform for R, -conic sheaves (see [KS90])
and in the last isomorphism, we applied [KS16a, Theorem 5.7] to the R, -conic sheaf
Solx(M). Note that Solx(M)" is not only R, -conic but also C-constructible by
[KS90, Proposition 10.3.18]. Hence, it is monodromic by Lemma 2.1. Moreover, by ap-

plying the functor iyR(-) to the isomorphism Soli-(M") ~ (CEYanés(i y1 Solx (M)*)
we obtain an isomorphism
5017(5/\[7\) s iyg Sle(M)A.

This imglies that iy; Solx (M) is an (algebraic) constructible sheaf on the algebraic
variety Y. By [HTTO08, Corollary 7.2.4], we can take a regular holonomic D-module
N € Mod,;(Dy) on Y such that Soly(N) =~ iy, Solx(M)". Then we have isomor-
phisms

— +
Sol(M?) = Cun @ £(iy1 Solx (M)")
+
= C%an ® s(Soly(N))
= Sol(N).
By Theorem 2.2, we thus obtain an isomorphism

(MM =N ¢ Modp, (Dyen

of analytic D-modules on Y"". 'Then the assertion follows from Lemma 3.3 of
Brylinski [Bry86, Théoreme 7.1] below. |
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Lemma 3.3 (Brylinski [Bry86, Théoreme 7.1]) Let Z be a smooth projective variety.
Then the analytification functor

b b
(-)": Dip(Dz) — Dy (Dzmn)
is an equivalence of categories.

Proof This resultis due to Brylinski [Bry86, Théoréme 71]. We shall give a new proof
to it. Let D&__(Cz) (resp. D&__(Czw)) be the derived category of C-constructible
sheaves on the algebraic variety Z (resp. the complex manifold Z*"). Then we have a
commutative diagram of functors

D?h(DZ) — D%—c((CZ)
o] l
D, (D) — > DB (Czo),

where the horizontal arrows are the Riemann-Hilbert correspondences of algebraic
and analytic D-modules respectively (see e.g., [HTT08, Theorem 7.2.2]). By Chow’s
theorem, the right vertical arrow

b b
De_(Cz) — De_o(Czn)
is also an equivalence of categories. Then the assertion immediately follows. ]
Fors e Ry, let
mg:Y=CN-SY7=CV, wr—sw

be the multiplication by s. We shall use also the morphism £: ¥ x R, = Y xR, on
the bordered space Y x R, induced by the diagonal action

£ Y xR Y xR, (w,t)—> (sw,st).

Let f: XxY xR > X, g: XxY xR — Y x R be the projections. Then the following
lemma was obtained in (the proof) of Ito-Takeuchi [IT18, Theorem 4.4].

Lemma 3.4 LetF € D®(Cyx). Then we have an isomorphism
"(e(ixT)) = Q(iviRg (Ci-refzmyz0y ® fF)[N])
of enhanced sheaves.
For F ¢ D*(Cy), let us set
L(F) = R@I(Cre(ews03 ® f'F) [N] € D*(Cyz).
Lemma 3.5 LetF € D°(Cx). Then for any s € R,, we have an isomorphism

N L(F)) =~ L(F) in D*(Cyxr). In other words, L(F) is a R,-conic sheaf on
Y xR ~ R2N+l.
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Proof Consider the Cartesian diagram

XxYxR idxxts XxYxR
gl lg
Y xR Y xR.

Then we have isomorphisms

1 (L(F)) = € RG(Crore(emyso ® fF)[N]
~ Rgy(idx x €)™ (Cpire(e,mz0y ® [~ F)[N]
= Rg!((c{t—Re(z,w)zO} ® f_lgj) [N] ~ L(?),

where in the third isomorphism we used
st —Re{z,sw) >0 <= t-Re{z,w)20

and f o (idy x &) = f. n

From now on, we consider the special case where F = Solx (M) € D®(Cy) for
Me MOdrh(Dx).

Corollary 3.6  Let M € Mod,,(Dx) be an algebraic regular holonomic D x-module
on X. Then there exists an R, -conic sheaf G € D®(Cy.r) on Y x R ~ R¥N*! sych that

Sol% (M") = CE & Q(9).
Proof By Lemma 3.4 we have isomorphisms
SolE(M7) = CE @ “e(ix Solx (M)
~ CE ® Q(iyiL(Solx(M))).
Then by the restriction to Y ¢ Y and Lemma 3.5, we obtain the assertion. ]

Proposition 3.7 Let M € Mod,, (Dx) be an algebraic regular holonomic D x-module
on X. Then for any s € R, we have an isomorphism

£'LE Soly (M) = LE Soly (M").
Proof There exist isomorphisms

L® SolE (M*) = LE(CE @ Q(iv,L(Solx (M))))
= (C{t>>0} é ;;L(Solx(m)) .
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We extend £, to Y x R naturally and denote it by the same symbol. Then by Lemma 3.5
for s € R, we have isomorphisms

€L SolE (W) = £,(C oy ® i1 L(Solx (M)))
= Cimoy ® & (i1 L(Solx (M)
= C g0y ® iviL(Solx (M)
~LE Sol%(?\?ﬁ).

