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GROWTH ESTIMATES FOR SOLUTIONS OF NONLINEAR
SECOND-ORDER DIFFERENCE EQUATIONS
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Abstract

We prove several growth theorems for solutions of certain nonlinear second-order difference
equations.

1. Introduction

In this paper we study the asymptotic behaviour of the second-order nonlinear differ-
ence equation:

A(cn_,Ajcn_,) =f(n,xn, Axn.x) + g(n,xn, Axn_,), n € N, (1.1)

where / and g are real functions satisfying some additional conditions which we
explain later. Our results are natural extensions and generalisations of those in [9] and
are also closely related to those in [4] and [8], where the growth of the solutions of
the corresponding homogeneous difference equation was investigated. This equation
models, for example, the amplitude of oscillation of the weights on a discretely
weighted vibrating string.

Similar equations have been investigated by many authors, see, for example [1,
Chapter 6.15]. Our motivation here stems from [1, Problem 6.24.40]. According
to [1] the following result holds.

THEOREM A. Consider the equation

A(cn_iA^n_,) = dnf(n,xn, Ajcn_i) + g(n,xn, Axn_i),

where
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(a) cn>0,n>0and£*, l/c,_, = oo;
(b) \g(n, u, v)\ < gn, where gn is a real sequence such that £ " , gn < oo;
(c) dn is a real sequence such that JZ,+" \ds | XV_2 l/c,-_i < oo;
(d) / is a real function such that \f (n, u, v)\ < L\u\, u, v e (R, n e Mfor some

L > 0.

Thenxn = ^(YH=2 Vc<-i) as n -*• +oo.

We want to say that the following, slightly different, equation

A(cnA.xn) = d,J(n,xn, Axn) + g{n,xn, Axn)

is considered in [1]. However, it is easy to see that under the same conditions as in
Theorem A the same asymptotic formula holds (see also the proof of Lemma 2.4).
Theorems 3.1, 3.5 and 3.6 generalise and extend Theorem A in many directions. In
Section 2 we quote three auxiliary results which we apply in the third section. In
Section 3 we study the asymptotic behaviour of the solutions of the second-order
nonlinear difference equation (1.1).

2. Auxiliary results

In order to investigate the growth of the solution xn, we first need two auxiliary
results which are discrete variants of Bellman-Gronwall's lemma. Applications and
further generalisations of this lemma can be found, for example, in [2-10].

LEMMA 2.1 ([6, page 112]). Ifxn, bn, cn > 0 and

n - l

xn < an + bn

then

x n < a n + b n ^ a , c , e % z ' + ' b ' c ' , n e N .
i=i

From Lemma 2.1 and the inequality I + x < e", for x > 0, it is easy to get the
following corollary.

COROLLARY 2.2 ([3, page 198]). lfxn, cn > 0, c is a positive constant and

n-\

dxh neN,

then xn < ce^-'Ct, n e N.
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The following lemma is a special case of [10, Theorem 4].

LEMMA 2.3. Ifxn, cn > 0, c is a positive constant, p € [0, 1) and

n - l

xn < c+^c,vcf, n € N,
i=i

then
I „_, \ ' /0 -P)

*.<[ <:'-'+(1-?)][>, j , neN.

The next result can be considered as the main technical part of this paper.

LEMMA 2.4. Consider (1.1) where

(a) cn > 0, n > 0;
(b) / an*/ g are real functions; and
(c) \g(n, u,v)\ < gn, where gn is an arbitrary real sequence.

Then the following inequalities hold:

I n - l n - l \

|A*n_,| < \yo\
c

and
. . n - l n—1

PROOF. Let yn = cn{xn+\ — xn). Then from (1.1) we have

yn-yn-i=f(n,xn,Axn-i) + g(n,xn,Axn-l), n e N. (2.3)

Summing (2.3) from 1 to n — 1, we obtain

, / n-i \
1 /

xn ~ xn-i = ( y0 + Y V (J, -«,, Ax,_,) + g(/, A:,, AJ: ,_ , ) ) I . (2.4)
c«-' \ tT /

From this and condition (c) we get

Summing (2.4) from 2 to n, we have

T — + T —
i=2 C ' ~ ' i=2 C'~X \ ; = 1

'"'
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which yields

£ J
1=2 c'-> i=2 c ' - ' j=\

n—1 n—1

and consequently
i i n~^

™—n— - cilxil + lyol + E s ' + El/( I ' -X" ^i-i)!-

as desired.

3. The main results

In this section we study the asymptotic behaviour of the solutions of the second-
order nonlinear difference equation (1.1).

