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BMO Functions and Carleson Measures
with Values in Uniformly Convex Spaces

Caiheng Ouyang and Quanhua Xu

Abstract. This paper studies the relationship between vector-valued BMO functions and the Carleson
measures defined by their gradients. Let dA and dm denote Lebesgue measures on the unit disc D and
the unit circle T, respectively. For 1 < g < oo and a Banach space B, we prove that there exists a
positive constant ¢ such that

sup / (1 — 2DV £(2)||9P2 (2)dA(z) < €T sup / | f(2) — f(20)||9Pz, (2)dm(z)

z2€eDb 20€D

holds for all trigonometric polynomials f with coefficients in B if and only if B admits an equivalent
norm which is g-uniformly convex, where

1 — |a|?
Py (2) = m<

The validity of the converse inequality is equivalent to the existence of an equivalent g-uniformly
smooth norm.

1 Introduction

Let T be the unit circle of the complex plane equipped with normalized Haar measure
dm. Recall that an integrable function f on T is of bounded mean oscillation (BMO)
if

I = sup o / I — fildm < oo,

where the supremum runs over all arcs of Tand f; = |I|~" [, fdm is the mean of f
over I. Let BMO(T) denote the space of BMO functions on T. The means over arcs
in this definition can be replaced by the averages of f against the Poisson kernel P,
for the unit disc D:

1

1-— |Z()‘2

P T

zpeD,zeT.

Then
Hin%SléP |f(2) — f(20)|*Ps (2)dm(z),

Received by the editors January 17, 2008.

Published electronically May 20, 2010.

C. Ouyang is partially supported by the National Natural Science Foundation of China
(No. 10971219). Q. Xu is partially supported by ANR 06-BLAN-0015.

AMS subject classification: 46E40, 42B25, 46B20.

Keywords: BMO, Carleson measures, Lusin type, Lusin cotype, uniformly convex spaces, uniformly
smooth spaces.

827

https://doi.org/10.4153/CJM-2010-043-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-043-6

828 C. Ouyang and Q. Xu

with universal equivalence constants. Here, as well as in the sequel, we denote also by
f its Poisson integral in D:

flzo) = / f@P.(2)dm(z), 2 € D.
T

On the other hand, it is well known that BMO functions can be characterized by
Carleson measures. A positive measure 4 on D is called a Carleson measure if

e = sup [ T o) < o

zo€D

Let f € LY(T). Then f € BMO(T) if and only if|Vf(z)\2(1 —|z]*)dA(z) is a Carleson
measure, where dA(z) denotes Lebesgue measure on D. In this case, we have

|2(1 |2I* ) — |20]*)

dA
e (2).

(L1) 112 ~ sup / V()
z20€D JD

We refer to [6] for all these results.

This paper concerns the vector-valued version of (ILI). More precisely, we are
interested in characterizing Banach spaces B for which one of the two inequalities in
(L) holds for B-valued functions f. Given a Banach space B, let L?(T; B) denote the
usual L?-space of Bochner p-integrable functions on T with values in B. The space
BMO(T; B) of B-valued functions on T is defined in the same way as in the scalar case
just by replacing the absolute value of C by the norm of B. Then the vector-valued
analogue of (L.I)) is the following:

(11— |Z|2)(1 |Zo| )

T M@ salfl:

1) SR < sup / V£
20€D JD

for all f € BMO(T; B), where ¢y, ¢, are two positive constants (depending on B), and
where

Ivs@l = | 5] + | 5

It is part of the folklore that (L2)) holds if and only if B is isomorphic to a Hilbert
space (see [2]). We include a proof of this result at the end of the paper for the
convenience of the reader.

However, if one considers the validity of only one of the two inequalities in (T.2),
the matter becomes much subtler and the corresponding class of Banach spaces is
much larger. The following theorem solves this problem.

z=x+1y.

Theorem 1.1 Let B be a Banach space.

(i)  There exists a positive constant ¢ such that

2
sap [ |Vfz A=A 208 3y ) < o

z0€D |liz |

holds for all trigonometric polynomials f with coefficients in B if and only if B
admits an equivalent norm that is 2-uniformly convex.
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(ii)  There exists a positive constant ¢ such that

(1= [z — |2o*) 12
su Vi@)|? - dA(z) > ¢ «
s [ Vi@ 11
holds for all trigonometric polynomials f with coefficients in B if and only if B
admits an equivalent norm that is 2-uniformly smooth.