We obtain the assertion by the restriction to Y c Y. ]

Proposition 3.8  Let M be an algebraic regular holonomic D-module on X = CN.
Then for any s € R, we have an isomorphism

ms_l SOly(M/\) o SOly(MA).
Proof By (the proof) of Ito-Takeuchi [IT18, Lemma 3.13], there exist isomorphisms
Soly (M") =~ ayigR¥(Soly (M"))
~ ocyRﬂ*Rthom((C{tzo} 52 (C{tgo}, LE SOII;}(MA)) .

Consider the commutative diagram

YxR, — > Y
Y x Ry Y.

It is easy to see that it is Cartesian. Then by Proposition 3.7, we have isomorphisms
m;" Soly (M") = m" ay R, RIhom(Cy 501 ® Cyicoy, LF Soly (M)
ay m R, RIhom(C (1503 ® Cyrco1, LF Soly (M™))
ay R, £RIhom(C 501 ® Cucop, L Soly (M™))
~ ayRm,RIhom(€;" (Cy 1501 ® Circoy ), i1 Soly(M"))
~ ayRm, RIhom(C 150, ® Cr<0y, L Soly (M*))
=~ Soly (M"),
where in the fifth isomorphism we used £} ~ £;! (see [DK16, Corollary 3.3.11]). [

12

12

2

2

Theorem 3.9  Let M be an algebraic regular holonomic D-module on X = CN. Then
Soly (M") is monodromic.

Proof Since the Fourier transform M” of M is also holonomic, Soly(M") is
C-constructible. Moreover, it is R, -conic by Proposition 3.8. Then the assertion
follows from Lemma 2.1. ]

By this theorem, we can improve Brylinski’s Theorem 3.2 as follows.
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Corollary 3.10  Let M be an algebraic regular holonomic D-module on X = CN. Then
M" is regular if and only if M is monodromic.

Proof By Theorem 3.2, the Fourier transform M" is regular if M is monodromic. It
suffices to show the converse. Assume that M" is regular. Let

(+)¥: Modpo (Dy) — Modne(Dx)

be the inverse Fourier transform. Then by Theorems 3.2 and 3.9, the original regular
holonomic D x-module M ~ (M")" is monodromic. [

4 An Application to Direct Images of D-Modules

In this section, we apply our results to direct images of some irregular holonomic
D-modules. We inherit the situation and the notations in Section 1. For a point

aeY=CVletr,: Y — Y,w~ w + a be the translation by it.
Lemma 4.1 For M € Mod.on(Dx) and a € Y = CN, we have an isomorphism
D
D7} (M) = (M ® Oxe@9)",
Proof By Katz-Laumon [KL85], there exist isomorphisms
D D D
(M ® Oxe_(z’”))’\ ~ Dq*(Dp*(M ® Oxe_<z’“>) ® Oxxy€_<z’w>)
~ Dq*(DP*M g OXX Ye—(z,w+a))
~ D1, (M"). [

Theorem 4.2 Let p: X = C¥ — Z = C" be a surjective linear map and M an
algebraic regular holonomic D-module on X = CN. Forthedual L ~ C" of Z, let1: L —
Y = CN be the injective linear map induced by p. Assume that for a point a € Y\1(L)
the affine linear subspace K = 7,(1(L)) ¢ Y = C¥ is non-characteristic for the Fourier

transform M”" € Modpo(Dy) of M. Then the direct image Dp*(MgOXe’(z’“)) €
D, (D7) is concentrated in degree 0.

Proof Leti; =:: L — Y =CNandix: K — Y = CN be the inclusion maps. Then
via the identification L ~ K induced by the translation 7,, we have isomorphisms
Dig(M") ~ Di; D7 (M")
~ Di} (M ® Oye (=)
~ (Dp*(j\/[ (g Ox€7<z’u>)) A,

where in the second (resp. third) isomorphism we used Lemma 4.1 (resp. [HTT08,
Proposition 3.2.6]). By our assumption, the left-hand side Dij;(M") € D} (D) is
concentrated in degree 0. Then the assertion follows from the fact that the Fourier
transform is an exact functor. ]

https://doi.org/10.4153/50008439519000559 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439519000559

Some Topological Properties of Fourier Transforms 467

Corollary 4.3 In the situation of Theorem 4.2 assume also that n = N —11i.e., the
surjective linear map p: X = CN - Z = C" is of codimension one. Then for any

point a € Y\t(L) the direct image Dp. (Mgoxe‘(z’”) € D} (D) is concentrated in
degree 0.

Proof By Theorem 3.9, the Fourier transform M" of M is monodromic. Since the
affine linear subspace K = 7,(1(L)) ¢ Y = CN does not contain the origin 0 € Y = CV,
this implies that K is non-characteristic for M”. Then the assertion follows from
Theorem 4.2. ]
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