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EXISTENCE OF TORUS BUNDLES ASSOCIATED TO COCYCLES

MIN Ho LEE

A Kuga fibre variety is a fibre bundle over a locally symmetric space whose fibre
is a polarized Abelian variety. We describe a complex torus bundle associated to
a 2-cocycle of a discrete group, which may be regarded as a generalized Kuga fibre
variety, and prove the existence of such a bundle.

1. INTRODUCTION

Families of Abelian varieties parametrised by an arithmetic quotient of a Hermitian
symmetric domain play an important role in number theory. When such a family is
viewed as a fibre bundle over an arithmetic variety its base space is essentially a Shimura
variety and its total space is a Kuga fibre variety. This paper is concerned with a complex
torus bundle associated to a 2-cocycle of a discrete group which may be regarded as a
generalised Kuga fibre variety.

Let H. be the Siegel upper half space of degree n on which the symplectic group
Sp(n,R) acts as usual. If IV is an arithmetic subgroup of Sp(n,R), then the associated
quotient space I'"\#, can be regarded as a moduli space of a certain family of polarised
Abelian varieties. Such a family of Abelian varieties can be considered as a fibre variety
over the Siegel modular variety X' = I"\H,,.

Let G = G(R) be a semisimple Lie group of Hermitian type that can be realised as
the set of real points of a linear algebraic group G defined over Q. Thus the quotient
D = G/K by a maximal compact subgroup K of G has the structure of a Hermitian
symmetric domain. We assume that there are a holomorphic map 7 : D — H,, and a
homomorphism p : G — Sp(n, R) of Lie groups defined over Q such that 7 is equivariant
with respect to p, meaning that 7(gz) = p(g)7(z) for all z € D and g € G. Let T be
a torsion-free arithmetic subgroup of G such that p(I') C I". Then the corresponding
locally symmetric space X = I'\D has the structure of a complex variety and is called
an arithmetic variety. The holomorphic map 7 induces a morphism 7x : X — X' of
varieties, and by pulling the fibre variety over X’ back via 7x we obtain a fibre variety
over X whose fibres are again polarised Abelian varieties. Such fibre varieties over an
arithmetic variety are called Kuga fibre varieties (see [1, 5]), and various geometric and
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arithmetic aspects of Kuga fibre varieties have been investigated in numerous papers over
the years.

If L is a lattice in R?", whose elements are regarded as row vectors, satisfying £p(7)
€ L for all £ € L and vy € T, then the associated Kuga fibre variety can be considered as
the quotient of D x V by an action of the semidirect product I' x L. Given a 2-cocycle
¥ : T x ' = L, we can consider a generalised semidirect product I" x,, L by modifying
its multiplication operation by using 9. Then we can define an action of this generalised
semidirect product on D x V by using a 1-cochain £ for T’ with coefficients in the space
A(D,C"?) of C"-valued holomorphic functions which together with 1 satisfies a certain
relation (see Section 2), and the associated quotient is also a complex torus bundle over
I'\D. In [2] some properties of such torus bundles were investigated (see also [4] and [3,
Chapter 8]). Since then, there have been inquiries about the existence of a pair (£, )
satisfying the required condition. The purpose of this paper is to prove the existence of
such a pair and provide an example.

2. TORUS BUNDLES

In this section we review the construction of a torus bundle associated to a 2-cocycle
and a 1-cochain of a discrete subgroup of a semisimple Lie group considered in [2]. Let G
be a semisimple Lie group of Hermitian type, so that its quotient D = G/K by a maximal
compact subgroup K has the structure of a Hermitian symmetric domain. We assume
that there are a holomorphic map 7 : D = #,, and a homomorphism p : G — Sp(n, R)
of Lie groups satisfying the equivariance condition

7(g9z) = p(g)7(2)

forall ze Dand g € G.

Let L be a lattice in R?", and let T be a discrete subgroup of G such that ¢p(y) € L
for all ¢ € L and y € T, where £p(7y) is the matrix product of the row vector £ of 2n entries
and the 2n x 2n matrix p(7y). Then L is a right [-module, and therefore we can consider
the cohomology H*(I', L) of the group I with coefficients in L. We denote by €*(T', L)
and 3*(T', L) the spaces of the associated k-cochains and k-cocycles, respectively, and
choose an element v of 3%(T", L). Thus ¢ is a map ¢ : T x I = L satisfying

(2.1) P71, v2)p(73) + Y(m¥2, 73) = Y (72, 18) + ¥, ¥278)

Y(7, 1) =0=19(1,7)

for all 71, 72,73,7 € I', where 1 is the identity element of I'. We note that an element
a € 3%(T, L) is a coboundary if & = 8 for some 8 € €!(T', L), where

