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CONVOLUTION ESTIMATES 
AND GENERALIZED DE LEEUW THEOREMS 

FOR MULTIPLIERS OF WEAK TYPE (1,1) 

NAKHLÉ ASMAR, EARL BERKSON AND T. A. GILLESPIE 

ABSTRACT. In the context of a locally compact abelian group, we establish max
imal theorem counterparts for weak type (1,1) multipliers of the classical de Leeuw 
theorems for individual strong multipliers. Special methods are developed to handle 
the weak type (1,1) estimates involved since standard linearization methods such as 
Lorentz space duality do not apply to this case. In particular, our central result is a max
imal theorem for convolutions with weak type (1,1) multipliers which opens avenues 
of approximation. These results complete a recent series of papers by the authors which 
extend the de Leeuw theorems to a full range of strong type and weak type maximal 
multiplier estimates in the abstract setting. 

1. Introduction. Throughout all that follows, G will be a locally compact abelian 
group with dual group T. The group F endowed with the discrete topology will be denoted 
by Yd- For 'ip G £°°(r), we symbolize by 7^ the corresponding multiplier transform on 
L2(G) : T^f — (ijjf) . If 1 <p<oo, then i/j is said to be a multiplier of weak type (p,p) 
(in symbols, ip G M^](F)) provided that T4, is of weak type (p,p) on L2(G) H LP (G). In 
this case, 7^ extends uniquely from L2(G)DLP(G) to a linear mapping Ty of LP(G) into 
the measurable complex-valued functions on G such that whenever/^ —>f in LP(G), we 
have T^fn —• T^f in measure. In this notation, the usual space Mp(F) of strong type 
Fourier multipliers consists of the functions xjj G M^\T) such that 7 ^ is of strong type 
(p,p). For a sequence {̂ y}y>i S A4w)(F), w e write N^w\{ipj}j>\)to symbolize the weak 
type (p,p) norm of the maximal operator on LP(G) defined by the sequence {7*fî}j>\. 
We shall also denote by C(F) the Banach algebra of all bounded, continuous, complex-
valued functions on T (with the usual uniform norm || • ||M). The symbol N will stand for 
the set of positive integers, Z will be the additive group of integers, and R will be the 
additive group of real numbers. A given Haar measure on G will be indicated by pc-

In his celebrated article [7], K. de Leeuw introduced fundamental relationships be
tween the individual multipliers of strong type (p,p) which are defined on R", and those 
which are defined on Rd, or on a quotient group or (by restriction) on a closed subgroup 
of Rn. In [12], these theorems of de Leeuw were completely extended to individual mul
tipliers and their strong type norms in the context of the general locally compact abelian 
group T. De Leeuw's restriction theorem concerning subgroups, as well as another semi
nal result in the classical setting of his paper [7, Corollary (4.6)], foreshadow the abstract 
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Multiplier Homomorphism Theorem [9, Appendix B], which asserts that composition 
with any continuous homomorphism into Y decreases the strong type norms of individ
ual multipliers belonging to Mp(Y)H C(Y). Moreover, throughout the range 1 < p < oo, 
all the aforementioned abstract generalizations of de Leeuw's single multiplier results 
have counterparts for the strong type (p,p) norms of maximal multiplier operators (see 
[2, Theorem (4.1 )] and [5, Theorems (4.25) and (6.5)]). 

Abstract analogues of de Leeuw's theorems have also been obtained when 1 < p < 
oo for weak type multipliers and for the weak type norms of corresponding maximal 
operators ([4, Theorem (4.1)-(i)] and [5, Theorems (4.11) and (6.3)]). However, special 
difficulties arise when one attempts to carry over de Leeuw's theorems to weak type (1,1) 
multipliers and their corresponding (individual and maximal) weak type norms, because 
standard linearization techniques such as Lorentz space duality cannot be applied in this 
case. Consequently when/? = 1 only the de Leeuw theorem for multipliers defined on 
quotient groups has been generalized to weak type multipliers (see the statement of [5, 
Theorem (4.11)] reproduced in Theorem (3.1) below). The purpose of this article is to 
establish analogues of the other de Leeuw theorems in the refractory case of weak type 
(1,1) multipliers, and thereby furnish locally compact abelian groups with the complete 
array of generalizations for weak type as well as for strong type maximal multiplier 
transforms over the range 1 < p < oo. This goal is accomplished by an appropriate 
theorem for M\W\Y^) and a homomorphism theorem for weak type (1,1) multipliers, 
which are stated in (1.3) and (1.5), respectively. 

The key ingredient in these considerations is the following convolution theorem for 
M\\Y) (established in Section 5). In essence, this result on convolutions extends to the 
weak type (1,1) case a genre of approximation techniques useful in general multiplier 
theory. 

THEOREM 1.1. Let G be a locally compact abelian group with dual group Y. Suppose 
thatke Ll(Y), and {il)j}^x Ç C(Y) H M^\Y). Then {k * ̂ / ]>i Q A ^ O , and 

0.2) <>({** V>,}£,) < C p l l ^ ^ ^ a ^ } ^ , ) , 
where C > 0 is the absolute constant specified in Theorem 2.7 below. 

Our generalized de Leeuw theorem for the Bohr compactiflcation b(G) of G (and its 
dual Yd) is expressed in the following result (see Sections 3, 4 for the proof). 

THEOREM 1.3. Let G be a locally compact abelian group with dual group Y, and let 
L'.YJ —> r be the identity homomorphism. Suppose that {^ylSi ^ C(Y). Then {x/jj}^ Ç 
M^v)(Y) if and only if the composite functions ^ ° t satisfy {̂ y o ^}j^i Q ^\!)(^d)- If this 
is the case, then 

(1.4) <>({,/>,• o t}~,) < <>({^}~,) < C<>({W ° i}£,), 
where C is the absolute constant in (1.2). 

As a consequence of Theorem 1.1, we obtain (in Section 6) a generalized de Leeuw 
theorem which asserts that composition with a homomorphism preserves maximal esti
mates for weak type (1, 1) multipliers. In particular, this automatically covers restrictions 
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of multipliers to subgroups. The spécifie statement of the homomorphism theorem fol
lows. This result is new even in the special case of a single multiplier of weak type (1,1). 

THEOREM 1.5. Suppose that p is a continuous homomorphism of the locally compact 

abelian group T\ into the locally compact abelian group Y2, and that { V>y }21 Q C(F2)n 
M^\V2). Then the composite functions xjjj opj"G N, belong to M ^ n ), and 

where C is the absolute constant in (1.2). 