We refer to the next section for the definition of uniform convexity (smoothness).
This theorem is intimately related to the main result of [15], where the vector-valued
Littlewood-Paley theory is studied. Given f € L'(T; B), define the Littlewood-Paley
g-function

1
(G(N)(2) = / (1 —n)||Vf(rz)||*dr, ze€T.
0
The following fact is again well known. The equivalence

IG(Nzery = 1 f = fO)2¢r:m)

holds uniformly for all B-valued trigonometric polynomials f if and only if B is iso-
morphic to a Hilbert space. However, the two one-sided inequalities are related to
uniform convexity (smoothness). More precisely, we have the following result from
[15].

Theorem 1.2 Let B be a Banach space.

(i) B has an equivalent 2-uniformly convex norm if and only if for some p € (1,00)
(or equivalently, for every p € (1, 00)) there exists a positive constant ¢ such that

(1.3) IG(NIzrery < el flleecrp

holds for all B-valued trigonometric polynomials f.
(ii) B has an equivalent 2-uniformly smooth norm if and only if for some p € (1, 00)
(or equivalently, for every p € (1, 00)) there exists a positive constant ¢ such that

(1.4) 1f = fO) sy < e[GO Iecry

holds for all B-valued trigonometric polynomials f.

According to [15], the spaces satisfying (L3) (resp. (I.4))) are said to be of Lusin
cotype 2 (resp. Lusin type 2). The name Lusin refers to the fact that the Littlewood—
Paley g-function can be replaced by the Lusin area function. At this stage, let us
also recall that by Pisier’s renorming theorem [10], B has an equivalent 2-uniformly
convex (resp. smooth) norm if and only if B is of martingale cotype (resp. type) 2.

The value p = oo is, of course, not allowed in Theorem[I.2} At the time of the
writing of [15], the second author guessed that a correct version of Theorem [L.2] for
p = oo should be Theorem [T} but could not confirm this. Our proof of Theorem
[LTl relies heavily on Theorem [[.2] and Calder6n—Zygmund singular integral theory.
In fact, we will work in the more general setting of a Euclidean space R" instead of
T. On the other hand, the power 2 in ||V f||* no longer plays any special role in the
vector-valued setting. We will consider the analogue of Theorem[T.1]for ||V f||? with
1 < g < oo. The corresponding result is stated separately in Theorems .1l and 5.1
below, which correspond to the end point p = oo of the results of [9, 15].
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2 Preliminaries

Our references for harmonic analysis are [5, 6, 14]. All results quoted in this paper
without explicit reference can be found there. However, one sometimes needs to
adapt arguments in the scalar case to the vector-valued setting.

Let (€2, pt) be a measure space and B a Banach space. For 1 < p < oo, we denote
by L?(£2, u; B) the usual LP-space of Bochner (or strongly) measurable functions on
Q with values in B. The norm of L (€2, u; B) is denoted by || - || ,. The #-dimensional
Euclidean space R” is equipped with Lebesgue measure, and L] (R"; B) denotes the
space of locally integrable functions on IR” with values in B. Recall the Poisson kernel
on R™
INE=Y t
TD/2 (12 4 [x[2) (D2

Py(x) = x€R", t>0.

Let f € L}, (R™ B) such that

/ 168 ——dx < o,
Rn

1+ [x]T

The Poisson integral of f is then defined by

Py s flx) = / Pi(x — ) f(y)dy.
R»

The function P; * f(x) is harmonic in the upper half space R”*!. Let us make a

convention to be used throughout this paper. For a function f € L} _(R"; B), we also
denote by f its Poisson integral (whenever the latter exists); thus f(x,t) = P; * f(x).
The space BMO(R"; B) is defined as the space of all functions f € L. _(R"; B) such

loc
that

1
11l = sup & / £ — folldx < oc,
o 1Ql Jq

where the supremum runs over all cubes Q C R" (with sides parallel to the axes),
and where f; denotes the mean of f over Q. Equipped with || - ||.., BMO(R"; B) is a
Banach space modulo constant. BMO(R"; C) is simply denoted by BMO(R").

