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ISOMORPHISM OF LOCALLY COMPACT POLISH
METRIC STRUCTURES

MACIEJ MALICKI

Abstract. We study the isomorphism relation on Borel classes of locally compact Polish metric
structures. We prove that isomorphism on such classes is always classifiable by countable structures
(equivalently: Borel reducible to graph isomorphism), which implies. in particular, that isometry of locally

compact Polish metric spaces is Borel reducible to graph isomorphism. We show that potentially Hg i

isomorphism relations are Borel reducible to equality on hereditarily countable sets of rank o, a > 2.
We also study approximations of the Hjorth-isomorphism game, and formulate a condition ruling out
classifiability by countable structures.

§1. Introduction. An equivalence relation E on a Polish space X is Borel reducible
to an equivalence relation F on a Polish space Y if there is a Borel mapping
f X — Y such that

x1Exy iff f(x1)Ff (x2).

The notion of Borel reducibility can be thought of as a general framework for
measuring complexity of various notions of isomorphism. For instance, Ornstein’s
celebrated theorem says that isomorphism of Bernoulli shifts can be characterized
by their entropy, i.e., by real numbers. This translates into the language of Borel
reducibility as the statement that the isomorphism equivalence relation on the space
of Bernoulli shifts is Borel reducible to the equality relation on R (via an appropriate
coding of Bernoulli shifts as elements of a Polish space, and a Borel mapping assign-
ing to shifts their entropy). In other words, this relation is smooth: it admits invariants
that are elements of a Polish space. However, there are many interesting classification
results that do not yield as concrete invariants. Halmos and von Neumann proved
that isomorphism of measure preserving transformations with discrete spectrum is
reducible to equality on countable subsets of the unit circle (via a mapping assigning
to such transformations their spectrum). And Kechris showed that orbit equivalence
relations induced by actions of locally compact Polish groups are Borel reducible to
relations with countable classes, i.e., they are essentially countable.

As a matter of fact, all these results have a common feature: they say that the
involved equivalence relations are classifiable by countable structures, i.e., they
are Borel reducible to the isomorphism relation on a Borel class of countable
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structures in the sense of model theory. It should not be surprising that in this
setting tools coming from logic play a vital role. It has been known for a long time
that there are deep connections between model theory of the infinitary logic L,
and descriptive set theory—e.g., Scott analysis or the Lopez—Escobar theorem. And
Hjorth’s theory of turbulence, inspired by Scott analysis, is a prominent example of
this phenomenon in the theory of Borel reducibility. Another important result, due to
Hjorth and Kechris, characterizes in model-theoretical terms essential countability
of isomorphism on Borel classes of countable structures: it is essentially countable
iff there is a countable fragment F of L, such that for every structure M in the
class there is a tuple @ such that Thy (M, a) is ¥g-categorical.

Very recently. successful attempts have been made at extending this approach
to continuous logic. In this setting, Polish (i.e., separable and complete) metric
structures play the role of countable structures. A continuous L,,,, logic was first
studied by Ben Yaacov and Iovino in [2], and a continuous version of Scott analysis
was developed in [3], laying the foundations for descriptive set theoretic applications.
And in [6], Hjorth and Kechris’ characterization of essential countability has been
generalized to locally compact Polish metric structures, leading to a model-theoretic
proof of Kechris’ theorem on orbit equivalence relations induced by actions of locally
compact Polish groups.

In the present paper, we continue this line of research. We show in Theorem 4.5 that
isomorphism classes of locally compact Polish metric structures can be characterized
by hereditarily countable sets built out of closed subsets of appropriate type spaces,
and this implies that isomorphism on Borel classes of locally compact Polish
metric structures is always classifiable by countable structures (Theorem 4.6). In
particular, we confirm a conjecture of Gao and Kechris from [5], where they asked
whether isometry of locally compact Polish metric spaces is Borel reducible to
graph isomorphism (Theorem 4.7). Next, we perform a fine-grained analysis of
Borel isomorphism relations along the lines of [8]. Generalizing in Theorem 4.12
results from [9], we prove that potentially l'[g +» isomorphism on a Borel class of
locally compact Polish metric structures is Borel reducible to equality on hereditarily
countable sets of rank o + 1, a > 1.

In the last part of the paper, we turn to equivalence relations that are not classifiable
by countable structures. Lupini and Panagiotopolous [11] recently developed a
game-theoretic approach that (with an aid of Hjorth’s theory of turbulence) gives
an interesting sufficient condition for not being classifiable in this way. We introduce
and study a hierarchy of games that are finer and finer approximations of the Hjorth-
isomorphism game considered in [11]. We show that in the case of isomorphism of
countable structures, these games capture information contained in families 7h* (M)
(where Th°(M) is the theory of M, Th'(M) is the family of theories of structures
(M. a), etc.). We also provide in Theorem 5.8 a sufficient condition ruling out
classifiability by countable structures, and, in Theorem 5.7, by countable structures
with isomorphism of a given Borel complexity.

§2. Notation and basic facts. In this section, we briefly discuss basics of infinitary
continuous logic L,,,,. For a more detailed treatment. the reader is referred to [3. 6].
A modulus of continuity is a continuous function A: [0, oo) — [0, co) satisfying for
allr,s € [0, c0):
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e A(0) = 0.
e A(r) < A(r +5) < A(r) + A(s).

Suppose that A is a modulus of continuity and that (X, dy) and (Y. dy) are metric
spaces. We say that amap f : X — Y respects A if

dy(f(x1). f(x2)) < Aldx(x1.x2)) forall x;.x, € X.

A signature Lis a collection of predicate and function symbols and as is customary,
we treat constants as 0-ary functions. Throughout the paper, we assume that L is
countable. To each symbol P are associated its arity np and its modulus of continuity
Ap, and, if P is a predicate, its bound. i.e., a compact interval Ip C R. In a metric
structure M with complete metric d. extended to finite or infinite tuples by putting.
formn<w.,aec M" becM"

d(a.b) = max{d(a;.b;) : i < min(m.n)}.

predicate symbols are interpreted as real-valued functions of the appropriate arity
respecting the modulus of continuity and the bound; similarly for function symbols.