(2.2) 0B(m,72) = B(1) = B(mr) + B(m)e(7e2)
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for all 71,2 € ' We now consider the generalised semidirect product I" x,, L associated
to ¥, which consists of the elements (v, £) of ' x L and is equipped with the multiplication
operation defined by

(m, &) - (72, &2) = (MY2, &p(n) + & + ¥ (1, 12))

for all 71,72 € ' and 41, £, € L. Then it can be shown that I' x, L is a group with respect
to this operation.
The symplectic group Sp(n, R) acts on the Siegel upper half space H,, as usual by

9¢ = (al +b)(c¢ + )~

forall z € H, and g = (Z b) € Sp(n,R). For such g € Sp(n,R) and { € H,, we set

d
(2.3) i(9,€) = cC +d.

Then the resulting map j : Sp(n,R) x #, — GL(n, C) satisfies

(2.4) 3(9'9, Q) = 3(g',9¢)i(9, )

for all { € H, and g,¢' € Sp(n,R). Given z € Dand v € ' C G, we set

(2.5) Jor(1,2) = 3 (p(1),7(2)).

Using (2.4) and the fact that 7 is an equivariant with respect to p, we see that
(2.6) Jor (V7 2) = Jpr (¥, ¥2)dpr (7, 2)

forall z€ D and +,7 €.
Let A(D,C") denote the space of C*-valued holomorphic functions on D. We intro-
duce on A(D, C") a double I'-module structure defined by

(2.7) (v-£)2) = f(2), (f- M) = F(12)Ipr(7,2)

for all f € A(D,C"), v € I and z € D, where elements of C* are considered as row vec-
tors. Then we can consider the cohomology of the group I" with coefficients in A(D, C"),
where its group €*(T', A(D,C")) of k-cochains consists of all functions

n:T* = A(D,C")

such that n(y1,...,7) = 0 whenever at least one of the +; is 1. If § denotes the cobound-
ary operator and if 77 is a 1-cochain belonging to €'(T', A(D,C")), then we have

(2.8) on(m,v2) =7 - n(12) = n(my2) +1(n) - 12

https://doi.org/10.1017/50004972700035383 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035383

348 M.H. Lee (4]

for all 71, 12 € T, where the right and left actions of I are given by (2.7).
We now assume that there exist a 1-cochain ¢ € €!(T, A(D,C")) and a 2-cocycle
¥ € 3%(T, L) satisfying

(29) st )@ = v ()

for all z € D, where the right hand side is the matrix product of the row vector ¥{v;,72)

€ L ¢ R® x R" and the complex 2n x n matrix T(lz) . The existence of such a pair

(£,%) is the main theorem in this paper and will be proved in the next section. Given
elements (7, (p,v)) € T xy L and (z,w) € D x C*, we set

(210) (1) - (2w) = (72, (w+pr(2) + v+ EM() (1,27,

where j,, : ' xD — GL(n,C) is given by (2.5). Then it can be shown that the operation
given by (2.10) determines an action of the group I'" x, L on the space D x C".

We assume that the discrete subgroup I' C G does not contain elements of finite
order, so that the quotient space X = I'\D has the structure of a complex manifold, and
set

Yeo =T xy I\D x C",
where the quotient is taken with respect to the action in (2.10). Given z € D, let L,
denote the lattice in C* defined by

L,={pr(z) +v|(nv)e L}

Then the map 7 : Yy — X induced by the natural projections D x C* — D and
[ xy L — T has the structure of a fibre bundle over X whose fibre over the point in X
corresponding to z € D is isomorphic to the complex torus C*/L,. If ¢y =0 and £ = 0,
then the the corresponding torus bundle Yyq is a family of Abelian varieties known as a
Kuga fibre variety (see [1, 5]).

3. EXISTENCE

Let the Hermitian symmetric domain D associated to a semisimple Lie group G,
the discrete subgroup I' of G, and the lattice L C C" be as in Section 2. In this
section we prove the existence of a 1-cochain £ € €'(T, A(D, C*)) and a 2-cocycle
¥ € 3%(T, L) considered in Section 2 satisfying (2.9), where A(D,C") is the space of
C-valued holomorphic functions on D. We also discuss an example.