We will also need the Hardy space H!. There exist several different (equiva-
lent) ways to define this. It is more convenient for us to use atomic decomposition.
A B-valued atom is a function a € L (R"; B) such that

1
supp(a) C Q, / adx =0, |aoo < —=
Re Q|

for some cube Q C R". We then define H}(R"; B) to be the space of all functions
f that can be written as f = ), Aag, with a; atoms and X scalars such that
> i | M| < co. The norm of H} (R”; B) is defined by

||fHH1(]R{”;B) = inf{ oM f =20 )‘k“k}'
a k>1 K>1
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This is a Banach space. It is well known that H} (R"; B) coincides with the space of
all f € L'(R"; B) such that sup,., || f(-,#)|| € L'(R"). Fefferman’s duality theorem
between H' and BMO remains valid in this setting (with a slight condition on B).
More precisely, BMO(R"; B*) is isomorphically identified as a subspace of the dual
H!(R"; B)*; moreover, it is norming in the following sense. For any f € H!(R"; B),

£ Nz = sup {[(f, )| : § € BMO(R"; B), |[g]l.« < 1}

with universal equivalence constants. Note that this duality result follows immedi-
ately from the atomic definition of H,. If B* has the Radon—Nikodym property (in
particular, if B is reflexive), then H!(R"; B)* = BMO(R"; B*). We refer to [1] and [3]
for more details.

BMO functions can be characterized by Carleson measures. Let I' = {(z,1) €
R : |z| < t}, the standard cone of R7*!. T'(x) denotes the translation of I" by
(x,0) forx € R": I'(x) = I' + (x,0). Let Q be a cube. The tent over Q is defined by
Q= R™!\ Uyeq: T'(%). A positive measure p on R} is called a Carleson measure if

[plle = sup === < o0
Q cube |Q|

Then f € BMO(R") if and only if u(f) = (t|V f(x,t)|)?dxdt /t is a Carleson mea-
sure. Moreover, || f||2 = ||u(f)||c. This is the analogue of (L) for R”. Our main
concern is the validity of each of the two one-sided inequalities of the equivalence
above in the vector-valued setting. The previous result is, of course, part of the
Littlewood—Paley theory. In this regard let us recall its LP-analogue. Let f € LP(IR").
Define the Lusin integral function of f:

(S(f)(x))2 :/F(t|Vf(x+z,t)\)2ifit, x € R

Then
||f||p ~ |\S(f)||p, Viell(R"),1<p<oo.

The vector-valued Littlewood—Paley theory is studied in [9,15]. Let 1 < g < oo and
f € LP(R"; B). Define

dzd
(5,()" = /F (7 fec+ 20, xem,

where

1

Vsl = || 2 s + 32| 2 .
i=1

According to [9, 15], B is said to be of Lusin cotype g if for some p € (1,00)
(or equivalently, for every p € (1,00)) there exists a positive constant ¢ such that
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1S4(Nlp < cl[fll, for all compactly supported, B-valued, continuous functions f
on R". Similarly, we define Lusin type g by reversing the inequality above. Note that
if B is of Lusin cotype (resp. type) g, then necessarily g > 2 (resp. g < 2). By [9,15],
Lusin cotype (resp. type) q is equivalent to martingale cotype (resp. type) q. We
will not need the latter notion and refer the interested reader to [10, 11]. By Pisier’s
renorming theorem [10], B is of martingale cotype (resp. type) ¢q if and only if B has
an equivalent norm which is g-uniformly convex (resp. smooth). Let us recall this
last notion for which we refer to [8] for more information. First define the modulus
of convexity and modulus of smoothness of B by

b

53(5):mf{17H“; H:a,beB,Ha||:||b||:1,||afbH:5}, 0<e<2,
a+tb|| +|la—tb

poo(t) = sup{ 1Ny oy e o = o =1}, o0

B is called uniformly convex if §g(¢) > 0 for every € > 0, and uniformly smooth if
lim,_, pg(t)/t = 0. On the other hand, if d5(g) > ce? for some positive constants ¢
and g, B is called g-uniformly convex. Similarly, we define g-uniformly smoothness
by demanding pg(t) < ct? for some ¢ > 0 and g > 1. It is well known that for 1 <
p < oo, any (commutative or noncommutative) L¥-space is max(2, p)-uniformly
convex and min(2, p)-uniformly smooth.

3 A Singular Integral Operator

Let the cone ' = {(z,t) € R" : |z| < t} be equipped with the measure dzdt /t"*!.
Let 1 < g < oo and B be a Banach space. Set A = L1(I';B). For h € LP(R"A),
we will consider / as a function of either a sole variable x € R" or three variables
(x,2,t) € R" x I'. In the first case, h(x) is a function of two variables (z, t) for every
x € R". Thus h(x)(z,t) = h(x, z,t).