Terms and atomic formulas in infinitary continuous logic L, (L) in signature L
are defined in the usual way. Other formulas are built using:

¢ Finitary connectives: if ¢ and y are formulas and r € Q, then ¢ + w, r¢, and
¢ V yw are formulas. Here ¢ V y is interpreted as max(¢, ), we also define
oAy = (-¢V—w)=min(d, ), § ~ w = max(¢ — . 0). The constant 1
is a formula.

e Quantifiers: if ¢(x, ) is a formula, then sup, ¢ and inf ¢ are formulas.

e Infinitary connectives: if {¢,(x) : n € N} are formulas with the same finite set
of free variables X that respect a common continuity modulus and bound, then
\/, ¢n and /\, ¢, are formulas. The symbol \/ is interpreted as a countable
supremum and /\ is interpreted as a countable infimum. The condition that
we impose ensures that the interpretations of these formulas are still bounded,
uniformly continuous functions.

The interpretations of formulas in a metric structure M are defined in the usual
way. [t is important to keep in mind that to any formula are associated its modulus of
continuity and bound that can be calculated from its constituents. If ¢ is a formula,
we will denote by ¢¥ the interpretation of ¢ in M. A sentence is a formula with no
free variables, and a theory is a collection of conditions of the form ¢ = ¢, where
¢ is a sentence and ¢ € R; throughout the paper, we will consider only countable
theories. A condition ¢ = c is satisfied in a structure M if ¥ = c. A structure M is
a model of the theory 7, denoted by M |= T, if all conditions in T are satisfied in M.

Fix a signature L. A fragment of L, (L) is a countable collection
F C L,,(L) that contains all atomic formulas and is closed under finitary
connectives, quantifiers, taking subformulas, and substitution of terms for variables.
The smallest fragment is the finitary fragment L, (L) that contains no infinitary
formulas. If F is a fragment and T is a theory, we will say that 7 is an F-theory if
all sentences that appear in 7 are in F.

Fix a fragment F. For an F-theory T, M =T, and a € M", the type of a (or
F-type if F is not clear from the context)), denoted by tp(a) (or tp,(a)). is defined
as a collection of all conditions of the form ¢(x;. ..., x,) = ¢ such that ¢ € F, and
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¢M(a) = ¢ (we write ¢(tp(a)) = c¢). An n-type of T is the type of an n-tuple @ in M
such that M = T (note that this definition agrees with the definition of a realizable
type from Section 2.2 in [6]). The set S,,(T) is the set of all n-types of T, i.e.,

S,(T)={tp(a): M =T.ae M"}.
For¢ € Fandr € Q, put
[p<rl={pe€S.T):¢(p)=ce pforsomec<r},

and define [¢ < r],[¢ = r]analogously. Observe that every set [¢ < r]can be written
as some [ = 0], and every [¢ < r] can be written as a countable union of some
[w = 0]. The logic topology t, on S,(T) is given by pointwise convergence on
formulas, i.e., basic open sets are of the form [¢ < r]. By [6. Proposition 3.7], this
topology is Polish.

An important feature of type spaces in continuous logic is that, in addition to the
logic topology, they are also equipped with a metric, which, in general, induces a
finer topology. By [6, Proposition 2.6], it can be defined by

d(p.q) = sup |¢(p) — o(q)

PEF

s

where F) is the collection of all 1-Lipschitz formulas in F.

A type p € S,(T) is isolated if t- and O- topologies coincide on some
neighborhood of p. A model M of a theory T is atomic if all the types realized
in M are isolated. And it is Ng-categorical if it is a unique Polish metric structure
modeling Thg(M).

The space Mod(L) of all Polish metric structures in signature L is defined as
in [3]. Because functions can be easily coded as predicates (see Section 4 in [3]),
we can assume that L is a relational signature. Enumerate all predicates in L as
Py=d. P, ..., and let ng, ny, ... be their respective arities. Let Mod(L) be the set of
all& € [T, RY" such that there exists a metric structure M and a tail-dense sequence
(a;) of elements of M such that

é(l)(.]()’ :jni—l) = PiM(ajb’ ’ajn,-—l)

for all i € N, (jo..... jn,1) € N". Observe that M; can be obtained from & by

completing the pseudometric Py on N (coded by &£(0) € RNZ), extending predicates
P; (coded by &(i), i > 0) to the completion, and taking the quotient with respect to
the pseudometric. In other words, we can think of elements & € Mod(L) as of Polish
metric structures with a distinguished tail-dense sequence (;). In particular, tuples
in M; consisting of elements from this sequence can be unequivocally referred to as
tuples from N<N. Slightly abusing notation, we will often identify ¢ and M.

Beside the standard product topology on Mod(L). one can consider finer topolo-
gies generated by fragments, analogously to topologies generated by fragments in
the setting of classical countable models (see Section 11 in [4] for details). For a
fragment F, a basis for the topology ¢ is given by sets of the form

[¢p(a) <r]={M € Mod(L) : $M(a) < r}.
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where ¢ € F.a € NN, and r € Q. Note that the standard topology can be regarded
as the topology generated by sets [¢(a) < r]. where ¢ is finitary and quantifier-free.

For a theory T, the space Mod(T) C Mod(L) is the space of all Polish metric
structures modeling 7. By [6, Lemma 3.5], topologies ¢ are Polish on Mod(T),
provided that F contains all sentences in 7. The symbol 7 denotes the isomorphism
relation on Mod(T), and [M ] is the isomorphism class of M € Mod(T). We say that
7 is potentially Hg (where l'[g refers to Borel sets of multiplicative rank «) if there
is a Polish topology ¢ on Mod(T), consisting of Borel sets in the standard product
topology on Mod(L). such that =7€ I (1 x 1).

For a metric space (X, d), denote balls in X by

BY(a)={be X :d(a.b)<r}. BZ.(a)={b e X :d(a.b) <r}:

if X is clear from the context, we will write B, (a) and B<,(a). We will also consider
balls in X™ and X < around finite tuples. using the extension of d defined above: in
particular BX' (9) = X~ and BX™" () = x<°.

For a Polish metric structure M € Mod(L), let

D(M) = {(y;) € MY : {y;} is tail-dense in M }.

D(M) is clearly a G5 set in MY, and therefore a Polish space. Denote by
n: D(M) — [M] the map given by

PrN(a) = PM(y(ag). ... y(an, 1))

for y € D(M), a € N" . 1t is surjective, and continuous with respect to topologies
generated by fragments. More importantly, 7 plays the role of the logic action in
the context of countable structures. For 4 C Mod(L), a € N<N and u € Q. define
A*l}.u by

M e A" = vy € BPM)(3)(n(y) € A),

and A* = A*00; 4244 and A are defined similarly. The operations A** are analogs
of Vaught transforms. By [3, Theorem 6.3], which is a continuous counterpart of the
Lopez—Escobar theorem, [M] is Borel for M € Mod(L), and every isomorphism-
invariant Borel 4 C Mod(L) is of the form Mod(T) for some theory T.