Our procedure for deducing these main results can be outlined as follows. In Section 2 
we establish the special case of Theorem 1.1 when G is compact. In Section 3 we deduce 
the left-hand inequality in (1.4) for groups having a special form. With the aid of the 
structure theory for locally compact abelian groups, these results are used in Section 4 
to demonstrate Theorem 1.3, which in Section 5 enables us to deduce the Convolution 
Theorem 1.1. After carrying out the proof of Theorem 1.1, we apply it in Section 6 to 
infer a general theorem transferring weak type (1,1) multipliers to measure spaces. We 
close Section 6 by showing how this general transference result leads directly to a proof 
of the Homomorphism Theorem 1.5. 

We remark that a variant of the convolution Theorem 1.1 has been established in [ 1, 
Theorem (1.2)] for the special case V = Rn. At the expense of replacing the absolute con
stant C in (1.2) by a constant depending on the dimension n, this variant of Theorem 1.1 
drops the pointwise continuity requirement on the functions i/>y. Although the methods 
in [1] do not generalize directly to the setting of locally compact abelian groups, the 
discussion in Section 2 below adapts the strategy of [1] to the case of compact G. 

2. A preliminary convolution theorem. As a forerunner to our main results, we 
establish in Theorem 2.7 below the special case of Theorem 1.1 for compact G. 

For ease of reference we begin the considerations of this section with the statement 
of Khintchine's Theorem [15, Theorem V.8.4, p. 213], which will be used repeatedly. 

THEOREM 2.1. If 0 < r < 00, then there are positive real constants an Bn depend
ing only on r, such that if J G N, and c\9...,cj are complex numbers, then 

( J , \ 1/2 r r I J K -. 1/r , J ^ 1 / 2 

where D7 is the J-fold product of the multiplicative group D — {—1,1}, with general 
element e = (ei , . . . , ej), and de is Haar measure on & normalized so that de has total 
mass 1. 

REMARKS. Notice that for 0 < r < 2, the constant Br in Theorem 2.1 can be taken 
to be 1. This fact will affect the values of the constants obtained in our results. 

To set the stage for Theorem 1.1 in the special case of compact G, we first take up 
three lemmas which will simplify and focus the discussion. The first of these is shown 
in [1, Lemma (2.1)] by a variation on the method used to prove [14, Lemma 1, pp. 146, 
147]. 
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LEMMA 2.2. Let G be a compact abelian group, and let m be normalized Haar mea
sure on G. Suppose that A is a measurable subset of G such that m(A) > 0. Let 

N=mzx{ke N :m(A)<k~1}. 

Then there are elements z\,...,z^ofG such that the corresponding translates satisfy 

2^ 
(2.3) m(LM+zy-)>(l 

7=1 ' - e 

where e is the base of natural logarithms. 

The next lemma provides a variation on the theme of [13, Theorem 1 ]. While the latter 
provides only the conclusion that 94 is of weak type ( 1,1 ), the precise estimate we obtain 
in (2.5) is essential to all the reasoning used to establish the convolution Theorems 2.7 
and 1.1. 

LEMMA 2.4. Suppose that G is a compact abelian group with normalized Haar mea
sure m, and that 0 < p < oo. Suppose further that M G N, and that 7*, 1 < k < M, 
is a bounded linear mapping of Lx (G) into LP(G) which commutes with translations. Let 
94 be the maximal operator defined on Ll(G) by the operators { 7 ^ } ^ , and denote the 
strong type (1,/?) norm of 94. by \94\ \tP. Then we have: 

(2.5) m{xeG.Wf){x)>y}<(^^IPa^\\M\\x,p\\f\\\y~'> 

for all f G Ll(G), and all y > 0, where ap is the constant corresponding to p in 
Khintchine s Inequality (2.1). 

PROOF. Suppose that/ G L1 (G) and y > 0. Put 

A = {xeG:(94f)(x)>y}. 

The non-trivial case occurs when m(A) > 0, and we let 

N=meix{ke N : m(A) <k~1}. 

Choose elements z\,... ,z# of G so that (2.3) is satisfied. For it G G, we write u as a 
subscript to denote translation by u, and we denote the characteristic function of a subset 
S of G by xs- Let A0 = \JjL{ AZp and notice that for 1 < j < N, it follows by the 
translation invariance of the operators 7* that we can take 

AZj = {xeG:m^\(Tk(flZj))(x)\>y}. 

It follows readily that we have pointwise on G: 
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By Khintchine's Inequality we infer from this that pointwise on G, 

r \N 
de 

Integrating this last inequality over G with respect to dm, we see with the aid of (2.3) 
that: 

< a?y~pIAM^-*) de 

<a/y-"\\MZpNP\\f\\P, 

<a-/y~P\\MZp\\f\\
P

[{m{A))-p. 

This completes the proof of Lemma 2.4. 
The next lemma ([1, Lemma 2.8]) involves a well-known circle of ideas, stated here 

in a form convenient for our purposes. 

LEMMA 2.6. Suppose that (Q, ji) is a measure space, M G N, and 7*, 1 < k <M, is 
a linear mapping ofLl(Q, p) into the complex-valued measurable functions on Q such 
that Tk is of weak type ( 1,1 ). Let fW be the maximal operator on Lx (Q, p) defined by the 
operators {T*}^ , and denote the weak type (1,1) norm of M on Ll(Q, p) bytf^lM). 
IfQ <p < \, and S is a subset ofQ. such that p(S) < oo, then for each g G L[ (Q, p): 

Wg\Ws4l)<KS)(X-p)lp{\ -pT"p^\M)\\gh:(n„ «)• 

THEOREM 2.7. Let G be a compact abelian group with dual group T. Suppose that 

C G L\T), and {4>k)T=\ Ç ^ ( O - 7%e« {C* <M^i Ç ^ ' ( H , <""* 

(2.8) <>({c* <Mr=,) < cucii/jtn^r'ci^ir^). 
where C > 0 is the absolute constant specified by 

e \i/p 
C= inf 

o<p<lV e 
a-\\ -pY'l", 

ocp being as described in Khintchine s Inequality. 