We will consider singular integral operators with kernels taking values in L£(A),
the space of bounded linear operators on A. Recall that P, denotes the Poisson kernel
on R". Let

(3.1) er(x) = t%Pt(x)-

For h € LP(R"; A), define

(3.2) D(h)(x,u,s) = / / ws*r(x+u+z—yh(y,z, t)dyf:flt.
rJRre

Then ®(h) is well defined for & in a dense vector subspace of L?(R"; A). Indeed,
let h: R* — A be a compactly supported continuous function such that for each
x € supp(h) the function h(x): I' — B is continuous and supported by a compact of
I" independent of x. Then it is easy to check that ®(h) is well defined and belongs to
LP(R"; A) for all p. On the other hand, it is clear that the family of all such functions
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his dense in L (R; A) for every p < oo. In the sequel, h will be assumed to belong to
this family whenever we consider ®(h).

The following will be crucial later on. We refer to [15] for a similar lemma on the
circle T.

Lemma 3.1 Themap ® extends to a bounded map on LP(R"; A) for 1 < p < oo, and
also a bounded map from HL(R"; A) to L'(R"; A). Moreover, denoting again by ® the
extended maps, we have

|®: LP(RA) — LP(RBA)|| < ¢, [|[@: HY(R%A) — LIRS A)|| <«

where the constant ¢ depends only on p, q and n.
A similar statement holds for each of the n partial derivatives in x; instead of 00t in

the definition of p in (3.

Proof The proofis based on Calderdn—Zygmund singular integral theory for vector-
valued kernels, for which we refer to [5]. We will represent ® as a singular integral
operator. Let

) = o 00 = [ oix= Py,

R"

Then
dzdt
(3.3) O(h)(x,u,s) = /F /]” ky(x+u+z—y)h(y,z, t)dytnﬁ.
On the other hand, using the definition of ¢, and the semigroup property of P;, we
find
o
(3.4) ks (x) = Sth,(XM restt”

Now consider the operator-valued kernel K(x): A — A defined by

K(x)(a)(u,s) = / koi(x+u+ 2)a(z, t)%, a€A.
r
Then ®(h) can be rewritten as
P(h)(x) =K xh(x) = [ K(x— y)(h(y))dy.

R"

Thus @ is a convolution operator with kernel K. We will show that K is a regular
Calder6n—Zygmund kernel with values in £(A). Namely, K satisfies the following

norm estimates c

K@) < and [[VK(x)[| <

c
|x|n |x|n+1

for some positive constant ¢ depending only n. To this end first observe that by (3.4)

cst

(3.5) kst ()] < Grir
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Here as well as in the rest of the paper, letters ¢, ¢/, ¢, . .. denote positive constants
that may depend on #, g, p, or B but never on particular functions in consideration.
They may also vary from line to line. Let a € A with |la]] < 1. Let g’ denote the
conjugate index of q. Then by the Holder inequality and (3.5), we deduce

’ ’ Sqltq/ dzdt
1 < 4
K@@ 9" < c /r (s+t+|x+u+z])rda g1

Since |z| < t, we have
1
E(s+t+|x+u|) <s+t+|x+u+tz] <2(s+t+|x+ul).

It then follows that

, , a'sa’ dzdt
q 1 s
[K(x)(a)(u, )| < ¢ /r (s+ 1+ |x + ul)(n2)a” gl

o 1

=7 (s |x+ u)mrDa’

Therefore,

dud
KW@ = [ 1K@ 5

q s duds (!
S0 1 ] < .
r (s+ |x+ul)ntha gt |x|ma

Taking the supremum over all 4 in the unit ball of A, we deduce that K(x) is a
bounded operator on A and ||K(x)|| < ¢3/|x|". Similarly, we show ||[VK(x)|| <
cs/|x|™*!. Therefore, K is a regular vector-valued kernel.

Since @ is the singular integral operator with kernel K, by [5, Theorem V.3.4] (see
also [9, Theorem 4.1]), the lemma is reduced to the boundedness of ® on L? (IR"; A)
for some p € (1, 00). Clearly, the most convenient choice of p is p = g. By (33)) and
the Holder inequality || ®(h)(x, u, s)|| < a - 3, where

dzdt
al’ —// |k5t(x+u+z—y)|dytn+1,
Rﬂ
dzdt

5q:/p R ks e+ w2 = )l ||y, 2, Oy 2o

Using (3.3]), we find
/ st dzdt
Oﬂ S C/ n+2 d)/ n+1
e (SHt+|x+ut+z—y|) t

st dzdt
LGl =
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Hence,
dud
lewl= [ [lemeuspSsa
R JT s

st duds qdzdt
S “ n+2 n+1 ||h(}’77« t)”
reJrJrJwe GHt+|x+u+z—yl)
dzdt
o AT L

Thus ® extends to a bounded map on L1(R"; A), so the lemma is proved. ]

4 Carleson Measures and Uniform Convexity

The following theorem is the main result of this section. Recall that Q denotes the
tent over Q for a cube Q C R".