§3. AE families. Using Vaught transforms, one can characterize isomorphism
classes of countable structures in terms of satisfiability of appropriately chosen
formulas. For example, if [M] is IS, there are formulas ¢, k./ € N, such that
N € [M]iff

VbVk3E D b3I(N = ¢y (E))

(see the proof of [4, Theorem 11.5.7] for details). This approach can be generalized
to higher Borel classes, and to the continuous setting. In the next section, it will be
shown how it allows for taking advantage of type spaces to define nicely behaving
invariants of isomorphism for classes of locally compact structures.

For a fixed (countable) fragment F in signature L, o < wy, and a tuple X of free
variables, an a-AE family P(x) is defined as follows. An (- 1)-family P(x) is a
formula ¢(x) in F. Provided that y-AE families have been defined for y < 8, where
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B =0 or f is a limit ordinal, a 8-AE family P(x) is a collection of y-AE families
pi(X), k €N, y< p.a (B +1)-AE family P(x) is a collection of y-AE families
Pra(Xks).y < B k.l €N, x C Xy, and a (B + n)-AE family P(x).2 <n< w,isa
collection of (B + n — 2)-AE families py,;(xr,). k., € N, x C X;;. Moreover, every
a-AE family P(X) = {pi;(%xs)}, @ > 1, comes equipped with a fixed up > 0 such
that up > u,, . k.l € N.

We say that a tuple @ in M € Mod(L) realizes a (— 1)-AE family P(x) = ¢(a)
if ¥ (a) =0, and a realizes a f-AE family P(x), where f =0 or f is a limit
ordinal, if it realizes every p(x) € P(x). Finally, a realizes a (f + n)-AE family
P(x) = {pri(Xx1)}. 1 <n < w,ifit holds in M that

vb € BM™(a)vv > Ovk3E € BM™ (b)31 (¢ realizes pys(3y;) in M).
If () in M realizes P((), we say that M models P.

REMARK 3.1. Note that in order to verify that a realizes P(%), it suffices to check
that the above condition holds for b, ¢ € N<N with |b| > |a|. |¢| > |b|. and for all
sufficiently small v > 0.

THEOREM 3.2. Let F be fragment in signature L, and let 1 < o < . Suppose that
A ey, (tr) for some A C Mod(L). For every a € N<N, and u € Q*, there exists
an a-AE family P(x) such that

A*" = {N € Mod(L) : a realizes P(X) in N}.

ProOF. We prove the theorem by induction on «. Let us consider the base cases
o =1and a = 2. Fix 4 C Mod(L) such that 4 € Hg(tF), a e NN yeQt. and
closed sets Ay, k.l € N, in t7 of the form [¢ = 0] such that

A= 4w
k1
Then
N € 4% = vy e BPWN)(a)Wk3l (n(y) € Ar)) <
Vb € BN (a)vv > Ovk3*y € BN (5)3l (n(y) € Ar)) <
vb € BY""(a)Vo > 0vk3é € BN ™" (b)313w > 0v*y € BPW(@) (n(5) € Ay)) <
vb € BY ™ (a)vv > 0vk3c € BY " (b)313w > 0(N € A4;5").
Since A ; are closed, we have that
N e ;5" & -3y € BYW (@) (n(y) ¢ Ars) <
-3y € BPM(&) (n(y) & Ary) < —3d (dN(¢.d) <wand d & Ay,).

Moreover, A, are of the form [¢ = 0], so there are formulas ¢ ;(X,;) in F such
that

N € 4" & Vb e BY ™ (a)vo > 0vk3c € BN (b)31 (¢,(¢) = 0).
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Put P(%) = {¢xs(Xxs)} and up = u. It is a 1-AE family, and
N € A*** & g realizes P(%) in N.

Fora=2 fix 4 € Hg(tp), a tuple a, and closed in tf sets Ay, of the form

[¢ = 0] such that
A=UMN Ak
k 1 m

Then
N € A" = vy € BPWN)(@)gWk3IVm (n(y) € Agym) <

vb € BN (a)vv > 0Vk3*y € BN (5)31vm (n(y) € Apim) <
Vb € B~ (a)vv > Ovk3c € BY~" (b)3w > 031v*y € B2V (&)Vm (n(y) € Agsom)-

Since Ay, are closed, the condition V*y € BY <N)(E)Vm (n(y) € Agym) is also
closed for every w, ¢, k, and /. Therefore there are formulas ¢y, (Xg,) in F such
that the above is equivalent to

vb € BY ™ (a)vo > Ovk3c € BN (b)31vm (¢),,,(¢) = 0).

In other words, for pi;(Xx;) = {ékim(Xrs) : m € N}, and the 2-AE family
P(x) = {prs(Xxs)}, up = u, we have that

N € A*%" < g realizes P(X) in N.

Suppose a > 2, and write « = f + n, where £ is 0 or a limit ordinal, and n < .
For n = 0, this is straightforward. For n = 1 or n > 2, exactly the same argument as
for a = 1 works, only we use the inductive assumption to deal with AZ?“’. And for
n = 2, we repeat the argument for o = 2, again using the inductive assumption. -

In particular, since [M] = [M]*, we get

COROLLARY 3.3. Let F be fragment in signature L, and let 1 < a < w;. Suppose
that [M] € H?+a(tp)f0r some M € Mod(L). There exists an a-AE family Py such
that

[M]={N € Mod(L) : N models Py }.

§4. Locally compact structures. AE families are hereditarily countable objects
that characterize isomorphism classes of Polish metric structures. Unfortunately
(although unsurprisingly). it is not always possible to assign them to structures in
a definable (i.e., Borel) and isomorphism-invariant manner. However, the case of
locally compact structures is simpler. Let us start with basic facts about type spaces
of theories with locally compact models.

For a fragment F, F-theory T, locally compact M € Mod(T), n € N, and n-tuple
ain M, let

O,(M) = {tpp(b) : b e M"},

pul(a) =sup{r € R: BM"(a) is compact},

or simply p(a), when M is clear from the context.
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LemMA 4.1 (Lemma 6.2 in [6]). Let ®: (M".d) — (S,(T).8) be defined by
®(a) = tp(a). Then the following hold:

(1) @ is a contraction for the metrics d on M" and 8 on S, (T).