T H E O R E M 3.1. Consider (I.I) where

(a) cn > 0, n > 0;
(b) \g(n, u,v)\ < gn, where gn is an arbitrary real sequence; and
(c) / is a real function such that \f (n,u, v)\ < \dn\\u\a, u, v e K, n e H.forsome

a € [0, 1] and a real sequence dn.

Then the following asymptotic formula holds:

/ n i n ~* \

where an = 5Z"=2 i1 + T,'f=\ 8j)/ci-i-

PROOF. Let yn = cn(xn+l — xn). From inequality (2.5) in Lemma 2.4 and by
condition (c) we have

n | n | i — l n . i — 1

\ — ^ \ — ^ \ ^ \ — ^ ^ \ — ^ i j 11 ia

1=2 ' " ' /=2 '" ' y = l <=2 '" ' y = l

From this and by the well-known inequality \x\a < I + \x\, x e R, a e [0, 1], we
have

i - l n , i - ln | n * i — i it - ( — i

I*.I + I<I*.I + I + I » I E — + E — E f t + E — E 141(1*11 +
i=2 C ' ~ ' i=2 C | ' > = 1 1=2 C' ' 7 = 1
n | n | i—l n | n—1

^kil + i + M L —+ L —2^ft + L —ZJ4KM +
1=2 ' - ' i=2 ' " ' 7 = 1 '=2 7 = 1
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Let an = |x,| + 1 + 1*1 E w d M - i ) + T,U ( E £ i &)/C-i> then by Lemma 2.1,

t ? c - 7^
Since an is increasing we have

On the other hand, we have \an\ < max{|.Xi| + 1, \yo\, 1}(1 + an), for n > 1, which
implies

|an| < max{|*,| + 1, |yb|, 1} ( — + 2 j an, n > 1.

From this and (3.1) the result follows.

COROLLARY 3.2. Consider (1.1) w/zez-e

(a) cn > 0, n > 0 a«rf E ~ i l/ci-i = °°''
(b) |g(n, u, v)\ < gn, where gn is an arbitrary real sequence;
(c) dn is a real sequence such that EjTi 14 I E^=2 Vci-i < °°; and
(d) / is a real function such that \f(n, u, v)\ < |dn||M|a, u, v € K, n € N, for some

a e [0,1].
77ie/j the following asymptotic formula holds:

as n -*• +oo.

PROOF. Let an and an be as in Theorem 3.1. Dividing (3.1) by an E"=2 l/c,_i and
using conditions (a) and (c) we obtain that there are positive constants C\, C2, C3

and C4 such that

y n

L
as desired.

COROLLARY 3.3. Consider (1.1) vv/iere

(a) oCn^Oam/E", l/c,--i = oo;
(b) |g(«, M, u)| < gn, w/ier« gn w a rea/ sequence such that E ~ i «̂ < °°>
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(c) dn is a real sequence such that J2f™ \dj I Yl\=2 1/Ci-i < oo; and
(d) / is a real function such that, \f(n,u,v)\ < K| |M|°, M, V e K, n e M.forsome

a e [0, 1].

Thenxn = ^{Yl"=2 l /ci-i) as n ~• +00-

PROOF. Since Y^=\ Sn < °° we have an >z Yl"=2 l/ct-\- From this and (3.1) we
obtain that there are positive constants Q and C2 such that

I*. I + 1 < +
1=2

n

,=2

i = 2

• i - ( Q +

as desired.

REMARK. Note that Corollary 3.3 in the case or = 1 reduces to Theorem A ([1,
Problem 6.24.40]).

EXAMPLE 1. Consider the equation

n2{\ + (Axn_,
n 6 N.

Here we have cn — *Jn + 2 and */„ = 1/n2. Since 5Z~2 W « + 1 = oo, condition (a)
in Corollary 3.3 is satisfied. Condition (b) follows from the following inequality:

oo

n*+
< 00.

Using the asymptotics

we get
1=2

1 [' dx

/TTT •2JJ,

,=2

that is, condition (c) is satisfied. Condition (d) holds fora = 1/2, since

\f(n,xn,
n2(l

Hence by Corollary 3.3 we have*,, = ^(E"=2
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COROLLARY 3.4. Consider (1.1) where

(a) cn > S > 0, n > 0;
(b) \g(n, u,v)\ < gn, where gn is a real sequence such that J^i Sn < °o;
(c) dn is a real sequence such that ^,tTi 14/1 Z^=2 l/c/-i < oo; and
(d) / is a real function such that [f(n, u, v)\ < |^n| I"!", u, v e K, n 6 N,forsome

a e [0, 1].