PROOF. Obviously it is enough to establish the inequality corresponding to (2.8) in 
the case of a finite sequence {<j>k\^=x Q M ^ F ) , and to suppose that {7 G F : ((7) ^ 0} 
can be arranged in a finite sequence of distinct terms {y„}^=l. Let g G L2(G). For 1 < 
k < M, we have 

(2.9) 
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where {(/>k)-in denotes the translate of 0* by —7/7-
Fix an index/? such that 0 < p < 1. We now proceed to show that 

(2. 10) I max \T^kg\ \\ < a;'(l -pr^WCiU^HMlOMU-
"\<k<M "P 

The Cauchy-Schwarz Inequality implies that for 1 <k<M, we have pointwise on G: 

\i:con)T(<hUJ = |êc(7fl)7B^(7„g)| < IICII! /2(E ic(7„)i \nt{ingf
] l/2 

Application of Khintchine's Inequality to the majorant gives: 

ECOOW,./ < HCIlf V L | f e«lCa)|,/2r,„(7„g) 
n=\ ' JD '«=1 

de. 

Consequently we get pointwise on G: 

max 
\<k<M\ 

j:con)T{M_,:ng\ 
n=\ ' 

<IISII , 
P/2„-

</^[^a<XMË£"IC(7")|l/2^a'g) </e. 

Integrating this inequality over G with respect to normalized Haar measure dm, we easily 
infer that: 
(2.11) 

max 
\<k<M 

N 

EC(7„)W7„g 
71=1 ! 

< l w l i 'V /J|,™xJ^(t e«lC(^)l'/2^) l'/2, 

11/? " " " ' — ' v — " * / 7 = 1 

An application of Lemma 2.6 to the majorant in (2.11) shows that 

de. 

max 
\<k<M\ 

N 

ECOO^.g! 

< \K\\\/2a;\l-pTi^N<-»\{ct>k}?=])JJj:en\«ln)^21ng de. 

Another application of Khintchine's Inequality gives: 

N M r r > N 

" « = 1 

!DNIE ^lCa)|'/27„4 A = / c / J E *»l«%.)|,/2%,g| 

/• f N i 1/2 

</c{EK(7„)|) |g |^ 

de dm 

l 1 / 2 , 

l A 7 = l 

Using this in the majorant of the inequality just preceding, we see from (2.9) that (2.10) 
is now established. 

Since L2(G) is dense in LX(G), and LP(G) is a complete metric space, straightforward 
application of Lemma 2.4 to 2.10 enables us to deduce that {£ * <l>k}^=\ Q ̂ ^ ( O * a nd 

<>(«* ̂ }f=I) < ( ^ " V o -pr'̂ iicii.̂ a^aîLi)-
Since/? has been chosen arbitrarily in the range 0 < p < 1, the proof of Theorem 2.7 is 
now complete. 
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3. Preliminaries for the Bohr Compactification b(G). Let K be a compact abelian 
group with dual group D. In this section we establish the left-hand inequality of (1.4) 
when G has the special form G = Ra x T® x K, where a and b are non-negative integers. 
We shall require the case/? = 1 of the following maximal theorem from [5] regarding 
weak type multipliers defined on quotient groups. 

THEOREM 3.1 ([5, THEOREM 4.11]). Let G be an arbitrary locally compact abelian 
group with dual group T, and let A be a closed subgroup ofT. Denote the canonical 
homomorphism of F onto Y j A by 7rA. Suppose that {V>y}Si ^ C(F/A), and 1 < p < oo. 
Then{il)jO>KK}™x Ç M™(T) if and only if * { ^ } ^ 1 Ç M^\T/ A). If this is the case, then 

The first step will be to obtain the desired inequality when b — 0 (Theorem 3.4). We 
start by considering a group W having the form W — W x b(Rn) x K, where n G N. 
The dual group IR" x (Rd)

n x D of W will be symbolized by X. The result for the case 
b = 0 will be achieved by recourse to the properties of a certain "coordinate switching 
function" <V^ —* Rn x D introduced in Corollary 3.3 below. Let a be a positive real 
number, and define the closed subgroup A of Xby writing 

A = {(u,-au,0):ueRn}. 

Let 7rA be the canonical homomorphism of Xonto Xj A, and notice that for each (u,v,d) G 
X, the coset 7rA(w, V, t/) contains a unique element belonging to Rn x {0} x D. Moreover 
this unique element is expressed by (u + aTx v, 0, d). It is easy to see from this that there 
is a bicontinuous isomorphism 6 of Rn x D onto X/A given by 

0(s,d) = 7rA(a_1^0,O. 

Define the continuous homomorphism <5fl of X onto IRW x D by writing 

£a(w, v, d) — {au + v, d). 

It is easy to see that 7rA = 6 o8a. From this and Theorem 3.1 we immediately infer the 
following lemma. 

LEMMA 3.2. Suppose that { ^ } ^ , Ç C(Rn xD)nMi^)(Rn x £>). 7fce« {Vî/°^}~i Ç 

< \ { ^ i ) = ^w )({^ofi f l}~1)-

COROLLARY 3.3. Let do be the continuous homomorphism ofX onto Rn x D specified 
by 

60(u,v,d) — (v,d). 
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lfUJj}j^\ £ C ( r x D)nA/1
vv)(r x D), then {0/ o5o}~i Ç A ^ W , ^ 

PROOF. For /: E N, let a* = 1 /A:. Applying Lemma 3.2 to «*, and letting /: —> 00, 
we readily obtain the desired result with the aid of PlancherePs Theorem. 

THEOREM 3.4. Let K be a compact abelian group with dual group D, and let Q — 

Rn x K, where n E N. Denote the dual group of Q by Ç, and let t\ {Q)d —> (j be 

the identity mapping. Suppose that {V;/}/ïi ^ C{Q) H M^\Ç). Then {t/jj o t}j^, C 

< ° ((£)</), and 
< )({0/^}jï1)<<' )({^})S,)-

PROOF. Suppose t h a t / G L2(b(Rn) x A:). Let x denote the characteristic function, 

denned on W\ of [0, 1 ] ' \ and define F e L2(W)nL\W) by writing 

F (M,w) = x(s)/(f,H0. 

By Corollary 3.3 we see that for N G N, and y > 0: 

(3.5) ^{xG W: m a x ^ K ^ ^ / O W l > j 4 < M^C^^^OII^IU-CWO^-1-

By taking Fourier transforms, it is easy to see from the definition of <5o that for each/' > 1, 

we have for /x^-almost all (s, t, w) G W: 

(Ti)jOSoF)(sJ,w) = x W ( ^ o t / ) ( / , > v ) . 

Using this in (3.5), we infer immediately that 

m*?)*K{z e b(R") x K : max |(rV;.ot/)(z)| > ^ } < ^ w ) ({^} jL , ) l l / , |U> ( W «)x^" 1 . 

The remainder of the proof for Theorem 3.4 is evident from this. 