Theorem 4.1 Let B be a Banach spaceand2 < q < oo. Then the following statements
are equivalent:

(1)  There exists a positive constant ¢ such that for all f € BMO(R"; B),

dxd
(a.1) (o0 g7 L (9ol =2) " < el

Q cube

(ii) B has an equivalent norm which is g-uniformly convex.

Inequality (A1) means that (¢||V f(x, t)||)9dxdt /t is a Carleson measure on R”*!
for every f € BMO(R"; B). In this regard, let us introduce one more function C,
besides the Lusin function S;. Given f: R" — B, define

2) i = (s g5 [ (190" %E)

where the supremum runs over all cubes Q containing x. Then (4.1)) can be rephrased
s [Cy(F)loe < cll .-

The proof of Theorem [4.T] and that of Theorem [5.1] below rely heavily on the re-
sults on Lusin type and cotype in [9]. We collect them in the following lemma for the
convenience of the reader and also for later reference.

Lemma 4.2 Let B be a Banach space and 2 < q < co. Then the following statements
are equivalent:

(i) B is of Lusin cotype q. Namely, for some p € (1,00) (or equivalently, for every
p € (1,00)) there exists a positive constant c such that ||Sy(f)||, < c[|f||, for all
f € LP(R™; B).

(ii) There exists a constant ¢ such that ||S;(f)|1 <

(iii) B has an equivalent q-uniformly convex norm.

(iv) B* is of Lusin type q', where q' is the conjugate index of q.

a(Rn;B), Vf S H; (IR{”,B)
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(v) B* has an equivalent q’-uniformly smooth norm.

Proof of Theorem[.] (ii) = (i). Let f € BMO(R"; B) with || ||« < 1. Let Q C R"
be a cube. Set Q = 2Q, the cube of the same center as Q and of double side length.

Write
f=(F— flg+(f — f)lg + fa=fi+ i+ 5.
Then
Vi, t)=Vhilxt)+Vhixt),
SO 1/
<|(12|/6(t||vf(x7f)||)thdt) "ot
where

1 dxdi\ 1/a
ar = — [ @||Vfilx,)]|)T— , k=12
= (g Lervsieon )
For oy, by the Fubini theorem, we have

dzdt
|Q|a?§cZ/Q/F(t||Vf1(x+z,t))qth dx

—d /Q (8,0f)) “dx < IS,

where ¢, is a constant depending only on #n. By (ii) and Lemma[£2] B is of Lusin
cotype q. Thus ||S,(fi)|l4 < ¢[| fillq- However, by the John—Nirenberg theorem,

1filly < /IRl < QM

It then follows that a; < ¢,cc’. To deal with a,, we write
Vi = [ VRG- R0y = [ TRG- 0ROy,
R" Q

Note that
Cn

Pi(x — <
|V ¢ (x }’)| =+ |x—y\)"+1
On the other hand, for (x,t) € éand y € ,ch,

1 1
(t+x—yDmt = (0 [x — y[)r0

where ¢ = £(Q) is the side length of Q. Thus
1
< c! - -
190l < 6 [ 1RO gy ey

2

c
< % [ LD[Pe(x — y)dy.
R
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We now use a well known characterization of BMO functions, in which averages
over cubes are replaced by averages against the Poisson kernel. Namely, a function
g: R" — Bbelongs to BMO(R"; B) if and only if

sup /\k@)—ﬂ&ﬂWﬁx—yMy<u»

(x,t)ER" JR

If this is the case, the supremum above is equivalent to ||g||. with relevant constants
depending only on n. Then we deduce ||V f,(x, t)|| < §. Therefore,

dedt
o, < t1— < ',
mlQl Jg ot

Combining the preceding inequalities, we find that (¢||V f(x, t)||)%dxdt /¢ is a Car-
leson measure on R”*! with constant depending only on n,q and B for every f €
BMO(R"; B) with || f]|« < 1. This concludes the proof of (ii) = (i).