(2) If r < p(a). then ®(B<,(a)) = B<,(®(a)). In particular,

B, (tp(a)) € ©,(M). B<,(tp(a)) is 8-compact, and t,- and d-topology
coincide on B<,(tp(a)).

(3) Ifr < p(a). then ®(B,(a)) = B.(®(a)). In particular, ® is an open mapping.

(4) The set ©,(M) is open in (S,(T).0) and the space (0,(M).0) is locally

compact and separable.

For each topology 7, fix a countable basis U, = {U;,, } containing () and the whole
space, and putUd = |J, U,. For U € U,. ¢ > 0. and n-tuple a in M, we say that (U, ¢)
is a-good in M if:

° tp(d) eU,

02 < p(d),

e there is d > 0 such that U N By, (tp(a)) C B, s(tp(a)).

REMARK 4.2. The following observations easily follow from the fact that 8- and
7- topologies coincide on compact subsets of (S,(T), 9).

(1) For everyd > 0 there exist U € U and 0 < & < J such that (U, ¢) is a-good.
(2) If (U.¢) is a-good, then

B.(tp(a) N U C O (M).

(3) If (U, ¢) is a-good, there is § > 0 such that d(a, a’) < J implies that (U, ¢) is
a’-good, and

U N B, (tp(a)) = U N By(tp(a')).
Now, fora € NN, U e U,. and ¢ € Q*, define
T}, (@) = B.(tp(a) N U,
if (U, ¢) is a-good,
Ty.(a) = 0.
otherwise, and
Tg,(a) ={T}, (@): p<o.
for a > 0. Also, for u > 0, put
Te(a) = {T},(b): f<a.b e BN (a).|b| > |a

@'|>al. U etz U' T a| C Ue' <&}

LU € U‘};‘,v > 0},
T*(M) = T ().

As tuples in the definition of T¢,(a) range over N<N, U range over a countable
family, and ¢ € Q*, T'(M) is a countable family of 7-closed sets, T>(M) is
a countable family of countable families of 7-closed sets, etc. Moreover, using
Remark 4.2(3), it is straightforward to observe that

REMARK 4.3. M = N implies that T7%(M) = T*(N) forall o > 1.
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ProposSITION 4.4. Let F be a fragment, and let T be an F-theory. Suppose that
M.N € Mod(T) are locally compact. and T (a) = T¢(a') for some tuples a,ain
M. N. respectively. Then every a-AE family P(X) with up < u realized by a', is also
realized by a.

PrOOF. Supposethat T, (a) = T,(a’). and fixa 1-AE family P(x) = {pss(xs)}
realized by a’, and with up < u.Fixb € BM (a),v>0,andk € N. By Remarks3.1
and 4.2(1), we can assume that v < p(b). and there is U € U such that (U, v/2) is
b-good. Find b € BY™(a'). U' € U. and v’ > 0 such that T}, ,(b) = T¢, ,(b").
As a’ realizes P(x), thereis ¢’ € B]\;;w (b"), and / such that pk’,( ¢’) = 0. But then

inf[(d (b.X) = v/2) V ps(%)] € tp(d)).

X

and, by Remark 4.2(2), thereisd € qu‘;z(l;) with tp(d) = tp(b’). By the compactness
of B%(d) there is ¢ € B%(d) such that p}(¢) = 0. Clearly, ¢ € BM~"(b). As b,
v and k were arbitrary, this shows that a realizes P(x).

Suppose now that T2(a) = T2 (_ ). and let P(x) be a 2-AE family realized by
', and with up < u. Fixb € BM "(@).v>0.k € N,and U € U such that (U, v/2)
is b-good. Fix b’ € BN (a'), U’ €U and v’ > 0 such that T}, /2(5) T, ,(b).
As a' realizes P(x), thereis /, and ¢’ € BA;Z (b") such that tp(¢’) | || € U’. and
¢’ realizes py;(Xx;). Fix V.V eU. 0 < w.w’ <wv/2, and d € Bv]‘f;w (b) such that
(V'.w') is &'-good. and T}, (d) = Ty, ,.(&'). Then there is ¢ € BM~"(d) with
tp(¢) = tp(¢'). i.e.. ¢ € BM™"(b). and ¢ realizes py;(%i)).

For a > 1, this is an easy induction. =

Proposition 4.4 combined with Corollary 3.3 immediately gives:

THEOREM 4.5. Let F be a fragment, and let T be an F-theory all of whose models
are locally compact. Suppose that [M] € H?M( r). a> 1, for some M € Mod(T).
Then

[M]={N € Mod(T) : T*(N) = T*(M)}.

THEOREM 4.6. Let F be a fragment, and let T be an F-theory all of whose models
are locally compact. Then = is classifiable by countable structures.

Proor. First, for a given M € Mod(T), we construct a countable structure Cyy,
essentially, as in the proof of [7, Lemma 6.30]. Its universe consists of elements x of
the form

x=B,{p@)nu..lal.Us),

where @ € N<N, U ¢ Ua). e € Q*, and (U ¢) is a-good. The relevant information
carried by these objects is recorded with an aid of the relations Oy,

Riis. k.1 €N, 6 €Q", and E, defined, for x = (B.(tp(a))n UT, al. Ue),
X' = (B (p@)nu.|a

&'), as follows:
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o 0)(x)iff Uyjq N B,(tp(a)) N U =0,
® Rps(x)iffk =lal, U= Up.0 =e.
o xEX"iff |a'| > ]a|, U | la| C U,& <e.
By Remark 4.2(3), M = N implies that Cp; = Cy. On the other hand, as the
_
relations O; record complements of sets B, (tp(a)) N U in Sz (7). we have that

2((B,(tp(@)) N U .|a|. Ue)) = (B,(tp(@)) N U . |a|. Ue)

a

for any isomorphism 7z : Cyy — Cy. It obviously follows that Ty, (a) = T, (a’).
if 7(x) = x’. And E warranties that Tg,(a) = Tg,(a’) for o> 0. In particular,
T(M) = T*(N) for a < . '

It is not hard to construct a Borel mapping Mod(T) — 2N, M + D,;.so that Dy,
codes a countable model isomorphic to Cy,. First, by [6, Lemma 6.4], the mappings

Mod(T) x N* = R, (M. a) — py(a).
Mod(T) x N" x QF — K(S,(T)). (M. a.r) — B, (tp(a)).

where K(X) is the standard Borel space of closed subsets of X, are Borel. Therefore
the relation “(U. ¢) is @-good in M.” regarded as a subset of Mod(T) x N<N x ¢/ x
Q. is also Borel. This gives rise to a Borel enumeration e : N — (| |, K(S,(7))) x
U x QT of the universe of Cj,. Using this e, we can easily construct the required
Borel mapping M +— Dy,.