THEOREM 3.6. Let H = Ra x Z^ x K, where a and b are non-negative integers, 

and K is a compact abelian group. Let H be the dual group of H, and let i'\ (H)j —> H 

be the identity mapping. Suppose that {<£/}£!, Q C(ff)nM{^\fL). Then {(/>,- o i'}^ C 

M<VV) {(H)d), and 

PROOF. If b — 0, then the desired conclusions are either trivial (a = 0), or follow 

from Theorem 3.4 (a > 0). So we suppose that Be N. Put £ = Ra+^ x /: . We regard H 

as a closed subgroup of Ç, and we denote by A the annihilator of H in Ç. In this notation, 
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we can identify H with <//A. Let TT be the canonical homomorphism of Ç onto Ç/ K 
and denote by 7r' the canonical homomorphism of (Ç)d onto (Ç)^/A = (Ç/A)d. Let t 
be the identity mapping of {Q)d onto Q, and notice that the mapping t' in the hypotheses 
is the identity mapping of (Ç/K)d onto Ç/A. 

By Theorem 3.1, {<£,- o TT}^, Q A^,vv)(£)n C(£), and 

(3.7) MU>({^ ° ̂ }j2i) = <V)({^}^,)-

Applying Theorem 3.4 to the sequence {</>, o 7r}^,, we see that {<j>j o 7r O /,}j2i Ç 

<>((£),), and 
^ ( { ^ O 7T O t } ~ , ) < <>({</,,• O * } £ , ) . 

Clearly TT O 6 = t' o n'. So we have just shown that {(/>,• o i< o TT'}™, Ç M,"0 ((£)</), and 

^ o / o / } » ) ^ " ' ^ » , } » ) . 

Using (3.7) in this, we get 

(3. 8) <>({</>,• o t ' o TT'}»,) < A ^ t f ^ , ) . 

Since {</>, o </ o 7r'}^, Ç M^'(( £7),/), we see from an application of Theorem 3.1 to the 

functions {</>,- o i ' } ~ , Ç C((£)d /A) that {^ o t ' } ~ , Ç ^((Ç^/A), and 

< ) ( { 0 7 o l ' } ~ l ) = < ) ( { ^ o t ' o ^ } ~ 1 ) . 

Using this in (3.8) completes the proof of Theorem 3.6. 

4. Proof of Theorem 1.3. We now return to the setting described at the outset of 
Section 1. G will be an arbitrary locally compact abelian group, and V will denote the dual 
group of G. We shall denote by Coo(Y) the algebra consisting of all compactly supported 
functions belonging to C(Y). Let H be a closed subgroup of G such that H is open in 
G, and H is topologically isomorphic to a group Ra x Tb x K, where a and b are non-
negative integers, and K is a compact abelian group. Since H is open we can take as 
the Haar measure of H the restriction to H of any Haar measure for G. In this section, 
A will denote the annihilator in Y of //, and 7rA will be the canonical homomorphism 
of T onto T/A. Since H is open, G/H is discrete, and hence (G/H)A = A is compact. 
Consequently we can extend the normalized Haar measure /iA of A from the Borel sets 
of A to a regular Borel measure Ào on Y by putting Xo(A) = HA(A n A) for every Borel 
set A of T. 

THEOREM 4.1. In terms of the foregoing notation, suppose that {Vvl/Si ^ Coo(Y) Pi 

A^\Y). Then 
{^j^o}]ZlQCoo(Y)nMi

[
w\Yl 

and 
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PROOF. It will be convenient at the outset to select compatible Haar measures on 
various groups needed in the demonstration. We choose Haar measures fj,G and //r which 
are normalized for Fourier inversion. Our choice of / i r together with the prior choice of 
jUA automatically fixes the choice of /ir//A for the operation of the Weil Formula [11, 
Theorem 28.54]. We then take /i# to be normalized for Fourier inversion with respect to 
this choice of /xr / A. It is not difficult to see that the Haar measures fiG and //// standardized 
in this way coincide on H. 

Temporarily fix y G N. Since ipj G Coo(r), the conclusion that ipj * Ao G Coo(0 is 
immediate from the relation 

(iPj * A0)O) = JA xpj(y - t) diiK(t\ for all y G T. 

It is easy to see directly that Ao coincides with \H, the characteristic function, defined on 
G, of H. Consequently, if " denotes the Z,2-inverse Fourier transform, then we can take 
\jjj and (i/jj * Ao) to be continuous functions on G satisfying: 

(4.2) Wj * A0y (x) = XHtohix), for all x G G. 

Next we observe that since ipj * Ao is constant on the cosets of A, and belongs to 
Coo(r), there is a function 1// G Coo(r/A) such that 

(4.3) ipj * Ao = ipj o 7fA on T. 

If x G //, then, with the aid of the Weil Formula, we see from (4.3) that: 

(ipj * AoT(x) = Jr(ipj * \0)(y)(x,y) d^r(y) 

= Jr/A j^'j ° ^AXI + 0<*,7 + 0 d^iA(t)d^r/A(l + A) 

= / r / A V (̂7 + A)(x, 7 + A) ̂ r / A ( 7 + A) 

= ($)"(*). 

This together with (4.2) gives us: 

(4.4) (^;T (x) = (̂ y * AoT (x) - fax), for all x G //. 

Next suppose that/ G I 1 (//) H L2(//), and extend/ to a function F £l\G)n L2(G) 
by taking F to vanish on the complement of H in G. Fory G N and x G //, we see with 
the aid of (4.4) that: 

(7v/xx) = [Hf(x - owjy (o rfM//(o 
= JGF(x-Wjit)d»G(t) 
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Hence for N G N, and y > 0: 

HH{X G H : max \(T^f)(x)\ > j ) = / i C { ^ / / : max \(T^F)(x)\ > y) 

< /iGU G G : max |(n.F)(x)| > j;} 

^({V^K' l l / ILw-

It follows that {^'}~i Ç M^'\r/A), with 

(4.5) 7V<W>({^}-,) < A^M,)({^}~,). 

The proof of Theorem 4.1 isnowreadily completed by applying Theorem 3.1 to {V /̂IJSi 
and taking (4.3) into account. 

COROLLARY 4.6. Under the hypotheses of Theorem 4.1 we have that {(x/jj * Ao) ° 
t}£, Ç ̂ \rd), and 

< ) ({(V! , -*Ao)o l }^ 1 )<< ) (W~.) . 

where i\ Yd —* Y is the identity mapping. 