(i) = (ii). This proof is harder. Let A = Li(I'; B) (recall that the cone I is
equipped with the measure dzdt /t"*!). Given a function f € L?(R"; B), define

8q(f)x,z,1) = t%f(x+z,t), x € R" (z,t) eI

We regard §,(f) as a function on R” with values in A. Then

18N 4 = SN,

where S;(f) is the Lusin integral function of f, but using only the partial derivative
in t. Also note that §,(f)(x,z,t) = @ * f(x + z), where ¢ is defined by (B.I). As in
section 3 8, can be represented as a singular integral operator with a regular kernel
taking values in the space of bounded linear maps from B into A (see [13] for the
scalar case and [15] for T). By [9, 15], (ii) is equivalent to the following inequality

(4.3) 184l < cllfllser  Vf € LX(R%B).

Note that this inequality is a finite dimensional property. Namely, if (4.3)) holds for
every finite dimensional subspace E of B in place of B with constant independent of E,
then (4.3)) holds for the whole B too. Thus we can assume dim B < oo in the rest of
the proof. To prove (4.3)) we will use duality. We first show that (i) implies

(4.4) g

s < ¢S (@l

for all compactly supported continuous functions g: R” — B*. To this end let f €
BMO(R"; B) with || ]|« < 1. Then by Plancherel’s theorem

0 9 dxd
A{n<f(x)’g(_")>dx = 4/ (15, f et 5 g(=x, t))th.

R+
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Note that since dim B < o0, this equality is reduced to the scalar case, in which it is
well known and immediately follows from Plancherel’s theorem. Let C,;( f) denote
the function defined by (£2)) using only the partial derivative in ¢ . Then by () we
find

| [Luoognas <o [ | groo] o gst-nn S5

¢ / CHN)S, (8)(—)dx
Rn

< || fl111Sq- @)

where we have used [4, Theorem 1(a)] for the next to last inequality. Note that the
inequality there is proved only for g = 2, but the arguments can be easily modified
to our situation. Taking the supremum over all f in the unit ball of BMO(R"; B), we

obtain (£.4).

Return to (43). We use duality again, this time that between BMO(R"; A) and
H}(R" A*). Fix a function f € L (R; B). Recall that 8,(f) is a function from R" to
A and the left hand side of ([3) is ||S,(f)||Bmogr;a)- Thus it suffices to prove

(4.5) [(84(F) B)] < cll flloo Bl mesasy,  Vh € Hy(R; A7),

Again by approximation, we need only to consider a nice h. We have

(84(F), ) / / o f(x+2), h(—x, 2 t))dfff
Re

//f(y) il +2) % h(eyz,8) (— y>>df+df

= /R (f(y), ¥(h)(=y))dy,
where

V() () Z/F%(- 2% b2, (00 20

tn+l
(4.6)

dzdt
:// pilx+ 2= Phiy,z,0dy
T JRn

Note that W(h) is a function on R” with values in B*. Therefore, by (€4)
[(8q(f), )] < (I fllsc [T (M1 < )
< ¢l fllool1Sq (BNt = ¢l flloo 1847 (¥ (M) ||t (e

Here we use the same notation § in the dual setting, which is consistent with the pre-
ceding meaning, because A* is the space associated with B* in the same way as A as-
sociated with B: A* = L4’ (I'; B*). Now it is easy to see that 8,/ (¥ (h)) = ®(h), where
® is the map defined by (B.I) with (B*, q’) instead of (B, q). Thus by Lemma[3.1]

18¢: (W (M) l[r@nasy < cllhlmmesas)-
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Combining the preceding inequalities, we obtain (4.5]), and consequently, (4.3) too.
This shows the implication (i) = (ii). Thus the proof of the theorem is complete. B

The previous proof of (i) = (ii) shows the following result, which extends [9,
Theorem 5.3] (and [15, Theorem 2.5]) to the case p = 1.

Corollary 4.3 Let B be a Banach space and 1 < q < 2. Then the following statements

are equivalent:

(i)  Bis of Lusin type q.

(ii)  There exists a constant ¢ such that || f || i wesp) < c[|Sq(f)|]1 holds for all compactly
supported continuous functions f from R to B.

(iii) There exists a constant ¢ such that || f||, < c||S4()|l1 holds for all compactly
supported continuous functions f from R" to B.

5 Carleson Measures and Uniform Smoothness

This section deals with the properties dual to those in Theorem 4.1l The following
theorem gives the characterization of Lusin type in terms of Carleson measures.