By [3. Corollary 5.6], for every M € Mod(T), the isomorphism class [ M ] is Borel,
ie, [M] e Hg(tF) for some a < w;. Hence, Theorem 4.5 implies that M = N iff
Dy = Dy. 4

The next result confirms a conjecture stated by Gao and Kechris in [5] (Hjorth,
see [5], announced a positive answer for its weaker form, with a A}-reduction).

THEOREM 4.7. Isometry of locally compact Polish metric spaces is Borel reducible
to graph isomorphism.

Proor. Every locally compact Polish metric space K can be coded as Mg €
Mod(L) with the trivial signature L, and metric bounded by 1. Simply, pick a
countable tail-dense subset of K, and replace the original metric d with the metric
1/(1 4+ d) which does not change the isometry relation. Actually, for £C C K(U)
denoting the standard Borel space of all locally compact Polish metric spaces,
regarded as subsets of the Urysohn space U, the coding £LC — Mod(L), K ~ Mg,
can be defined in a Borel way: the Kuratowski—Ryll-Nardzewski theorem yields a
Borel function f : K(U) — UN such that f(K) = (k,) is a tail-dense subset of K.
As the signature L is trivial, the isomorphism relation 22 is just the isometry relation.
Moreover, the property of being locally compact can be expressed as a sentence in
L,(L). so the set of all possible codes of locally compact Polish metric spaces is of
the form Mod(T). By Theorem 4.6 and [4, Theorem 13.1.2], the isometry relation
is Borel reducible to graph isomorphism. -

4.1. Borel isomorphism relations. As a matter of fact, a more detailed analysis
can be performed in case the isomorphism relation is Borel. Let P°(N) = N, and.,
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for a < w1, let P*(N) = all countable subsets of P<*(N) U N, where P<¢(N) =
Up<a PF(N). Thus, P'(N) (the reals) consists of all subsets of N, P2(N) of all
countable sets of reals, etc. We denote the equality relation on P%(N) by =,. In [9],
it is explained how elements of P%(N) can be coded as countable models so that =,
becomes an isomorphism relation of Borel class IT" 41

For a fragment F in signature L. the rank rkz(¢) is defined by rkr(¢) = 0 for
¢ € F. tkp(sup, ¢) = rkp (inf, ¢) = rkp(r¢) = tkp (¢). tkr (¢ V ¢o) = rkp(¢) +
¢2) = max{rkp(¢1),tkr(¢2)}. and w rkr(¢) = sup{rkr(¢;) + 1} if ¢ is an infinite
supremum \/; ¢; or infinite infimum A\, ¢;. We also put rk s (X) = sup{rkr(¢) : ¢ €
X} for a collection of formulas X. Note that it is straightforward to code a formula
¢ as an element of P*(N) if rkr(¢) < a.

THEOREM 4.8. Let L be a signature, let t be a Polish topology on Mod(L) consisting
of Borel subsets of the standard topology. and let o < w\. There exists a fragment F
such that A*, A*®V/% ¢ T (t7) for every A € TI(1). @ € N<N, and k > 0.

PrOOF. We prove by induction on « that if 4 € Zg(l), then there is a fragment
F such that 4%, 4%% € X0 (11). For oo = 2. fix a countable basis .A for the topology
t. Without loss of generality, we can assume that it contains the standard basis on
Mod(L). and is closed under finite intersections. It is straightforward to observe
that for every M € Mod(L). 4 C Mod(L). a € N<N, and k > 0.

vy € BYM (@) (n(y) € A) & inf poan) (14 (x(0)) V kd (3.@) = 1.

By [3, Theorem 6.3], there exists a formula ¢ 4, such that
vy e B)M(@)(r(y) € 4) & ¢l (a) = 1.

Let F be the fragment generated by such formulas for 4 € Mod(L) whose
complement is in A. Fix A4 € £5(¢), and 4,,,,. n.m € N, whose complement is in A

and
A=JMN4nm

n m

Then

M e ANVE o 3y € BDM(@) 3nYm (n(y) € App) &

Ty € B (@)vm (n(y) € Aum) &
Inda’ e NNy e Bl/k, W@ )Wm(d(@'.a) < 1/k and n(y) € Aym) <
In3a’ € N ¥mv*y € B (@) (d(@',a) < 1/k and 7(y) € Ay,

so there exist Bz 4/ , m € A such that

AAal/k UUUﬂﬂ[¢B’k/nm <8]

a’ k! m >0

1e,A4¢e Eg(tp). For A2, the argument is analogous.
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Suppose now that the lemma holds for all § < a. Fix 4 € £2(¢). A, € Z%n_m (1),
n,m €N, B,,, < a. such that
A= U ﬂ An.m'

Then

M e ANIK o 35y, ¢ 1D/§< (@) 3nVm (n(y) € Aym) &

Ind*y € Bl/k a)Vm (n (y) € 4pm) &
In3d’ e NNy € Bl/i, (@ \Vm (n(y) € Apm) <
In3d’ € NNIk'Ymv*y € Bl/,i, W) (r(y) € Apm) &

Inda’ € Nymva” e NTvk'3y € B (a")(d(a.a') < 1/k and

(d(a'.a") > 1/k orn(y) € Apm)) <
In3a € NNIk'vmva” € NNk (M € BAK ),

a.a' .k'.n.m
where B; g/ jr ym € E(/);n_m (¢). By the inductive hypothesis, there are fragments Fj s
such that BA X ¢ x0 (tr., ,)- Therefore A2 € EJ (t7). where F is the fragment

a.a’ k' .n.m

generated by all Fjr . —
Since 4* = A, if A = [M], the above gives the following:

COROLLARY 4.9. Let L be a signature, and let T be a theory such that =p
is potentially l’[g. There exists a fragment F such that [M] € l’[g(tp) for every
M € Mod(T).

The following fact is due to Todor Tsankov.

ProposITION 4.10. Let L be a signature. For every fragment F, there exists a
fragment F' D F such that Thp/ (M) is Ro-categorical for every F-atomic model
M € Mod(L).