Then xn = (?{ri) as n —> +oo.

PROOF. Since in this case ^"= 2 ' M - i < (n — l)/6, we obtain the result by Corol-
lary 3.3.

THEOREM 3.5. Consider (1.1) where

(a) cn > 0, n > 0 and Yl'Zi l/ci-i = °°;
(b) \g(n, u, v)\ < gn, where gn is a real sequence such that Y1T=\ 8" K ° ° '
(c) dn is a real sequence such that, for some a 6 [0, 1),

. _ _ i \ Of

I < oo; and

(d) / is a real function such that \f (n, u, v)\ < K I M " , u , u 6 i , n 6 N .

Then the following asymptotic formula holds:

— I as n —> +oo,

for every solution xn of (1.1) and limn_ +oo cn_ i (xn — xn_t) is finite.

PROOF. From (2.5), conditions (b) and (c) and some simple calculations we get

n . n - / — 1 n . < — I

. i < 1*11 + M E — + E — £& + £ — E K 11*7
1=2 c ' - ' .=2 c ' - ' ; = i /=2 c ' - ' 7 = i

1=2

1 = 2 C -

— + E—Emi*j"
C ' - ' i=2 C ' - ' ; = l

- n— 1 n I

— + E^II^I° E —
C ' - ' y = l i=y + l C - '

j\\xjA, (3.2)
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where C = \yo\ + £ ~ , 8n-
From (3.2) we have

For a e [0, 1), by Lemma 2.3 we get

/ n-l / i \ a \ I / ( 1 - a )

i I / n—i / i , \ \

in view of condition (c), from which the first part of the theorem follows.
From the above we know that there exists M > 0, such that \xn\ < M ^Z"=2 l/c,-_i,

for every n e M. Summing (2.3) from n + 1 to n + p, we obtain

n+p

yn+P -yn= ^2 if (i, Xj, A*,-_i) + g(i,x,, A*,_,)).
i=n+l

Hence
n+p n+p n+p n+p / i \ a

l=n+l l=n+l l=n+l l=n+l \j=2 * I

By the conditions of the theorem and Cauchy's criteria we obtain the result.

EXAMPLE 2. Consider the equation

Here cn = -«/« + 2, rfn = l/ni/2 and a = 1/2. As in Example 1 it can be shown that
the conditions in Theorem 3.5 are satisfied. Therefore

and the limit lim,,.^ Vn + 1 (xn — jcn_i) is finite.
Note that this equation does not satisfy condition (c) in Corollary 3.3, since

+0O
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The following result also includes the case a = 1, moreover, we impose a condition
on the rate of the growth of the function / which also includes the difference Axn-.{.

THEOREM 3.6. Consider (1.1) where

(a) cn > S > 0, n > 0;
(b) \g(n, u,v)\ < gn, where gn is a real sequence such that £ ~ , gn < oo;
(c) / is a real function such that \f (n, u, v)\ < dn\u\a +fn\v\fi, u, v e R, n e N,

for some a, ft € [0, 1] and real sequences dn andfn\ and
(d) the series Yl7=i \d*\( H)=i l/cj-i)" and S^=i/n are convergent.

Then xn = ^ ( ^2"=2 l/
ci-i) as n -> +oo, for every solution xn of (1.1) and the limit

limn_+0O cn_i(jcn - xn_i) is finite.

PROOF. Since the conditions of Lemma 2.4 are satisfied, summing inequalities (2.1)
and (2.2), and using condition (a), we obtain

, , \Xn\ lyol

| + <

ki=l 1=1

hence by conditions (b) and (c) we get

( n—\ n—\

1=1 1=1
n - l

1 = 1

where Q = C(l + J^ I j Sa)< or equivalently

Using the inequality x' < 1 + x + y, forx, y > 0 and t e (0, 1], we get

2w=2

•i=2
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By Corollary 2.2 we have

I * . I

< oo,

in view of condition (d), from which the first part of the theorem follows.
The rest of the proof is similar to the corresponding proof of Theorem 3.5 and will

be omitted.

EXAMPLE 3. Consider the equation

Here cn = Jn + 2, dn = l/n3/2, /„ = l/«5/4, a = 1/2 and £ = 1/4. It is easy to see
that the conditions in Theorem 3.6 are satisfied. Thus xn = G{YH=i l/v^' + 1) =
<?(M2/3) and limn_0o 1/n + l(xn — xn_0 is finite.
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