PROOF. Let 7r7 be the canonical homomorphism of Yj onto Yd/A — (Y/A)d, and 
let i'\ (Y/ A)d —> T/A be the identity mapping. By (4.5) and Theorem 3.6, we see that 

ty,'°i'}£i ç A^WA),with 

(4.7) Nf\w o t'}~,) < ̂ ( { ^ ' ^ i ) < ^ ( m ^ i 

Applying Theorem 3.1 to {i/>j o t'}j5,, we find that { ĵ o i ' o TT'}^, C A/^r , , ) , and 

N?\{r$ o t' o ^ } ~ . ) = ^\Wj o , '} - , ) • 

Observe, with the aid of (4.3), that for eachy G N, 

l/>' O I O V — Xpj O 7TA O f, = (-0y * A o ) O £, 

and so we have {{$j * A0) o t}j^, Ç ̂ \Yd\ with 

<°({(^ * Ao) o L}£X) = tf?\{tf o L'}£x). 

The proof of Corollary 4.6 is now completed by using (4.7) in this. 
With the prior notation of this section remaining in effect, we now consider an ar

bitrary function </> G Coo(Y), and we let </> be the L2-inverse Fourier transform of (/>: 
<W0 — Jr <!>(y)(t,y) dfir(y), for all £ G G. From [10, Theorem 5.14] we obtain an increas
ing sequence {Hn}^Lx of compactly generated open and closed subgroups of G such 
that cj) vanishes on the complement in G of (JJ2=i Hn. By [10, Theorem 9.8], we see that 
for each n, H# is topologically isomorphic with a group W1" x ~l°n x Kn, where a,, and 
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bn are non-negative integers, and Kn is a compact abelian group. Thus, for each n, Hn 

is a subgroup of G fulfilling the requirements listed at the outset of this section. Now 
let An be the annihilator in T of Hn. In particular, {Aw}^, is a decreasing sequence of 
compact subgroups of T. We further define the compact subgroup A0 of Y by writing 
Ao = n ^ i Aw. Suppose now that 7 G A0, and denote by </K G Coo(Y) the corresponding 
translate of 0: faiy) = (j)(y + 7 ) j G T. For each t G G, 

(^T (0 = 14>(y + D(t,y) d^riy) = W)m 

Since 7 = 1 on|_f*i| H„, it follows that (</>7)" = $ on G, and consequently <̂ >(y+7) = <j>(y), 
for all j ' G T, and all 7 G Ao- Hence there is <p' G Coo(r/Ao) such that 

(4.8) ^0'OTTA,,, 

where 7TA0 is the canonical homomorphism of T onto r/Ao. 
For each « G N, let //An be the normalized Haar measure of Aw, and, following the 

procedure described at the beginning of this section, let the regular Borel measure \n on 
r be the extension of /xA// to the Borel sets of Y. Similarly, we let rn be the regular Borel 
measure on T/Ao obtained by extending the normalized Haar measure of the compact 
subgroup 7rAo(AA/). The uniqueness properties for Haar measure [10, (15.8)] readily show 
that 

(4. 9) T„(A) = \„(ir^(AJ), for all Borel subsets^ of r /A 0 . 

We claim that </> * \n —> </> uniformly on Y. This claim, which can be viewed as a 
simple variant of the martingale theorem in [11, Section 44], is established as follows. It 
follows directly from (4.9) that for each Borel measurable simple function/ on Y jAo, 
we have 

and consequently for each y G T, 

(4.10) (</>/*r,)(7rAo(y)) = (0*A,)(y). 

Hence, by taking account of (4.8), we see that in order to have (/> * \n —» <j> uniformly on 
r, it is enough to show: 

(4.11) </>'* r/2 —» (/>' uniformly on r /A 0 . 

Since {TTAO(A /7)}^, is a decreasing sequence of compact subgroups of T/Ao such that 
H^Li 7TA0(A,7) = {0}, it is clear that for each open neighborhood U of the identity in 
Y j Ao, we have 7rAo(Aw) Ç U for all sufficiently large n. Applying this, and the uniform 
continuity of <\> on T/Ao, to the identity 

(</>' * rn)(y) - <j>'(y) = f [cj>'(y - s) - <j>'(y)) drn{s\ for all ̂  G r /A 0 , 

we see that (4.11) holds. Hence the claim is established. 
The foregoing observations can be summarized in the following lemma. 
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LEMMA 4.12. Suppose that iVGN, and {<j>j}^=x — Coo(Y). Then there is an increas
ing sequence {Hn } ^ { of compactly generated open and closed subgroups of G such that 
for 1 <j<N, the continuous function fy vanishes on the complement in G of\J£=x Hn. 
For n G N, let An be the annihilator in Y ofHn, and let \n be the regular Borel measure 
on Y obtained by extending as described above the normalized Haar measure \i\n for the 
compact group A„. For 1 <j < N, we have: 

(4. 13) <j)j * Xn —» <j)j uniformly on Y, as n —> oo. 

Having set the stage with the foregoing considerations of this section, we now pass to 
the proof of the "only i f assertion in Theorem 1.3 together with the left-hand inequality 
in (1.4). For this purpose, we suppose that {^}jSi Q C(Y)nM^\Y). By [5, Lemma 4.1], 
we can assume without loss of generality that {V>yJ>d Q C>o(r). Let N E N, and apply 
Lemma 4.12 (with its notation) to {Vvlj^i- For e a c n « £ N, we see from Corollary 4.6 
that {($j * \n) o L}^=1 Ç M^\rd\ and 

N?\{(tl>j*\n)oi}^x)<^ 

With the aid of (4.13), we can let n —> oo in this, and then let N —> oo to obtain the 
desired conclusions. 

In order to complete the proof of Theorem 1.3, and to demonstrate Theorem 1.1 in 
the next section, we shall require the following technical lemma and corollary thereof. 
Henceforth we shall denote convolution on Yd by the symbol #. Given subsets A and 
B of T, we shall write A — B to indicate the group-theoretic difference set {a — b : 
aeA,beB}. 