PrOOF. By the uniqueness of atomic models, it suffices to find an L, ., (L)
sentence that expresses that the model is F-atomic. We claim that the following

works:
\/ sup /\ sup ((1 \/ | (x z)[) = 0. (1)

n Z:(Zl’"“Z">V/EF1 X bEF,

We will check that (1) holds in a structure M iff for every n and every ¢ € M",
tp(c) is isolated. i.e., by [3, Lemma 7.4], that for every 6 > 0, there exists w € F such
that [y < 1] C Bs(tp(¢)) (calculated in S, (Thr(M))). Put T = Thr(M). The “if”
direction is clear; we check the converse.

Suppose (1) holds in M, and fixn € N, ¢ € M" and § < 1/2. Let y be such that
the value of the remaining formula is less than 6. We will show that [y < 1/2] C
B;s(tp(¢c)). i.e.. forallg € S,(T).

w(q) < 1/2 implies 8(q. tp(¢)) <. (2)
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As the set of ¢ € S,,(T) that satisfy (2) is t-closed and the set of types realized in
M is t-dense, it suffices to check (2) forallg € ©,(M). Leta € M", g = tp(a) and
suppose that w™ (a) < 1/2. Then

d(tp(a).tp(¢)) = ;gg |p(a) - ¢(e)] < 0.

which finishes the proof. .

LEMMA 4.11. Let F be a fragment, and let T be an F-theory all of whose models are
locally compact. Suppose that M € HgH(ZF)ﬁ)r some M € Mod(T), a > 1. There
is a fragment Fyy D F such that [M] € Hg(tpM), and tkp (Fy) = a.

PrOOF. Assume that a < w.

Case 1: « is even. Let Py, be the (o — 1)-AE family as in Corollary 3.3. We will
find a fragment Fy with tkz(F;) = 2, and an («a — 3)-AE family P, in F, such that
N € Mod(T) models Py iff N models Py;.

Fix a tuple @ € NN in M, and u € Q. For b € B,(a), b e NN, ¢ € Q. fix

45,(7) € B.(tp(b)). let L;, be the set of all 1-Lipschitz formulas ¢ in F such that
#(q;,) = 0. and let

¢ =\ L.

As ¢ € L;, are 1-Lipschitz, each b, is a 1-Lipschitz formula in £, . and a tuple
b in N € Mod(T) realizes ¢; ,(7) iff d)lé\;(l;’) = 0. Define 1-Lipschitz formulas

i (%) =supl(u = d(x.7)) A \(¢,(7) +2)l.
},’ -
b.e
V(%) = \/infl(d (. 7) = u) v (¢5,(7) +2)]
b.e
Vau = l//zl?,u \ l//%,u‘

Fix N € Mod(T).and tuplea’in N. Clearly.if T} (a) = T,}(a’). then w2 (a’) = 0.
On the other hand, if (y} ,)¥(a") = 0, then for every b’ € B,(a'), and ¢ > 0. there
is b such that ¢£’8(5') <e. Andif (y2,)"(a’) = 0. then for every b.and ¢ > 0, there
is b’ € B,(a’) such that ¢£’£ (b") < &. Moreover,

a(tp" (b'). q5,) <&
hence
a(tp™ (b'). tp" (b)) < 2e.
By local compactness of N, it follows that T (a) = T,}(a’). Thus,
T,(@) =T,(a")iffy}, (@) =0

for every tuple @’ in N € Mod(T).

Let F, be the fragment generated by F and w;,(%). a € NN, 4 € Q*. Fix a
bijection {-,) : N x QT — N. We construct an (o — 3)-family Py(x), by replacing
every 3-AE family Q(%) = {qx,(Xr,)} appearing in Py (x) with a 1-AE family
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0'(x) = {qzk,v).l()E(kWsl)}’ where, for any fixed k, and v € Q*, {qgkw,,} enumerates
all w; , that come from ¢ in M and v > 0 witnessing realizations of Q(x). Obviously,
M models Py. And if N € Mod(T) models Py, it is isomorphic with M, hence
models Py. On the other hand, if ¢’ realizes some qZk,U)‘l(X’-(k”%l)’ there is ¢ in M

witnessing a realization of Q(%), and such that 7,}(¢) = T (¢’). By Proposition 4.4,
¢’ realizes some g, (X). And [M] € Hgfz(tFO), since [M] is characterized by an
(o — 3)-family. Finally, in order to get the required Fjs;, we iterate the above
construction sufficiently many times.

Case 2: « is odd. Consider F; generated by F and formulas ¢;, as above for
¢ € NN ¢ € Q*. Clearly. rkr(F;) = 1. We construct an (« — 2)-AE family P;(x)
in F; by replacing every 2-AE family Q(x) = {qx,(Xx,)} appearing in P(x) with
0'(x) = {qékw.l(i(k,w_[)}, where for any fixed k, and v € Q, {quMJ} enumerates
all ¢z, that come from ¢ in M and v > 0 witnessing realizations of Q(x). As before,
N € Mod(T) models Py iff N models Py, and [M] € o, (¢F, ). In this way. Case 2
can be reduced to Case 1.

Finally, an easy induction using the above arguments reduces the case & > w to
the case a < w. !

THEOREM 4.12. Let F be a fragment, and let T be an F-theory all of whose models
are locally compact. Suppose that =1 is potentially Hg 42, Where o > 1. Then =7 is
Borel reducible to =, 1.

ProOF. Observe that for M € Mod(T), the fragment Fj, given by Lemma 4.11
can be coded as an element of P%(N). First, it is not hard to see that, with an aid of
the Kuratowski-Ryll-Nardzewski theorem. selecting the types g; , in the proof of
the lemma can be arranged in a Borel and isomorphism invariant way. Moreover, the
fragments Fy and F) are also constructively specified, given ¢; ,’s, so it is somewhat
tedious but completely standard to verify that the assignment M — F); can be done
in a Borel and isomorphism invariant manner.

Now, by [6. Theorem 4.3]. each M is an F)-atomic model of Thg, (M), so
it is Ny-categorical in the theory ThF;w (M), where F;, is the fragment given by

Proposition 4.10. As Thy, (M) can be regarded as an element of P**!(N), the
assignment M — (F;,. Thy, (M)) can be coded as a Borel mapping / : Mod(T) —
P+H(N) reducing =7 to =441. 4

§5. Countable structures and approximations of the Hjorth-isomorphism game.