Theorem 5.1 Let B be a Banach space and 1 < q < 2. Then the following statements
are equivalent:

(i)  There exists a positive constant ¢ such that

q dxdt) 1/q
t

1
5.1 151 < <( sop oy (619 )

Q cube

holds for all compactly supported continuous functions f from R" to B.
(ii) B has an equivalent q-uniformly smooth norm.

Proof (ii) = (i) First note that by Lemmal[4.2] (ii) is equivalent to

(5.2) 154 (@)l < ellg]

mowsp, Vg € Hy (R BY).

Let f: R" — B be a compactly supported continuous function. We are going to
prove (5.I). This proof is similar to that of (4.4) but in a converse direction. By
approximation, we can assume that f takes values in a finite dimensional subspace
of B; then replacing B by this subspace, we can simply assume dim B < co. Using
the duality between BMO(R"; B) and H}(R"; B*), we find a function g € H!(R"; B*)
of unit norm such that || f||. & [,.(f(x), g(—x))dx, where the equivalence constants
depend only on n. By approximation, we can further assume that g is sufficiently nice
so that all calculations below are legitimate. By Plancherel’s theorem,

/ (), () dx — / (£ f(x, 1), £V g(—x, 1)) 2L
Rn

R t
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By [4] and (5.2)), we find
dxd,
/<ﬂwgummxs/ {1V £, ) 1] Vg, )| 5
R R

a/cmﬂuwﬂyeww
R

< NC (Do ISg @
< C””Cq(f)”oo”g”H;(W;B*) < C””Cq(f)”oo'
Combining the preceding inequalities, we deduce (5.1).
(i) = (ii) Assume (i). It suffices to prove (5.2]). We will do this only for the Lusin

function involving the partial derivative 9/0¢. The others can be treated similarly.
Thus let Sg, denote this Lusin function. Our task is to show

(5.3) 1S3 @ll1 < cligllm sy, Ve € Hy(R" BY).

We can clearly assume dimB < oo. Let A = L9(T'; B) be as in section Bl and keep
the notations introduced there. Note that A* = L7 (I'; B*). Now fix a nice function
g € H(R"; B*). Recall that

. B q/@ 1/q’ e
1S4 (@)1 f/(/( H Sstrzo| )T ER) T dr = @,

where g(x, z,t) = t%g(x + z,t). Thus there exists a function h € L°°(R"; A) of norm

1 such that
0 dzdt
||S;/(g)||1:/ /(ta—g(x-i-z,t),h(—x,z,t» 2 ix
ge Jr Ot

— [ (g0, W)
R
where U is defined by (£.8]). Therefore, by (5.1)), we deduce

1(R™"B*) ||Cq(“Ij(h))||oo

1S (@1 < T < cn

Thus we are reduced to proving
||Cq(\11(h))||oo < C||h||L°°(]R{”;A)7 Vh € LOO(]R{VI,A)

We will do this only for the partial derivative in the time variable in the gradient.
Namely, we have to show

q dxds
Cth”Lw(W

. —U(h
(5.4) IQI/sn (h)(x,5) ) 128
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for any cube Q C IR". The argument below is similar to the proof of (ii) = (i) in
Theorem[4.]] Using ¢ and k;, in Section[3} we have

s v = [kt z= phonzn EE 0.
R" JT

Now fix a cube Q and a nice h € L®(R" A) with ||h||Lecgna) < 1. Let Q =2Q.
Decompose h:

def
h = hlg+ hlz=h + h,.
Then (5.4)) is reduced to

B = |Q|/ |<I>(hk)(xs)||)qud5) <e¢ k=1,2.

It is easy to estimate [3;. Indeed, using the map ® in (32]) and Lemma[3.1] we find

QA < o / 10 () dx < [ B(h)|?

Li(R";A)
< et uggoa) < cie?|Qs

whence the desired result for (3. For 62 a little more effort is needed. By (B.5), we
have

st dzdt
® <
B9 < | ol 20l

By the Holder inequality and the assumption that ||h||Leo(r;a) < 1, the internal inte-
gral is estimated as follows:

. Ity 2, 0| 20t
r(s+t+|x+z—y)r? o & Dl

_ ( (st)d’ dzdt

r(s+t+|x+z—y|)rt2a gl

< s1't dzdt\ '
~ \UJr (s+t+|x+z— y|)mDa" gl

s
T s+ |x — y])rtt”

1/q’
) on

On the other hand, for (x,s) € @ and y € (~2c, we have
s N s
(s+ |x — y[)r*! ~ x — y|n+1'