We consider the space A(H,,C") of C"-valued holomorphic functions on the Siegel
upper half space #,, as a double [-module by defining the left and right I'-actions by

(3.1) (9- F)Q) =F(), (F-9)(¢) = F(g¢)i(9:¢)
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for all F € A(H,,C"), g € Sp(n,R) and ¢ € H,, where j{g,() is as in (2.3). Let T bea
discrete subgroup of Sp(n, R) such that p(I') C T'. Then we can consider the cohomology
of the group I' with coefficients in .A(H,, C"), and the coboundary operator

& : €Y(T, A(Ha,C") — (T, A(Hn, C"))

is given by

(3.2) 67(g1, 92) = g1 - 1(92) — M(9192) + 7(g1) - 92
for 7 € Qil(f, A(H,,C")) and 71,7, € T, where the left and right actions of T are given
by (3.1).

THEOREM 3.1. There exist a I-cochain £ € €' (T, A(D,C")) and a 2-cocycle
¢ € 3%(T, L) satisfying (2.9).

PRroOF: We shall first prove that there exist a 2-cocycle {I; € 3? (f, L) and a 1-cochain
€ belonging to €' (T, A(H,, C")) satisfying

(3.3) 52(91, 92)(¢) = 1;(91, 92) (g)

for all ¢ € H, and g1,92 € T. Let £ : T = A(H,,,C") be an element of ¢! (f, A(Hn, CY)
defined by

£(9)(Q) = x3(9,¢)

for all ¢ € H, and g € T, where « € C is a constant and J(9,¢) is as in (2.3). Then for
this £ the condition (3.3) can be written as

60 U00)(}) = Ea)©) - Er0(e) + o) 0001000
= j(92,¢) — §(9192, C) + j (91, 92¢) (92, C) = 7 (92, )

for all 71,72 € T and z € D, where we used (2.4) and (3.2). Here we note that it is
possible choose a map 9 : ' x I' = V satisfying (3.4). For example, if 1 is given by

Han) = (0. 00a(g) 0.0 (g) ),

then for g» = (a b) we have
¢ d

¥(g1,92) (g) = (¢, d) (g) = o +d = j(g2,().
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Let ¢ : T x ' — L be a map satisfying (3.4). Using (2.1) and (2.4), we have

(¥(g,9")9" +¥(gg', 9") — ¥(d', ") — ¥(9, g’g"))( )
= 368 (%) i(6".0) + 6", = 3(6",0) - 569" 0)
=3(g,9"0)i(g",¢{) - i(g'g",¢) =0
for ¢ € H, and g,¢,¢"” € T'. This implies that ¥ satisfies (2.1); hence ¥ € 3*(T, L). We
now set
P(m,72) = ¥(p(n), (1)),  EM)(2) = E(p(7)) (7(2))
for all 7,71,7, € I and z € D. Then ¢ € 3*(T, L) and € € ¢'(T, A(D,C")), and by
using (2.2} and (3.2) as well as (3.3) we obtain
06(m, 12)(2) = £(n)(2) = &(mm2) (2) + €(72) (122)dpir (72, 2)
= E(p(m)) (7(2)) — E(p(m)p(72)) (7(2))

+&(p(12)) (r(122))3 (p(12), 7(2))
= 8€(p(m), p(12)) ((2))

= 9(p(m), p(12)) (T(lz)) = ¥(1,72) (T(lz)>-

Thus we see that the pair (&, 1)) satisfies (2.9), and therefore the proof of the theorem is
complete. 0

EXAMPLE 3.2. Let & € (T, A(D, C")) be the 1-cochain given by

& (7)(2) = kipr(7,2)

for all v € T and z € D, where x € C is a constant and j,.(7v,z2) is as in (2.5). If
o € 3%(T", L) is the 2-cocycle given by

Yol 72) = ((o, 1)p(12) ((1)) (0, 1)p(72) (g))

for all v, v, € T, then from the proof of Theorem 3.1 we see that the pair (&, ¥y) satisfies
(2.9). By using this pair we can construct other pairs as follows. Let € be a 1-cochain
belonging to €'(T, L), and consider the elements ¢ € €' (T, A(D,C")) and . € 3*(T, L)
given by

5) &)@ =& +e0) (D), we=v o
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for ally € T and z € D, where 8 : €}(T, L) — €%(T, L) is the coboundary operator. Then
for 71,2 € T and 2 € D we have

(1, 72)(2) = &) (2) = & (M) (2) + & () (122)dpr (72, 2)
= 0€(n, (@) +e(m) (")

et () + et (") 0,20

However, we have

(77 otm = (77T Yo w0

- (o re) = ()

if p(y2) = <Z 3) Using this, (2.2), and (3.5), we see that

06,2 = vn ) (79) + @e)on ) (7)) = vt (7).

Thus the pair (&, v.) satisfies (2.9).

(1]
(2]
(3]
(4]
(5]
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