5.1. Countable structures. Classical countable structures can be recovered in the
setting of Polish metric structures by imposing the requirement that d(x, y) = 1 for
x # y, which can be axiomatized by the condition

sup(d (x, p) A (d(x.y) = 1) A (1 = d(x.y))) =0

Xy
in the same way one can make sure that predicates take only values 0 or 1. For
such metric d. quantifiers sup, and inf, behave as Vx and 3x. so Lyw. Low-
and topologies defined by fragments are as in the classical setting. In particular,
Mod(L) is the space of all structures in signature L and with universe N, and, for
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u<l,d(ab)<uiffaChorbCa. so it suffices to consider only AE families
P(x) with up = 1. Observe that then a tuple @ in M realizes a (f + n)-AE family
P(X) = {prs(Ze)} 1 <n < o) iff

Vb D avk3e D b3I(¢ realizes py(X;) in M).

As a matter of fact, Theorem 4.5 also takes a more transparent form. Fix a fragment
F in signature L. For M € Mod(L), and @ € N<N, we define tp°(a) = tp(a). and.
fora > 0,

tp*(a) = {tp’(b) : p< . b € NN, @ C b}.

We also put Th* (M) = tp*(@). If M or F is not clear from the context, we may
explicitly specify it by writing tp$,(a). tp%(a). or Thy(M). Clearly. Th’(M) =
Th(M). Th'(M) is the collection of all F-types realized in M, Th*(M) is the
collection of all F-types of structures (M. a). a € N<N, etc

THEOREM 5.1. Let F be a fragment in signature L. Suppose that [M] € l'[?m(tp),
a > 1, for some M € Mod(L). Then

[M]={N € Mod(L) : Th%(N) = Th(M)}.

Proor. We show that Th% (M) = Th% (N ) implies that M and N model the same
a-AE families P(()), and apply Corollary 3.3. For a = 1, suppose that M and N
realize the same types, and let P(0) = {px,(¥;)} be a 1-AE family. Let b, b’ be
tuples in M, N, respectively, such that tp(b) = tp(b’). Then, for every k and /, there
is ¢ such that the formula py;(b.¢) holds in M iff there is & such that py (', ")
holds in N. For o = 2 the argument is analogous, and for « > 2 this is an easy
induction. .

5.2. Approximations of the Hjorth-isomorphism game. A Polish G-space X is a
continuous action of a Polish group G on a Polish space X, Ey denotes the orbit
equivalence relation induced by X, and [x] is the equivalence class of x € X. In[11],
a game-theoretic approach to Hjorth’s theory of turbulence has been developed,
giving rise to an interesting sufficient condition for orbit equivalence relations not
to be classifiable by countable structures. In this section, we introduce a hierarchy of
games Appr, (x.y). @ < wi, that are finer and finer approximations of the Hjorth-
isomorphism game Iso(x. y) from [11]. As it turns out, winning strategies in these
games, played for the logic Sym(N)-spaces Mod(L), are related to families Th® (M ).
Moreover, when put together, they also can be used to rule out classifiability by
countable structures.

For a Polish G-space X, x,y € X, a collection V of open neighborhoods of 1
in G, an open neighborhood V' of 1 in G, and open U C X, we define games
Appr, (x. p. V. V.U), a<w). Fixa<w.set xo=x. yo=y. V=V, Uj = U,
and let Odd and Eve play as follows.

(1) In the first turn, Odd either sets V;* = V), @ = « or plays a new V" € V.
and o < a. Then he plays an open neighborhood U of xg. Eve replies
with gj € G.
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(2) In the second turn, Odd either sets V;’ = V. an = a; or plays anew V] €
V. and ;> < . Then he plays an open neighborhood U of y;. Eve replies
with g € G.
(2n+1) In the (2n + 1)-th turn, n > 0, Odd either sets V¥ = V,), aspy1 = oy OF
playsanew V' € V., and an,+1 < ag,. Then he plays an open neighborhood
Uy of x, = g¥ |.x,1. Eve replies with g;, € G.
(2n) In the (2n)-th turn, n > 1, Odd either sets V;; = V' |. any = an, 1 oOr plays
anew V; €V, and an, < an,_1. Then he plays an open neighborhood U,/
of y, =g |.yn1. Eve replies with g¥ | € G.
The game proceeds in this way, producing elements V.. V,). x,,, yu. 5. g7, U and
U .n € N. Eve wins if, for every n > 0,

®y,41 € UYand x, € Uy

o g = hy ... hy for some k > 0 and hy. ..., h € V; such that h; ... hy.y, € Uy
fori <k,

e g = hy ...hy for some k > 0 and hyg. ..., h; € V,* such that h; ... hg.x, € UY
fori <k.

We write shortly Appr,, (x, y) for Appr, (x,y.U. G, X ), where U is the collection
of all open neighborhoods of 1 in G. We write x ~,, y if Eve has a winning strategy
in Appr, (x, »).

Note that if the conditions regulating the choice of « in Appr,, (x, y) are dropped,
i.e., Odd can play a new V,* (or Vj') without having to select some a1 < aa, (Or
a2, < ap,_1), the resulting game is the Hjorth-isomorphism game Iso(x, y) defined
n [11]. In other words, the games Appr, (x.y), @ < ;. form a hierarchy of finer
and finer approximations of Iso(x, y).

As the group Sym(N) of all permutations of natural numbers has a neighborhood
basis at 1 consisting of subgroups, we have the following:

REMARK 5.2. Suppose that G < Sym(N).

(1) In terms of winning strategies, the requirements for Eve in Appr,(x,y)
reduce to -
e y,41 € Uy and x, € Uy
°g Vi,
e g, cVyr.
(2) If V < G, Appry(x. ».{V}. G, X) is Apprg y (x. y) defined in [10].

PROPOSITION 5.3.  Let X be a G-space, and let oo < ;. Then x € [y]implies x ~q y
for x,y € X, and ~,, is an equivalence relation.

Proor. The first statement, and symmetry of ~, are obvious.

We prove transitivity for a = 1. Suppose that x ~; y and y ~; z. We show
that z ~, x, which, by symmetry of ~,, implies that x ~, z. In the first turn,
Odd plays U; C X and Vi C G. Applying her winning strategy for Appr,(z. ).
Eve can find Aj such that /j.y € Ug. Then, applying her winning strategy for
Appr,(y. x). for a neighborhood W of y with hj.W C U, she can find AJ such
that h}.x € W, ie. h}hi.x C U;. She plays g = hj h. In the second turn, Odd
plays U C X and V|* C G. Eve first applies her winning strategy for Appr, (y. x)
to find (/)" such that (hj)’.y € W for a neighborhood W of hj.x such that
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hy.W C U;*. Then she applies her winning strategy for Appr,(y. z) to find 4§ such
that hi.z € W' for a neighborhood W' of A}y such that A} (hy)'(h)) . W' C W,
Clearly, hj(h)) (h})'.z € U, so Eve plays gi = h (hy)'(h))™" in Appr,(z.x).
Proceeding in this way, we can construct a winning strategy for Eve for the entire
game Appr,(z, x), i.e., z ~ x.