Therefore,
~ dy c’’s
||<I>(h2)(x,5)|| < C/S/éf W < 7,

where £ is the side length of Q. It then follows that 3, < ¢. Thus (5.4) is proved. This
finishes the proof of (5.3)), so the implication (i) = (ii) is proved as well. [ ]
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Proof of Theorem[I.T] Except for the difference between T and IR, Theorem [[1lis a
particular case of Theorems[ZIland 5.0l The proofs of these two latter theorems can
be easily adapted to the case of the circle. ]

Remark 5.2 The two “if” parts in Theorem [[T] can also be proved by using the
invariance of the expression ||V f(z)||*dA(z) under M&bius transformations of D.
This invariance means that if w = (z) is a M6bius transformation of D, then

IV f(p(2)||?dA(z) = ||V f(w)|*dA(w).

Now assume that B is 2-uniformly convex. Then B is of Lusin cotype 2. Therefore
there exists a constant ¢ such that

1
// (1= D[V fr2)|2drdm(z) < c|f — FO)|2, Vf € [2(T; B).
TJo
Then one easily deduces that (with a different c)
[a-EPIvi@Pae < - FOE
D

Now let zp € D and let p(z) = (z + 2z0) /(1 + Zyz). Applying the preceding inequality
to f o p, we get

/ IV 0 o@I(1 — 2)dAE) < el f 0 0 — f o p(O)]2
D

Then a change of variables and the previous Mobius invariance yield

(1= [z = =)

/ 1V fop L EZDA =120 4y ) < / 1£@) — £(z) PPy (2)dm(2).
D |1 — Zz] T

Taking the supremum over all zy € D gives the first inequality in Theorem [T} The

same argument applies to the “if” part in (ii) there. Unfortunately, this simple proof

works neither for the case of g # 2 nor for that of R".

We end the paper with some comments on (L2). If (T.2) holds, then B has an
equivalent 2-uniformly convex norm as well as an equivalent 2-uniformly smooth
norm. In particular, it is of both cotype 2 and type 2, so isomorphic to a Hilbert
space by Kwapieni’s theorem [7] (see also [12] to which we refer for the notion of
type and cotype too). Conversely, if B is isomorphic to a Hilbert space, we get (L2)
as in the scalar case. Let us give a much more elementary argument showing that the
validity of (I.2)) implies the isomorphism of B to a Hilbert space. The main point is
the following remark.

Remark 5.3 Let1 < q < oo and B be a Banach space. Given a finite sequence
(ax) C B, consider the function f(z) = Zkg ) akzzk. Then

(5.5) sup /(1 DT @)1 (2)AAG) = 3 ]
D

%€D k>1

with universal equivalence constants.
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Recall the following well-known (and easily checked) fact:

k
o~ S,

>1

Combining this with (5.5]), we deduce the following result from [2]. If

sup / (1 — )| f @)||P (2)dA(2) < 1] £
D

20€D

holds for any lacunary polynomial f with coefficients in B with some positive con-
stant ¢, then B is of cotype g; the converse inequality implies that B is of type g.

Let us show (5.5). Since f'(z) = >+, Zkakzzkfl, replacing ay by 2Fay, we see that
(G.5) is reduced to B

sup / (= [ | @) [P (DA = 3 2 a0
D

2€D 1

The lower estimate is very easy. Indeed, we have (with zy = 0)

1
/(1—IZI)q_1||f(z)quA(z)=/ (1—r)q—l/Hf(rz)uqazm(z)rdr
D 0 T

1-27"

= Z/ (1— ’)qfl/llf(rZ)llqu(Z)rdr
1—2—ntl T
> Z/ (1 — 117 a,|| 72 rdr

nZl 1—2—n+l

A Y27 ag .

n>1

For the upper estimate, we first majorize f pointwise. For n > 1 and 1 — 27" <
|z] <1—27" we find

@I < ol + 3 ol exp(~247).

k<n k>n

Let 0 < a < 1. Then, >, [lax] < e ( > k<n 27kaq] gy || 7) v, Similarly, for

B>1
S Nl exp(=2") < (D27 ar) (S22 exp(—q'2 ) "
k>n k>n k>n
<@ (32 alr) "
k>n
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It follows that for any z, € D

/ (1 )| f(2) P, (2)dA(2)
D

<c Z 2—mq [anoz Z 2—k<¥qHaqu + 2”11%3 Z Z_kﬁq”ak‘lq}

n>1 k<n k>n

<2 Hae.

k>1

Therefore, (5.3)) is proved.
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