LEMMA 4.14. Suppose that G is a locally compact abelian group with dual group 
Y, k G LX(Y), N G N, {fy}^ Q Coo(Y), and e > 0. Then there is a complex-valued 
function ke defined on Fj such that: k( vanishes outside a finite set: 

HfclUr,) < ll*llz'<r> ™d, for \<J<N91E I\ 

| ( * * ^ ) ( 7 ) - ( * £ # ( ^ o 0 ) ( 7 ) | < c 

PROOF. Clearly we can choose M G N, complex numbers {as}^=l, and disjoint 
compact subsets {Fs}^ of Y (with corresponding characteristic functions denoted by 
XFS) SO that /ir(^s) > 0 for 1 < s < M, and so that the simple function/ defined on Y by 

M 

(4.15) f=Tl«sXF, 

satisfies \f\ < \k\ pointwise on Y, and \\f — k\\L\^r) < e. Let U be a symmetric open 
neighborhood of the identity element in Y such that whenever u G T, v G F, and (w — v) G 
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U, then \4>j(u) — </>/(v)| < e for 1 <j<N. Choose a symmetric open neighborhood V 
of the identity element in T such that V + V Ç [/. Since F5 Ç UXGFV * + ^, it follows by 
compactness that we can express Fs as the union of a finite family {Wsj}t>\ of non-void 
disjoint Borel subsets of V with the property that for each t > 1, WSJ — WSJ Ç V + V. 
Using this in (4.15) for 1 < s < M, we see that/ can be represented on F in the form 

/ = 1L,P"XS„, 

where L G N, /3,,, 1 < v < L, is a complex number, and {S,,}^ is a family of non-void 
disjoint Borel sets such that / / r (^) < °°> 5// — 5,, Ç F+ K, for 1 < v < L. 

For 1 <j<N, and 7 G T, we have 

(4. 16) \{k * 4>j)(l) - (/'* </»7)(7)| < | |*-/ l | t . ( n | |0y| |„ < tUj\\u. 

For 1 < // < L, pick ?/„ G S„, and define &f on Fj by: 

v=\ 

Clearly k( vanishes outside a finite set, and 

II^HzJcr,) = ll/1l/J(r) < \\k\\o{V)' 

For 1 <j < N, 7 G T, we have: 

|(/"*^)(7)-(fc#(^o0)(7)| 

= I E & ( Xs»</>y(7 ~ u)dvv{u) - £ PvlidSMAl - '/>) 
' / / = 1 • / l J / = l 

I L r 
= E ^ /c [0y(7 - ") - <t>jCy - '/>)] dVv{u) 

<EI^IM^> 

e iL'(n 
<e||£||L, ( r ). 

Combining this with (4.16), we see that for 1 <j<N, and all 7 G T, 

\(k * ̂ )(7) - (kf # (0,- o t))(7) | < e ( | |% , ( r ) + n w ||<AJ„). 

This suffices to complete the proof of Lemma 4.14. 

COROLLARY 4.17. Suppose that G is a locally compact abelian group with dual 
group F, k G L\F), N G N, {<£,-}£, Ç C00(r), and {<t>j o i}£, Ç M ^ r , , ) . 7%e/i 

{(£ * 4>j) o ^ Ç M^\rd), and 

W\{(k*<i>j)oL}»=x)<C\\^ 
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where C is the absolute constant in Theorem 2.7. 

PROOF. For each n G N, let en = n~\ and choose the function k(n on Td for k, 
{ 0 / } / 1 P

 a nd en in accordance with Lemma 4.14. Then by Theorem 2.7 applied to k(n and 
the functions ^ o t, we have for each n G N, 

(4.18) <>({*,, # (</y o t)}jL,) < CpILi^^Ci^ ° i}jl,). 

It is clear from the last conclusion of Lemma 4.14 that for 1 <j<N, k(n # (<j>j o t) —* 
(k * (j)j) o t uniformly on Yd, as n —> oo. Consequently the proof of Corollary 4.17 can be 
completed by letting n —> oo in (4.18). 

In order to avoid digressions later on, it will be convenient to collect in the following 
scholium some standard facts about approximate identities for the group algebra. The 
symbol \ will denote set-theoretic complementation: A \ B — {a G A : a £ B}. 

SCHOLIUM 4.19 ([11, THEOREMS 28.52 AND 33.12)]. Let Y be a locally compact 
abelian group. The algebra LX(Y) has an approximate identity {W^I^A such that: (i) for 
each 8 E A, u^ > 0, JyU^d^Y — h and u^ is compactly supported; (ii) for every open 
neighborhood W of the identity in Y, $Y\w u^dpy —^0 as 6 runs through A; (Hi) ûs —• 1 
uniformly on compact subsets of the dual group ofY. 

From these properties it is easy to see that if 6 G C{Y), then wô- * 0 —> 6 uniformly on 
compact subsets of Y. Moreover, if 0 G Coo(Y), then w$ * 0 —• 0 uniformly on Y. 

Having attended to these preliminaries, we can now complete the proof of Theo
rem 1.3. For this purpose, suppose that {V^jSi Ç C(T), and {ipj o L}™{ C M^\rd). 
We wish to establish the right-hand member of (1.4). Consider first the special case in 
which {VvJSi Q Coo(Y), let N G N, and choose an approximate identity {k^jseA for 
Ll(T) enjoying the properties listed in Scholium 4.19. For each 8 G À, it follows from 
Corollary 4.17 that {{kb * fy) o t}^ Ç M^\rd)9 and 

(4.20) ^ w ) ({( fe*^)ot} jL, ) <CN?\{il,jOL}»=]). 

Since ks is compactly supported, it follows by Fourier inversion that k& * V>y is the Fourier 
transform of a function in Ll(G), for 1 < j < N, 8 G A. In particular, (kb * xjjj) is a 
multiplier of strong type (1,1), and it follows from this by [5, Theorem 5.1] that for 
8e A: 

A^v)({fe * V^=i) = ^\{(k8 * ^) o *}£,). 

Using this in (4.20), we get for each 8 G A, 

(4.21) ^\{ks * Vyljli) < CN^^j o t}jl,). 

For 1 <j <N9k&* ipj —» ipj uniformly on T. We can apply this fact to (4.21), and then 
let N —> oo, in order to obtain the desired conclusions of Theorem 1.3 in the special case 
where { ^ i ç q r ) . 
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In the general case, we let {ua}aeg be an approximate identity for L](G) possessing 
the properties described in Scholium 4.19. For N G N, and each a G Q, we can apply the 
preceding special case to {ûa^j}^=\, and thereby infer that {ûa^j}jL\ Q A^u)(r), and 

N?\{ûaxl>j}?=]) < C^\{û^j) o t}/=l) 

< C ^ ( { ^ o t } / = l ) . 

The proof of Theorem 1.3 is readily completed from this by taking into account the fact 
that ûa —> 1 uniformly on compact subsets of T. 

5. Proof of the Convolution Theorem 1.1. Our task in this section will be simpli
fied by establishing the reduction described in the following lemma. 