The inductive step is straightforward: every game Appr,, (x, y) proceeds initially
as Appr, (x. ), and then as some Appr(x, y). where f§ < a. -

For a given signature L, the logic Sym(N)-space Mod(L) is the logic action of
Sym(N) on Mod(L) permuting the universe of structures M € Mod(L). Clearly,
Eyod() 18 the isomorphism relation on Mod(L). As the relations ~, depend on
the topology on Mod(L), for a fragment F, we will write ~, r to denote ~, on
(Mod(T). tr). and [M]a.r to denote equivalence classes of ~q f.

PROPOSITION 5.4. Let F be a fragment in signature L, and let M € Mod(L). Then
[Mlar = {N € Mod(L) : Th%(N) = Th%(M)}.

Proor. For m € N, let m denote the tuple (0,...,m —1). For a = 1, suppose
that Th! (M) = Th'(N) for some M. N € Mod(L), i.e.. M and N realize the same
types. Then Eve has a winning strategy along the following lines. Without loss of
generality, we can assume that in the first turn Odd chooses [¢ (772, @)] as UM, where
m and a are disjoint, and the pointwise stabilizer V,, of 1 as VY. Suppose that
tp,, () = tpy (m). Eve fixes ¢ € N<N witnessing that N |= 3% (7. X), and chooses
gl € V,, mapping ¢ to a. Clearly, go.N € [¢(rm.a)]. Otherwise. since Th'(M) =
Th'(N). there is b such that tp,, (si7) = tpy (b). so, arguing as before, Eve can find
gd € Sym(N) such that go.N € [¢(/. a)]. Other turns are analogous. In particular,
for n > 1, the elements g or gV can be always chosen from V,,.

On the other hand, suppose that Thl(M ) #£ Th! (N), say, there is m such that
no tuple in N realizes tp,,(m). Let Odd choose V,, in the first turn, and let gév be
the element chosen by Eve. Then, for b = (g)Y)~! (1), there exists ¢ (%) € tp,, (/1) A
tpy (b). Itis not hard to see that without loss of generality, we can assume that ¢ (%)
is of the form 3y (X, ) or ~Ipw(X. 7). Thus. there exists a such that y(m.a)
holds in one of the structures, while for no ¢, w(b. ¢) holds in the other one. In other
words, either M € [y (. a)]. while thereisno g € V,, suchthat gg)¥ .N € [y (. a)].
or N € [y(im. a)]. while there isno g € V,, such that g.M € [y (/. a)]. In any case,
by Remark 5.2, Eve looses the game.

For the inductive step, we assume first that, for every f < o and m, tpﬁ,f (m) =
tpg (m) iff Eve has a winning strategy starting with some g) € V,,. Then we proceed
as above. =

COROLLARY 5.5. Let F be a fragment in signature L. Suppose that [M] € l'[? vallF).
o > 1, for some M € Mod(L). Then [M] = [M]a.r.

For equivalence relations E. F on Polish spaces X, Y, respectively, an (E, F)-
homomorphism is a mapping f : X — Y such that

xlExz 1mphes f(xl)Ff(xz).
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Analogously to the Hjorth-isomorphism relation, one can show that Baire-
measurable homomorphisms preserve the relations ~, on a comeager set.

PROPOSITION 5.6. Let X be a Polish G-space, let Y be a Polish H-space, and let
f be a Baire-measurable (Ey , Ey)-homomorphism. For every o < w there exists a
G-invariant comeager subset Xo C X such that x ~o y implies f(x) ~o f(y) for
X,y € Xp.

PROOF. As it has been pointed out in Remark 5.2, each Appr,(x,y) is the
game Iso(x, y) with the extra ingredient of selecting (smaller and smaller) ordinals
whenever a new neighborhood of the identity is played by Odd. Therefore the
proof of the proposition is essentially the same as the proof of Proposition 3.6
in [11], which states the same fact for Iso(x,y). One only needs to make the
following straightforward observation when constructing a winning strategy for
Eve in Appr, (f(x), f(y)) based on her winning strategy in Appr, (x. y): as long as
no new neighborhood of 1 has been played by Odd in Appr, (f (x). f(y)). no new
neighborhood of 1 is played by Odd in Appr,, (x. ). -

THEOREM 5.7. Let X be a Polish G-space, and let o < w,. If for any G-invariant
comeager subset C of X there exist x,y € C such that x ~, y but [x] # [y]. then there
is no Borel reduction of a restriction of Ex to a comeager Xy C X to a potentially
l'[? 1o iSomorphism relation of the form = for some fragment F and F-theory T.

ProOF. Suppose that there is an F-theory T, comeager Xy C X, and a Borel
reduction f of the restriction of Ey to Xy, to =7 such that =y is potentially
], ,. By Corollary 4.9, we can assume that M € I}, (¢x) for M € Mod(T).
By Proposition 5.6, there is a comeager C C X; such that x ~, y implies
f(x) ~ar f(y) for x,y € C. Fix x,y € C such that x ~, y but [x] # [y]. But
then f(x) ~or f (). and, by Corollary 5.5, f(x) = f(y). a contradiction. -

THEOREM 5.8. Let X be a Polish G-space. If for any o < wy, and any G-invariant
comeager subset C of X there exist x,y € C such that x ~, y but [x] # [y]. then no
restriction of Ex to a comeager Xy C X is classifiable by countable structures.

ProoOF. Suppose that there is a comeager Xy C X, and a Borel reduction f of
a restriction of Ey to Xj, to = on Mod(L) for some signature L. By Claim 5.4 in
the proof of [1, Theorem 1.3], there is a comeager C’ C Xj and a < w; such that
for every x € C’, [f(x)] is IT", in the standard topology on Mod(L). and so also
in the topology generated by the finitary fragment L. By Proposition 5.6, there
is a comeager C C C’ such that x ~, y implies f(x) ~a.r,, f(¥) for x,y € C.
Fix x,y € C such that x ~, y but [x] # [y]. But then f(x) ~4.r,, f(»). and, by
Corollary 5.5, f(x) = f(y), a contradiction. =
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