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1°. The aim of this paper is to point out a number-theoretical property
of a certain product of values taken by an abelian function at points of finite
order of the abelian variety on which the abelian function is considered We
use the theory of power residues and the theory of complex multiplication, and
the result is somewhat similar to the so-called Stickelberger’s relation in the
theory of Gauss sums. A related investigation was previously made by the
author in a special case of elliptic curves [2].

2°. To begin with, an elementary trick should be explained which we have
to use in the proof of our main result.

Let F, F* be two algebraic number fields of finite degree, both containing
the m-th roots of unity. Let 9t be a set of ideals of F, and 1 be a mapping of
%N into the set of non-zero elements of F* On the other hand, let M be a set
of ideals of F* and let g be a mapping of M into the set of non-zero,
algebraic numbers such that g(b) (b= I) generates an abelian extension over
F. Furthermore, we denote by ¢(a) the Artin automorphism of an ideal a € N,
and assume

2@ = (A8 g(o)

m

whenever a is prime to some ideal f; of F depending on b, where ( /1(ba) )

m
the m-th power residue symbol in F*  Then, g(b)" belongs to F, a mapping
# of M into F is determined by u(b) = g(b)™, and we have the following reci-

procity formula:

(1) (u(aﬁ) >m= ( x(ba) )m (aeM, beM, (a fp) =1),
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where ( ,, means the m-th power residue symbol in F.

3°. For the sake of simplicity, we restrict ourselves to the investigation
of abelian functions on an abelian variety which belongs in the sense of [3] to
a “primitive CM-type” (F; {¢;}) with an abelian extension F over @ In this
case, the dual of (F; {¢;}) is given by (F; {¢;'}). We shall also assume that
the abelian variety, together with all of its endomorphisms, is defined on F in
the sense of algebraic geometry, and that A is principal, i.e. the ring of endo-
morphisms of A is the ring of integers of F. Such an abelian variety actually
exists; for example, the Jacobian variety defined over Q of the complete, non-
singular model, defined over Q, of the curve y*=1-x', [ being an odd prime
number. (See [3], p. 129.)

4°. Our main result is the following:

THEOREM. Let F be an abelian extension of finile degree over Q, and let
¢ be a primitive m-th root of unity contained in F. Suppose that A is an abelian
varity belonging to a primitive CM-type (F; {¢i}), and that A is principal.
Assume A and every endomorphism of A are defined over F. Let now f(z) be
a function on A defined over F satisfying [(Cz) =Cf(2), and B be an integer of
F such that B=1 (mod m®). Moreover, denote by B the set of (B)-section points
of A different from 0. Then, there exists an element v  F such that

1 £(6) =™ I1 7%,
=B ¢

where c;€ Z, (7% =¢.

5°.  Proof of the theorem. As is shown in [3], there is a Grossencharacter
A of F which expresses the action of the Artin automorphism ¢(a) of an ideal
a on section points of A. Namely, if a is prime to a certain ideal of F depending

on # and A, we have
7(B)*® = f(2(a)bd).
Furthermore, the number i(a) € F has the property

M) =11 a® ",

On the other hand, if B is a subset of 8 such that (B, ¢B,...,¢" 'B}
=B, then generalized Gauss’ lemma (cf. e.g. [2]) yields
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/6b) = (%) T/

bEB B

1)

for any integer » of F prime to 8. Therefore, in particular, g(g3)°@ = (
g(B) for
g(B) = I17(b).
VEB

From now on, we treat only those 8 for which g(8) = 0, because the theorem
is trivial if g(B) =0. Applying (1) for the case where F=F* u(g8)=g(p)",
N = {the set of ideals a for which 1 is defined;, and M = {the set of all principal
ideals (B) with =1 (mod m?®), g(B8) %0}, we have

4B\ _ (A)
(22, = (455,

a

When g is fixed, this formula is valid for all ideals of F which are prime to
one certain ideal of F.

By the theory of power residue symbol including the reciprocity law

(454, Gl ) =)= m57)

(#42),= (),

for 8* = I1 8%°. This shows that u(8)/8" is the m-th power of an element 7
1

so that

e F. Since % (NB-1)=0 (mod m) entails

©(B) =b£IBf(b)f(Cb) SRRy (<)) =bgf(b),

the theorem is proved.

6°. Let ¢ be a primitive m-th root of unity, and set F= F* =Q(¢). Let M
be the set of all ideals of F, and let MM be the set of all principal prime ideals
(n) with #=1 (mod m®). Furthermore, denote by i(a) the norm of a, and set

gn)=— 3] (i):e(lsnu)

u mod &\ 7T p

for r= M, where p is the prime number divisible by =n, S, means the local
trace, and e is a character of the additive group of Qs mod 1 satisfying e(l)

?
% 1. Then we have
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g(m)" = (i%‘l )mg(n-)

whenever a is prime to pm. Therefore, if we set u(7) =g(x)™, it follows from
(1) that

ulm) _ A/l(a)
(, a )m_< T )m.
By the same argument as in 5°, we can deduce from this

(2) p(m) ="M n", rF,

where ¢ runs through the Galois group of F/Q, and ¢, € Z, (°°=1. The for-

mula (2) has a similar form to the explicit decomposition () = IT ="°° of u(x)
[}

obtained by Stickelberger’s relation (see [1], [4]), although the latter is a far
stronger assertion than the former. Since the formula in our main theorem
also has the same form as (2), it may be regarded as a first approach to a

deeper result, like Stickelberger’s relation, about abelian functions.
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