LEMMA 5.1. Let G be a locally compact abelian group with dual group V, and sup

pose that A is a real constant such that whenever k G Ll(T) and {V>y}/2i Q CQO{l) H 

A^w)(r), we have {k * x/jj}^ Q M^\r), and 

(5-2) ^ ( U * ^ ! ^ , ) ^ ^ ^ ! ! ^ ) ^ ^ ^ ^ , ^ 

Then whenever k G LX(T), and ty}^ Q C(r)nA^w)(r), we have {k^j}^ Ç M<w)(r)> 
and the inequality in (5.2) continues to hold with the same constant A. 

PROOF. Le t / G Lx(G)n L2(G), and let n G N. Let K be a compact subset of r 
such that Jr\K \f\2 dfir < n~2, and JF\K 1̂1 ^Mr < n~X • Pick gn ^ Ll(G) such that: gn is 
compactly supported, gn = 1 onK — K,and\\gn\\L\(G) < 1 + n~x [11, Theorem 31.37]. 

Suppose now that {Vv]>i Q C(T)niWJw)(r), and N G N. Clearly, for 1 <j < N, we 
have: 

L \k * (Sni'j) ~ k * VyP l/P dnr < ||*||2(2 + n~lfUj\^ [ \f\2 d^ 
(5.3) Jl\K Jl\K 

For 7 G K, and t G K, we have (7 - t) G K - K, and so gn(l - t) = 1. Hence for 
7 G K, and 1 <j < N, 

[k * (gn^j) -k* i/jjM) = f k(t)[gn(l - t) ^ ( 7 - t) - Vy(7 - 0]diir{t\ 

and consequently 

|[A: * (g,^j) - k * Vy](7)| < (2 + n-l)Uj\\u ( ^ \k\ dnr 

<{2 + n-x)Uj\\un-'. 

It follows that for 1 <j < N, we have: 

jK I* * (gnfy) ~ k * V/l2 l/l2 rf/xr < (2 + «-')2||V!,-||,V 2ll/-||^(c-
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Combining this with (5.3), we obtain for 1 <j < N, 

UkHgn^-k^jVWlnr) < [|l^lli(2 + «-1)||V'yH^ l]2 + [(2 + «- |)||Vyl|u"- ||[/ll^C)]2-

From this we infer with the aid of Plancherel's Theorem that, as n —* oo, 

(5.4) max | r ^ / 7 ^ . / | -> maxjT^fl 

in the norm topology of L2(G). If we now apply the lemma's assumptions for the case of 
compact supports to 

and observe that N^\{g„^=x) < (1 + « ')A^lv>({i/?/}jL,), then we deduce from (5.4) 

that {k * ipj}f=] Ç A / ^ r ) . and 

< )({**Vy}^,)<^l|*IU.(n< )({V'y}jL1). 

Since N is arbitrary, the conclusions of Lemma 5.1 are now evident. 

PROOF OF THEOREM 1.1. In view of Lemma 5.1, it is enough to show that if N e N, 
Hj}jL\ Q Coo(T) n M^\r\ k e Ll(T), and k has compact support, then {k * V>/}jli Ç 
M^\T\ and 

(5.5) < > ( { * * ^} j i i ) < q i ^ l L . c D ^ a ^ ^ i ) -

By Fourier inversion, k * ijjj, 1 <j<N,is the Fourier transform of a function belonging 
to L](G), and hence is a multiplier of strong type (1,1). It follows from this and [5, 
Theorem 5.1] that 

(5. 6) <>({ (* * Vy) ° '}jLi) = ^ W ) ({* * V ^ . ) , 

where, as previously t: Fj —> T is the identity mapping. 

By Theorem 1.3, {^ o L}*LX Ç A^w)(rrf) and 

(5.7) A ^ t y ; o i}£,) < < ) ( { ^ } ^ 1 ) . 

It follows by Corollary 4.17 that {(£ * ijjj) o i}f=l Ç M^\Fd), with 

<>({ (* * ̂ ) o L}^) < C\\k\\L^r)^\{^ o L}*LX). 

Applying (5.6) and (5.7) to this, we obtain (5.5), and thereby complete the proof of The
orem 1.1. 

https://doi.org/10.4153/CJM-1995-011-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1995-011-x


242 N. ASMAR, E. BERKSON AND T. A. GILLESPIE 

6. Maximal estimates of weak type (1,1) on measure spaces. In [4, Theorem 2.6] 
it was shown that for 1 < p < oo "distributionally controlled" representations of the 
locally compact abelian group G transfer elements of C(r)DA^,vv)(r) and their associated 
maximal estimates to LP(Q, cr), where (Q, o) is an arbitrary measure space. In this section 
we utilize Theorem 1.1 to extend these results to the case p = 1. A strongly continuous 
representation u —» Ru of G in Lx(a) is said to be cr-distributionally controlled ([3]) 
provided the following requirements are satisfied: 

(6.1) R is separation-preserving on Ll(cr) (that is, whenever/ G Ll(a), g G L](CT% and 
fg = o (j-a.e., then, for all u G G, we have {Rlf){Rug) = 0 cr-a.e.); 

(6.2) there is a positive real constant K\ such that H/^H^o-) < ^i||/||Li(fT), for all 
u G G, and a l l / G L1 (a); 

(6.3) there is a positive real constant K^ such that ||^/||z^(cr) — ^oo|l/lk°°(a)5 for all 
wGG, and a l l / G Ll(a) ni°°(cr). 

The terminology "distributional control" stems from the fact that the foregoing definition 
implies: 

CJ{X G Q : |(/V)(*)I >y}< (*i*ooM* G Q : \f(x)\ > y/K^}, 

for all u G G, / G Ẑ O7)» andjy satisfying 0 < y < +oo 

(see[3,(2.3)-(ii),(2.13)-(i)]). 
By [3, (2.2), (2.4), and (2.6)], there is a (necessarily unique) uniformly bounded 

strongly continuous representation R^2) of G in L2(cr) such that for a l l / G L2{CJ) PI Z1 (cr) 
and all u G G, ^^2)/ = #*/. Since /?(2) is similar to a unitary representation of G in L2(a) 
[8, Theorem 8.1], we can apply Stone's Theorem to infer that there is a unique regular 
Borel spectral measure £(•) on the dual group T of G which acts on L2{a) and satisfies 

R(2) = j l(u) </£(7), for all u G G. 

For each complex-valued, bounded Borel measurable function <j> on T, we define the 
bounded linear operator (T(j):L

2(a) —> L2(cr) by writing 

% = _/>CY)</£(7). 

If 1̂ , is of weak type (1,1) on L2(a) D Ll(a), then % has a unique extension from 
L2(o) n L!(o-) to a linear mapping 1^(1) from Lx{o) to the complex-valued measurable 
functions on Q (identified modulo equality cr-a.e.) such that whenever {fn}^L\ Q Ll(a), 
f G L\a), and \\fn —f\\\ —-> 0, then, with respect to cr, the sequence {<T^l)/}^i con
verges to ^ ( 1 ) / in measure. General transference methods for strong type multipliers (see 
[6, Theorem 2.1 and Remarks preceding (2.7)]) apply to the context at hand, where they 
show that if <j> G C(F) is a multiplier of strong type (1,1), then % is of strong type (1,1) 
on L2(a) Pi L](a). The simplest case of this phenomenon arises when </> is the Fourier 
transform of a function k G LX{G). In this instance, it is easy to see by Fubini's Theorem 
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that T^ coincides with the transferred convolution operator //^, which is defined on 

Ll(a) by using Bochner integration to write 

(6.4) / / / = / k(t)R-tfdiiG(t)9 for all / G L\a). 
>l G 

Having described the appropriate setting, we can now state the transference theorem for 
multipliers of weak type (1,1). 

THEOREM 6.5. LetR be a strongly continuous distributionally controlled representa
tion of the locally compact abelian group G inLl(Q, a), where (Q, a) is an arbitrary mea
sure space. Assume the preceding notation, and suppose that {i/>y}°̂ i Ç C(r)PiA^j (F). 
Then for eachj G N, T^ is of weak type (\9\)on L2(cr) D L](a), and 

a{toen: supKTj'VlMl >y) < (K^C^a^^WfW^ 
jeN J 

for allf G Ll(a)9 and all y > 0, 

where C is the absolute constant in Theorem 2.7. 

PROOF. Suppose that iVçN, and {<^}J1, Ç C00(r) n M^\r). We show first that: 

(6.6) a{cu G Q : maxj(%f)(u)\ > y} < {K^K^f C^\{^}%x)y-X |[/||L,(a), 

for a l l / G £2(cr) H L^tr) and ally > 0. Let {^}^EA be an approximate identity for Ll(T) 
having the properties listed in Scholium 4.19. For 6 G A, and 1 <j<N, there is, by 
Fourier inversion, a function k^ G L](G) such that (kjj)A — hè * </>/. The transference of 
weak type estimates for maximal convolution operators expressed in [3, Theorem 2.14] 
can be applied to {kj^}jLx. In the notation of (6.4), this gives: 

a{uj G Q : max \(HkjJ){u;)\ >y}< (K]K00f^\{hs*<l)j}f=i)y-l\\f\\L'(a), 

for a l l / G L2(a) Pi L1 (cr), and all y > 0. We can rewrite this in the form: 

a{u € Q : maxN\(%^/)(u)\ > y} < (K^f^Whs * <t>j}?=l)y-> \\f\\LHa), 

for a l l / G L2(cr) DL^o-), and ally > 0. Applying Theorem 1.1 to the right-hand side of 
the last inequality, we see that: 

(6.7) a{u G Q : m?^\{%^f){uj)\ >y} < ( ^ i ^ o o ^ C ^ a ^ ^ i K V l L ' ^ ) . 

for a l l / G /^(CTJDZ,1 (cr), and ally > 0. For 1 <j <N,h$* <j>j —> fy uniformly on T, and 
consequently %h^ —* ^ in the uniform operator topology of the bounded operators on 
L2(a). Application of this fact to (6.7) readily establishes the claim made in (6.6). 

We now consider the sequence {ijjj}^ in the hypotheses. Fix N G N, / G 
L2(a) n L{(a), and suppose that e > 0. There is a compact subset Ĉ of T such that: 

(6.8) | | £ (3Cy- /1 l t V)< £ -
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Choose k G Ll (G) such that k is compactly supported, k = 1 on Ĵ C, and | 
Clearly {%}]!, Ç C00(r) nM<vv)(r), and 

IL ' (G) < 1+C. 

^ > ( { ^ y } i l i ) < (1 +e)7V<^({^}jL1) 

We have cr-a.e. on Q, 

max \%.f\ < max \%, f\+ max 
1</</v' ^ ' - K / < w ' kWl 1</<A l</</V' 1</<AT 1</<W 

f Ml-k)d<Ef 

It follows easily from this that for y > 0,7/ > 0: 
(6.9) 

aiojeQ: max |C4/)(w)| > y) 
1 \<j<N r } 

< a{u G n : max | ( % / ) ( ^ ) | > >,(! + T/)"1 } 
!</'<Ar 

+ ajc G n : E|(/r^^(i -^£ / ) (^ ) > w( l + rç) 

We now specialize {0/ljLi in (6.6) to be {fc0/}/!=i- Applying this result to the first term 
on the right of (6.9), and Chebychev's Inequality for L2(a), together with (6.8), to the 
second term on the right of (6.9), we find that: 

a{u G Q : maXN\(%f)(uj)\ > y) < (K.K^fCiX + £ )< ) ({^}j v
= l ) ( l + v)y-{\[f\\Ll{(j) 

+ [( l+r ?)(Wr14e(2 + e ) / ( | : i | ^ | | u ] 2 , 

where A is the supremum, taken over all Borel sets a in T, of ||£(a)||2. Letting t —* 0 
and i] —> 0 successively in this inequality, we arrive at: 

O{OJ e n : ma^K^/Xo;)! > j } < (K^K^fC^a^^y'WfW^, 

for TV G N , / G £2(<r) D Z 1 ^ ) , and j > 0. The conclusions of Theorem 6.5 follow 
immediately from this. 

We finish the discussion by showing that Theorem 6.5 implies the homomorphism 
theorem expressed in (1.5), which extends to the case/? = 1 the results for 1 < p < oo 
in [4, Theorem 4.1 -(i)]. 

PROOF OF THEOREM 1.5. Let G\ and G2 be the dual groups of Tj and r2 , respec
tively, and let p: G2 —* G\ be the dual homomorphism of p: 

(p(«))(7) = «(p(7)), for u G G2, 7 G T,. 

For w G G2, let 7?w designate translation by p(u) on L^Gi). Obviously, u —+ Ru is 
a strongly continuous, distributionally controlled representation of G2 in L^Gi), with 
K\ = KOQ = 1. Moreover, the reasoning in [2, Proof of Theorem 4.1] shows that for each 
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bounded Borel measurable function </> on T2, the operator ^ on L2(G\) is the L2(G\)-
multiplier transform corresponding to the bounded Borel measurable function <j>op on T\. 
Applying these facts to the functions {fy}^, we can invoke Theorem 6.5 to complete 
the proof. 
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